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ON FROBENinSEAN ALGEBRAS. II 

By Tadasi Nakayama 
(Received July 13, 1939) 

Introduction 

In the present paper we continue our study of a class of (associative) algebras 
called Frobeniusean.^ Chapter I, which is short, is a direct sequel of Part I and 
deals chiefly with a certain type of automorphisms in a Frobeniusean algebra. 
The automorphisms enable us to generalize and refine some* of the theorems in 
Part I, and also clarify the significance of symmetric algebras. Further, an 
application of our results to the theory of Galois moduli and normal bases over 
modular fiedds is discussed. In Chapter II we make an attempt to extend our 
theory from algebras to general rings satisfying chain conditions. To do so we 
adopt the properties of I, 2, Lemma 2 as a definition of Frobeniusean and quasi- 
Frobeniusean rings. Then many of the theorems in I can be extended to this 
general case. But since this definition does not have much significance for 
itself, contrary to the case of algebras. Chapter II may be considered as a study 
of the structure of those rings in which the annihilation gives a 1-1 correspond- 
ence between left and right ideals.^ Sections G, 7 aim, however, not only at 
^Frobeniusean rings but at Frobeniusean algebras. 

Chapter I: A Further Stud\ of Frobeniusean Algebras 

1. A class of automorphisms in a Frobeniusean algebra 

Let A be a Frobeniusean algebra over a field F. L('t ni , a 2 , • • • , an be a 
%asis of A with a multiplication table 

(1) dpCltr ^ 'y d par dr . 

P"here exists a vector (K) -"'Uch that the' corresponding parastrophic matrix 
IP = (X)t otparK) is non-singular. We consider again the linear form X(x) = 
E ~ non-singular hyperplane H defined by 

^(x) = 0. For a set S of elements in A we denote by Vn(S)[qH(S)]j as before, 
fche set of all x satisfying xS ^ H\Sx ^ //]. Any other non-singular hyper- 
fplane H' in A can be given as W = Ph(c~^) = 7/^ with a regular element c, 
and conversely with any regular element c Hr is a non-singular hyperplane in A 
(Cf. I, 6). 


» On Frobeniusean algebras. /, Ann. Math. 40 (1939) referred to as Part I, or simply as I. 
* M. Hall (7) calls them (weakly) dosed rings. 
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Theorem 1. There exists a uniquely determined automorphism tp: x of A 
such that 

(2) = My^) (i^at is, x*y — yx € H) 

for all y € A, H remains invariant under H* = H. 

<p^s coirespo7iding to different choices of non-singular hyperplanes in A form a 
co-set with respect to the mvariant subgroup consisting of all inner automorphisms 
in the automorphism group of A . 

Proof. If = 53 ^pCtp we put (^p ) = P(P'y\^p) and = 53 * Then* 

\{x*y) = (^*)Piv) = (OP'iv) = (v)Pii) = Hyx) where 2 / = X • This 
shows the existence of a mapping <p:x x* such that (2) is true for all x, y e A, 
ip is uniquely determined by this property as we can see easily by reversing the 
above computation and observing particularly that P is non-singular. The 
mapping is evidently 1-1, and that {ax -f 0z)* = ax* + is obvious. More- 
over, the relation \(x*z*y) = \{z*yx) = \{yxz) shows that (xz)* = x*z*. Hence 
tp is an automorphism. Now, .r e H implies x* e //, since x* — x = ix*\ — \x tH, 
Thus^* = //. 

To prove th(' second part of the theorem, c.onsider a second non-singular 
hyperplane IP = He {c regular). Since {cxc‘~^)*y — yx = {{cxc~^)*yc~^ — 
yc~^{cxc~'^))c € He == //' for aU;r, A, the automorphism corresponding to IP 
is given by x — > {cxc ‘^)*. \\ 

Lemma 1. The automorphism ip maps qniS), with any set S in A, onto pn{S); 
gniS)* = 7 >//(*S). hi particular r(l)*(= r(I*)) = pn{\) for a left ideal I in Af 

Proof. Immediate from the; definition and I, Lemma 4. 

Thus the automorphism ip correlates the two kinds of dual correspondences between 
left and right ideals in A ; one* is given by annihilation and the other is repre- 
wSentation-th(M)rctical . Namely 

Theorem 2.*^ If I, b are left ideals in A and \ k ^ the representation of A 
defined by the left module I/Io is equivalent to the one defined by the right module 
r(Io)*/r(I)*. Furthermore, the represeritation defined by a left pnncipal ideal Ac 
is equivalent to the one defined by the right ideal c*A. 

Proof. The theorem follows from the above lemma and T, 8, Lemma 6. 
For the second half cf, also the proof of I, 5, Th. 4. 

Theorem 3. The automorphism algebra of the left module f/(o[ylr] is inversely 
isomorphic to that of the right module r(Io)/r(l)[ri41.® 

Proof. The automorphism algebra of a left [right] module is inversely 
[directly] isomorphic to the algebra of matrices which commute with all the 
matrices in a representation belonging to the module. It follows thus from 
Theorem 2 that the automorphism algebra of l/b is inversely isomorphic to 


* Consult the form of the parastrophic matrix P. Cf. also I, 3. 

* r(iS) denotes, as before, the set of right annihilators of S in A. 

* Cf. Th, 13 in the section 6 below. 

* The last statement of I, Th. 5 is a very special case of the present theorem. 
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that of r(Io)*/r(l)*. But this latter is evidently isomorphic to the automorphism 
algebra of r(Io)/r(I). 

Now, let Ek , (k = 1, 2, • • • , &; i = 1, 2, • • • ,/(/c)) and 7r(x) (k = 1, 
2, • • • , fc) have the same significance as in I. In particular Uk ^ Vr{K) . Then 

Theorem 4. Etu ) JS* . With a suitable choice of H we ha/ve furthermore 

~ ^ll 

Proof. Obviously E^i^) = E\ for a certain X. But th(‘ representation 
defined by E\A must be equivalent to the one defined by AEr(o • Hence 
X = To prove the second half we observe that w(‘ can choose H so that 
eK,tAex,j if (ir(/c), t) ^ (X, j); this can be seen in exactly the same way as 
in Nakayama-Nesbitt (11). With such a choice of H we have indeed et(o,i = 
. 1‘or, X(C(c,tJ!‘) x( ^ — X(Cic,iXCir(*) ,,) = X ( ^ \ , e\, -iXe^c ~ 

X(xc»(fc) 

Another immediate consequence of Lemma 1 is that if ^is a two-sided ideal 
in A then 


Ki) = ^ii)* = 

In particular if j = g*, or if more particularly ^ is invariant under all auto- 
morphisms of A, then i(j) = r(g). (This proves again I, Th. 0 in case where 
the algebra is not only quasi-Frobeniusean but Frob(»niusean.) We find more- 
over that we can put d = c* in I, Th. 9» Corollary. 

We note further that if S(x) and H{x) denote, as before, the left and the right 
regular representations of A with respect to the basis ai , tt 2 , • • • , an then we 
have the relation 

R{x)P' = P'S{x*) 

as a counterpart of the fundamental relation R{x)P = PS{x). For, (a* , 
• • • , a*) = (ai , • • • , an){P')~^P, as can be seen from the proof of Theorem 1, 
and if we put R{x) = R{ip~\x)) then x — ^ R{x) is the right regular representation 
with respect to the basis (af), \\hence R{x) = P'P~^R{x){P'P~^)~^ = 
P'S{x)(P')~\ But this is nothing but the above relation. 

For an iiiter(\sting application of the automorphism ip to a generalization of 
the orthogonality relation among representation coe^fficients, see a forthcoming 
paper by (L Nesbitt. 

Remark. Our algebra A is symmetric if and only if the automorphism ip is 
inner. The above treatment of Frobeniusc'an algebras can b(' considered as an 
extension of the section 9 in I. 

Example. Cartan^s algebra of outer muUiphcation^ is F robeniusean. Namely, 
let m be any natural number and consider an algebra A over a field F which is 
generated by F and m elements ci , C 2 , • • • , c^, and in which the law of compo- 

’ The automorphism ip ‘ effects the permutation r, so to speak. 

* See for instance Cartan (19). This example was suRKested to the writer by 
C. Chevalley. 
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sition is given by c] = 0, c,cy = —cyc,* for i j. This algebra A, of Cartan's 
outer multiplication, has a basis 1, Ci^Ci^ * • • c.-, (ii < ^2 < • • • < h)f and is 
Frobeniusean. For, if H is the hyperplane in A consisting of those elements 
which have a vanishing coefficient for the term C 1 C 2 • • • Cm when expressed by 
the above basis, then evidently H does not contain any ideal except the zero 
ideal. The automorphism (p belonging to the same H is defined simply by 
a (— . If the characteristic of F is different from 2, then A is 

symmetric or not according as m is odd or even.® 

2. Galois moduli over modular fields 

Let X be a (finite and separable) Galois extension over F, and let ® be the 
Galois group of K/F, Looking upon the elements of ® as the right operators 
on we can consider K/F as a right representation module of the group algebra 
®(F) of @ over F. The well-known theorem of normal bases^° states that this 
module is (operator-) isomorphic with &(F) itself, that is, K/F defines a repre- 
sentation of & equivalent to the regular representation. Furthermore, the 
image of a left ideal of (^(F) by such an (operator-) isomorphism between @(F) 
and K/F is independent of the special choice of isomorphism, and such an image 
of a left ideal of ®(F) in K is called a Galois module of iSC/F." 

Let Ki be a field between F and K; K ^ Ki^ F^ and let $ be the subgroup 
of ® belonging to Ki . The group algebra ^(ifi) of § over Ki is then (operator-) 
isomorphic to K/Ki with respect to the right operator algebra ^{Ki), and 
Galois moduli of K/Ki are defined in the same way as above. Now, the fol- 
lowing interesting theorem was proved in Deuring (21) under the assumption 
that the group algebra ®(F) is semisimple or, what is equivalent, that the 
degree {K:F) is not divisible by the characteristic of F: 

Theorem 5. Let m he a Galois module of K/F s^uch that it is a Ki-module. 
Then nt is also a Galois module of K/K \ , and moreover j the representation of @ 
obtained from the left ideal of ®(F) corresponding to the K/F-Galois-module m is 
equivalent to the one induced from the representation of the subgroup ^ obtained 
from the left ideal of ^{Ki) corresponding to the K/KrGalois~module nt. 

The purpose of the present section is to note that this theorem holds mthout 
assuming the semisimplicity of ®(F). 

Proof. Let I be the left ideal of ®(F) which corresponds to our if/F-Galois- 

® A can be considered also as the algebra of chains contained in an (absolute) simplex 
spanned by m vertices Ci , cj , • • • , Cm . 

Noether (26), Deuring (20), (21), Brauer (18). Artiu has given another simple and 
elegant proof. 

Deuring (21). It seems to the writer that there is a slight confusion in the usage of 
the term ^^Galois module.^* Noether defined first a Galois module as an image of a right 
ideal. Deuring used essentially the same definition in his paper (20), but switched in his 
second paper (21), as well as in his book (5), to the definition which we are adopting in 
the present paper. 
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module m. I consists of all left annihilators of r = r(l) (I, Th. 1. Cf. also I, 9), 
and thus Deuring’s method can be transferred term by tenn to our general 
case. Namely, m consists of all elements a in JRl satisfying 

(3) Da = 0 for all SPs « r. 

Due to our assumption that m is a iii-moclulc, we have 

for any h in Ki , whore & = is the right co-set decomposition of ® 

with respect to Applying this relation to a system of basis elements hi , 
h 2 , ••• fhm of Ki/F and noticing that the discriminant \ hj ^ 9 ^ 0, we find 
— 0 , or 

(4) (ip T = 0 (S-s ^^-8 ® 

for all T (mod §). Since conversely (4) implies (3), the elements a of m can be 
characterized also l)y (4). Hence the image of m by an isomorphism between 
K/Ki and ^{Ki) consists of all left annihilators of the elements ^pP^pt 
(L s Sfia € r), and is a left ideal in ^{Ki), Hence m is a Galois module of 
K/Ki . The second half of the theorem can be proved also in the same way 
as in the original paper of Deuring (p. 46)/^ 

3. Appendix: On normal bases 

Deuring\s second proof of the theorem of normal bases, which was published 
in the same paper Deuring (21) also under the assumption that the characteristic 
does not divide the degree of extension, can be so modified that it works gen- 
erally. Furthermore, R. Stauffer^s^^ method for constructing a normal basis 
works, after a modification, also without that same assumption. These will 
be seen in the following. 

Let ® be, as above, the Galois group of a Galois extension K/F. On taking a 
suflSciently large over-field F' of F such that all absolutely irreducible repre- 
sentations of @ lie in F', we consider the algebra K' = K X F' over F' instead 
of K itself. It is a right representation module of and we denote by ilf (<S) 
{S € ®) the corresponding representation of ®. Let G{S) be an irreducible 
representation of (in F') with a degree, say gf, and let U{S) be the corre- 
sponding directly indecomposable part of the regular representation of ®; 
U (S) has G{S) as its first and its last irreducible as well as largest completely 
reducible components. We wish to show that U{S) Ls contained in M(S) (at 
least) g times. — If this is proved for each irreducible representation G(S), then 
we find that the regular representation of @ is contained in, whence coincides 

Theorem renmins true if we, as in Deuring (21), extend the underlying field F to an 
over-field F' and consider K X F', Ki X F* instead of F, . 

“ Stauffer (28). 
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with, M(S) and thus we are through.^* — That U(S) is contained in M(S) g times 
is equivalent to that there exists in K' a matrix B with g columns, satisfying 

(5) = U(S)B for all S € ® 

and whose elements are all linearly independent (with respect to F'). Now', if 
we denote by Bi the matrix consisting of the first g rows of a matrix B satis- 
fying (6), then Bi fulfills Bi = G(S)Bi for all Furthermore, since the 
representation modulo of U(S) possesses a unique simple submodule (corre- 
sponding to (?(S)), it follows easily that in order to show that all the elements 
of B are linearly independent we have merely to show that the elements of Bi 
arc linearly independent. And, in order to secure the latter w'C have in turn 
only to make sure that all the columns of Bi arc linearly independent (wtth 
respect to F') ; this is due to the fundamental fact that every automorphism of 
an (irreducible) representation module of G{S) can be obtained by multiplica- 
tion with an element of F' (cf. Deuring (21), pp. 43-44 and Stauffer (28), pp. 
592-593). Hence our aim is to prove the existence of B with g columns, satis- 
fying (5) and such that the g columns of Si are linearl>' independent with 
respect to F'. 

For this purpose, \\v can first apply Speiser\s theorem, (In a generalized form 
the theorem asserts: Let Mk , , • • • , Mr and Nr ^ Ns , • • • ^N r = 

jF, S, • • • , ?’l) be tw'o systems of non-singular matrices with elements from 
K' such that 


MlMrMji- = N^NtNJt 

for every pair *S, T c &. Then there exists a non-singular matrix C which satis- 
fies C^MaC"^ = Ns for all S € C»h)^® Namely, there is a non-singular square 
matrix C fulfilling C^C~" = V{S) (that is, C*' = U{B)C) for all .S. ^ We choose g 
columns in such a C so that the square matrix Co consisting of j7“ elements at 
the intersections of those g columns with the first g r()w^s is non-singular; this is 
obviously possible. Denote by B the matrix consisting of the (ihosen g columns 
of C. Then this B satisfies the above reciuirernenls, because (5) is evidently 
valid and the corresponding Bi is simply Co whose g (‘olurnns are linearly inde- 
pendent even with respect to K\ 


If a representation contains {S) then V(S) is a direct constituent. See Nakayama- 
Nesbitt (11), §2. 

** Here we agree that U(S) has already assumed the form where the right upper part is 0. 

This can be proved in exactly the same manner as in the special case Schur (27) (or 
Weyl (30)), provided that F' contains sufficiently many elements. The ease where this 
last condition is not satisfied can be reduced to a favorable case by an argument due to 
R. Brauer and E. Noether (cf. Deuring (20) or Van der Waerden (29), p. 70). 

The present form, which is more general than needed here and w'hich is also more general 
than the one given in Deuring (21), for instance, has a significance for the classification of 
scmi-linear transformations; cf. Xakayama (26), Haantjes (22). 
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A second method to obtain a relevant B is to consider a matrix 
B = B{z) = ^sU(S~^)z\ zeK, 

where by t7(>S *) we denote the matrix composed of the first g columns of 
This B = B(z) certainly satisfies (5), and the corresponding Bi Is 
Bi{z) = 52s G(S^'^)z^. Now, -61(2) satisfies not only the relation Bi(2)^ == 
G{S)Bi{z) but also the relation 

From this fact we can conclude that all the elements of Bi{z) are linearly inde- 
pendent (with respect to F') whenever one of them is different from 0, that is, 
whenever Bi{z) 9^ 0, But from f he separability of K/F we can see easily that 
there exists certainly a 2 ciC such that Bi{z) 9^ 0. (For all this cf. Stauffer (28)). 
Thus B = B(z) with such a 2 possesses the desired properties. 

Furthermore, let ••• be the totality of distinct irreducible 

representations of W in F\ and take' for each G(S) = an element 2 = 

z^^^eK) satisfying the above' condition. Here we can, and shall, choose these 
2^^^ in such a manner that 2^^^ = z^’'^ if G^^^ and are conjugate with respect 
to F. Let now Gi , ff2 , • • , Gk be tlu' totality of distinct irreducible repre- 

sentations of Qi in F, and put z^ = 2^^^ if contains G^^\ Let further Ex , 
F2 1 • • • , El: be mutually orthogonal ide'mpotent elements in the group algebra 
W(F) with the sum ^ E^ = E = I such that if N denoU's the radical of ®(F) 
then E^ (mod N) is the unit element in thc' simple two-sided ideal of &{F)/N 
belonging to C»L . (F,(W(F) is a direct sum of right ideals which define the 

component Uk <^f th(' regular representation corresponding to (?« .) Then w = 
52* K) and its conjugates form a normal basis of K/F. This can be seen 
in quite a similar way as in Stauffer (28). 

Chapter II: Frobeniusean Rings 

4. Frobeniusean and quasi-Frobeniusean rings 

('onsidcr a ring ^4. A may have a left, say, operator domain il such that 
a{a + ft) = aa + ab, a{ab) = {aa)b = a(ab) if a € 12 and a, 6 € A. In case A 
satisfies both the minimum and the maximum (conditions for left and right 
ideals (allowable with respect to 12), its generah structure is well known. But 
recently C. Hopkins showed that the theory remains valid to a large extent in 
the case where A fulfills the minimum condition only.^’^ We assume in the 
present treatment also merely the minimum condition. And, since we shall deal 
exclusively with such type of rings, we shall understand by a ring always a 
one of the type. 

A possesses the radical N which is nilpotent and the residue class ring 
A = A/N is semisimple. Everything in Part T, 1 remains valid'* for our A 

Hopkins (23), (24). 

** With trivial modifications of terminologies, of course. 
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except the second half of Lemma 1 and the statements concerning the com- 
pletely reducible ideals. Thus we retain the old significances of the symbols k, 

E = c^.i] (fc = 1, 2, • • • , k; 

i, j = 1, 2, . . . ,/(/c)). Namely 

A = ill + ^[2 + • • • + ilfc , 

where each is simple and has a unit element Ek = (mod N)] 6n,< are 
mutually orthogonal idempotent elements, and , Ck.oCxm — 

K\hjhC^,ii . As to the connection between r{N) and completely reducible left 
ideals, we can assert that any completely reducible left ideal is contained in 
r(N), while r{N) is a direct sum of a completely reducible left ideal and a left 
ideal which is annihilated by A ; this last left ideal is not necessarily completely 
reducible this tirae.^^ 

Remark. If A possesses a unit ehment then it satisfies also the maximum 
condition for left and right idcals.^^ Moreover, the same assumption assures of 
course that r(N) is really the largest completely reducible left ideal. 

If m is a simple left module of A, then we denote by di(m) the rank of m with 
respect to the quasi-field of automorphisms. Hence, if m ^ = Ae^/Nen 

then d/(m) = /(/c). More generally, if m is a left module which has a com- 
position series in = lUo ^ nii Z> • . . ID lUs ID 0, then we put df(m) == 
2*Li d/(rn,-.i/ni,). For a right module n possessing a composition series we 
define dr(u) in the same manner. 

Now, since a direct generalization of the definition of Frobeniusean and 
quasi-Frobeniusean algebras to our general case seems difficult, let us, in view 
of I, Lemma 2, define the corresponding types of rings as follows: 

Definition. A is called quasi-FrobeMiusean if it possesses a unit element 
and if there exists a permutation (7r(l), w{2), • • , 7r(fc)) of (1, 2, • • • , k) such 
that for each k 

i) has a unitpie simple right subideal r* and ^ Cru)A , 

ii) Acx(k) has a unique simple left subideal Leo and Leo ^ . 

If moreover 

iii) /(k) = /(x(ic)), 

then we call A Frobeniusean, 

Remark.^®^ In the above definition we can omit the condition Leo ^ Ae^ in 
ii). For, if the other conditions arc satisfied, that is, if A has a unit clement and 
if i) and the fii’st part of ii) are the case, then == (\r(N)c^(^^) ^ x^eriK) ^ 0, 

whence necessarily Ix(«) ^ Ae^ , 


** This is due to our not assuming anything about the Ktructure of il. 

See Hopkins (24). As a matter of fact, our main interest in the present paper lies 
in such an A which, either by its definition or as a consequence of its definition, possesses 
a unit element. Hence our present avoidance of maximum condition is not so important, 
according to this remark. 

See a correction at the end (Added in proof). 
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We have now the following theorems which correspond to Th. 1,2 and 3 in 
Part I: 

Theorem 6. If a ring A is quasi-FroheniuseaUj then 
a) im) = I, rim = r 

for every left ideal I and right ideal r. Conversely ^ if a) holds for every nilpotent 
simple left ideal I and nilpotent simple right ideal r as well as for I = r = W 
(radical of A) and I == r = 0, then A is quasi-Frobeniusean. 

Theorem 7. If A is Froheniusean, then besides a) we have 

n <h(l) = driA/riD), drit) = d,{A/l{x)) 

for every left ideal I and nght ideal Conversely^ if ot) is valid for every nilpotent 
simple left ideal I, nilpotent simple right ideal r, I = r = iV and I = r = W while 
fi') is the case for every nilpotent simple left ideal I and nilpotent simple, right 
ideal r, then A is Frobeniiiseari.^' 

Proof. The secjond parts of the theorems ean be proved in the same way 
as in I (with a V(^ry slight and trivial modification).^^ 

To prove the first parts, assume that A is quasi-Frobeniusean. Since 1{N) 
is a two-sided ideal we have l(N) = '^^EJiN) = From the 

definition of a quasi-Frobeniusean ring it follows that for each k, i the right 
ideal = e^jA fl l(N) is simple and is isomorphic to er(K)A. Hence 

e.AN) = e,,il(N)Eri .) , whereas e,J(N)Ex = 0 if \ 7r(/c). Thus EJ(N)Ex = 

EdiN) or = 0 according as X = x(k) or not. Since this is the case for every /c, 
we have l(N)Er(K) = EJiN)Eri^) = EJliN)Er{K) == Ed(N). This shows 

that Ed(N) is two-sided. Moreover, it is a simple two-sided ideal. To see 
this, let d be an}" non-zero element in Ed(N). d = e^^d and at least 

one of Cx.id is not zero. Suppose 9^ 0. Then e^,jjiA = e^,pl(N) since 
eK,pliN) is a simple right ideal, and therefore AdA = Ac^,pl(N) ^ Ed(N). 
Hence the two-sided ideal Ed(N) is simple. In particular, it is completely 
reducible as a left ideal too, that is, EdiN) ^ r{N). Because this is true for 
every Kj it follows that l(N) ^ r(N), But the inclusion of the other direction 
can be seen in the same way, and we have 1{N) = r(N). We denote this two- 
sided ideal by M. 

Let I be any non-zero left ideal of A and let I' be a maximal left subideal of I. 
Suppose I/I' ^ Ack . \i c t A then the left ideal \c is isomorphic to I/I fl 1(c), 
as can be seen from the mapping b — > be (b el). If in particular c e r(I') then 
I n 1(c) ^ I n l(r(V)) ^ I' whence Ic ^ Ae^ or = 0. This shows that Ir(I') ^ M. 
Let now bi be an element in ed which is not contained in I'; the existence of such 

In particular, we have di{A) * dr{A). 

** It ia justified to speak of di and dr here, since the validity of a) for nilpotent simple 
ideals as well as for N and 0 implies that A is quasi-Frobeniusean and in particular that A 
satisfies, because of the existence of a unit element, the maximum condition too. 

** One has to modify slightly and in an obvious manner the very last part of i) there, 
while the final step viii) becomes a mere triviality this time. 
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a bi follows from I/I' ^ . Then Abi U I' = I. From the above considera- 

tion we have 6ir(I') ^ c«Ir(I') ^ e^M whence 6ir(I') = eM or = 0. Thus 
6ir(I') ^ or = 0. On the other hand bir(I') r(V)/r{V) fl r{bi) and 

here r(r) fl r(bi) = r(I') fl r(Abi) = r(I' U Abi) = r(I). Hence finally 
r(r)/r(I) ^ or = 0. 

Consider a composition series of left ideals Io = OCliCl 2 C •••Cl 5 = A 
of A. The above observation shows that each right module r(fi)/r(It^-i) is 
either simple or 0. Since r(0) = A and r{A) = 0, it follows that the length 
of a composition scries of right ideals of A is less than or equal to s, the length 
of a composition series of left ideals. But the inequality of the other direction 
can be seen in the same manner. Hence the lengths of composition series of 
right and left ideals are (uiual to each other, and moreover the right moduli 
r(h)/r(I<+i) (^ = 0, 1, • • • , s — 1) are all simple. Further, all the left moduli 
Z(r(h+i))/Z(r(h)) must be also simple, and necessarily Z(r(b)) = I for all t Since 
there (exists always at least on composition series through any given left ideal, 
we have Z(r(I)) = I for any left ideal I. Similarly r(Z(r)) = r for every right 
ideal r. That is, a) is always valid in A, This proves the first part of 
Theorem 6. 

Our proof shows further that if I/I' ^ Ae^ then r(l')/r(l) ^ e,r{K)A. And 
this fact, together with the relation di{Ae,) = dr{e^A) = /(#c), shows the validity 
of 0') in case of a (not only quasi-Frobeniusean but) Frobeniiisean ring A. 

5. Corollaries 

Theorem 8. Let A be a quasi-Frobeniusean ring. The composiiion length of 
a principal left ideal Ac is equal to that of the principal right ideal cA, If c = 
Cl + C 2 and Ac is the direct sum Ac = Aci + Ac 2 , then cA is the direct sum cA = 
CiA + c^A, Further, if A is not only quasi-Frobeniusean but Froheniuseayi, then 
di{Ac) = dr{cA). 

Proof. Cf. I, Th. 4. 

Theorem 9. Let A be quasi-F robeniusean, and let 7r(fc) have the same signifi- 
caJice as in the definition. If 1' is a inaxunal left subideal of a left ideal I in A 
and if the left module I/I' is isornorphic to Ae ^ , then the right m-odule r(l')/r(I) is 
isomorphic to e^<^^)A. The quasi-field of automorphisms of I/I' is inversely iso- 
morphic to that of r(r)/r(l). Furthermore, r{N'') = 1{N'') for any i/ = 1, 2, • • • ; 
where N is, as before, the radical of A . 

Proof. The first assertion was .shown in the proof of Th. 0. The second 
one is, by virtue of th(^ first one, equivalent to the relation e^Ae„ ^ c,r(ic)Ae^(o , 
and this in turn can be seen in the .same way as in I, Th. 3, vii). The final 
statement follows from the special case r{N) = 1{N), which was already estab- 
lished in the proof of Th. 6; See I, Th. 6. 

I'^EOREM 10. If in a ring A the relation a) holds for I = r = iV' (radical), 
I == r = 0, and both a) and P') hold for all nilpotent simple two-sided ideals 
I = A is Frobeniusean. 

Proof. Arguments of i), ii), iii) and iv) of I, Th. 7 can be transferred term 
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by term. Now, EME^iK)) = SiiV and here the /(ic) right 

ideals are mutually isomorphic and are direct sums of simple right ideals 
isomorphic to eriK)A. Hence driE^M) ^ f{K)dr{er(K)A) = /W/(^(/c)) and the 
equality sign holds if and only if e^,iM arc simple. But dr{EM) = 
di{A /1{EM)) = di{A/N A{E — E^)A)) == by our assumption.^^ Thus 
f{ic) S Since this is the case for every k, necessarily /(/c) = /(7r(/c)) 

and e^,iM are simple. Similarly we find that Me^,i aw simple left ideals. It 
follows then easily that A is Frobeniuscan. 

Theorem 11. Suppose that a) holds for every nilpotent simple two-sided ideal 
\ z=z X ^ i as well as for I = r = iV, I = r = 0. Let moreover 

y) dr{l) = dr{A/r{i)\ dtii) = dtiA/m 

for every nilpotent simple two-sided ideal 3. Then the ring A is Frobeniusean, 
Furthermore, the same is true when we replace the above 7) by 

7 ') di(i) = diiA/r(i)), dr(i) = driAm) 

or by 

7 ") dr(l) = dt(A/im d,il) = dr(Am), 

Proof. Arguments in i), ii), • • , iv) of I, Th. 7 remain again valid. And, 
again dr{EM) ^ f{K)dr{en{K)A) = /(#c)/(7r(K)); the equality sign is true if and only 
if e^,tM arc simple. Moreover, dr{A/r{EM)) = d,{A/N () A {E — EriK))A) = 
/(7^(/c))^ dr(A/l(EM)) = dr(A/N [JA(E- EM) M anddi{A/r{EM)) = 
assertions follow from these relations in quite a similar manner 

as above. 

6. Vector moduli and a theorem of M. Hall 

Let gf be a natural number and consider a module ?l consisting of all ^-dimen- 
sional vectors % — {x\ , ^ , Xg) with (aimponents Xp from A. For a subset 

3 of A we denote by ft(3)[L(2)] the set of vectors 1) = (^i , 2/2 , • • , Vo) such 
that (the scalar product) (y, p) = Xpyp[{X), jr) = ijpXp] = 0 for every 

y 6 3. If w(* take our theorem () into account, the first part of the following 
theorem is equivalent to the principal theorem (Th. 5. 2) in Hall (7): 

Theorem 12. Let xi be quasi-F robe niusean. Then L{R{2)) = V, R(L{di)) = 
for every A -left-submodule V and xl-right-suhinodule in ?l. If moreover A 
is Frobeniusean then rff(V) = dri%/R(Al)) ami drifft) = d/(?l/L(9f))- 
We want to show that we can derive this theorem also from our main theo- 
rems 6, 7, obtaining thus a second proof, though rather long, of HalLs theorem. 
For that purposes, consider the g-rowed matrix ring B = Ag = 
over the quasi-Frobeniusean ring A ; where Cp,, is a system of matrix units com- 
mutative with every element of A. 

Lemma 2. B is quasi-Frobeniusean, 


»*Cf. I, Th. 7, ii). 
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Proof. Evidently €ppe..< (p = 1, 2, • • • , = 1, 2, • • • , A; i = 1, 2, • • • , 

/(*)) form a system of mutually orthogonal idempotent elements whose sum 
is the unit clement of B. Q = is the radical of B and r( 23 epjJV) = 

*1X1^ ; where N is, as before, the radical of A and M is the two- 
sided ideal r{N) — l(N) in A. We put P = 2 fpqM. From c,M ^ exwA/er{,)N 
(with respect to A), it follows easily that 6 ppe,P ^ «ppeT(.)P/«ppe»(.)Q ^ 
with respect to B. Similarly Ptp^rw ^ BeneJQfnet . But 
this shows that B Is quasi-Frobeniusean. 

Now, consider the yl-Ieft-module 2 li = «uB = and the yl-right- 

module SI* = Ben — ^pfpiA. The mapping di: f = (xp) —* an 

operator isomorphism of SI and Sli with respect to the left operator ring A. 
Similarly, fl* : = (2/p) — > £*ip2/p is an operator isomoiphism of SI onto 

Sis with respect to the right operator ring A. Moreover, 0 i(f)& 2 (l>) = 
Seip^pPpepi = (f, ^)«n . In particular ^1(5)62(5) = 0 if and only if (f, = 0 . 

Hence ^2(P(®))(® 81 ) is the set of right annihilators of 0i(©) in 81 * , in the 

sense of multiplication in B. That is, 

(6) - 212 n r( 0 i(©)). 

Similarly 

( 7 ) (?i(B(®)) = Sli n f(<?2(®)). 

On the other hand, B(I D Sli) = I for every left ideal I in B, while B^i fl Sli = 
1*1 for every (i 4 -left-) submodule 81 of 81 . (Because I fl Sli = €ul whence 
B(l n Sli) = B«ul = B«iiBl = Bl = I, and B 2 i fl Sli = «,iB?i = €nB«uSi = 
^€1181 = ^81 = 81 .) Similarly (r fl 2l2)B = r and JKsB fl 81 * = Sis for every 
right ideal r in B and (/ 1 -right-) submodule Si* in SI* . We have now 

Oiimm) = 3 ii n muim by (?) 

= Sli n Z(Sl 2 n r(e,(8))) by (6) 

= Sli n K(3l2 n r(B«i(8)))B) = Sli n i(r(B0i(8))) 

= Sli n B^i(8) (since B is quasi-Frobenitisean) 

= em, 

whence L(/ 2 ( 8 )) = 8. Similarly R{L{^)) — SR, and this proves the first part 
of the theorem. To prove the .second part, one has only to notice that if A is 
Frobeniusean then B is so too, as can readily be seen, and that dj(B8i) with 
respect to B is equal to dj(8i)</ with respect to A. 

Corollary.^ Lei ® he a finite group and, let® (A) be the group ring of ® over A . 
If A is quasi-Frobeniusean then ®(/ 4 ) is so too. 


** This corollary, as well as the above lemma 2, is closely related to the next section. 



ON FROBENIUSEAN ALGEBRAS. II 


13 


Proof. Let @ = {Gi , (?2 , • • • , 0 ^}. Let be a left ideal in @(^ 1 ). We 
want to show that an element Y = ^pVpOp^ in &{A) is a right annihilator of 
S if and only if ^pVp = 0 all X = 21 ^p(^p in i?; if we succeed in showing 
this and the corresponding fact for a right ideal, then our corollary is an im- 
mediate consequence of Th. 6 and 12 . Now, since Xr,Vp is the coefficient of 
the group unit element in the product XF, the ‘‘only if’' part is trivial. To 
prove the “if” part, suppose that Y satisfies the above condition. Let X be 
an arbitrary element in 8. Then Gp^X € 8 for all p = 1, 2 , • • . , <7. But the 
coefficient of Gp in XY is equal to the coefficient of the unit clement in Gp^XY, 
It follows then that all the coefficients in XY vanish, that is, XF = 0 . Hence 
8F = 0 . 

Supplement for the case of an algebra. If A is a Frobeniusean algebra over a 
field F, then we can evidently replace ch and dr in the above theorem 12 by the 
dimension with respect to F. Furthermore, in this case we have the following 
generalization of Th. 2: 

Theorem 13 . Let A be a Frobeniusean algebra. Let 8, 80 be A-left-submoduli 
of the vector module 31 such that 8 ^ 80 , and denote the representations of A defined 
by the left module 8/80 CLnd the right module /?(8o) /^2(8) bya-^M (a) and a — > X(a). 
Then the first representation a — > M (a) is equivalent to the representation a* (a), 

where a a* is the automorphism of A given in Theorem 1. 

Proof. On retaining the notations of the section 1, we consider the linear 
function X((f, 1))) = of the scalar product (f, Ij). And, for a subset 

® in 31 we denote by l)(®)[q(®)] the set of t) such that X((f , tf)) = 0 [X((l), f)) == 
0 ] for all f € ®. It follows in quite a similar manner as before^® that q(8) = 
/Z(8). And, the representation of A defined by the left module 8/80 is equivalent 
to the one defined by the right module p(8o)/p(8) (Cf. I, 8). Furthermore, 
ip: f = (Xp) — > f * = (Xp) = (<p(Xp)) is a 1-1 mapping of SI on itself (See Th. 1 ), 
and it is characterized also by the relation X((f*, p)) = X((p, j)) (for all p). 
Evidently q(®)* = p(©), whence 72 ( 8 )* = p(8). Thus the representation of A 
defined by 8/80 is equivalent to the one defined by /2(8o)*//2(8)*, and this is our 
assertion. 


7. Product rings 

Suppose that our operator domain 0 of A contains a field^^ F and that every 
operator in F commutes with every operator in il. Consider on the other hand 
a (finite linear) algebra B over F. By replacing in the usual manner the co- 
efficient domain F by A we obtain a ring C == B X A , which has Q as a domain 
of operators.^® (Namely, if 61 , 62 , • • • , fcn (w = (B:F)) is a basis of B, then 

Cf. I, 3. 

We naturally suppose that the addition and the multiplication in F coincide with 
those as operators and that the unit element in F is the identity operator. 

** The conditions about the operator domain at the beginnitig of the section 4 are satis- 
fied with regard to 0 and C. Moreover, C fulfills the minimum condition for right and 
left ideals. 
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C = hiA + h^A + * • • + hnA. To introduce the law of multi^ication in C, 
we first define the product 6a of 6 = ^^ibi€By a^A to be 6i(f,a) and 
then define (£ 6 * 0 ,) (2 Mi) to be 5Z».y(6i6y)(a»ay). Further, a ^biUi == 
6 ,(aai) for a 6 

Theorem 14. The ring C = B X A is quasi-Froheniusean [Froheniusean] 
if and only if both A and B are so. 

Proof. If fi and I are left ideals in B and A respectively, the module product*® 
(il is evidently a left ideal in C, and 

(8) r(U) = BrU) U r(h)A 

as can readily be scen.*^ (For a proof, take a basis 6 i , 62 , • • • j bn of B such that 
r(Ii) is spanned by b,+i , 6 ^+ 2 , • • • , 6 n (s = n — (r(Ii):F)). Suppose that an 
element c = X) biOi in C is a right annihilator of the left ideal Iil. Namely, if 
6 € II, a € I then 6 a(X] 6 ,a,) = ^ ( 66 i)(aa,) = 0. Let 66 * = • 

Then Xf.y6/(i3,y(6)aa£) = 0, or 

(9) X*’ ^ij{b)aai = 0 for all j = 1, 2, • • • , n. 

Here we notice that /3iX6) = 0 if t = s + 1 , 6 ‘ + 2 , • • • , n. Now, let 6 run over 
a system of generators b^^\ • • • , 6 ^*^ of h . Then the s matrices Bi = 

{i = 1 , 2 , • • • , .s) are linearly independent, because otherwise a 
non-trivial linear combination of 61 , 62 , • •• , 6 , would be a right annihilator of 
Il . In other words, the system of linear equations = 0 (i = 

1 , 2 , • • • , n; p = 1 , 2 , • • • , () has no non-trivial solution, that is, the rank of 
the matrix 2, • ♦ • , s) is s. But then Xi-i = 0 

(cf. (9))*^ implies aa^ = 0 (i = 1 , 2 , • • • , s). Since a is any element in I, this 
.shows that Ui , 02 , • • , a« € r(I) and c — X bta^ = Xi-i 6 »a* + X?-«+i « 

J5r(I) U r(Ii)i4. Thus r(lil) ^ Br(l) U r(Ii)^l. The inclusion of the other 
direction is trivial.) 

a) Now let A and B be quasi-Frobeiiiusean. Let iV, Q be the radical of .4, 
B respectively, and put M = r(N) = 2(iV), P = r(Q) = 1{Q). The two-sided 
ideal BN U QA in C = B X A is evidently contained in the radical S of C and 
we have, according to (8), r{BN U QA) = ^r{BN) fl r{QA) = BMH PA = PM. 
Hence r{S) £ PM. 

Let g and e be any primitive idempotent elements in B and A respectively. 
There exist, since B and A are quasi-Frobeniusean, primitive idempotent 
elements g\ e' in B, A such that Pg ^ Bg'IQg' Bg' U Q/Q) with respect to 


*• The structure of C thus obtained is of ('oursc' independent of the special choice of 
the basis 61 , 62 , • • • , • 

The product of an element in B with an element in A is defined as in the above eluci- 
dation of C B X A. 

Here,' as well as in the whole following proof, r(*) denotes the set of right annihilators 
of the argument in 4, /J or C according as the argument lies in A, B or C. 

** Cf. also a remark following (9). 
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(the left operator ring) B and Me ^ Ae* jNe* Ae! U N jN) with respect to 

A. Then, as can readily be seen, 

(10) FUge ^ Cg'e'l{BN U QA)g'e^(^ Cg'e' U BATU QA/BN U QA) 

with respect to C. Now the following fact is more or less well known and is 
easy to see: 

Lemma 3. If in particular B arul A are semisimpkj then B X A in Frobeniu- 
scan; (it is in fact uni-serial (= einreihig) in the sense of Kothe (9)^^). 

On applying the lemma to the simple algebra Bg^B U Q/Q and the simple 
ring Ae'A U N/N (instead of B, A), we find that Cg'e/ jSgk' is isomorphic, 
with respect to the left operator ring C, to the largest completely reducible 
submodule of Cgk' /(BN QA)g'e\ But this latter is, because of (10) and 
r(S) 5^ PM, isomorphic to r(S)ge, and therefore 

(11) Cgk'/Sg'e^ ^ r(S)ge, 

Let ge ji+j 2 + • • • + jp and g'c' = j[ + + • • • + jq are decompositions of 

ge and gf'e' into mutuall}^ orthogonal idempotent elements in C. Then the left 
side of (11) is a direct sum of exactly q simple submoduli, while the right side is a 
direct sum of at least p simple submoduli.^^ Hence p ^ g. On the other hand, 
the right moduli {/T, e'M of B, A are isomorphic to gB/gQ, eA /eN respectively 
and it follows in the same way as above that q i p. Thus q = p, and all the 
left ideals r(S)ji , r(S)j 2 , • • • , r(S)jp necessarily simple. Moreover, they 
are isomorphic, up to their arrangement, with Cfi/Sj [ , , • • • , Cjq/Sjq . 

Similarly the right ideals j(Z(B),j 2 Z(^^)) • • • are simple and isomorphic tojiC/jiSy 
j 2 C/j 2 S, • • • except their arrangement. 

If we apply this (ionsideration to all pairs of primitive' idempotent elements g 
and e appearing in a decomposition of the unit elements in B and ^4 , then we find 
readily that C = B X ^ is quasi-Frobeniuscan, and that it is even Frobeniusean 
if both B and A are so. 

(A second proof of the quasi-Frobeniusean part can be obtained in the follow- 
ing way: First let B be not only quasi-Frobeniuscan but Frobeniusean. Then 
the parastrophic determinant of B is not identically zero, and an easy modifica- 
tion of the proof of the corollary in the preceeding section 6 shows that the 
relation a) holds in C = B X A, whence C is quasi-Frobeniusean. The case 
of a quasi-Frobeniusean B can be reduced to this Frobeniusean case by a device 
similar to that of Part I, 3.) 

b) Assume conversely that C = B X A is quasi-Frob('niuscan. Then r(C) = 
0, whence r(B) = 0 and r(A) = 0 because of (8). Hence the same relation (8) 
shows that r(BI) = Br(I) and r(IiA) = r(Ii)A. If we combine these relations 
and their (left, right) duals with the relation a) in C, which is valid by our 

” Cf. also the section 9 below. 

** Observe that r(S)j *» r{S) 0 Cj is thelarKestcoinpletelyreducibleleftsubideal of Cj, 
which is not 0 evidently. 
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assumption, then we find that a) is valid also in both A and B, Hence A and B 
are quasi-Frobeniusean. 

That if C is Frobeniusean then A and B are so can be seen from the analysis in 
the above a) which is, since A and B are quasi-Frobeniusean at least, now 
applicable. 

(It is also possible to prove the first part of this b) by a structural analysis 
similar to a). On the other hand, in case (not only B but) A is an algebra over 
F, the second part of b) may be seen also by using (8) and the relation (I, 
Th. 1) or /S') in C.) 

We now prove the following supplement of Th. 12, Corollary: 

Corollary. Let A he Frobeniusean. Then the group ring @(^4) is Froheniu- 
sean too. 

Proof. The ^-left-moduli A/N and M = r(N) = 1{N) are isomorphic to 
each other. It follows easily that the ® (id )-l eft-moduli &}(A/N) (^&{A)/ 
&{N)) and ®{M) are isomorphic. In particular, the largest completely re- 
ducible @(i4)-left-submodule of Q 6 (M) is isomorphic to that of Qi(A/N). But 
the latter is in turn isomoiphic to the residue class module of &{A/N) with 
respect to its radical, because the group ring &{A/N) over the semisimple ring, 
A/N is Frobeniusean according to the above theorem 14.^® Since (^{N) is 
evidently contained in the radical S of ®(A) and since &{M) contains the right 
annihilator r(/S) of S in we find that the residue class module ®{A)/S 

is isomorphic to the largest completely reducible left ideal of ®(i4), with respect 
to the left operator domain &(A). But we know already that (^(A) is quasi- 
Frobeniusean at least. And, these two facts assure that ®(A) is Frobeniusean. 

8. Residue class rings 

Theorem 15. Lei A be a Frobeniusean ring and let i be a two sided ideal in A. 
The residue class ring A — A/i is Frobeniusean if and only if the two-sided ideals 
r(j) and l{i) are respectively a principal right and a principal left ideal: r(j) = 6A, 
Hi) ^ Ac. 

Proof. Let {p} be the set of such indices that Ep 4 g. Since Ep are idem- 
potent, Ep 4 iU N either. (For, (z -f- n)*" (z e j, n € AT) is a sum of n*' with an 
element in g, and vanishes for a sufficiently high r.) Denote the residue 
classes of Ep , Cp,* (mod g) by Ep , ep,i . = AT U g/g is the radical of A, and 

A/N — '^p{A/N)Ep is the (unique) decomposition of A/N into a direct sum of 
simple two-sided ideals. ep,i arc primitive idempotent elements in Ay since 
Alp^i/Ncp ,i are simple. Moreover, EH'f'ii) f) M) 9 *^ 0 U and only if /ce {p}, 
where M = r{N) = 1{N) as before, because l{r{i) D M) = Z(r(g U A^)) = g U AT. 

** We decompose first A/JV into a direct sum of simple rings and then consider the group 
rings over those simple components. They are Frobeniusean, because they can be con- 
sidered as products of those simple rings with the group algebras constructed over their 
centers, for instance. 
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On the other hand, M is a direct sum of simple two-sided ideals EM = MExm 
and every two-sided subideal of M is, as can readily be seen, a direct sum of 
some EM- Hence 

(12) r(i) n M = E.EMi= 

a) Assume now r(j) = bA. We observe first that e^J) 0 if and only if 

K€ (p). The left ideal Ae^jb is isomorphic to A/l{ep,ib) and here l{ep,ib) = 
l{epM) = l{ep,AC\bAf = l{ep,iA) U l{bA) = A{E - Cp.i) U j. That is, 
Aep,ib ^ A/A(E — Cp.,) U j ^ . Moreover Ab ^ A/l{b) = A/i = A, 

Since A& is the sum of Aep,ib while A is the direct sum of ^Cp,* , we find that Ab 
is indeed the direct sum of Aep,ib.^^ Each Aep,ib contains at least one simple 
left subideal, and therefore the largest completely reducible left subideal Ab f) M 
of Ab is a direct sum of at least ^^/(p) simple left ideals. But Ab f] M ^ 
rii) n M, since Ab £ and here r(^) fl M is the direct sum of 5 Zp/(^(p)) = 
£p/(p) simple left ideals Mc^(p).t (See ( 12 )). Hence necessarily Ab f\ M = 
r{i) n M and each Acp,,b has onl}’^ one simple left subideal. Furthermore, since 
AcpJ) ^ • ^Aep,/(p)b (for Aep,i ^ ^ Acpjip)), it follows that there exists a 

permutation {v(p ) } of {p} such that the unique simple left subideal of Ae„(p),ib is, 
for each p, t, isomorphic to Me^rp).! ^ Acp ^ AepfNcp . Thus Aey(p)^i has also a 
unique simple left ideal, which is isomorphic to AtpfAlep . We observe also 
that/(v(p)) = fiirip)) = /(p) according to our construction. 

Assume further l{^) = Ac. Then we find in the same way as above that 
every CpA has only one simi)le right subideal, and this simple right ideal is, by a 
remark in 4, necessarily isomorphic to e^(p)A/eu(p)At’. A is therefore Fro- 
beniusean. 

b) To prove the converse, suppose that A = A/i is Frobeniusean. Let P 
be the annihilator ideal of the radical Af in A, and denote by P the two-sided 
ideal in A consisting of those elements whose residue classes (mod 3 ) lie in P. 
We consider further r(j) and r(P) in A. The latter is the intersection of all 
maximal right subideals of the former, because P is the sum of all those left 
ideals in which j is a maximal left subideal. 

There exists, by definition, a permutation {v{p)} of {p} such that CpP ^ 
e.frfi ^ Ae^ and /(i'(p)) = f{p). We have P^P = 

PE,(„) , or, E^ U 3 = PE,(^) U j. Now, j coincides with the intersection 
U j), p running over {pj. Hence 

(13) . r(j) = 

the summands are two-sided ideals since U j are such. Furthermore, 

P/L>.^.E.P U i PdP is, for each p, a direct sum of f(v{p)) = f{p) simple 

-left-submoduli isomorphic to Ae^ , and therefore r(^„t„E.P U i)/r(P) is a 

Observe that bA is two-sided. 

This follows also from Theorem 8. 
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direct sum of /(p) simple A-right-submoduli isomorphic to ^(p)A (Cf. Theorem 
9). But 

, , U i) = U g) = r((P D U g) 

(14) 

= (r(P) U £r,(„A) n r(g) = r(P) U (P„p>A D r(g))“ = P,,„r(g) U r(P), 

whence 

riZ,^<,yE.Pni)/r{P) = P,wr(g)Ur(P)/r(P) = Z(iV'''(ewp),.r(g) U r(P)/riP)). 
Hence we find that the right moduli Ci-cp) ,<r(g) U r(P)/r(P) are simple and 

^ CrwA. 

According to this fact, we now take for each p, i(i = 1 , 2, • • ■ , /(p)) an clement 
bf,i in e,(p).<r(g)c,(,).i which is not contained in r(P); observe that/(ir(p)) = /(p) 
= /(>'(p))- Then bp,, A U r(P) = e»(p).,r(g) U r(P). Moreover, if we put 
b = £p..f>p,i , then ber(.p),i = hp.t , and therefore 

6AUr(P) = Zp.i(ewp),.r(g))Ur(P) = ZpC^-’.wKg)) U r(P) = r(g) 

(cf, (13), (14)). However, r(P) is the intersection of all maximal right subideals 
of r( 3 ), as we observed before. Hence necessarily hA = r( 3 ). 

Similarly J(j) is a principal left ideal, Z(g) = Ac^ and this completes the proof. 
Theorem 16. Lei a ring A satisfy {not only the minimum condition but) also 
the maximum condition for left and right ideals. In order that every residue class 
ring of A be Frobeniusean, it is necessary and sufficient that every two-sided ideal 3 in 
A can be expressed as i = Ac — cA {c t A). 

Proof, a) Assume that every residue class ring of A is Frobeniusean. Then 
in particular A is Frobeniusean, and the above theorem 15 tells that every two- 
sided ideal g(= r{l{i)) is a principal right ideal j = cA. Moreover drii) = 
dr{A) — dr{A/i) = di{A) — di{A/i) = d/(j), for both A and A/^ arc Frobeniu- 
sean.*® But dril) = dr{cA) = di{Ac) by Theorem 8 . Hence di{i) = di{Ac). 
Since Ac g we have Ac = g. 

b) Assume next that the condition of the theorem is satisfied. The existence 
of a unit element in A can be seen in the same way as in I, Th. 10 .^® Let g = 
Ac = cA. The left ideal g = Ac is isomorphic to A/l{c) = A/l{cA) == A/Z(g), 
whence d/(g) = di(A/J(g)). Since this is the case for every two-sided ideal, we 
have r(/(g)) = g. For, l{r{l{i)) = J(g) whence di{r{l{i)) = d,(A/Z(r(Z(g))) = 
d/(A/Z(g)) = d/(g), which, together with r(Z(g)) ^ g, implies r(Z(g)) = g. Simi- 
larly dr(g) = dr(A/r(g)) and Z(r(g)) = g. We find therefore, according to Theo- 
rem 11, that A is Frobeniusean. Our assertion that every residue class ring of A 
is Frobeniusean is now an immediate consequence of Theorem 15. 

** Modular law. 

See the footnote 21, or Th. 8. 

Here we use the composition lengths, and that is the reason that we assumed the 
maximum condition too. 
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9. Appendix: Generalized uni-serial rings 

As a generalization of the notion of Kothe's uni-serial ring/^ we introduce the 
following 

Definition. We call A a generalized uni-serial ring, if A has a unit element 
and if every left ideal Ae as well as every right ideal eA generated by a primitive 
idcmpotent element e possesses only one composition serics.^^ 

The connection of this notion to our study is that a ring in which every residue 
class ring is Frobeniusean, as in the case of Theorem lb, is certainly a generalized 
uni-serial ring, although the converse is not true. 

Now, consider a generalized uni-serial ring A. Let 0, AT'* = 0, where 

N is, as before, the radical of A. Let <t{k) be, for each k, an integer such that 
^ = 0; hence p = Max«((r(K)). Since e*A has only one com- 

position series, every e^N' (i = 0, 1, • • • , o-(k) — 1) is simple. We put 

Thus e,cN^e^(^,i) Jjj and if d is an element in not contained in 

thendA == e^N\ Let now t + j ^ (r(/c) — 1. Thenc«W'^^ = c«iW^(«,oAW^ = 
e^N'e^(,c,i)N\ Hence j ^ <r(<p(ic, i)) — 1. Moreover, since = 

c^(K,t)iV , ;)A , ^\e have e^N' CZI e^N' ~ aiii 

,t) ,])A. Therefore 

(15) sp(k, i + j) = <p((p(/c, 

We put similarly N 0, = 0 and 

for i ^ t(k) — 1 . Then 


( 10 ) 


i + j) = ^(^(^, 0, j) 


provided i + j ^ t{k) — 1, Further, if i g t{k) — 1 then i g i)) — 1 

and (p(^(k, i), i) = k, because (>(«., ^ Hence, if j g t{k) — 1, i g 

<^(^(^,i)) - L then 


(17) 




U{(p{\I^{k, j)J), i - j) = ^(k, i - j) or 
[<p(^(^(k, j — i), i), i) = ^(k, j — i) 


according as i ^ j or i ^ 

After this preparation we now' proceed in a similar manner as in Kothe (9). 
Suppose that a left module TO of our A is a (restricted) direct sum of 

(an arbitrary number of) submoduli TO» and that each TO« is homomorphic to 


«Kotho (9). 

See the footnotes 40 and 41 of Part 1. 

We obtain a similar formula by interchanging <r, <p with r, In particular, 
j)i i) =* i)y j) provided j ^ r(ic) - 1, f ^ j)) — 1, f ^ <r(if) - 1, j ^ 

t{<p{k, i)) - 1. 
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one of Ae ^ . Let 9K, be homomorphic to and let e«(,) correspond to Ug in 
SD?, ; we have SDL = Au^ = Ae«(a)W« . Denote further the composition length of 
a». by t(s). Then «W. ^ , and 0 while = 0. 

Let m be the smallest of all t(s). 

Lemma 4. If u (t^O) is an element in e33l such that the composition length I of 
Au is not greater than m, then there exists an element v in such that 

u c and the composition length of Av is exactly to. 

Proof. Suppose for instance u = ai«i + OtUt + • • • + citUt , where a, e Ae,(,) 
and o. 0 (s = 1, 2, • • • , <)• Since u = e,u = e,aiUi + • • • + e,aiUt , we can, 
and shall, assume a, e CtAe,(,) . Let a, e e,N‘^’^e,(,) but < e,N‘^'^'*'^e,(,) . Then 

(18) « = ^(k(s), Ks)), k(8) = l(s)), 

and A a, = . On the other hand N'u = 0 and N‘~^u ^ 0. From 

N’a,u, = N’Aa,u, = (s = 1, 2, • • • , t), it follows that 

I + l{s) ^ t(s) for all s = 1, 2, • • • , < while I + l(s) S (whence =) i(s) for at 
least one s. 

Take ah element d such that d « e,M”~‘e^(,,m-i) but 4 Thcn“ a, « 

e.Ar''‘’c.(.) = , whence a. = db. with 

b, t . Here <p(<p(.k, to — 1), l{s) — to + Z) = <p(k, m — 1 + 

Z(s) — TO + Z) = <p{k, Z(8 )) = k(s) according to (15), (18), and Ab, = . 

Put now V == biUi + 6 jM 2 + • • • + . Then u = dv and e^u,m-i)V — v. 

N’^v = 0, because Z + Z(s) ^ Z(s) whence = 

0 (s = 1, 2, . . . , Z). But N”~'v 0, since and Z(s) + 

Z ^ i{8) for at least one s. Hence the composition length of Av is exactly to. 

Lbhha 5. Let 31Z be the same as above. Suppose moreover that SIZ is contained 
in an over (A-leftr) module tn and that m is generated by 9)Z and a cyclic module 9W' 
which is homomorphic to one of Ae, and whose composition length does not exceed to. 
Then m is a direct sum SD? + SO?" of 90? and a second module 90?" homorphic to 90?'. 

Proof. Let 90?' = Au ^ Ae,/N''e , , u = e,u, and put U = 90? fl 90?'. If 
U = 0, then we are already through. Suppose U ^ 0 and let U = JV*m = 
JV*e,u ; the composition length of U is then h — l. Take an element c in e^(K,i)N^e, 
not contained in hZ* Then cm « U and 4 cm = ZV’m = U. But 4 cm is homo- 
morphic to 4e^(,,i) . Hence there exists, by the above lemma 4, an element v 
in 90? such that v = e\V, Av ^ Aex/N^ex and cm e e^(,,i)N'”~*'’'~'^v, where X = 
Z), m-{h-l))= ,p{K, TO - h).^^ But = e^^N^N^-^ex = 

cN” '‘ex = ce,N”' ''ex . Therefore cm = cc'v with an element c' in e,N”' '‘ex . 

We put now u" = u — c'v. Obviously m = 90? U 4 m". Moreover, e,M" == 

c, M — etfi'v = u — c'v = m", whence 4 m" is homomorphic to 4e, . Since cm" = 
CM — cc'v = 0, we have N'u" = Acu" = 0. Furthermore 90?n4M" = 0, 
that is, m = 90? -j- 4 m". For, if au" = w e 90?(a e 4c,), then au — ac'v = w, 
au — w + ac'v 1 90?. Hence om « 90? fl 4 m = U, and therefore a e N'e , , au" = 0. 
This completes our proof. 

“Observe that I + l(s) ^ t(8) m. 

“Cf. (17). 
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Now, the following theorem, which is an extension of the main theorem in 
Kothe (9), follows readily from the above lemma: 

Theorem 17.^® Let A be a generalized uni-serial ring. Then every left module 
of A is a (restricted) direct sum of cyclic submodulij each of which is homomorphic 
to one of Ack . The similar situation prevails for a right module of A . 

Remark. In the special case where A is, as in Part I, an algebra^ the converse 
is also true. Namely, an algebra which possesses the property of Theorem 17 is 
necessarily a generalized uni-serial algebra. For, if a left module N'^^e/N'e, 
where e is a primitive idempotent element, is not simple, then a right module 
which belongs to a representation of A equivalent to the one defined by the left- 
module AefN^e is homomorphic to none of e^A.^ whereas it is certainly directly 
indecomposable.'*^ 

Added in proof (Oct. 22, 1940) : The remark adjoining the definition of Fro- 
beniusean rings (Chapter II, 4) ought to have been placed after Theorem 6. 
In the proof of the theorem we showed l(N) Q r(N) using only the condi- 
tion i), and from this follows the relation e^r(N) ^ eJ(N) = used in the 
remark. 

Asano (2), Theorem 2 and our Theorem 16 express essentially one and the 
same fact (Cf. Part I, Theorem 10 too). Namely, a ring whose residue class 
rings are all Frobeniusean is uni-serial. Further, the converse of Theorem 17 
is valid generally. For all this cf. the writer^s Note on uni-serial and generalized 
wri-serial rings, Proc. Imp. Acad. Tokyo Vol. XVI (1940) p. 285. 
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t}6ER DIE TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 
UND IHRE VERALLGEMEINERXINGEN 

By Heinz Hopf 

Received* by Compositio Math., August 23, 1939 

Einleitung.^ 

!• In der gesclilosseneii uiid orientierbareu Mannigfaltigkeit M soi eiue 
‘‘stetige Multiplikation^^ erklart, das hcifit: jedcm geordncten Punktepaar (p, q) 
von M ist als ^‘Produkt” ciii Punkt pq von M zugeordnct, der stetig von dem 
Paar (p, q) abh«angt. Setzen wir 

pq = lp(q), 

SO ist Ip bei festein p und variablem q cine Abbildung von M in sich; die Abbil- 
dungen Ip hangen stetig von dcm Parameter p ab, und sic haben daher alle den 
gleichen Abbildungsgrad ci . Analog ist der CJrad c, der Abbildungen Vg be- 
stiinmt, die durcli 

pq = f\(p) 

gegeben sind. 

Definiert man etwa die stetige Alultiplikation so, dab pq ftir alle (p, q) ein 
fester Punkt von M isl, so ist c/ = cv = 0; setzt man pq = p oder setzt man 
pq = q fiir alle (p, q)j so ist (u = 0, c, = 1 bzw. C/ = 1, cv = 0. Diese trivdalen 
stetigen Multiplikationen sind in jeder Mannigfaltigkeit moglicli; dagegen kann 
man, wie sich zeigeii wird, nur in sehr .speziolJen Mannigfaltigkeiten stetige 
Multiplikationen so definieren, dab 

Cl 9*^ 0 und Cr 9^ 0 

ist. PJiiie Mannigfaltigkeit," vvelehe eine solehe Multifilikation zulabt, soil eine 
F-M annigjaltigkeil heiben 

Der Begriff dei* F-AIaiiiiigfaltigkeit ist eine N'erallgemeinerung d(‘s Begriffes 
der (/n/ppcri-Mannigfaltigkeit; isl namli(‘h M (due Gruppen-Mannigfaltigkeit, 
d.h. ist in M eine stetige Alultiplikation erklart, welelie die CJruppcn-Axiome 
erfiillt, so ist ftir den Punkt e, weleher die (iruppen-l^ins darstellt, sowohl die 

* Editors^ Note. This paper was originally submitted to Compositio Mathe^naiica, 
August 23, 1939. It was transferred to the Annals pj Mathematics (received November 18, 
1940) after the Compositio Mathematica ceased publication. 

‘ Eine kurze Ankiindigung dieser Arbeit ohne Beweise ist in den C. R. 208 (1939), 1266- 
1267, erschienen. 

* Unter einer ^‘Mannigfaltigkeit’’ ist in dieser Arbeit immcr eine geschlossene und orient 
tierhare Mannigfaltigkeit zu verstehen. 

** Die Gliltigkeit des assoziativen Gesctzes wird also nicht gefordert. 
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Abbildung h als aueh die Abbildung die Identitat von Af, und daher ist 

Cl ~ Cr ” !• 

Somit gelten alle Satze^ die filr T’Mannigfaltigkeiten bcivicsrn werden, inshe- 
Hondere filr gesriilossenen Gruppen-Mannigfaliigkcitcn.'^ 

2. Wir wordcn Homologie-Kigenschafteii von Mannigfaltigkeiten nntor- 
suchen ; dabei soil als Koeffizienienbereicli dcr Korper drr rationnlcn Zablen dionon/ 
Wio ublieh fasscMi wir di(‘ Homologioklassen oiner Mannigfaltigkeit M zu d('m 
Homologie-Ring J)i(A/) zusaminen: in ilim ist die Addition die der Bettisehen 
Gruppon, und die Mnltiplikation ist dureh die Sehnit t-Bildung erklart. Infolge 
der Beniitzung rationaler Koeffizienten entgchen iins zwar gc'wissc Fcinheiten 
der Struktur von A/, so die etwa vorhandene Torsion; immerhin stimmcn zwei 
Mannigfaltigkeiten Afi , M 2 , deren rationak^n Homologic-Ringe 3f(Afi) und 
3?(Af2) oinandor dimensionstreu isomorph sind, in den wiehtigsten algebraisch- 
topologisehen Eigensehaftcn ub(u*ein, insbesondere in den \V(u-ten der Bettisehen 
Zahlen. 

I 'user Hauptziel ist der Beweis dcs folgenden Satzes: 

Satz I. Der Homologie-Ring !lf(r) einer Y-Mannigfaltigkeit T ist dimem^ions- 
ireu isomorph dem Homologie-Ring dl(II) eines iopologischen Produkte.s 

n = Sm, X .S.2 X •*. X ^ 1, 

in welchem Sm die m-dimensionale Sphdre bezeichnet und alle Dimension szahlm 
m\ ^ m 2 ^ ^ mi ungerade sind. 


3. Da man die Struktur der Hinge vollstandiglibersieht, kann man den 

Inhalt des Satzes I aueh dureh (‘ine ausfurhliclu' Bc'selireilnmg der Struktur der 
Ringe ausdriieken. Hierfiir maehen wir noeh die folgenden ti'rminolo- 

gisehcn Bemerkungen : 

Der Ring 9i(Af) einer l)eliebigen a-dimcnsionalen Mannigfaltigkeit^ M (mthalt 
cin Eins-Element: es wird dureh den orientiertcai ^/-dimensionalen (irundzyklus 
von M dargestellt; wir bezeiehnen es dureh 1. Die* Dirn(‘nsion eines Eknnentes 
z von 3i(Af) ncnnen wir d(z); daneben betraeht(*n wir haufig die “duale Dimen- 
sion^^ d(z) = n — d{z). Unter einer ‘‘vollen additiven Basis’^ von ^)i(A/) vor- 
stehen wir die Vercinigung von Homologie-Basen der Dimensionen 0. 1, • • • , a. 

Nun laCt sieh der Satz I folgendermaCen ausspr('eh(*n : 

* Die Topologie der Gnippen-Mannigfaltigkoitcn wird in don folgenden beiden Sehriften 
von E. Cartan behandelt: (a) La TMorie des Groupes Finis et Coni inns el VAnalxjsis Situs 
[Paris 1930, Memorial Sc. Math. XLII]; (b) La Topologie des Groupes de Lie [Paris 1936, 
Actualit^s Scient. et Industr. 358 ; sowie: L’Enseignement math. 36 (1936), 177-200; sowie: 
Selecta, Jubil6 Scientifique, Paris 1939, 235-258]. 

^ Tatsachlich werden wir von dem Koeffizientenbercich nur benutzen, dafi er ein Kdrper 
der Charakterislik 0 ist. 
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Satz I (2. Fassung). Aus dem Ringe 9i(r) einer T-Mannigfaltigkeit T lassen 
sick Elemente Zy j Z2 , • • , Zi so auswdhlerij daS die 2^ Elemente 

1 I *1 ^*1 ‘ ^*2 (^*1 ^ ^* 2 ) J 

(^*1 ^ ^'2 ^ ^*3) j • * * 7 Zl*Z 2 Zl 

eine voile additive Basis bilden] die M ultiplikation in 9i(r) ist durch das disiribu-- 
live GesetZj das assoziative Gesetz und die antikommutative Regel 

ZrZi = 

— in welcher spezicll die Regel 

Zi-Zi = 0 

enthalten ist — vollstdndig bestimmt; kurz: dt(T) ist dev Ring der (inhomogenen) 
Multilinearformen in den antikonmutativen Grolien Zy ^ Z2 y • • ’ , Zi rnit rationalen 
Koeffizienten. AlU Zi sind homage ndiniensional^ und ihre dualen Dimensionen 
d{zi) = mi sind imgerade; die Dimension von T ist 

/i = Wl + m 2 + • • • + mi y 

und allgemein ist 

d{,Zi^*Zi2 ^ n m*! mv^ • • * m*^ . 

DaC hierdurch gerado das Bostcheii (niies dimensionstreuon Isomorphisinus 
zwischen JR(r) mid 5)f(n) ausgedriickt wird, erhellt aus der folgenden Tatsache, 
die man leieht bcstatigt: bezcichnet man den orionliorten Grundzyklus von 
SfH selbst mit Sm und init p immer (uiuai einfaeh gczahlten l^uikt, so besitzen 
in /i(n) die Elemente 



X 

II 

Sn., XS„.,X - 

X 

^ m t 

(*) 

Z 2 — 

X P X s^,x ■■ 

X 

VJ 


Zl = Smi 

X X X 


X p 


genau die analogen Eigenschaften, welche wir in soeben den Elementen 
Zy y Z2 , ' ' • y Zl zugeschrieben haben. 

Aus der zweiten Fassung dcs Satzes 1 licst man unter anderem die folgeiide 
bemerkenswerte Eigcnschaft dor r-Mannigfaltigkeiten ab: 

Satz Ib. Jedes homogen-dime nsionale Element z von 5 )f(r')j /wr welches die 

^ Ein Komplex K heifit homogen-dimensional von der Dimension r, wenn jedes Simplex 
von K auf einem r-dimensionalen Simplex von K liegt. Ein Element des Homologie- 
Ringes 9{(M) heiBt homogen-dimensional, wenn es in M durch einen homogen-dimen- 
sionalen Zyklus reprasentiert wird. Die additive Gruppe von 9? (M) ist die direkte Summe 
der Gruppen der homogen r-dimensionalen Elemente mit r « 0, 1, • • • , n. 
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duale Dimension S(z) geradc und posilir ist, IcWt sich durch Midtiplikation und> 
Addition aus hohcrdimensionalcn Elementen erzeugen. 

4 . Dcr Satz I enthalt weitgehenclc Aiissagon iibi'r die Bettischeii Zahlen einer 
r-Mannigfaltigkeit. Unter dem Polynom” oiiios Komploxos 

K verstehen wir das Polynom 

P K{t) = PO + P\t + P^t" + • • • 

ill ciner Unbestimmtcn t, woboi dor Kooffiziont p, di(’ r-tc Bottisrho Zahl von 
K ist. Fiir die Sphare Sm ist 

i\M) = 1 + 

bci der Bildung dejs topologisc.hoii Pi oduktes Ki X zweior Kompicxc Ki und 
K 2 gilt naoh der Formel von Kuiinotb® die Rogol 

dahcr ust in dcm Satz I (Xr. 2) dcr folgende Satz onthalten: 

Satz I'. Das PoincaHsche Polynom ciner V-Mannigfaliigkeit Y hot die Gestalt 

(1) Pr(0 = (1 + /'”*)•(! + n) (1 + n), 

wobci allc Exponentcn nii ungerade si ml. 

Wir hcbon (*iiiige der zahlreicheu Bezichungen zwisehon den Bett isohen 
Zahlen hervor, die sich aus (1) ablesen lassen: 

(a) Die Euler sche Charakteristik ist O f 

denn die ('harakteristik eines Komplexes K ist glcich 

(b) Die Surnme der Bettischen Zahlen ist cine Polenz von 2f 
denn diese Sumnic ist fiir einen Komplex K glcich Pjt(+1). 

r sei n-dimensional ; dann ist p„ = 1, p, = 0 fiir r > n, also n der Orad von 
PtO) und 

mi + nh + ' ' ‘ + Wz = n. 

Da dor i-te Koeffizient d(\s Polynoms (1) offenbar nicht grober ist als der r-te 
Koeffizient des Polynoms 

(1 + ty = (1 + + 0 "* •••(!+ , 

so sieht man : 

(c) Es ist pr ^ fiir alle rf 

« Alexandroff-Hopf, Topologie I (Berlin 1935), 309, Formel (13'). 

^ Falls die Abbildungen Ip und Vq topologisch sind — also insbesondere, falls r eine 
G^ruppcn-Mannigfaltigkeit ist—, wird fttr pi 9 ^ durch /(g) =* lpllp 2 iq) cine Abbildung von 
r auf sich erklart, welche sich stetig in die Identitat deformieren lafit und keinen Fixpunkt 
besitzt; dann folgt der obige Satz aus einem bekannten Fixpunktsatz. 

* FUr Gruppen-Mannigfaltigkeiten: Cartan* (b), 24. 

®Fttr Gruppen-Mannigfaltigkeiten: H. Weyl, The classical groups [Princeton 1939], 
279, als Korollar eines Satzes von Cartan (cf.**). 
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Man kann (1) in der Form 

(10 Pr(t) = (1 + + <'>'‘•(1 + O'* • • • , 1.^0, 

«clireiben ; Ausrechnung ergibt 

(1") Prit) = 1 + bi + ^ 2 )^^ ^ • • • 

Es ist also 

(2) Pi 

Da nun der Koeffizient von in dein Produkt (!') offenbar nicht kloiner ist als 
in dem Faktor 


(1 + = (1 + tr> 

so gilt: 

(d) £s ist Pr s alU' 

Nach (!') ist 

/l + 3/3 + 5/5 + • * • = Hf 

also naoh (2): 

pi = n — 3/3 — 5/5 — • • • ; 

daher liilit sich (c) fiir r = 1 verscharfen : 

(e) Es ist entweder pi = n oder = n — 3 oder />i ^ n — 5/^ 

Ferncr best man aus (1") und (2) die folgende Verseharfung von (d) fur r = 2 
ab: 

(f) Es ist JH = 
also speziell; 

(fo) Ist Pi — 0 Oder pi = 1, so ist p^ = 0.*' 

Ebenso sicht man aus (1") und (2): 

(g) Ist Pi = 0, so ist auch Pi = 0. 

Man kann ohne Muhe noch eine Keihc iihnlicher liolationeii feststellen, z.B. 
die folgenden: 

Fur Gruppen-Mannigfaltigkciten wie®; fur . weseutlich allgemeinere H&ume mit 
stetiger Multiplikation: W. Hurewicz [Proc. Akad. Amsterdam 39 (1936), 216-224]. 

Die Relation pi S n wurde ftir verallgemeinerte Gruppenraume zuerst von P. Smith 
[Annals of Math. (2) 39 (1935), 210-229] und dann von Hurewicz als Korollar aus dem 
unter'® zitierten Satz bewiesen. 

Wegen der zweiten Bettischen Zahl einer Gruppen-Mannigfaltigkeit vergl. man 
Cartan*, (b), 14 und 23-24. 
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(h) Es sei pi = 0; dann ist 


3p3 + 5p6 + 7p7 S w, 




> 



3, 5, 7 ?/77r/ hf'lirhiges r. 


6. Fiir Liesche Gruppen kann der Satz I, auf (irund von Satzen, die wir E. 
Cartaii und G. de Rham verdankcn, aiis dor Spraohf* dor Homologie-Theoric 
in die Sprachc der Theorie ddr invarianton Difforentialformen iiborsetzt vverdon/^ 
Ich begnuge mich mit der Formulioning des Ergcbnissos, im Ansrlilufi an die 
2. Fassung des Satzes I (Nr. 3):^^ 

Die Mannigfaliigkeit G reproHentierc cine gcscMossoic Liesclic Gruppv. Dann 
kann man aus der Gesamthcit der Differentialformen , welche in. G invariant gegen iiber 
den Operationen der Gruppe i^indy Formcn 


deren Grade 


, W2 , • • • , a>z , 


mi y y • • ^ y nil 

ficietij so auswdhleny dalS sie die folgenden Eigcnschafte.n hesitzcn: 

1) Fur jedes r hilden diejenigen duScren Produkte 

w.r«i2 , 

fiir welche 

mi^ + nii^ + • • • + it < < • • • < ip 

isty cine linearc Basis (in Bcziig auf konslantc Kocffizicntcn) der invarianten 
Differentialformen des Grades r; 

2) alle niy siml ungerade; 

3) es ist mi + mj + • • + nii gleich der Dimension von G. 

Hiorin ist untcr andorom die folgondo Tatsacho onthalten, die dom Satz Ib 
(Nr. 3) ontspriohl: 

Jede invariante homogene Differentia (form geraden Grades IdlSt sick aus in- 
varianten Differentialformen kleinerer Grade ^ durch duBere Multiplikation und 
Addition erzeugen, 

6. Auch boi Boschrankung auf Liesche Gruppen sind, soweii ich sehe, sowohl 
der Satz 1 als auch der schwiichere Satz T' neu. Allerdings waren diese Satze 
bereits fiir eine so grot3e und wichtige Reihe von Spczialfallen bekannt, daC 
ihrc Giiltigkeit fiir beliebige Liesche Gruppc'n vermutet werden konnte. L. 

E. Cartan, Siir les invariants int^graux . . . [Annales Soc. polonaise de Math. 8 (1929), 
181-225 (== Selecta, 203-233)1; G. de Rham, Sur Tanalysis situs . . . [Journ. de Math. 10 
(1931), 115-200].— Man vergl. auch H. Weyl, a.a.O.®, 276 ff. 

Hier muO als Kocffizicntenbereich der Korper dor reellen Zahlen dionen; man vergl.^ 
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Pontrjagin, R. Brauer and C. Ehresmann habcii namlich, init verschiedeneii 
Methoden, die Bottischeii Zahlen derjenigen einfacheii gesehlossenen Lieschen 
Gruppen bestimmt, welche den vier grofien Klasiseii in der Aufzahlung von 
Killing-Cartan angehoren, und diese Methoden liefern nieht niir den Satz I', 
isondern auch den Satz I ftir die genannten Gruppen. 

Au«gehend von diescm Resultat konnte man wohl folgendc‘rmalien zu einem 
Beweis des Satzes I ftir allc gesehlosscneii Lieschen (Jruppen gelangen: Man 
verifiziere die Gtiltigkeit des Satzes aiieh an den ftinf einfachen geschlossenen 
‘‘Ausnahine”-tJruppen in der Killing-Gartansehen Aufzahlung; dann ubertrage 
man den — nunmehr fur alle einfachen geschlossenen Lieschen Gruppen be- 
wiesenen -Satz auf alle geschlossenen Lieschen Gruppen, indem man die, aus 
der C'artanschen Thcorie bekannte, Rolle ausniitzt, welche die einfachen (Jruppen 
als Bausteine beliebiger Gruppen spielen. 

Aber ganz abgesehen von der Frage, ob die dircikte Bestatigung des Satzes 
an den ftinf Ausnahnu^-Gruppen wirklich gelingt, wtirdc* ein soldier Beweis aus 
zwei Grtinden nicht vollstandig befriedigen. Erstens wtirdt? er so umfangreiche 
und tiefgehende Tcile der Theorie d(u* kontinuierlichen (iruppen als Hilfsmittel 
verwenden, dal^ dieser Aufwand in kennem rechten Verhaltnis zu dem elementar- 
topologischen Gharakter des Satzes selbst sttinde. Zvveitens wtirde ein soldier 
Beweis in einer Verifizierung gipfeln; somit wtirde ev zwar besonders konkrete 
Aufschltisse liber diejenigen speziellen Mannigfaltigkeiten liefern, an denen die 
Verifizierung stattfindet -also liber die Mannigfaltigkeiten der einfachen 
geschlossenen Lieschen (Jruppen , es wtirde aber wohl doch der Wunsdi nach 
einem Beweis ofTen bleiben, weldier allgemeine Giiinde ftir die Gtiltigkeit des 
Satzes erkenuen lieCe.*® 

Daher glaubc ich, daC selbst dann, wenn die dirokte Verifizierung des Satzes 
1 an den ftinf Ausnahme-Gruppen und damit ein anderer Beweis ftir alle ge- 
schlossenen Lieschen Gruppen gelingt, doch unser Beweis, welcher ftir alle T-Man- 
nigfaltigkeiten gilt und infolgedcssen aus der Lieschen Theorie Jiichis benutzt, 
auch ftir die Lieschen (iruppen-Mannigfaltigkeiten willkommen ist. 

7. Andererseits weili man, daC der Satz 1 gewisse Verschiirf ungen erlaubt, 
wenn man sich auf Gruppen-Mannigfaltigkeiten beschrankt; dann unterliegen 
namlich die Zahlen m, , die im Satz I auftreten, gewissen Gesetzen; so folgt aus 
Satzen von E. t-artan;’’^ entweder sind alle tw, = 1 — dann ist die Gruppe 
Abelsch— , oder wenigstens ein m, ist gleich 3. Diesen Satz oder ahnliche Satze 

L. Pontrjagin [C. R. Acad. Sc. U.R.S.S. 1 (1935), 433-437 und C. R. Paris, 200 (1936), 
1277-1280] .—R. Brauer [C. R. 201 (1935), 419-421] (man vergl. auch H. Weyl, a.a.O.*, 
232 ff.).— C. Ehresmann [C. R. 208 (1939), 321-323; 1263-1265]. 

Cartan*, (b), 26; . Mais m6me en nous bornant k la simple determination des 

nombres de Betti des groupes simples, on ne devra pas s’estimer compRtement satisfait 
si on arrive faire cette d6termination pour les cinq groupes exceptionnels. ... II faut 
esp6rer qu^on trouvera aussi une raison de portae g6n6rale expliquant la forme si particu- 
li^re des polynomes de Poincar6 des groupes simples clos.’^ 

A.a.O.*; (a), 42^43; (b), 24. 
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mit iinscrer Methodc zu beweisen, welche immer alle F-Mannigfaltigkeiten 
gleichzeitig bchandelt, ist prinzipiell unmoglich; doiirifur r-Maniiigfaltigkeiten 
unterliegon die nit uberhaupt keiner Einschrankung; os gilt namlioh derfolgende 
Satz: 

Satz II. Jedcfi Spharen-Produkt 

X Sm,X - X Stni , 

in welchem die Dimmsiomszahlen m\ , m2 , • • • , m/ ungrrade sindy ist eine 
T-MannigfalligkeiL 

Alls diesem Satz gcht hervor, daC dor Begriff dor F-Marinigfaltigkeit nicht 
nur seiner Definition nach, sondern aiich tatsachlich viol allgemoiner ist als der 
Begriff der Gruppcn-Mannigfaltigkeit: iiaeh Satz II sind alle Spharen ^82*4.1 
F-Mannigfaltigkoiten, wahrend nach einem bekannten, soeben erwahnten Satz 
von (tartan iinti'r alien Spharen Sn allein und Sz Orup^xMiniume sind. 

8 . Die Aufgabc, diejenigeii Hinge aufzuzahlen, welche als Homologie-Ringe 
von F-Mannigfaltigkeiten auftreten, ist dureh die Satzi^ I und II vollstiindig 
gclost. 

Die Gultigkeit des Satzes II wird rasch im §1 dureh direkte Angabe geeigneter 
stetiger Multiplikationen bestatigt. 

Im §2 werden Erz(nigenden-Systeni(‘ beliebigor Homologie-Ringe betrachtet. 
Im Rahmen dieser Betrachtung wird der Satz I in zwei Teile zorlegt — Satz la 
und Satz Ib, von denen wir den zweiten schon in Nr. 3 ausgesprochen haben. 
Im Satz Ib (Nr. 15) tritt der Begriff des ‘^maximalen^^ Elementes eines Ho- 
mologie-Ringes auf, der auch fiir anderc Zweeke als unseren gegenwiirtigen 
wichtig und brauchbar .sein dtirfte; wir werden sogleich noch auf ihn zurtick- 
kommen (Nr. 9). 

Der Ansatz zum Beweis der Satze la und Ib, und damit des Satzes I, ist der 
folgende: man fasse die Punktepaare (p, q) von M als die Punkte p X q der 
Produkt-Mannigfaltigkeit M X M auf; dureh eine stetige Multiplikation pq 
in My w’ie wir sie in Nr. 1 erklart haben, ist dann eine stetige Abbildung F von 
M X M in M bestimmt: F{p X q) = pq; diese Abbildungen F sind mit Hilfe 
des ‘‘Umkehrungs-Homomorphismus” zu untersuchen. Entspreehend diesem 
Ansatz werden zuniichst im §3 einige einfache Eigenschaften des Ringes 
JR(il/ X M) zusammengestellt ; sodanii wird im §4, nachdem an seincm Anfang 
kurz an die Theorie des Umkehrungs-Homomorphismus erinnert worden ist, 
der Beweis der Satze la und Ib gefuhrt. 

9. Der schon erwahnte Begriff des maximalen Elementes ist der folgende: 
ein homogen-dimensionales Element eines Homologie-Ringes 9}(M) heiCt 
maximal, weiin es nicht dureh Multiplikation und Addition aus hoherdimen- 
sionalen Elementen erzeugt werden kann. Im §5 w erden die maximalen Ele- 
mente noch etwas naher betrachtet, und es werden ihnen jetzt die ‘‘minimalen’' 
Elemente gegentibergestellt : das sind diejenigen homogen-dimensionalen Ele- 
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mente v von SR(Af), welche koine Vielfachen w — u-v mit 0 < d(w) < d(v) besitzen. 
Die Untersuchung fuhrt orstens Icicht zu einem Satz uber eine gewisse Dualitat 
zwischen den maximalen nnd den minimalen Elementen (Nr. 33) und zweitens, 
unter Benutzung des Umkehrungs-Homomorphismus, zii einer bcmerkenswertcn 
Invarianz-Eigenschaft der minimalen Elemeiite (Nr. 34). Diese Tatsaohen, 
zusammen mit dem Satz Ib, liefern noch als Korollar den folgenden Satz, der 
eine kraftige Verallgemeinenmg der Tatsaehe darstellt, daC eine Sphare gcrader 
Dimension nicht als Gruppen-Mannigfaltigkeit aiiftreton kann: 

Satz III. In den r-Mannigfaltigkeikn sind die stetigen Bildcr von Sphdren 
gerader Dimension immer homolog 0. 

Zum SchluC (Nr. 37) wird cin Problem formuliert, das durch die crwahnt(j 
Methode von Pontrjagin^^ angeregt ist und das fiir di(‘ weitcrc topologische 
Untersuchung der Gruppen-Mannigfaltigkeiten wichtig sein diirfte; es wird 
eine Vermutung ausgesprochen, in wclcher die minimalen Elemente einer 
Gruppen-Mannigfaltigkeit eine Hauptrolle spielen. 

§1. Beweis des Satzes n. 

Der Satz II (Nr. 7) laCt sieh in die folgenden beiden Teil(» zerlegen: 

Satz Ila. Fiir ungerades m ist die Sphare Sm eine r-Mannigfaltigkeil^^ 

Satz Ilb. Das topologische Prodnkt TXT' zxveier V-Mannigfaltigkeiten T 
und r' ist selbst eine T-M annigfaltigkeiL 

10. Beweis des Saltzes Ila.*^ Fiir jedeii Punkt q der Sphare Sm bozeichne 

die Spiegelung der an demjenigen Durehmesser, auf welchem q liegt; wir 
setzen pq = lp{q) = r^(p). 

Die Abbildung ist topologiseh, also ist Cr = dzl (und zwar, wic man leicht 
sieht, Cr = —1). Wir behaupten weiter: Ci = dt:2 (und zwar ist Ci = +2). 

p sei ein fester Punkt auf Sm ; dureh Ip wird jeder Grof^kreis, auf dem p liegt, 
auf sich abgebildet, und zwar folgendermaCcn: fiihrt man auf dem Kreis eine 
Winkelkoordinate mit p als Nullpunkt ein, und ist dann q der Punkt mit der 
Koordinatc a, so hat pq = lp(q) die Koordinatc 2a. Daraus (M*gibt sieh : sowohl 
die offene Halbkugel // von Sm , deren Mittelpunkt p ist, als aueh ihre anti- 
podischc Halbkugel //' wird topologiseh auf Sm — p' abgebildet, wob(4 p' der 
Antipode von p ist; die genuiinsame Randsphare von H und H' geht in d(ni 
Punkt p' Tiber. Bezeichnen wir mit q' immer den Antipoden von (/, so ist de^r 
Zusammenhang swisehen den Abbildungen dcr beiden Halbkugeln // und 
durch die Beziohung lp{q') = lp{q) gegeben. Nun hat bei ungeradem m die 
Involution dcr Sm , welche je zwei Antipoden vertauscht, den Grad + 1 ; daher 
haben, wenn wir die Oriontierungen von // uhd //' durch eine feste Orientierung 
der Sm festlegcn, die topologischen Abbildungen Ip von 11 und H' den gleichen 

DaC ftir gerades m die Sm nicht F-Mannigfaltigkeit ist, ist in Nr. 4 (a) und in Satz 
III (Nr. 9) enthalten. 

Wiedergabe des Beweises von ‘‘Satz IV’* aus meiner Arbeit in den Fund. Math. 26 
(1935), 427-440. 
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Grad « = ±1 (uiid zwar, wie man leicht sieht, +1). Dahcr hat die Abbildung 
Ip der ganzen Sm auf sich den Grad 2e = ±2 (und zwar +2). 

11 . Beweis des Satzes Ilb. Die stetigcn Alultiplikatioiien in F und F' seien 
dureh 

pq - lp(q) = r^{p) bzw, p'r/' = Ip.(q') - r'.(p') 

gegcben; die zugchorigeii Grade seien ci , Cr , c// , Cr> ; sie sind samtlich 9 ^ 0. 
Wir definieren in der Mannigfaltigkeit F X F', deren Punkto mit p X p'j q X 
g', • • • bczeichnet werden, cine stetige Multiplikation dureh die Festsetzung 

{P X p')'{q X q') = pq X p'q' = Lpxv'iq X q') = R^xn'iP X p'); 

die zugehorigen (Jrade seien Cl , . Der Satz ist bewiesen, sobald gezeigt ist: 

Cl = CrCr , Ch = . 

Die Giiltigkeit dicser Glciehheiton ist in dem folgenden Hilfsmtz (‘nthalten: 

/ und/' stnen Abbildungeii'^® der Mannigfaltigkeiten' A und A' in die Mannig- 
faltigkeiten B bzw. welehe die gleicheu Uiniensioheii haben wie A bzw. A'; 
die Grade von / und/' seien c bzw. c'. I^ann hat di(‘ Abbildung F von A X A' 
in B X B\ die dureh 

R[P X p') - /(p) X rip') 

gegeben ist, wobei p, p' die Punkle von A bzw. A' durehlaul’en, den (irad cc'. 

Fiir den Beweis ersetzen wir/ und/' dureh so gute simpliziale Approximationen 
fi f f'l 1 daC aue.li diese die (5rade e, r' haf)en, und dalo aueh die Abbildung Fi 
von A X A' in .8 X die dureh 

Flip X p') = flip) X flip') 

gegeben ist, den gleieluni (irad C hat wie F. Die (irundsimple.xe der Zerlegungen 
von A, A', B, B', welehe den simplizialen Abbildungen /i , f zugrunde liegen, 
seien mit w, , , Vk j v[ bezeiehnet; dann bilden die Produkte Ui X Uj und 

Vk X v[ die Grundzellcn von Zellenzerlcgungcai der Mannigfaltigkeiten A X A' 
bzw. B X B'. Dureh Fi wird jedc Zelle //, X Uj affin abgebildet, und zwar 
folgendermalk'n : ist 

fiiui) = 0 Oder /((w') = 0, 

wird also die Dimension wenigstens eines der Simplexe Ui , u] dureh die Abbil- 
dung /i Oder fi erniedrigt, so wird auch die Dimension der Zelle Ur X Uj dureh 
die Abbildung Fi erniedrigt, es ist also Fiiui X uf) = 0; ist 

/i(Wt) = tVk t fii'^i) = €1^1, € = ±1, e' = dbl, 

*®Alle vorkommeiiden ‘ ^Abbildungen^ ^ von Mannigfaltigkeiten sollen eindeutig und 
stetig scin. 
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sind also die beiden Abbildungeii /i , /( nicht-singular, so ist auch die Abbildung 
Fi von Ui X Uj nicht-singular, and es ist, wie sich aus bekannten Vorzeichenregeln 
bei der Bildung topologischor Produkte ergibt, 

Fi(Ui X Uj) = €€(Vk X Vi), 

Jetzt lehrt eine leichte Abzahlung: die algebraische Bedeckungszahl — d.h. 
die Anzahl der positiven Bedeckuiigen, vermindert am die Anzahl der negativen 
Bedeckangen — einer festen Graiidzelle von B X etwa der Zelle VkX vi , also 
der Grad C von Fi , ist gleich dem Prodakt der algcbraischen Bedcckangszahlen 
von Vk and Vi bei den Abbildangcn /i bzw. f[ , also gleich cc/. 

§2. Irreduzible Erzeugenden-Systeme und maximale Elemente eines 
Homologie-Ringes. Umformung des Satzes I. 

12. Vorbemerkungen. Es sei M eine n-dimeiisionale Maniiigfaltigkeit. Wie 
schon in Nr. 3 festgesetzt, bezeichiien wir die Dimension eines Elementes z von 
9J(Af) mit d(z) and vei'stehen ariter seiner daalen Dimension die Zahl d(z) = 
n — d{z). 


Bekanntlich ist fiir homogen-dimensionale z, z' aaehz -z' homogen-dimensional 
and 


( 2 . 1 ) 

sowie 

( 2 . 2 ) 

and zwar^^) 

(2.3) 

also speziell 

(2.4) 


5(z.z0 = 8(z) + 8{zT) 
z'z = =bz.z', 

z-z = 0 


bei angeradem 5(z). 


13. Erzeiigenden-Systeme. Die homogcn-n-dimensionalcii Elemente von 
5R(M), also die rationalen Vielfachen der Eins des Ringes, nenncii wir 
die ‘‘skalarcn^^ Elemente von 5R(Af). 

Unter einem “Erzeagenden-System^' von dl{M) verstehen wir ein solches 
System von homogen-dimensionalen, nicht-skalaren Elementen Zi , Z 2 , • • • , , 

daC man alle erhalt, wenn man aaf zi , Z 2 , • • • j Zl and 1 die Operationen dor 
gegenseitigen Maltiplikation, der Maltiplikation mit rationalen Koeffizienten 
and der Addition aasiibt. 

Aaf Grand der Regel (2.2) kaiiri man jedes Element von 9t(M) aaf wenigstens 
eine Weise als Polynom in den Zx , d.h. als Samme von Aasdracken 

(2.5) ax ^ 0, 

mit rationalen Koeffizienten t schreiben. 

Dem Null-Element des Ringes 92(Af) wird^ede Dimensionszahl zugeschrieben. 

” Man vergl. z.B. Lefschetz, Topology [New York 1930], 166. 
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Ein Erzeugenden-System heiCt ‘‘irreduzibel’^ wenn keines seiner echten 
Teilsysteme bereits ein Erzeugenden-System ist. 

Offenbar ist in jedem Erzeugenden-System wcnigstens ein irreduzibles 
Erzeugenden-System enthalten. 

Man zeigt iibrigeiis leicht, daC die Anzahl I der Elemerite cines irreduziblen 
Erzcugenden-Systems von 9i(Af) nicht von diesem spcziellen System abhangt, 
sonderii einc Invariante von M ist; wir werden diese Tatsache, die wir vorlaufig 
nicht benutzen, spater beweLsen (Nr. 31). 

14 . MaximaU Elemente, Ein Element z von 5R(Af) heiCt ^‘maximaF^, wenn 
es 1) homogen-dimensional und nicht-skalar ist, und wenn es 2) nicht in dcm 
Teilring von 5R(Af) enthalten ist, der von den homogon-dimensionalen Ele- 
menten z' von mit d{z') > d{z) erzeugt wird.^*^ 

Wir behaupten: Jedes Element Z\ eines irreduziblen Erzeugenden- Systems 
(zi f Z 2 , • • • y Zi) ist maximaL 

Beweis: DaC z\ homogen-dimensional und nicht-skalar ist, ist in der Defini- 
tion des Erzeugenden-Systems enthalten. Ware Z\ ni(;ht maximal, so ware 
Zx Element des Ringes U, der von alien homogen-dimensionalen Elementen z' 
mit d(z') > d(zx) erzeugt wird. Nun laCt sich aber jedes diescr z' als Polynom 
in den Erzeugenden Zi , Z 2 , • • • , Z/ schreibcn, und hicrbei tritt aus Dimensions- 
griinden das Element zx nicht auf ; aus Zx € U wiirde daher folgen, daC auch Zx 
selbst ein Polynom in den von Zx verschiedenen Elementen des Systems (zi , 
Z 2 , • • • , Zf) ware; dann wiirde aber dieses System, wenn man aus ihm Zx weglieCe, 
immer noch ein Erzeugenden-System bleibcn- entgegen seiner Irreduzibilitats- 
Eigenschaft. 

16 . Umformung des Satzes I. 

Satz la. (zi , Z 2 , • • • , Z/) sei ein irreduzibles Erzeugenden- System des Ringes 
3?(r) einer V-Mannigfaltigkeit. Dann ist 

(2.6) Zi-Z2 Zz 0. 

Satz Ib. z sei ein maximales Element des Ringes ^’)i(r) einer T-Mannigfaltig- 
keit. Dann ist 8(z) ungerade. 

Wir werden diese beiden Siitze im §4beweisen. Jetzt wollen wir nur zeigen, 
dafi aus ihnen der Satz I (Nr. 2, 3) folgt; dies wird gevsehehen sein, sobald wir 
bewiesen haben: 

Es sei (zi , Z 2 , • • , Zz) ein irreduzibles Erzeugenden-System von 3?(r), und es 
sei bekannt, daC die Sdtze la und Ib gelten; dann haben z\ , z^ , ' ' ' y Zi die in 
Nr, 3 genannten Eigenschaften. 

Zunachst ergibt sich aus Nr. 14, dafi alle Elemente z, maximal, also aus Satz 
Ib, daC alle Zahlen 

(2.7) d(zi) ^ mi y / = 1, 2, • • . , 


** Insbesondere ist jedes homogen (n — l)-dimensionale Element, das 9 ^ 0 ist, maximal. 
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ungerade sind. Nach (2.3) ist daher 

(2.8) , 
also speziell 

(2.9) = 0. 

Da die Zi eiii Erzeugoiideii-S 3 '’stom bilden, kann man jodos Element von 9i(r) 
als Siimmc von Ausdriicken (2.5) -- mit L = I — darstellen; infolgc von (2.9) 
kann man sich dabci aber aiif die Exponenten ax = 0 und ax = 1 beschranken; 
das heiCt: jedes Element z von 9t(r) laCt sich aiif wenigstens eine Weise als 
lineare Verbindung mit rationale!! Koeffizienten der Elemente 

(2.10) 1; Zi] Zi^-Zr^ (i2 < U)] Zi^-Zi^-Zi^ iii < k < k)] ••• ; Zi^z^ zi 

dai'stellen, also in der Form 

( 2 . 11 ) Z = / “ 1 “ “h ^ ^ * ^*2 ‘ ^*8 

+ * • • + tn»».iZi'Z 2 Zi j 

wobei die Koeiffizieiiten /, U , , • • • rational sind und die Indices die imtcr 

(2.10) angedeuteten Bedingungen erfullen. Wir haben zu zeigen, daC die Ele- 
mente (2.10) eine additive Basis bilden, d.h. dafS sie linear unabhiingig sind (in 
Bczug auf rationale Koeffizienten), mit anderen Worten: in einer Darstellimg 

(2.11) des Elementes 2 = 0 verschwinden alle Koeffizienten auf der rechtcn 
Seite. 

Es sei also 

0 = ^ "1“ ^ ^ tiZi •4" ^ ^ “I" ^ ^ 

(2.11o) 

+ • • • + <12...z2i-22 Zi. 

Wir multiplizieren mit 21-22 Zi ] auf Grund des assoziativ^en Gesetzes und 

der Regeln (2.8), (2.9) verschwinden auf der rechten Seite alle Produkte, in 
denen eiii Index zweirnal auftritt, und es entsteht daher die Gleichung 

0 = t-Zi-Z 2 Zi ] 

nach Satz la folgt hh'raus -da der Koeffizienten berei(4i ein Korper ist 

t = 0. 

Wir betrachteu eiiien Index i und multiplizieren (2.11o) mit dem Produkt aller 
der Zj , fiir welche j 9 ^ i ist; aus analogen Griinden wie soeben entsteht: 

0 /( • 2i • 22 • • • • 'Zi , 

also folgt wie soeben: 


ii = 0. 
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Wir betrachten zwei Indizes ii , {2 uiid multiplizieren (2.11o) mit dem Produkt 
aller der z, , ftir welchc j ^ ii und j 9 ^ U ist; es orgibt sich 

thh = 0 . 

So fortfahrend crkcnnt man, da£ in der Tat alle Kocffizienton auf der rechten 
Seite von (2.1 lo) gleich 0 sind. 

Somit bilden die Elemented (2.10) eine Basis, und di(‘ Khimento von 5)i(r) 
lassen sich in eineindeutiger \Veis(‘ mit den Ausdriicken (2.11) identifizieren. 
DaC fur die Multiplikation die antikommutative Begel (2.8) gilt, wurdc sehon 
gezeigt. Fiir den vollstandigcn Bewens des Salzes I niir noeh die Bestii- 
tigung der in Nr. 3 angegebenen Dimensions-Regeln. 

Alls dem Satz la folgt, daC di(‘ Dimensionszahl d{zi’Z 2 Zi) = do wohl- 

bestimmt und ^ 0 ist; fiir ii < 12 <• — < ir ist ZtJ ^ do , also 

ist infolge von (2.1 1) aiich d{z) ^ do fiir jedcs Element z ion 3i(r) ; da es 0-dimen- 
sionale fClemcnte z gibt, ist dalun* do = 0. Dies ist, wenn V die Dimension n 

hat, glcichbedeutend mit 5(zi Z 2 z/) = n; wenn wir 5(z,) = setzen, ist 

daher nach (2.1) 

n = nil + 'W2 + • • • + nil . 

Allgemein ergibt sieli fiir b < 1*2 < • • • < ir , wieder naeh (2.1), 

^(2:11-212 2,,) = n - 5 (z»,-z ,2 z,J 

= w - m,, - - ... - . 

Dafi schlieClich alle ungerade sind, wurde sehon dureh (2.7) festgestellt. 

Damit ist der Satz I vollstiindig bewiesen — unter der Voraussetzung, dafi die 
Satze la und Tb gelten, die im §4 bewiesen werden sollen. 

16. Ililfasdtzei^^ Wir stellen hier noeh einige einfach(‘ Tatsaehen zusammen, 
die wir spater (§4) brauehen werden. 

M sei eine n-dimensionale Mannigfaltigkeit und (zi , zo , • • • , zi) ein beliebiges 
Erzeugenden-System von !*K(Af). Unter 11 verstelu'n wir die Mengc aller der- 
jenigen FClemcnte. die sieh in der Gestalt 


V)2-Z2 + Wz-Z^ + • • • + WrZ{ 

schreiben lassen, wob(4 die Wi beliebigc' Elemente von 9i'(A/) sind. 

Wir behaupten: 

(a) Jedes homogen-dimenmonalv Elrnumt z mit rf(zi) < d(z) < n gehort zu U. 

(b) Ist Zi in U enthdltcn, so ist das Erzengenden-System (zi . Z 2 , • • • , Zi) 
reduziheL 

Beweis von (a): Man schreibe z als lineare Verbindung von Potenzprodukten 
zf^-z?* z?* (mit rationalen Koeffizienten); da z und alle z* homogen- 

** Die Hilfss&tzc der Nummern 16-18 und 20-22, die an und fiir sich kaum Interesse 
verdienen, werden erst in den Nummern 28 und 29 angewandt. 
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dimensional sind, kann man sich dabci offenbar auf solche Potenzprodukte 
beschranken, die selbst die Dimension d{z) haben ; fiir ein solches Potenzprodukt 
ist dann nach (2.1) 

ai-5(zi) + ai-b{z^ + *•• + ard{zi) = 5(z); 

da 5(z) < 8{zi) ist, folgt hieraus ai = 0, und da 8(z) > 0 ist, folgt weiter, daC 
nicht a 2 = • • • = a/ = 0 ist; dies bedeutct: jedes Potenzprodukt enthalt wenig- 
stens eines der Elemente Za , • * • , als Faktor, d.h. z gehort zu U. 

Beweis von (b) : Ks soi Zi e U, also 

i 

( 2 . 12 ) = 

j-2 

dabei kann man, da die z* homogen-dimensional sind, auch die Elemente Wj als 
homogen-dimensional und d{wj-Zj) = d(zi), also 6(iVj) + 6(zy) = 8{zi), anneh- 
men. Da die 5(z,) > 0 sind (Nr. 13), sind daher alle b(Wj) < 8(zi). Hieraus 
folgt, analog wie im Beweis von (a) : stellt man Wj als lineare Verbindung von 

Potenzprodukten zi^ z?^ zf* dar, so ist immer ai = 0; jedes Wj ist also 

durch Za , • • • , Zi allein auszudriicken, und nach (2.12) ist dann auch Zi 
durch Za , • • • , z/ aiisziidriickcn. Aber dann erzeugen bereits Za , • • • , z/ den 
Ring 5W(ilf). 

17 . Es sei z ein homogcn-dimensionales Element von 9?(M) und d{z) < n. 
Unter SJ verstehen wir die Menge aller derjenigen Elemente, die sich als Sum- 
men von Produkten w-v schreiben lassen, wobei die Elemente v homogen- 
dimensional mit 

(2.13) d{v) 7^ d{z), d{v) < n 

und die Elemente w beliebig sind. 

Wir behaupten: 

(c) Ist z in ® enthalte7ij so ist z nicht maximal. 

Beweis: Es sei z in 53 enthaltcn, also 

(2.14) z = ^Wh-Vh; 

hierin sind die Vh homogeii-dimensional und erfiillen (2.13); da z homogen- 
dimensional ist, diirfcn wir auch die Wh als homogcn-dimensional und d{Wh-Vh) = 
d(z), also 8(wh) + bivh) = 5(z), fiir alle h annehmen. Dann ist 6(1;;^) ^ 6(z), 
also, da nach (2.13) 5 (i’a) 5(z) ist, b{vh) < S(z), d{vh) > d{z). Da nach (2.13) 
andererseits b{vh) > 0 ist, ist auch 8(Wh) < 5(z), d{wh) > d(z). Aus ^(i;*) > d{z) 
und d(wh) > d(z) folgt nach (2.14), dal3 z nicht maximal ist. 

18 . Bemerkung uher Ideale in 9t(ilf). Da die Multiplikation in dem Ring 
9i(M) im allgemeinen nicht kommutativ ist, hat man unter den Idealen des 
Ringes zwischen Links-, Rechts- und zweiseitigen Idealen zu untcrscheiden. 
Jedoch gilt folgender Satz: 
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Es seicn Xi , a ;2 , • • • , homogen-dirnensionale Elemente von yt(M) uiid 3E 
das von ihnen erzeugte Links-Ideal, d.h. die Mengo aller Elemente der Gestalt 

(2.15) Wi^Zi + W2-X2 + • • • + W„,‘X,n 

init willkiirlichcn Elementen Wi ; dann ist I zugleich Rechts-Idcal, also zweiseitig. 

Zum Beweis ziehen wir eine voile additive Basis (Zi , Z 2 , • • • , Z^) von 
heran, deren Elemente Zh wir als homogen-dimensional annehmcn diirfen. 
Dann ist die Mcnge S aller l^lemente (2.15) identisch mit der Menge aller 
linearen Verbindungen der Produkte Zh-Xi mit rationalen Koeffizientcn (A = 
1, 2, • • • , g; i = 1, 2, • • • , rn). Nach (2.2) ist aber, da die Zh und die Xi 
homogen-dimensional sind, Zh-Xi = ztXi-Zh , und daher ist 3E aiicli die Menge 
aller linearen Verbindungen der Produkte Xi-Zh , also die Menge aller Elemente 

Xi‘Wl + + • • • + XnrWtn 

mit willkurlieh(‘n ; dies(' Menge ist aber das von Xi , J 2 , • • • , Xm erzeugte 
Rechts-Ideal, 

Auf Grund dieses 8atzes sind insbesondere die Mengen ll und 35. die wir in 
Nr. 16 und 17 betraehtet haben, zweueitige ideale. 

§3. Eigenschaften des Ringes 9i(M X M), 

In Nr. 8 wurde die Rolle angedeutet, welclu' die Produkt-Mannigfaltigkeit 
r X r beim Beweisc des Satzes I spielt. Der gegenwartige Paragraph cnthalt 
lediglich eine, auf diesen Zweek zugcschnittene, Zusammcnstellung und Formu- 
lierung bekannter Eigenschaften des Ringes 9J(M X M)] dabei bezcichnct M 
eine bf^liebige Mannigfaltigkeit. D('r Koeffizientenbereich ist wie immer der 
Korper der rationalen Zalilen.'^ 

19. Zu jc zwei Elementen x, y von 9f(M) gehort ein Element x X y von 
9i(M X M), Diesc Produktbildung ist mit der Addition distributiv verknlipft. 
Sind X und y homogen-dimensional, so ist aueh x X y homogen-dimensional 
und d{x X y) = d{x) + d{y), 

Umgckehrt laCt sich jedes Element von 9i(M X M) als 2 2 /a) dar- 

stellen; genauer: ist das System (Zi , Z 2 , • • • , Z,) eine voile additive Basis von 
9?(Af) — d.h. die Vereinigung von Homologiebasen aller Dimensionen—, so 
bilden die Z, X Zk eine voile additive Basis von 9i(A7 X M)] die Elemente von 
ift(M X M) sind also in eineindeutiger Weise als 2 Uk{Zi X Zk) mit rationalen 
tik auszudriicken. Damit sind die additiven Eigenschaften von 9f(M X M) 
gegeben. 

25 Wegen der additiven Eigenschaften von 9J(Af X M) vergl. man z.B. Alexandroff-Hopf, 
a.a.O.®, Kap. VII, §3; jedoch hat man die dortigen Betrachtungeii dadurch abzuandern 
(und wesentlich zu vereinfachen), da 15 man rationale Koeffizienten verwendet; wegen der 
multiplikativen Eigenschaften, insbesondere unsercr Formel (3.1), vergl. man Lefschetz, 
a.a.O.**, Chapter V, §3, insbesondere Formel (21). — tlbrigens darf in unserem ganzen §3 
der Koeffizientenbereich ein beliebiger Korper sein. 
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Die Multiplikation ist nun durch die Regel 

(3.1) (x X y)-{x' X y') = X y-y'), 

welche fur homogen-dimensionale x, y' gilt, und durch die distributiven Gesotze 
vollstandig bostimmt. 

20. Hilfssdtzef* H soi einc additive lintergruppe von die rational 

abgeschlosscn ist, d.h.: aus r € I folgt lx elL fiir jedc rationale Zahl i. Fenier 
seien x, y, und zwar y 9 ^ 0 , zwei solche Klemcnte von 9f(Af), daC sich das 
Element y X x von 9f(M X M) in der Form 

(3.2) y X X = ^ {yhX Xh) 

h 

darstellen lal^t, wobei die Xh Elemente von X sind, wiihrend von den E^lcmenten 
yh nichts vorausgesetzt wird. 

Behauptung: Danv ist x eX. 

Beweis: (Zi , Zo , • • • , Zg) sei cine voile additive' Basis in Es sei 

= 2 o.iZiy y H bjZj, 

t j 

Xh ” ChiZx , yh ^ ^ dhjZj 

i J 

mit rationalen a, />, c, d; dann folgt aus (3.2), dal3 

hj (li ~ dhj Chi ) 

h 

also 

(3.3) = 52 dhjXh 

h 

fiir jedes j ist. Da nach Voraussetzung y 9 ^ 0 ist, ist wt'iiigstens ein bj 9 ^ 0; 
es sei etwa hi 5^ 0. J)ann folgt aus (3.3) 

X = Xh t X. 

h Oi 

21 . X sei ein (zweiseitiges) Ideal in ^H(M), welches von homogen-dimen- 
sionalen Elomenten , J2 , • • • , erzeugt wird (man vergl. Nr. 18). Unter 
X* verstehen wir die Menge aller derjenigen Elemente von 9?(il/ X M), welche 
sich in der Oslalt 

(3.4) 2^ {yh X x'h) 

h 

schreiben lassen, wobei di(' xl lOlemente von X, die yh beliebige Elemente von 
dt{M) sind. . 

Behauptung: X* ist ein zweiseitiges Ideal in 9i(Af X M). 
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Beweis: Es sei wioder (Zi , Z 2 , • • • , ZJ cine voile additive Basis in dl{M); 
dann ist 3E ideiitisch mit der Mengc aller linearon Verbindungen der Produkte 
Zj^Xi (mit rationalen Koeffizicntcn) und 3E* daher identisch mit dor Meiige 
aller linearen Verbiiiduiigeii der Elemente Z^ X Zj-X{ (j, k = 1, 2, • • ,g; 
i = 1, 2, • • • , m). Da wir die Zk als homogeii-dimcnsioiial annehmen diirfen, ist 
aber nach (3.1) 

Zt X ZjX, = ±(ZkX Zy).(l X Xi); 

die Zk X Zj bilden eiiic voile additive Basis; folglich ist I* die Menge aller 
Summeii 

Z Wi-il X X.), 

t 

wobei Wi willkurliehe Elemente* von X M) sind; dies bedciutet aber: 

2E* ist das Links-Ideal, das von den J<]lementen 1 X , ? = 1, 2, • • • , m, erzeugt 
wird. Da die x, homog(‘n-dimensional sind, sind auch die Elemente 1 X Xi 
homogen-dimensional, und naeh Xr. 18 ist 3E* dah(*r ein zweiseitiges Ideal. 

22. Wir bringcui deni hiermit be\vies(»nen Satz in Verbindiing mit dem Satz 
alls Nr. 20. Ein Id(*al X hat die in Xr. 20 genannte Eigenschaft d(*r rationalen 
Abgeschlossenheit, da man ja die rationale*!! Zahlen als die skalaren Elemente- 
d.h. die rationale*!! Vielfae*he!i des Ei!is-Ele*me!ite*s--von 9f(M) aiiffassen kann. 
Daher en'gibt sich aiis X^r. 20 und 21 das folgenele Lanma : 

Die Idcalc 3£ und X* soUen wic in Nr. 21 crkldrt sein; ferncr srien x und y Elc- 
meni von fiir ivclclw 

y ^0 

y X X ^ 0 mexi X* 

gilt; dann ist 

x = i) mexl 3£. 

23. Die Hotnomorphisrnen A und P. M sei e*ine /i-dimensioiiale AIan!iig- 

faltigkeit und (Zi , Z 2 , . . . , Zq) e'ine voile additive Basis ve)!i 3i(A/); wir durfe!i 
annehme!!, dab alle Zj home:)gen-dimensio!ial sind, dal3 Zi = 1 und rf(Z,) < n 
fiir j > 1 ist. Da die Zy X Z/ eine Basis vem 9i(A/ X M) bildeni, he'sitzt jedcs 
Eleme!it Q vem X M) eine und nur euie* Darstellimg 

(3.4) Q = E X Zk) 

7.k 

mit rationalen tjk . Wir setzen 

(3.5) A(g) = E InZk 

k 

Zum Beispiel ist fiir je*des Element y von i)f(A/) 

(3.6) A(1 Xy) y 
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und, falls d(x) < n ist, 

(3.7) A(x X 2/) = 0; 

man bestatigt (3.6) und (3.7) einfach, indem man y, bzw. x und y, als lineare 
Verbindungen der Zk schreibt. 

Wir fasscn A als Abbildung des Hinges ‘9i(Af X M) in den Ring 9?(ilf) auf 
und behauptcn : A ist eine Homomorphie. 

DaC A additiv homomorph, d.h. daC 

A(Qi + Q 2 ) = A((2i) + A(Q 2 ) 

ist, liest man unmittelbar aus (3.4) und (3.5) ab. Fiir den Beweis der multi- 
plikativen Homomorphie, d.h. der Giiltigkeit der Gleichheit 

(3.8) A{Qi-Q2) = A(Qi).A((32) 

darf man sich infolge der Distributivitat und der schon konstatierten additiven 
Homomorphie auf den Fall beschranken, daC Qi , Q 2 Elemente der Basis Zj X Zk 
von dt(M X M) sind. Es sci also 

Qi ^ Zh y. Zi , Q 2 = Zj X Zk . 

1st A = i = 1, so ist einerscits 

A(Qi) = Zi , A(Q2) = Zk , 

andererseits nach (3.1) 

Q\’Q2 = 1 X Zi'Zky 

also nach (3.6) 

A(Qi.g2) = Zi Zk ; 

folglich gilt (3.8). 1st nicht h = j = 1, so ist wenigstcns eines der Elemente 
A(Qi), A(Q 2 ) gleich Null, also ist die rechte Seite von (3.8) Null; anderersciis 
ist nach (3.1) 

Qi-Qz = dtzZh-Zj X Zi-Zky 

und hierin ist d{Zh-Zj) < n; dahor ist nach (3.7) auch die linke Seite AiQi-Q^) 
von (3.8) gleich Null. — Damit ist die Homomorphic-Eigenschaft von A bowicsen. 
Setzt man im AnschluC an (3.4) 

(3.9) P(Q) = Zt;lZ„ 

7 

SO ergibt sich ganz analog; P ist (‘ine homomorphe Abbildung von 5R(Af X M) 
in 9?(Af). 

24 . Aus (3.4), (3.5), (3.9) liest man ab, dafi fiir jedes Element Q von 
9i(Af X M) Gleichungen 

Q = (1 X A(Q)) + Z (Z, X Y,), d{Z,) < n, 

(3.10) ' 

<2 = (P(Q) X 1) + Z (^» X Z,), d{Z,) < n 


gel ten. 
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Ferner ist klar: ist Q horaogcn (n + r)-dimensioiial, .so sind A{Q) und P(Q) 
homogen r-dimensional. 

Es sei jetzt Q homogcn (n + r)-dimoiisional und /■ < a. Danii ist in (3.4) 
= 0, und daher erhiilt (3.4) mit Hilfc von (3.5) und (3.9) di(3 Gestalt 

(3.11) Q = (1 X A(Q)) + (P(Q) X 1) + i: E X 

?-2 A;-2 


Da die Zi homogcn-dimensiorial sind, siiid aueh die Z , X Zk liomogcn-dimeii- 
sional, und es ist d(Zj X Zk) — d(Zj) + d(Zk); daher sind in (3.11) nur solche 
tjk ^ 0, fiir wclehe 

d{Zj) + d{Zi:) = n + /’ 
ist; ferner ist in (3.11), da ^‘ > 0, & > 0 ist, immer 

d{Z j) < n, d(Zk) < n 

und folglich 

d{ZK) > r, d{Z,) > r. 

Mithin liiBt sich (3.11) auch so ausdrucken: 

■Q = (1 X A(Q)) + (P(Q) X 1) + E (a;* X ?/*), 


(3.12) 


, Uh homogcn-dimensional mit 
r < d{xh) < n, r < diys) < n. 


Wir fass(*n zusammen: Es gibl zwci solche Homomorphisnien A P des 
Ringes dt(M X M) in den Ring JK(M), daS jedes Element Q von 9i(M X M) 
Darstellungen (3.10) and daB jedes homogen (n + r)‘dimensio7iale Element Q 
mit r < n eine Darstellung (3.12) hesitzt, 

Es ist iibrigens leicht zu schen, dafi die Abbildungen A und P, die wir durch 
(3.5) und (3.9) unter Benutzung einer speziellen Basis {Z,| erklart haben, von 
der Wahl dioser Basis unabhangig sind. 


§4. Beweis des Satzes I. 

26. Der i^mkehrungs-Homornorphis^mus, M und A/' s(3ien beliebige Alannig- 
faltigkeiten,^ und F soi eine Abbildung von M in M', Dann bewirkt F eine 
Abbildung des Hinges 5){(M) in den King 91 (A/'); wir bezeichnen auch diese 
Ring-Abbildung mit F; sie ist ubrigens additiv homomorph, jedoch im allge- 
mcineii nicht multiplikativ homomorph. 
f]s gilt der Satz 


H. Hopf, Zur Algebra der Abbildungen von Mannigfaliigkeiten [Joiirn. f.d.r.u.a. Math. 
163 (1930), 71-88]. — Neue Begrundung und Verallgemeinerung des Umkehrungs-Homo^ 
morphisfnus: H. Freudenthal, Zum Hopf schen Umkehrhomomorphismus [Annals of Math. 
(2) ^ (1937), 847 853] ; ferner: A. Komatu, Vber die Ringdualitdt eines Kompakiums [T6hoku 
Math. Journ. 43 (1937), 414-420]; H. Whitney, Ow products in a complex [Annals of Math. 
(2) 39 (1938), 397-432], (Theorem 6). — Die Eigenschaft 3 unseres Textes ist in n;ieiner 
zitierten Arbeit nicht hervorgehoben, da dort nur gleichdimensionale Mannigfaltigkeiten 
betrachtet werden; sie ergibt sich aber unmittelbar aus jedcr einzelnen der verschiedenen, 
in den soeben genannten Arbeiten enthaltenen, Definitionen von 4>; tiberdies ist sie eine 
Folge der Eigenschaft 2; hierzu vergl. man Nr. 11 meiner Arbeit **Ein topologischer Beitrag 
zur reellen Algebra** [Com. Math. Helvet.; crscheint nftchstens]. 
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E^s existiert eine Ahbildwig des Ringes 9?(Af') in den Ring 9i(ilf) mit den 
folgenden drei Eigenschaften: 

1) ist ein additivcr und multiplikativer Homomorphismus] 

2) 4> ist mit F durcli die Funktionalgleichun^ 

(4.1) F{^{z)^x) = z^F{x) 

verkniipftj in wekJiei' x ein beliebigcs Element von 3f(Af) uml z ein bcliebiges Ele- 
ment von ist; 

3) ist z homogen-dimensional, so ist auch 4>(2;) homogen-dimensional, und zwar 
ist 5(4>(z)) = d{z), also 

d(<P(z)) = d(z) + d{M) - rf(M'). 

4> heifit (lor ‘‘Umkehrungs-Homomorphismus^^ von F. 

26 . A nsatz zum Beweis der Sdtze la und Ib. In dor ??“dimensionalcn Mannig- 
faltigkeit T sei cine stctigo Multiplikation gogebcn (Xr. 1). Da wir die Punkte- 
paare (p, q) von V als die Punkte p X q der Prodnkt-Mannigfaltigkeit P X P 
deuten konnen, ist di(^ stctigc Multiplikation glcichbod(Hitond mit cinor Ab- 
bildung F von P X P in P; diesc ist durch F{p X q) = pq bostimmt. 

Wie in Nr. 25 bezoichnen wir auch die durch F bewirkte Abbildung dcs Ringes 
5K(P X P) in den Ring 5R(P) mit F. Das Element von !?W(P), das durch einen 
einfach gozahlton Punkt repnisontiert wird, heiCo p. Das mit eincr rationalen 
Zahl c multiplizierte Eins-Elemont von 5R(P) bezeichnon wir kurz mit c. Dami 
sind die Grade Ci und c,. , die in Nr. 1 crkliirt worden sind, offonbar durch 

(4.2) F(p X 1) = cz, F(1 Xp) ^ cr 
charakterisiert. 

^ sei der Umkehrungs-Homomorphismus von F. Dann folgt aus (4.1) und 

(4.2) 

(4.3a) F{^(z)-(p X 1)) = ciz, 

(4.3b) FiHz)-0 X p)) = M 

fiir jedes Element z von 9?(P). 

Die Homomorphismen A und P sind in Nr. 23, 24 erkliirt worden; wir setzen 
A4»(2) = \{z), P4>(z) = p{z) 

fur jedes Element z von 9?(P); dann sind X und p Homomorphismen des Ringes 
5R(P) in sich, und nach Nr. 24, (3.10), gelten fur jedes Element z von SR(P) 
Gleichungen 

(4.4a) $(z) = (1 X X( 2 )) + H (Zj X Y,), 

} 

(4.4b) m = (p(2) X 1) + E (X* X Z,), 


d{Zj) < n, 
diZh) < n. 
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Nach Nr. 25, 3), ordnet da d(r X F) = 2n, d(r) = n ist, jedem homogcn 
r-dimensionalen Element von 9t(r) cin homogcn {n + r)-dimensionalos Element 
von 5R(r X r) zu; nach Nr. 24 ordncn A und P den homogen {n + r)-dimcn- 
sionalcn Elementen von 9i(r X F) homogen r-dimensionale Elemente von 9J(F) 
zu; folglich sind X und p dimerifdonslreu, 

27 . Jetzt sei 

(4.5) Cl 9^ {), Cr 9^ 0, 

also F eine F-Mannigfaltigkcit. Wir behaupten; dami sind X und p Auto- 
morphismen^ von 9t(F). 

Beweis: Ist \{z) = 0, so ist na(;h (4.4a) 

^(2) = Z X Y,) mit d{Z,) < n] 

aus d{Zj) < n folgt Zj-p = 0; folglich ist, nach (3.1), 

Hz)'(7> X 1) = 0, 

also nach (4.3a) 

ciz = 0 , 

also nach (4.5), da der Koeffizientenbercich ein Korper isl, 

z = 0. 

Das bedeutct: dcr Homomor])hismus X ist eineindcutig. Folglich ist die De- 
terminante der Substitution, welche durch X auf eine voile additive Basis von 
9i(F) ausgeiibt wird, nicht Null. Da dcr Koeffizuaitenbereich ein Korper ist, 
folgt hicraus: X ist eine Abbildung von 9J(F) auf sich. Somit ist X cin 
Automorphismus.- Analog beweist man die Behau})tung fur p. 

Wir fasscn zusammen, indem wir noch das Ergebnis von Nr. 24 heranziehen: 
F'iir jedc n-dinicnsionalc Y-Mannigjaliigkvii I' sind zwvi dime nsionstr cue Auto- 
inorphismen X und p von i‘)i(F) und ein Ilomoinorphismus von 3?(F) in 9f(F X F) 
ausgezeichnet; ist z ein homogen r-dimensionales Element von ^H(F) und r < n, 
so gilt 

( ^(z) = (1 X \{z)) + (p(z) X 1) + £ (a X Vh), 

(4.6) sXh.yh homogen-dimensional mit 

^ r < d{xh) < n, r < d{yk) < n. 

In diesem Satz sind alle Eigensehaften der F-Mannigfaltigkeiten enthalten, 
die wir im Folgcnden benutzen werden. 

28 . Beweis des Satzes la (Nr. 15). Es sci (^i , 22 , • • • , Zi) ein irreduziblcs 
Erzeugenden-System fur die n-dimensionale F-Mannigfaltigkeit F. Wir werden 

Unter einem ‘ ^Automorphismus^ ^ cines Ringes ist ein Auto-fsomorphismus von 91 
auf sich zu verstehen. 
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durch vollstiindige Induktion nach k beweisen: das Produkt von jc h voneinander 
verschiedenen Elementen dieses Systems ist ^ 0. Fiir A = 1 ist dies richtig, 
da ein irreduzibles Erzeugenden-System niemals die Null eiitlialten kann. Es 
sei fiir A; — 1 bewiescn, und k Elcmente dcs Systems, etwa Zi , 2:2 , • • • , , seien 

vorgelegt; da ihre Anordnung lediglicli das Vorzeichcn ihres Produktes bein- 
fiussen kann, diirfen wir annchmen, daC 

(4.7) d{z,) ^ d{z,), j - 1, 2, . . . , fc 

ist; nach Induktions-Annahmc ist 

Z2‘ZZ Zk 7 ^ 0 , 

also, da p oin Automorphismus ist, aueh 

(4.8) piZ2‘Zz 2^) 0. 

Wir setzen \{zi) = 2^ fiir i = 1, 2, • • • , Z. Da X ein Automorphismus ist, 
bilden auch 2! , 22 , • • • ,z'i ein irreduzibles Erzeugenden-System. Da X dimen- 
sionstreu ist, ist 

(4.9) d(zd = d(2.), Z = 1,2, ... ,Z 

und nach (4.7) 

(4.70 d(z[) S d{z',), j = 1,2, ... ,fc. 

Wir vcrstehen nun wie in Nr. 16 — mit dem Unterschied, daC wir die dortigen 
Zi durch unsere ncuen Zi ersetzcn — unter U das Ideal in 9i(r), das von 22 , • • • ,z[ 
erzeugt wird (man vergl. Nr. 18); ferner vcrstehen wir unter U* das, analog wie 
in Nr. 21 erkliirte, zu U gehorigc Ideal in 9?(r X P), also die Menge derjenigen 
Elemcnte von 9i(r X F), die sich in der Gestalt {wh X Uh) mit uleVL 
schrciben lassen. 

Schreibcn wir fiir 7 = 1, 2, . • , A: das Element ^(Zj) in dor Form (4.6): 

(4.6,) 4>(2,) = (1 X z'i) + (p(2,) X 1) + 23 X 2/*). 

so lautet auf Grund von (4.9) iind (4.7') die einc dcr Dimensions-Bedingungen 
aus (4.6) 

d(z'i) ^ dizj) < d{yh) < «; 

folglich gehoren nach Nr. 16 (a) allc in den Gleichungen (4.6,) auftretenden yn 
zu U und daher die Summe 23 X 2/»).zu U*; fiir 1 < j ^ A: gehort auCerdem 
z'j zu U, also 1 X z'i zu U*. Daher sind in den Gleichungen (4.6,) die folgenden 
Kongruenzen modulo U* enthalten: 

4>(2i) = (1 X z'i) + (p(2,) XI), 

^(2/) ^ (p(2;) X 1), 


i = 2, . • • , A. 
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Da U* ein zwelseitiges Ideal ist, diirfeii wir diesc Kongruonzen miteinaiider 
multipliziereii, und da ^ und p Homomorphismen sind, ergibt sich dabei, bei 
Bcachtung von (3.1): 

^{Zl-Z2 Zk) ^ {p{Z2 Zk) X z[) + {p{Zi‘Z2 Zk) X 1). 

Ware nun 2^1 -2:2 = 0, so wiirde hicraus 

p{z 2 Zjk) X ^ 0 mod U* 

folgeii; nach (4.8) und dem Lemma von Nr. 22 ware dann 

Zi = 0 mod ll, 

also Zi in U cnthalten; nach Nr. 16 (b) ist dies mit der Irreduzibilitat des 
Erzeugenden-Systems (21 , 2:2 , • • • , Zi) nicht vertraglich. Folglich ist 

Zi-Z2 2* 5*^ 0, 

was zu beweison war.^® 

29. Beweis des Saizes Ib (Nr. 15). Im Ring der n-dimcnsionalen F-Mannig- 
faltigkeit F sei z ein homogen-dimensionales Element, fur welches d{z) < n und 
8{z) gerade ist; wir haben zu zeigen, daC dann z nicht maximal ist. 

Das Ideal 93 sei wortlich wie in Nr. 17 dcfiniert; 83* sei das Ideal in 9i(F X F), 
das analog wie in Nr. 21 durch 83 bestimmt ist: es besteht aus alien Elementen 
X X mit Vh € 83. 

In der Gleichung (4.6) fiir unser Element z gehoren alle Elemente yh zu 83 
und somit gehort die Summe X) ^ Vf) die Kongnienz 

(4.10) $(2) = (1 X X(2)) + (p(2) X 1) mod «*. 

Nach (3.1) ist 

(4.11) (1 X X(2)).(p(2) X 1) = p{z) X X(2) 
und, da d(z) gerade ist, auch 

(4.11')* (p(2) X 1).(1 X X(2)) = p(2) X X(2). 

Aus (4.11) und (4.11') ergibt sich, daC man die rechte Seite von (4.10) nach 
der binomischen Formel potenzieren kann; tut man dies und beachtet man, 
daC 4>, p, X Homomorphismen sind, so erhalt man fiir jed(‘n positiven Exponen- 
ten m: 

(4.12) $(2”) = Z (7) 

Nun ist, da d(z) < n ist, fiir r > 1 immer d{z) < d{z), also, da X dimerisionstreu 
ist, auch d{\{z^)) < d{z) und daher \{i) € 83 und 

p(2"*-^) X X(/)6 9?* flirr > 1; 

Der Beweis zeigt, dafi fiir den Satz la der Koeffizientenbereich ein beliehiger Korper 
sein darf. 
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daher reduziert sich die Kongruenz (4.12) auf 

(4.13) 4>(2’") = w(p( 2 ”"’) X X(z)) + (p(2“) X 1) mod »*. 

Dies gilt fur jedeii positiven Exponcnten w. Da aus Dimeiisions-Grunden 
2 ** = 0 fiir hinreichend groCc m ist, kann man m so wahlen, daC 

3'”** 5*^ 0, 2"* = 0 

ist. Dann entsteht aus (4.13) die Kongruenz 

rn(p(z''' X \(z)) ^ 0 mod 25*, 

also, da der KoefRzieiitenbcreich dcr Korper der rationalen Zahlen ist,^® 

(4.14) p{z^’') X X( 2 ) ^ 0 mod 

Da z”'~^ 9 ^ 0 und p ein Automorphismus ist, ist aueh p(z”'~~^) 9^ 0; nach dem 
Lemma in Nr. 22 folgt daher aus (4.14) 

\(z) ^ 0 mod 23, 

d.h. X( 2 ) c 23. Der Automorphismus X ist dimensionstrcu, und die Mengc 23 
ist durch Dimensions-Eigcnschafien defiiiiert; daher geht 23 bci Ausubung von 
X'"^ in sich liber, und mil X( 2 ) ist daher aueh 2 in 23 enthalten. Nach dem 
Hilfssatz Nr. 17 (c) ist mithin z nicht maximal was zu bewcisen war. 

Mit den Satzeii la und Ib ist der Satz I vollstandig bewieson (Nr. 15). 

§6. Maximale imd minimale Elemente. Beweis des Satzes III 

30, Die Range Z« . Wir kniipfen an Nr. 13 und 1 1 an. Es sei winder M eine 
bcliebigc n-dimensionale Mannigfaltigkeit. Die additive Gruppe der homogen 
r-dimensionalcn Elemente von 3f(M), also die r-te Bettische Gruppe (in bezug 
auf rationale Koeffizieiiten) heifoe 23r ; ihr Rang pr ist die r-te Bettische Zahl 
von M . 

Fiir 0 ^ r < /t verstehen wir unter IL die Gruppe derjenigen Elemente von 
23r , welche sich aus den Elemcnten der Gruppe* 

2^n + ‘iin-l + • • • + 23r+I 

durch Multiplikatioii und Addition erzeugen lasscn, mit anderen VVorton: welche 
nicht maximal sind. Ur liiCt sicli aueh als die Gesamtheit derjenigen Elemente 
charakterisieren, die sich in der Form 51 ^ehreiben lassen, wobei Xi , yi 

homogen-dimensional mit 

d{Xi) + 8{yi) = n - r, 0 < d{xi), 0 < 8(yi) 

sind. 

Den Rang von Ur nennen wir qr , und wir setzen 

Pn-a qn—9 ~ Z« > S = 1, 2, • • • , 

Dies ist die einzige Stelle in der ganzen Arbeit, an welcher benutzt wird, dafi der 
Koeffizientenkorper die Charakteriatik 0 hat. 
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Die Zahl Z, ist der Rang der Restklassengruppc 23n-« — Un-« und hat daher die 
folgende Bedeutiiiig: es gibt ein System von Z, dorartigen maximalen PJlementen 
yi 1 1 / 2 , ■ • 1 yi» niit 8(yi) = s, daC auch jede linearc* Wirbindiing 

uiyi + U2y2 + • • • + ui^yi^ 

mit rationaleii Koeffizienten Ui , abgesehon von dcrjeiiigen mit = • • • = 
ui, = 0, selbst maximal ist; dagegen gibt es fiir kein Z' > I, ein System von V 
derartigen Elementen. 

31. Wir behaupten erstens: In einem Erzeugenden-System (21 , • • • , Zi,) von 
9 l(M) ist die Anzahl der 2y mit S(Zj) = s stets ^ Z« . 

Boweis: Es seien 2/1 , • • • , 2/^ maximale Elemcnte mit der soeben genannten 
Eigenschaft. Stellt man die yi als Polynomc in den Erzeugenden Zi , • • • ,2/. 
dar, so haben dicse Darstellungeii aiis Dimensions-Grund(^n die Gestalt 

2/» “■ “H * • * ~f“ iimZtn j 

dabei sind 21, • • * ,2m diejenigen Erzeugenden 2,- , fiir welehe 8(zj) = s ist 
(m ^ 0), tij rationale Zahlen und Yi Polynomc in den 2/ mit d(zk) > n — s. 
Ware m < Z« , so besaCe das Gleichungssystcm 

i. 

= 0, j = 1, , m, 

cine rationale liOsung (wi , • • , Wi.) 9 ^ (0, • • • , 0), und (‘s ware 
Uiyi + • • • + Ui,yi, = + • • • + ; 

dieses lOlement ware, wie die rechte Seite zeigt, nicht maximal- entgegen der 
Voraussetzung iiber die 2/t . 

Wir behaupten zweitens: Ist — bei Benutzung derselben Bezeiehnungen wie 
soeben -m > L , so ist das Erzeugenden-System (zi , • • • , Zl) reduzibel. 

Beweis: Da V — m > U ist, kann man, wie am SchluC von Nr. 30 festgestellt 
wiirde, Zahlen Ri , • •• ,u„, so bestimmen, da(^ das Element 

Z = IhZl + • • • + ^ImZm 

nicht maximal ist, und daC nicht alle Uj = 0 sind; dann ist Z ein Polynom in 
den Zk mit d{zk) > n — s, also erst recht in den Zi mit i > m, und man kann, 
wenn ctwa Ri 5*^ 0 ist, Zi durch die z,- mit i > 1 ausdrlicken und somit das 
Erzeugenden-System reduzieren . 

Damit haben wir festgestellt: In jedem irrcduziblcn Erzeugenden-System 
(zi , • • • , Zi) ist die Anzahl derjenigen Zi , fiir welehe S(Zi) = fsZ, gleich L ; die 
Anzahl alter Erzeugenden eines irreduziblen Systems ist daher imnier 

Z = Zl + • • • + z„ 

Hierdurch ist jeder Mannigfaltigkeit M eine Invariante I zugpordnet, welehe etwa der 
‘*Rang” von M heifien moge. Fiir eine P-Mannigfaltigkeit ist, wie sich aus dem Satz (b) 
in Nr. 4 und seiner Herleitung ergibt, die Summe der Bettischen Zahlen gleich 2^; anderer- 
seits ist fiir eine Gruppen-Mannigfaltigkeit, wie Cartan mit Hilfe der Integral-Invarianten 
berechnet hat*, (b), 24, der hier auftretende Exponent gleich dem “Rang^’ der Gruppe, 
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32 . Die minimalen Elemente, Es sei v ein homogen-dimensionales Element 
von SR(Af) und d(v) > 0. Wir betrachten seine Vielfachen, d.h. die Elemente 
x-Vf wobei x die J]lomente von di(M) durchlauft; unter diesen Vielfachen sind 
aufier dem Null-Element erstcns alle rationalen Vielfachen von v enthalten — 
das sind Elemente der Dimension d(v) — und zweitens, falls nur v 9 ^^ 0 ist, nach 
dem Poincar^-Veblenschen Dualitiits-Satz alle Elemente der Dimension 0; fiir 
alle Vielfachen ist d(x-v) ^ d(v). Wir dcfinicren nun: das Element v heiCt 
‘‘minima^^ wonii es keiiie Vielfachen x-v bositzt, fiir welche 

X V 5^ Of 0 < d{x-v) < d{v) 

ist. Diese Definition ist offenbar glcichwcrtig mit der folgendoii: v ist minimal, 
wenn fiir alle homogen-dimensionalen x, fiir welche 

0 < 8(x) < d(v)f also n — d{v) < d{x) < 
ist, die Produkte x v 0 sind. 

Dabei ist, wie obeii gesagt, d{v) > 0 vorausgesetzt; diese Verabredung ist 
analog der friiher getrofleiien, die n-dimensionalen Elemente nicht als maximal 
zu bezeichnen. Dagegeii ist das Element 0 des Ringes JR(M) minimal.®^ 

33 . Ein Dualitdtssatz. Die Gruppen Ur sind in Nr. 30 erklart worden. Wir 
behaupten : 

Das homogen s-dimensionale Element v ist dann und nur dann minimaly wenn 
es ein Annullator der Gruppe Un-i> isty d.h, wenn u>v =■ 0 fiir jedes Element u aus 
Un-* gilt (s = 1, • • • , ri). 

Beweis: Es sei erstens v minimal und u e Un-„ ; dann ist u = wobei 

die Xi y Pi homogen-dimensional sind, mit 

5(^.) + 8{y,) = Sy d(xi) > 0, Myi) > 0, 

also 


0 < 8{yi) < s = d{v); 

hieraus folgt yfV = 0 fiir jedes t, also u-v = 0. Es sei zweitens v homogen 
.s-dimensional, aber nicht minimal; dann gibt es ein homogen-dimensionales y 
mit 0 < 8{y) < s und y-v Oy und nach dem Poincar4-Veblenschen Dualitats- 
satz gibt es dann weiter ein homogen-dimensionales x mit 8{x) = d{y-v) und 
x-y-v 7^ 0; da 5(x) = n — 8(y) — 8{v)y also 8(xy) = n — s ist, ist x-i/ € Uw-a ; 
somit ist V nicht Annullator von Un_« . 

Aus der damit bewiesenen Charakterisierung der minimalen Elemente als 

d.h. gleich der Dimension der maximalen Abelschen Untergruppen. Die Aufgabe, die 
Gleichheit zwischen dem Rang einer Gruppen-Mannigfaltigkeit— in dem Sinne, wie wir I 
oben fUr jede Mannigfaltigkeit M erkl&rt haben — und der genannten Dimensionszahl auf 
moglichst rein geometrischem Wege aufzukiaren, habe ich in einer Arbeit behandelt, die 
in der Com. Math. Helvet. 1041 erscheint. 

Alle homogen l-dimensionalen Elemente sind offenbar minimal. 
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Annul latoren ist erstens ersichtlich, daC sio eine additive Gruppe 53. bilden — 
(dies kann man auch direkt im AnschluC an die Definition in Nr. 32 leicht 
feststellen)---, und zweitens erkennt man mit Hilfe des Poincar^-Veblenschen 
Dualitatssatzes jctzt ohne Miihe, daC der Rang dicsev Gruppe 3S, gleich 
Pn-s — Qn-B (Nr. 30), also gleich L ist. Damit ist der folgende Satz bewiesen, 
der eine iiciK* Charakterisicrung der Zahlen L enthalt: 

Die s-dimenfdonalen minimalen Ele/mente von ^(M) hilden eine additive Gruppe 
vom Range h . 

34 . Ein Invarianzsaiz. Die JCigenschaft der ‘‘Minimalitat’’ ist invariant 
gegeniiber beliebigen stetigen Abbildungen; genaucr : M und M' seien belicbige 
Mannigfaltigkeiten, und F sei eine Abbildung von M in ilf die dadureh bewirkte 
Abbildimg von in nennen wir ebenfalls F. Dann ist fiir jedes 

minirnale Elemejit v von 5R(M) das Bild F{v) minimales Element von 5K(A/'). 

Beweis: x sei ein homogen-dimensionales p]lcmcnt von 9f(Af), und das Ele- 
ment F{x) von 5K(Af') sei nicht minimal: wir haben zu zeigen, daC x nicht 
minimal ist. Falls d{x) — 0 ist, ist niehts zu beweisen; (‘s sea d{x) > 0; dann 
ist, da die Abbildung F von 9?(Jl/) in 9i(M') dimemsionstreu ist, auch 
d{F{x)) > 0; da F{x) nicht minimal ist, gibt es ein solehes homogen-dimen- 
sionales Element z von dalS 0 < b{z) < d{F{x)) = d{x) und z-F{x) 0 

ist. Bezeichnet den IJmkehrungs-Homomorphismus von F (Nr. 25), so folgt 
aus (4.1), daC auch ^{z)-x 9 ^ 0 ist; dies bedeutet, da naeh Nr. 25, 3), 5(<^(^)) = 
5 ( 2 ), also 0 < 5(^>(2:)) < d{x) ist: x ist nicht minimal. 

36 . Bphdrc.nbilder. Fiir div s-dimensionale Sphare ist dasjenige Element 
von das durch den Grundzyklus repiusentiert wird -also das Eins- 

Element — minimal; dah(‘r ist in dem soeben bewiesenen Satz der folgende ent- 
halten — (statt M' schreiben wir M)—\ Fiir eine bcliebige Mannigfaltigkeit M 
ist ein Element von i)i(M), das durch das sietige Bild einer Sphare in M reprd- 
sentiert loird, stets ein minimales Elementf^ 

Hieraus folgt weiter, da naeh Nr. 33 die CJruppc den Rang U hat: Ist L — 0, 
so ist in M jedes stetige Bild der s-dirnensionalcn Sphare homolog 0.^" 

36 . Anwendung auf V-Mannigfaltigkeiten. Naeh Satz Ib gibt es in einer 
r-Mannigfaltigkeit kein maximales Element z mit geradem 8{z); daher sind die 
Range L fiir alle geraden s gleich 0; aus Nr. 35 folgt mithin der Satz III (Nr. 9).^^ 

Fiir ein Spharenprodukl 

Srn, X X ■ • • X Sn.i , d(Smi) = ^ 

gibt die Zahl U an, wicviele der Zahlen m* gleich s sind; dies folgt aus der Charak- 
terisienmg der U am SchluC von Nr. 31 und der Tatsache, die man leicht 

An die Stellc einer wirklichen Sphare darf offenbar auch eine Homologie-SphAre (in 
bezug auf den rationalen Koefiizientenbereich) treten, d.h. eine Mannigfaltigkeit, welche 
diesel ben Bettischen Zahlen hat wie eine Sph&re. 
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bestiitigt, daC die Elemonte Zi , • • • , Z/ , die in Nr. 3, Formel (*), angegeben 
sind, ein irreduzibles Erzeugenden-System bilden, und dafi 5(Z») = rrti ist. 
Fur eine F-Mannigfaltigkeit T gibt also l» an, wieviele Faktor-Spharen in dem 
Spharenprodukt, das einen mit F isomorphen Ring hat, s-dimensional sind. 
Hierin ist enthalten, daC die Exponenten Is in Nr. 4, Formel (!'), niit unseren 
Rangen i, libcrcinstimmen. 

37 * Die Pontrjaginsche Multiplikaiion und eine Verrnutung, Die Grundlage 
fiir Pontrjagins Untersuchung der Homologie-Eigonschaftcn geschlossener 
Liescher Gruppen^^ ist die folgende ‘Troduktbildung’^ In der Mannigfaltigkeit 
M sei eine stetige Multiplikation erklart; x und y seieii zwei Zyklen in M\ 
werden x und y von zwei Punkten p bzw. q durchlaufen, so durchlauft das stetige 
Produkt pq einen Zyklus, den wir mit x O y bczeichnen wollen; variieren x 
und y in ihren Homologieklassen, so andert sich die Homologicklasse von x O y 
nicht; wir diirfen daher x O y als Produkt zweicr Homologieklassen x und y 
deuten; in unserer Ausdrucksweise aus Nr. 26 ist 

xOy ^ F(xX y). 

Diese Produktbildung ist mit der Addition der Homologieklassen off en bar dis- 
tributiv verkniipft; nehmen wir nun weiter an, die stetige Multiplikation in M 
sei assoziatiVf dann wird auch die Produktbildung x O y assoziativ sein. Somit 
sieht man: Fiir eine Grwppcn-Mannigfaltigkeit F liiBt sieh die additive Gruppe 
der Homologieklassen nicht nur durch die Schnittbildung x • y zu dem Ring 9t(F), 
sondern auCerdem durch die Pontrjaginsche Produktbildung x O y z\x einem 
Ring ^(F) machen. 

Die Bedeutung des Ringes ‘iP(F) liegt auf der Hand: in seiner Struktur auCert 
sich die Wirkung der Gruppen-Multiplikation auf die Zyklen — also ein Zusam- 
menhang zwischen den algebraischen Eigenschaften der Gruppe einerseits, den 
geometrischen Eigenschaften der Mannigfaltigkeit andererseits. Die Unter- 
suchung dieses Ringes ist daher gewiC eine wichtige Aufgabe. Ich will hierzu 
eine Verrnutung auCern, die sowohl durch Pontrjagins Ergebnisse, als auch 
durch unseren Satz I nahegelegt wird.^^ 

Auch in jedem Spharen-Produkt 

H = Sm,X Sm^X X Smt 

laCt sich neben der Schnittbildimg in naheliegender Weise noch eine zweite 
Multiplikation, die ‘‘Aufspannung^’, erklaren. Wie in Nr. 3 bezeichnen wir den 
Grundzyklus der Sphare Sm selbst mit Sm und mit p immer einen einfach 
gezahlten Punkt; wir stellen den Elementen (*) aus Nr. 3 die folgenden Ele- 
mente gegeniiber: 

Fi = /Smi X p X p X • • X p, 

(**) Fa = p X Sm, X p X . • X p. 


Fi = p X p X p X • • X Sm, . 


••Man vergl. lum Folgenden: Cartan^, (b), 25-26. 
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Dann dcfinioron wir ziinarhst fiir 

< i2 < ‘ • < ik 

(la« von Fn , Ftj , • • • , V aiifgcspannte Element 

(5.1) V^^ ® V^^ ® • - (S> = xi X X2 X ■ • • X X/ 

dureh die PYstsetzung: 

Xj = /Stny fiir j = ii y ii j * • * > > 

xj = p fiir allc anderen j. 

Dureh (5.1) sind 2^ Elemcnte erklart, die eine voile additive Basis bilden. Fiir 
je zwei P]lemente (5.1) 

(5.2) A’ = Vi, 0 F,-, 0 ... 0 F., , = F;, 0 F,, 0 . . . 0 F,„ 

definieren wir das aufg(»spaimte Element A 0 Y dadureh, da£) wir die rechteii 
Seiten von (5.2) formal naeh d(»m assoziativen Gesetz mitoinander miiltiplizieren 
und die Regeln 

F, 0 F, = (-1)"'*"'F. 0 F, , V\ 0 F. = 0 

anwenden; dann wird entweder A 0 1' = 0 oder ztX ® Y wic'dtM* (jin Element 
(5.1). SehlieClich orklaivn wir fiir b(jliehiji;(' iOk'inc'iite A", 1' das Produkt A 0 F 
dadureh, dai.^ wir A und als lincaro Verbindungen mit rationalen Koeffizienten 
dor El(‘monte (5.1) darstellon und die distributivcMi CJ('s(‘tze anwenden. 

Dureh di(* damit erklarte Alultiplikation wird di(' additive^ Gruppe der 
Homologieklassen des Spharenproduktes II zu eincm Ring Q(n) gemacht. 
Die ytruktur dieses Ringes ist leicht zu iibersehen: man stf‘llt leieht fest, daC 
die Ringe 3f(TI) und 0(n) mitoinander isomorph sind, und dali dieser Iso- 
morpliismus dureh eiiu* gewisse Dualitiit vermittelt wird, die sich zunachst darin 
aui^ert, daf.^ einem Eh^ment x von 3f(II) immeu (‘in Elenn'nt y von Q(n) mit 
(I{y) = 8{x) entsprieht. 

Die oben erwahnte Vcrniutung bezliglich des Pontrjaginsehen Ringes ^(P) 
(jiner GrapT^m-AIannigfaltigkeit V ist nun die folgench*: 

Die, auf Grund des Satzes I mogliche, isomorphe AhbiUlutig der Ringe 9?(r) 
und 9f(II) aufeinander lalU sich so wahlen, dali sic zugleich die Ringe ^(P) und 
Q(1I) isomorph aufeinander abbildet, 

Damit ware die Struktur d(‘s Ringes 'i|J(P) sowi(‘ die Beziehung zwiseheii dim 
Ring(‘n ^(P) und J)f(P) weitgehend gekliirt. 

Unter anderem wiirde noeh die folgende Rolle der minimalen P]lemente einer 
Gruppen-Mannigfaltigkeit sichtbar werden. Offenbar sind die Elemente 
Fi , • • * , F; , die dureh (**) gegebeii sind, minimale P^lemente von 9?(n), und 
zwar bilden sie eine additive Basis der vollen Gruppe der minimalen Elemente 
von 9i(n), d.h. der Vereinigung der Gruppen SSi , • • • , SSn (Nr. 33); daher 
wiirden auch die Elemente , • • • , pz von 5R(P), welche bei dem vermuteten 
Isomorphismus den F. entspnichen, minimal sein und eine Basis der vollen 
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Gruppe der minimalen Elemente von 9?(r) bilden; da aberdic Elemente (5.1) 
eine voile additive Basis in II bilden, wiirden auch die Pontrjaginschen Produkte 

Vi^ O Vt, O • • • O Vi]^ , 

ii < 1*2 • • • < 4 , 

eine voile additive Basis in P bilden. Es wiirde sich also herausstellen, daC 
die minimalen Elemente , ^2 , • * • ,vi in ganz analoger Weise durch die Pontr- 
jaginsche Produktbildung den Ring ^(P) aufspannen, wie die maximalen 
Elemente , Z2 , • • • , durch die Schnittbildung den Ring 3 ?(P) erzeiigen.^ 

ZURICH, Switzerland. 

** Die oben ausgesprochene Vermutung, fUr die ich keinen Bewois gefunden hatte, habe 
ich mtindlich Herrn H. Samelson mitgeteilt, und dieser hat ihre Richtigkeit inzwischen in 
vollem Umfange bewiesen. — Sie bezieht sich Ubrigens ausdrUcklich auf Gruppenmannig- 
faltigkeiten, und fUr den Beweis ist die Benutzung des assoziativen Gesetz wesentlich. 
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ON THE CARTAN INVARIANTS OF GROUPS OF FINITE ORDER* 

By Richard Brauer 
(Received April 18, 1940) 

1. Introduction 

E. ('artaii, in his fundamental paper on hypineomplcx numbers,^ introduced 
an important set of invariants , (a, X = 1, 2, • • • , fc) of an algebra .1 with a 
principal unit 1. Here, k is the number of prime ideals of A, The c^x are 
non-negative integers which also play an important role in the decomposition 
of the regular representation of A. 

Let us consider now a scimisimple algebra V of rank n over an algebraic number 
field AT, and let J be an integral domain^ of l\ Every prime ideal p of K gen- 
erates an ideal pj of The nature of this ideal is determined by the structure 
of the residue class ring J/pj . This ring can be considered as an algebra over 
the residue class ring o/p, where o denotes the domain of all integers of K. 
Hence, we may form the Cartaii invariants c«x(p) of J/pj . We have in this 
case c«x(p) = Cxk(p), and the c«x(p) are the coefficients of a non-negative quadratic 
form 4' = c.x(p)x,xx . 

In particular, these notions can be used in the case of the group ring F of a 
group ® of finite order g. As field of reference, we choose an algebraic number 
field Ky such that all the absolutely irreducible representations of C») can be 
written with coefficients in K.^ The linear combinations of the group elements 
with integral coefficients in K form an integral domain J of F. Hence, we may 
form the Cartan invariants c*x(p) for every prime ideal p of K. It appears that 
they actually depend only on the rational prime p which is divisible by p. 
Accordingly, we denote them by c^xip)* If p is not a divisor of the group order 
gr, then the matrix C(p) = (c^\{p)) is the unit matrix 1, i.e. r,cx(p) = ^k\ . We 
therefore restrict our attention to the case xvhere p divides g, in which case p 
is a divisor of the discriminant of J , To every such prime p, we obtain in c*x(p) 

* Presented to the American Mathematical Society on April 26, 1940. 

^ E. Cartan, Annales de Toulouse, 12 B, (1898), p. 1. Cf. further R. Brauer, Proc. Nat. 
Acad. Sci. 26 , (1939), p, 252. 

* By an integral domain (Ordnung) J of Y, we understand a subring J of V with the 
following properties: (a) J contains all the integers of K\ (b) Tlu* rank of J is n \ (c) The 

elements of J, when expressed by a basis €i ,€>,•••, 6„ of J, have the form a =« ~ , 

^ IV 

where the a* are integers of K and w is a fixed integer of K which is independent of a. 

* Cf., for instance, A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3 rd cd., 
Berlin 1937, theorem 181, p. 204. 

* For the properties of the c«x(p), in this case, cf. R. Brauer and C. Nesbitt, University 
of Toronto Studies, Math. Series No. 4, 1937, and a paper forthcoming in the Ann. of Math. 
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a set of invariants of the group 6), whicli are of great importance for the theory 
of group charactei*s. The aim of this paper is the determination of the dis- 
criminant I C(p) I of We prove 

Theorem 1 : The determinant | c^\{y) | of the matrix of Cartan invariants of a 
group ® of finite order is a power of p. 

The exact exponent of p in 1 c^\(p) | is given below in theorem 1*. 

2. Preparations for the Proof 

We denote by (Si , (S 2 , • • • , (Sa- , the classes of conjugate elements of the 
group which consist of p-regular elements.^ Let g = g/n\ be the number 
of elements in (Sx , so that n\ is the order of the normalizor of an element of (Sx . 
To each class (ix , there corresponds a reciprocal class (£x* containing the recipro- 
cals of the elements of (ix • We have, then, k absolutely irreducible modular 
characters, • • • , of ® (mod p); we may arrange the values (p\^ of 

for the class (Sx in the form of a matrix 

<!> = {k,\ = 1,2, , k). 

The number k here also gives the degree of the t'artan matrix C = (co^ip)) 
and the matrices ^ and C are connected by the formula 

(1) - (nAxO,® 

provided that • • • , Ri'c taken iii a suitable arrangement. On form- 

ing the determinant in (1), we obtain 

(2) I I" I C I = dtnin^ • • • th . 

This shows that j C | 5 *^ 0. Hence, the non-negative (piadratic form \p is 
positive definite, i.e. | C | > 0. Further, tht^ determinant | | is prime to pf 

Therefore, theorem 1 will be proved when we can show 
Theorem 2: Lei (£1 , (£2 , • • • , he the classes of p-rcgulai y conjugate ele- 
ments of (S, and let g\ = g/n\ be the number of elements of (£x . If ^ is the matrix 
of the modular group characters of ©(mod p), then the square of the determinant 
I I is given by 


I ^ 12 _ ^ nin 2 • • » rik 

~ pa 

where p'* is the highest power of p dividing nin^ • • • /u- . 

At the same time, we obtain 

Theorem 1*: The determinant of the Cartan matrix^ (c«x(p)), is equal to p“, 
where p^ has the same significance as in theorem 2. 

For primes p which do not divide the order of ©, theorem 2 is trivial. Here, 

® By a p-regular element of we understand an element whose order is prime to p. 

® Cf . the formulae (29) and (16), respectively, of the papers mentioned in 
^ Cf. the formulae (26), (17), respectively, of the papers mentioned in ^ 
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k is the number of all the classes of conjugate elements of W, and = 1 . Tlie 
relation (3) is obtained by multi{)lying and<l>, using the orthogonality relations 
for group characters. In the same manner, the analogous b)rmula for ordinary 
group characters (instead of modular characters) can be obtained at once. 

In order to prove theorem 2, it is sufficient to show that if r/ 5^ p is a rational 
prime, and if (f divides the right hand side of (2), then (f divides | ^ \A'e 
shall prove that by proving a similar statement for certain minors of We 
first have to give some simple group theoretical considerations. 

Let A be an element of W such that the order of A is prime to p and q. We 
shall say that an element (r of W contains A as its q-rvgular factor, if G is of 
the form G = AQ, where the order of Q is a power (/ ^ 1 of q, and where AQ = 
QA. Of course, A and Q are uniquely determined by G; both can be written 
as powers of G. If G\ is conjugate to AQ, then the ^-regular factor of G\ is 
conjugate to /I. 

Let A\ , A2 , • • • , Am be a maximal system of elements of W, such that A, , 
Aj are not conjugate for i 7^ j and the order of each Ai is prime to p and q. 
With each Ai, we associate those classes of conjugate elements, 

• • • , which contain elements with Ai as their g-/egular factor. Each of 
the classes, Si , S2 , • • • , Ga , then appears exactly once in the form S^*'. By 
expanding \^\, we see that | ^ | is a sum of terms 

(4) 


where Ti is a minor of degree h, of <I>, containing only the columns which belong 
to • • • , 

We now state 

Theorem 3: Let A be an element of an order not divmhlv by the two primes p 
and q, and assume that the h classes, Sp , 6(r , • • • , CSr , nre all the classes of con- 
jugate elements of the group ®, which contain elements G with .4 as their q-conjugak 
factor. If • • • , are any h modular characters (mod p) of then 


(5) 


A = 



(r) 

(r) 

(r) 


<Pp 

<P<r 

... 


(•) 

(•) 

(•) 

= 


<Pa 

... 


(t) 

(0 

(0 


<Pp 

<P<r 

... 


= 0 (mod {qpQa 


7r)‘). 


where q\ is the highest power of q dividing n^ 

Each Ti in (4) has the form (5) (for A == .4,). From theorem 3, it follows 
that the expression (4) is divisible by (qiq 2 •• qk)K and, hence, that 1^1 is 
divisible by the same number. It is therefore sufficient to prove theorem 3 in 
order to prove theorems 1 and 2. Changing the notation, if necessary, we may 
assume without restriction that 


p = 1, <r = 2, . . . , T = /?. 

r = 1, s = 2, • • • , / = /q 


* An analogous theorem holds for ordinary group characters. Here, the assumption 
that the order of A is prime to p is not necessary. The proof is the same as for theorem 3. 
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and then (5) assumes the form 

(6) 1 A I = 


j 


, <Ph 


*Pl y 


<Ph 


S 0 (mod {qiq 2 ••• ^a)*). 


The proof of (6) will be given in §3. First, we must formulate and prove a 
group theoretical lemma. Let AQi , ^4^2 , • • • , AQh be representatives for the 
h classes Si , G 2 , • • • , (Ja , where A is the g-regular factor of AQi , and where 
Qi == 1 . Let 31 be the normalizor of A in and let O be a Sylow subgroup 
of 9? belonging to the prime q. Then 7ii is the order of 5)1 and qi the order of 
O. Each AQi will commute with every element of a certain subgroup Q* of 
order g,- of CM. Since A and Qi both are powers of AQi , each of them com- 
mutes with every element of O,- . 

In particular, we have C, ^ Replacing Qi by an element NJ^QiNx , 
with N i in 31 f we may assume that 

(7) Qi £ Q, 


as follows easily from tSylow’s theorem. Since Qi must belong to 0» , the 
element Qi itself will belong to ,Q. If Q is any element of O, then AQ will be 
conjugate in CM to som(‘ AQi , i.e., G'^AQG = AQi . Raising this equation 
to suitable exponents, we obtain G~\iG = /I, G~^QG = Q^ . Therefore, Q 
and Qi are conjugate in 9^, and hence Qi , Q 2 , • • • , Qa form a complete system 
of representatives for those classes of conjugate elements in in which the or- 
ders of the elements are powers of g. 

In O, the elements Qi , Q 2 , • • • , Qa need not form a complete' system of re[)re- 
sentatives for the classes of conjugate elements. However, we may construct 
such a system by adding further elements Q to the set Q\ , Q2 y • •• y Qh • Each 
Q will, in 5)i, be conjugate to a certain Qi where i is uniquely determined, i = 
1, 2, • • , A. We denote the elements Q belonging to Qi by Qi == Qf\ Qi^\ 
• • • , Qi^^\ {li ^ 0). Let gi^^ be the highest power of g dividing the order 
of the normalizor of Ql^^ in -Q. According to (7), we have 

(8) (?!"' = qi . 

We now prove the 

Lemma: The numbers g^^^ (X = 0 , 1. 2, • • • , /») are divisors of qi . If exactly 
di of them are equal to q ^ , then 

(9) di ^ 0 (mod g). 

Proof: Let .ft, denote the class of conjugate elements of 31, which contains 
the element AQi . The number Mi of elements in ft, is equal to the order of 5)i 
divided by the order of the normalizor of AQi , Hence 


M, - «-■ A , 

qi 


( 10 ) 


with iSii,q) = 1. 
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The class can be broken up into partial classes .tj"', where each con- 
sists of elements which are conjugate by means of transformations by elements 
of Q C 91. The elements AQ'i \ • • ■ , will each determine such 

a partial class, but there may be further partial classes which do not contain 
elements AQ with Q in O. In any case, if 47’!"' is an clement of and if 
T’i"’ commutes with exactly m)!"’ elements of C, then the number Mj"’ of ele- 
ments of is given by 


( 11 ) 




We have, of course, 

(12) Mi = E 

In the elements AQi and AT[^^ arc (ionjugatc. Hence, the order of the 
normalizor of ATi^^ in 0 is divisible by but not by a higher power of q. On 
considering the subgroup generated by ATi*"^ and the commuting elements 
of O, wc rcadil}^ see that g qi and that the equality sign can hold only 
if belongs to C. When 7’!^^ = = qi^\ and we thus obtain the 

first part of the lemma. If qi y then the partial class contains 

exactly one element (X = 0, 1 , 2, • • • , {,*), and we have ql^^ = Qi . Accord- 
ing to our assumption, there are exacts di such partial classes. Therefore, 
of the numbers Mi^\ (cf. (11)), are equal to gi/g» , the remaining ones being 
divisible by a higher power power of q. Then (12) gives 

Mi s di 

Qi 

and, on comparing this with (10), we obtain (9). 

3. Proof of the Theorems 

As wc have seen, it is sufficient to prove (6). If is any representation of 
we may assume that the matrix representing the fixed clement A appears 
in canonical form, i.e. 

/«./.. \ 

-4 -> 5.. =1 I 

where ai , aj , • • • are distinct roots of unity and ri , t; 2 , • • • are positive integers. 
The matrices , representing elements Q of O, then break up in the form 



Vi 


Q-^d<> = 


V, 
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where F, is of degree Vj . For a fixed ji, the matrices F, form a representation 
35, of O. Let be the distinct, irreducible characters® of Q. 

Then m is the number of classes of conjugate elements in Q, i.e., the number 
of elements Q\^\ If x denotes the character of we readily obtain 

x{AQ) = Z 

M-1 

where th(‘ are algebraic integers \vhieh are independent of Q, We set, 
accordingly, 

( 13 ) 

M 

In particular, we use this for Q = Since Qi and are conjugate in9t, 

we have 

( 14 ) Z 3 .. (Oi) = Z («.■'’) • 

M M 

We now introduce matrix notation. Let us demote by 0 the matrix 
of the characters of O ; the rows here are fixed by one index k, (k = 1, 2, • • • , w), 
the columns by the two indice's /, j;, (i = 1, 2, • • , A; j/ = 0, 1, 2, • • . , U). 
We arrange the columns so that first the h columns with v = 0 appear and then 
the m — h other emlumns. Thus, 

0 = (00 , 0i) 

where 0o is of type (m, h) and 0i of type (m, m — h). 

Since the notation in (6) was chosen such that the! class (£x contained , 
'we have On account of (13), the matrix A in (6) can be 

written in the form 

A = Z0O 

where Z is the matrix (k = 1, 2, • • , /i; X = 1, 2, • • • , m), of typo (A, m). 
In order to replace the* matrices by square matrices, we set 

■-© 

where (' is a matrix of type (m — /q m) with arbitrary integral coefficients. 
Then 



Here we subtract every column (i, 0) from all the columns (f, X), with X > 0, 
and with the same first index. Then, according to (14), ZOi on the right hand 

• Since the order of C is prime to p, there is no difference here between the ordinary and 
the modular characters (mod p) of O. 

i.e., a matrix with m rows and h columns. 
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side will be replaced by 0. If 0i is obtained from Oi by subtracting from each 
column (i, X), with X > 0 , the column (t, 0 ) of Go , then, by taking the deter- 
minant, we find 

izilei = iAlireri. 

Here, | ^ | i« an algebraic integer, and | G | has the vahu' 

lel-nitto!'’)'.” 


On account of (8), we obtain 

( 15 ) I A 1 1 uet I = 0 (mod (qiqt ■ ■ • q^f (H. nx>o 

Let us assume now that the* formula ((>) do(‘s not hold. Since* all flu' 7^^* are 
powers of q, it follows that 

( 16 ) I mt 1 = 0 (mod {q n. nx>0 qn> 

for any choice of (\ Taking a suitable l\ wo see that any minor of degree 
m — h of of can l)(‘ obtaiiu'd in the form | TOi |. But the determinant 
I (0f)'of 1 is equal to the sum of the sc^uares of all these minors. Hence, 

( 17 ) I (oD'of ! = 0 (mod q H* nx>o Qt’")- 

Any row in (0*)', the transpose of of , is characterized by a pair of indices, f, g, 
= 1, 2, • • • . /?; M “ 2, • • • , /,), and any column is characterized by an 

index k, (k - 1 , 2 , • •• , m). The rows of (0f)'Bf are given in the same manner, 
and each column is characterized by a pair of indices j, p, with j = 1,2, • • • ^ h; 
1/ = 1, 2, •••,/; . For th(' element yff, fi; j, v) at the place (?, /x), (j, p) in 
(of )'0f , w(' obtain easily 

VI 

v(i. 1^:1-) -E - ■*'■'(«.)) - ^“’(Q,)) 

on account of the definition of of . The .sum here splits into four sums, each of 
which can be (computed by means of the orthogonality relations for the group 
characters of O. We set 5 (/ 2 , = 1, if the elements If and *S * of O are 

conjugate in O, and in the other case we set S) = 0. Since the normalizor 
of in Q has the order qi''\ we find 


(18) 


y(b Mii, *') 

= sCQl"’, 


- ««?.• . <?)")<?. - HQr, Qikr + s(Qi , Q>)g. 








For each f, this expression vanishes unless Qt conjugate in @, since 

otherwise and could not be conjugate in C. (kmseciuently, there is 
only one value j = i* for a given i for which the expression can be different 


This is the analogue of theorem 2 for ordinary group rharacters, and, as remarked in 
connection with theorem 2, this analogue is trivial. 
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from 0, and we have U = U * . This shows that the determinant (17) splits into 
a product of m determinants 


(19) 

1 (0?)'0i 1 = db| 1 • 1 122 1 \f 


where 



(20) 

f i, i* fixed, u row index, 

1^2.- 1 = 1 y{h m: i*, >') 1 ‘M 

[i' column index, ijlj p — 1, 2, . . 


According to the lemma in §2, each qi is divisible by qi'*^; we set, 

accordingly, 

(21) 

//(i, /i, i*, y) = qi‘‘^x,{n, v). 


Then 



(22) 

II 


wher(‘ 




(23) A', = *')), (m row-index, v column-index). 

Using (17), (19), and (22), we obtain 

(24) IAMIX 2 I ... |X„| ^0 (mod^). 

Because of (18) and (21), the matrix Xi is the sum of four matrices Xi^\ Xi^\ 
Xi*\ In each case we liave i fixed, and we d(Uiotc the row-index by 
the column index by v. 



= ({(Qi"', 

= 


). 

(25) 

Xf = Qi.)), 

= 

\ 

(«(Q. 

Qi > 

/ 


As the lemma in §2 shows, we have dt — 

1 valiiej 

s for /i 

g 1, for which q\'‘^ = g, 

We may assume that these are the values m = 1 

, 2 . .. 

■ ,di- 1.” 

For n § d{ 

we have 






(26) 


S 0 



(mod q) 

Three cases 

must be considered separately. 





Case 1: i ^ i*. 

We may then assume that ^ = Qi*^ for all jjl. Then Xi^^ is the unit 
matrix, ^ = Xf ^ = 0, whereas in each coefficient in the /x-th row is equal 
to qi/qi^\ Hence, (mod q), the matrix has rf, - 1 rows consisting of 1, 
and the other rows are all 0. Then 

- {di - 1)X[^\ tr (X^'^) = d, - 1 (mod q). 


If li « 0, we niust set { Ut | » 1. 

For di = 1, the corresponding kinds of rows of do not occur. 
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This shows that (mod q) one characteristic root of X has the value — 1, and 
that the others have the value 0. Then the characteristic roots of 
are given by dt , 1, 1, • • • , 1 (mod g). Hence 

(271) 1 Xi I = di (mod q). 

Case II. i = i*, but Qi and QT^ arc not conjugate in C. 

We may assume here that Q7^ = Then Xi^^ = 0. In Xj^\ only the 

first column contains elements different from 0, and the coefficients in this 
column are given by 

-qi/Q?\ -Qi/qf, ■■■ , 

In only the first row contains elements different from 0. All the coeffi- 
cients in the first row are equal to —1. 

In the first row and column are 0. Each of the other rows contains 
exactly one coefficient 1, and all the other coefficients are 0. The same is true 
for the second, third, • • • , last column. On adding all the other rows to the 
first row in X, , wo obtain easily 

Hence, since di — 1 of the fractions arc 1, and the other ones ^ 0 (mod g), 

(272) I I = =hd, (mod g). 

Case III. i = i*, and Q* and are conjugate in O. Here Xi^^ = 0, 
Xi^^ = 0. As in case I, the first d, — 1 rows in contain only coefficients s 1 
(mod g), and the latter rows contain only coefficients = 0 (mod g). The matrix 
Xi^^ can be changed into the unit matrix, if the columns are taken in another 
order; the value of (mod g) is not altered hereby. The argument used in 
the first case then gives 

(278) ± I .Xi I s d, (mod g). 

The three formulae (27) show, in connection with the lemma in §2, that in any 
case \Xi\ ^ 0 (mod g). Then (24) is impossible. Thus, the assumption that 
(6) is not true leads to a contradiction, and the theorems 1, 2 and 3 are proved. 


University of Toronto 
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MINIMAL SURFACES NOT OF MINIMUM TYPE BY A NEW MODE 

OF APPROXIMATION 

Marston Morse and C. Tompkins 
(Received May 31, 1940) 

1, Introduction. W’c begin with a study of a non-negative function f{p) 
defined at each point of a metric space M. We suppose that/®(p) is the limit 
of a sequence of functions /"(p) defined over M. Let Pn be a liomotopic 
critical point p„ of f'\p). We study the limit points q of sequences p„ , regarding 

new type of critical point of the limit function /^(p). 

We give a simple application. 

Let be a simple, closed, rectifiable curve in a (‘uclidean space* with the* 
property that the ratio of an arbitrary chord length e>f te) the smaller of the* 
corresponding two arc lengths eif g^ is bounde'd from zejre). This chcfl-d are; condi- 
tion on g^ is less restrictive than the condition imposeel by Shiffman^ in his study 
of unstable minimal surfaces. We* make use of J)e)uglas^s Dirichlct fune;tie)n 
The peiint <p is a monotone* transfeirmation e)f the arc length along g^. 
The basic result is as follows. 

If g^ bounds two minimal surfaces of disc type belonging to disjoint minimizing 
sets of such surfaces (cf. §2), the?i g^ also boumts another minimal surface of disc 
type not of minimum type. 

Results of this nature but under more* restrictive hype)the*ses have been ob- 
tained previously by Morse and Tennpkins' and by Shiffman, loc. cit. We have 
* found that less restrictive hype)these\s on g^ are adequate*, because they can be 
compensated by more restrictive hypotheses on the approximating functions 
P{v)i ^ ^ making the analysis of the functions /”(p) niuch simpler. This 
applies particularly to the study of uiiper-rediicibility.^ For it is easy to show 
that the restricted functions /"(p) are upper-re*ducible, while we ele) not nee'd to 
show that/*(p) is upper-reducible. 

2. The mode of approximation. I.et M be a metric space with points p, 
g, r and distances pg, pr, etc. satisfying the usual metric axioms. On M there 
shall be given a sequence of functions /”(p) converging to a function /”(p). Thus 

(2.1) limr(p) =Ap). 

> Shiffman. The Plateau problem for non-relative minima, -\nnals of Mat hematics, 
vol. 40 (1939), pp. 834-854. See (2) §3. 

* Morse and Tompkins. The existence of minimal surfe^^es of general critical types. 
Annals of Mathematics, vol. 40 (1939), pp. 443-472. The letters MT will be used in the 
text to refer to this paper. See corrections elsewhere in this number of the Annals. 

* Morse. Functional topology and abstract variational theory. Memorial des Sciences 
Math5matiques, Fascicule 92 (1939). See §8. The letter M will refer to this pamphlet. 
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This convergence is in general not uniform. The functions m = 0, 

1, • • . , shall satisfy conditions I to VI to be described. If c is an arbitrary 
constant and / is a function defined on M, fc shall denote the subset of points 
of M at which / Sc. Our first condition is as follows. 

Hypothesis I. Bounded compactness. The sets fT , m = 0, I, • • • , shall be 
compact for each constant c. 

It follows from this hypothesis that each function y'" is lower semi-coiitinuous. 
Hypothesis II. If lim pn = p, 

(2.2) inf. lim. /"(pj ^ fip). 

Hypothesis III. Corresponding to any subsequence F'" of the functions p and 
points pr such that F\pr) is hounded indepetulently of r, there exists a subsequence 
of the points pr which converges to a point of M . 

We' shall prove the following lemma. 

Lemma 2.1. Let e and c he positive constants. If n is sufficiently large ^ and b 
is a constant sufficiently near c, /? is on the e- neighbor hood of /? . 

Suppose the' lemma false*. There will the'ii exist a constant e > 0 and a sub- 
sequence F' e>f the fuiie'tions/" togethe'r with points pr » r = 1 , 2, • • • , such that 
Pr is not on N ^. , while 

(2.3) c ^ sup lim F'ipr), 

r*=oo 

By virtue* of Hypotlu'sis III a siibseqiu'nce* of the points pr converges to a 
point q eif M. 

Without loss of generality we* may suppose* that Pi , P 2 , • • • is this subsequence. 
By liypothe'sis q is not on Ne so that f\q) > c. But it folle)ws from II that 

(2.4) . inf lim F'ipr) S fig). 

r"“oo 

Fremi (2.3) and (2.4) it follows that c ^ fiq). From this contradie*4ion we infer 
the truth of the lemma. 

Hypothesis IV. Corresponding to each compact subset J of A/, there exists 
a constant such that for each integer n, f ^ K^f on A. 

We shall make use e)f chains and cycles taken in the sense of Viete)ris with 
coefficients in the field of integers nmd 2. Cf. M, §1. If p is a point of Af, p* 
shall represent a O-cycle each of whose component 0-c}’cles is on p. This con- 
vention will bo permanent. The following lemma is an immediate consequence 
of our definitions. 

Lemma 2.2. A necessary and sufficient condition that two points p and q belong 
to the same component of a compact subset A of M is that p* + o'* ^ 0 on 
Let / be a function defined on M. A set A will be termed minimizing relative 
to / if / equals a constant c on ^4, and if there exists an c-neighborhood .4e. of ^4 
such that f > C on Ae — A. If f satisfies Hypothesis I, each minimizing set 
a> of / is closcid. For at a limit point q of w, f{q) ^ c by virtue of the lower 
semi-continuity of /. It follows from the definition of a minimizing set q that q 
belongs to co. Hence co is closed. 
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A subset of M on which / is bounded will be termed f-bounded. We shall 
prove the following theorem. 

Theorem 2.1. Let y and z be poitits respectively of two disjoint minimizing 
sets 0)1 and o )2 of f. If y and z are connected by an f-bounded svbset of M and 
Hypotheses I to IV are satisfied, there exists a subsequence F' of the functions f” 
with the following properties. There exists a least valve Vr of c for which 

p* + 9 * ~ 0 (on FI), 

with 


Mr > max [r(y), F\z)], 

while the numbers Mr converge to a limit m such that 

M>max 

We begin the proof of this theorem with certain lemmas. Th(i first lemma 
concerns a compact subset C of M. A proof may be found in Morse, ^ page 430. 

Lemma 2.3. If u is a k-cycle on C sitch that u 0 on Ce for each 'positive e, 
then u 0 on C, 

We shall prove the following lemma. 

Lemma 2.4. Under the hypotheses of the theorem there exists a least value 
Po of c such that y* + z* 0 on . 

It follows from the first hypothesis of the theorem and from Lemma 2.2 that 
there is at least one value of c such that y* + z* ^ 0 on ft , Let vo be the greatest 
lower bound of such values of c. There then exist values of c arbitrarily near 
pq such that y* + z* 0 on ft . But it follows from Hypothesis I that if c is 
sufficiently near , ft lies on an arbitrarily small neighborhood Ne of . Henc(i 
y* + z* 0 on Ne , We set C = fto . We sec that y* + z* is on C. It fol- 
lows from Lemma 2.3 that 2 /* + 2 * ^ 0 on C, and the proof of Lemma 2.4 is 
complete. 

The points y and z are connected onfto • But y and z belong to disjoint min- 
imizing sets. These sets are compact, and hence at a positive distance from 
each other. It follows that 

(2.5) .0 > f{y), Vo > f{z). 

The set /J, is compact. Hence on this set in accordance with IV'^, /" ^ kvq , 
where k is a constant. Hence p* + 2 * ~ 0 on . Let Vn be the least number 
c such that p* + 2 * ~ 0 on/T • That exists follows as in the proof of Lemma 
2.4. We see that 

(2.6) v„ ^ kvq (n = 1, 2, • • • ). 

^ Morse. Rank and span in functional topology. Annals of Mathematics, vol. 41 (1940), 
pp. 419-464. 
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Lemma 2,5. If Vn is the least number c such that + z* ~ 0 on /T , « = 
0, 1, • • • , and if yt = inf lim »»„ , then 

(2.7) y ^ H. 

Let y, be a subsequence of the numbers Vn such that 

(2.8) lim yr = y. 

r— 00 

Let F*' be the corresponding subsequence of the functions f so that y* + 2 * 0 

on FJ^ . Let e be an arbitrary positive constant, and set — C. It follows 
from Lemma 2.1 that FJ[^ C , provided r is suflSciently large. Hence j/* + 
2 * ^ 0 on Ce . It follows from Lemma 2.3 that j/* + 2 * 0 on C. From the 

definition of i^o we infer that /x ^ i^o , and the lemma is proved. 

We shall now prove Theorem 2.1, making use of the sequence F"^ and the 
numbers /Xr of the proof of Lemma 2.5. Observe that 

y > max [/"(?/), /(z)] 

in accordance with (2.5) and (2.7). Recall that F' and /Xr converge respectively 
to and fi. Hence if p is a sufficiently large integer 

/X. > max [r( 2 /), ^( 2 )] (r ^ p). 

Theorem 2.1 is accordingly satisfied by seq\icnces F" and pr , starting with in- 
tegers r ^ p. 

3. h- and //i-critical points. Let F be a function defined on M. We refer 
to the definition of an F-deformation and a homotopic critical point of F (written 
/t-critical point) as given on page 30 of M. Let F\ F\ • • be a subsequence 
of the sequence /, /, • • • converging to fy and let Qr be an A-critical point of 
F^. Any limit point q of the point set qr will be termed an fh-critical point of 
f. This term is relative to the sequence to which the letter / refers in the 
term /A-critical point. 

Lemma 3.1. The set of fh-critical points of f is closed ^ and the set of h-critical 
points of f is closed among points at any given level p. 

That the set of A-critical points of f is closed at th(‘ lew] p follows at once 
from the definition of an A-critical point. 

To prove that the set of /A-critical points of f is closed, let p be a limit point 
of a sequence Pr of /A-critical points oi f. For each fixed r, pr is by definition 
the limit of a sequence p(r, s), s = 1, 2, • • • , of A-critical points of functions 
where the integer n(r, s) increases with 6*. Hence if integers , S 2 , • • • 
are successively chosen with Sr sufficiently large, the sequence p(r, Sr) will con- 
verge to p as r becomes infinite, while the integers n(r, Sr) will increase with r. 
Hence p is an /A-critical point of /*, and the proof of the lemma is complete. 

To continue we need two additional hypotheses. We refer to MT, page 445, 
for the definition of weak upper-reducibility. 
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Hypothesis V. The fuiictions /, /, • • • shall he weakly upper-reditcible. 

Lemma 8.1 of M clearly holds if weak upper-reducibility replaces upper- 
reducibility. We shall use Lemma 8.1 of M in proving the following lemma. 
We refer to Theorem 2.1 and the constants /z, Hr and functions F'" described 
therein. 

Lemma 3.2. The function F' of Theorem 2.1 assumes the value /Xr in at least 
one h-critical point Wr such that y, 2, Wr are in the same component of F^^ . 

Let K be the component of F^^ which contains y and z. The set k is compact. 
Suppose there is no A-critical point of on k at the level /Zr . By virtue of 
Lemma 8.1 of M there will then exist an F'-deformation of k into a set definitely 
below /Zr . Hence t/* + 2 * ^ 0 on FI for some c < fXr , contrary to the defini- 
tion of Mr . 

We infer the truth of the lemma. 

Hypothesis VI. (a). Let pr he an h-critical point of 7i\ < n^ < • • • , 
Sfuch that pr converges to p as r becomes infinite. Then f'^ipr) shall converge to 
fiv)' (b) Let Pr he an h-critical point of f such that pr converges to p. Then 
f{pr) shall converge to f(p). 

A point q will be said to be of non-minimizing type relative to/(p) if there is 
a point p in every lunghborhood of q such that f(p) < f(q). With this under- 
stood we come to a major theorem. 

Theorem 3.1. Iff admits two disjoint minimizing sets and C 02 and if there 
are points y and z in oji and W 2 respectively which are connected by an f -bounded 
set^ if moreover Hypotheses I to VI are satisfied^ then f possesses at least onefh- or 
h-critical point of non-minimizing type. 

We refer to the numbers Mr and m ^f Theorem 2.1, and prove the following: 

(i) . The set <7 of h- and f h-critical points of f at the level m is closed. 

This follows from Lemma 3.1. 

(ii) . The set <T is not empty. 

The /i-critical point Wr of Lemma 3.2 is a point at which F’'{wr) = Mr . These 
points Wr have at least one cluster point w by virtue of Hypothesis III. It 
follows from Hypothesis VI (a) that f{w) = m- Thus w is an /^-critical point 
belonging to cr, so that <t is not empty. 

(iii) . There is at least one point of cr of non-minimizing type. 

The set o-, on which = p, fails to contain the points y and z of Theorem 2.1, 
since p exceeds/^ ( 2 /) and f(z) as stated in Theorem 2.1. Observe that ?/, z, and 
w lie on the same component of f since y, z, and Wr lie on the same component 
of Fl ^ , and the maximum distance of points of F^^ iromf tends to zero as Mr 
tends to p. The set a cannot be a minimizing set, otherwise <r would be at a 
positive distance from its complement on f , contrary to the fact that y, z, 
and w are connected on f , while y and z are not in or and w is in a. Since or is 
compact and not a minimizing set of f, there exists at least one point of a of 
non-minimizing type. 

The proof of the theorem is complete. 
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4. The application to mi ni m a l surface theory. Let be a simple, closed, 
rectifiable curve in a space of coordinates (a^i , • • , a*n). We suppose g^ has 
the vector form 


X = g\s), 

where s is the‘ arc, length along g\ The curve g^ is given with a sense and an 
origin s = 0. So given, g^ will be terim^d coordinated. It will be convenient 
to suppose that the total h^ngth of g^ is 2ir, We shall assume that g^ satisfies 
the following condition. 

Chord arc hypothesis. I nder this hypothesis the ratio of the length of an arbi- 
trary chord of g^ U) the length of the minimum subtended arc of g^ shall be bounded 
from zero for all chords of g^. 

Any simpl(‘, closed, regular curv(‘ of class salistic‘s this hypothesis, as does 
a simple closi'd curv(‘ composed of a finite s(‘t of regular arcs of class C\ provided 
at each corner p the two tangent rays din^ctinl from p n(‘ver makx' a null angle. 
In particular any simple closed polygon is admissible. This (condition is less 
restrictive than tlu^ corresponding (‘ondition of Shiffman (loc. cit.). For under 
ShilTman\s condition two lang(‘nt rays at a corner cannot mak(‘ angk's less than 
a right angle, while it is easy to show that under Shiffman\s condition the chord 
arc h^^pothesis is always satisfied. 

A se(iuence /i” of closed, rectifiable, coordinated (‘urves x = h"(.s) will be said 
to converge in length^ to }i\ x = if 

lim h^is) = h\s) 

n*-oo 

uniformly on each bounded interval for s. It is clear that there ('xists a sequence^ 
of simple, closed, coordinated polygons which converge in length to g^. The 
corners of these polygons can be ‘‘rounded off^^ to obtain a sequence of simple, 
regular, coordinated, closed curves gf" of (*lass C“ converging in length to g^. 
Without loss of generality we can suppose that tlie length of each curve g'' is 
27r, sin(!e if this is not already tlie cas(', a magnification from the origin in the 
ratio pn to 1 will bring this about , where p„ must be suitably chosen and so chosen 
converges to 1. Let x = be the vector n'pn^sentation of g'\ 

Let (p(a) be a continuous non-decreasing function of a such that 

(4.1) (p{a + 27r) ^ (p{a) + 27r. 

‘The coordinated curves converge in length to /i® if the following three conditions 
are fulfilled. The sensed curve converges to the sensed curve /i® according to Fr^chet, 
the length of converges to the length of /i®, and the point « ~ 0 on converges to the 
point s « 0 on A®. For related, but variant, definitions of convergence in length, see the 
following three sources. Adams and Lewy. On convergence in length. Duke Mathe- 
matical Journal, vol. 1 (1935), pp. 19-26. McShanc. Curve space topologies associated with 
variational problems. Ann. Scuola Norm. Super. Pisa, (2) vol. 9 (1940), pp. 45-60. Morse. 
The calculus of variations in the large. American Mathematical Society Colloquium Pub- 
lications (1934), p. 209. 
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We suppose that ^(a) satisfies a three point condition defined as follows. The 
relation a = ^(a) shall hold for three given distinct values ai , az , as , of a on 
the interval 0 ^ a < 2x, where ai , as , as are independent of A function 
tp{a) of this nature will be termed admissible. We shall impose another condition 
on the functions ^ when we define the space M. 

We admit representations of g" of the form 


(4.2) 


X = g"[v(a)] = p^Ca) 


(n = 0, 1, . • • 


We shall consider the function v>(a) as a point in an abstract metric space in 
which the distance between two points and ^(a) shall be the number 


(4.3) 


\l/<p = max I — ^(a) 


(0 ^ a ^ 2ir). 


The function /"(v>) shall be defined as the Douglas function* 


am 


where « denotes the parallelogram 


0 ^ i3 g 27r, 




The Douglas function is an improper integral with an integrand which is singular 
when a = /8. 

As in MT we introduce the improper integral 


(4.5) 


„ sin* ' — 


It follows from the ehord arc hypothesis on p® and the ordinary properties of 
length that there exists a constant k such that 

(4.6) Ip®(a) - p“(|8)r ^ Wia) - ^ *[?"(«) - p“(^)f, 

where k is independent of the choice of ip. From (4.6) we see that 

(4.7) ^ g Kfiv). 

Upon comparing f\(p) with H(<p) we find that 

(4.8) ^ ^ 

Moreover gf” is regular and of class from which we infer that the ratio of an 
arbitrary chord length of gf” to either of the corresponding arc lengths exceeds 


* Douglas. 1. Solution of the problem of Plateau. Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 263-321. II. The mapping theorem of Koehe and the 
problem of Plateau. Journal of Mathematics and Physics, vol. 10 (1931), pp. 106-130. 



MINIMAL SUBFACES 


69 


some positive constant k„ . It follows as in the proof of (4.8) that f ^ ««/". 
From this result and from (4.8) we conclude that /"(^) is finite if and only if 
f{<p) is finite. 

We shall restrict the space M of points <p to points tp for which f‘{ip) is finite. 
We shall prove the following theorem. 

Theorem 4.1. At each point of M, 

(4.9) limr(^) =/>(v,). 

n««oo 

Let e be a positive constant less than ir and let coe be the subset of the parallelo- 
gram (A) on which j a — | < e. We set 

w =0)^+0)^, (wc-wf) = 0, 

and 

(4.10 r(<p) = nv’, n, e) + F*(^, n, e), (n = 0, 1, • • • ), 

where F(<p, n, e) and F*((py n, e) are defined as is f\<p) except that and w* 
shall replace w as the respective domains of integration. From (4.6) we see that 

(4.11) F(<p, n, e) g KFi<p, 0, e). 

By hypothesis /^(v?) is convergent so that F{(p, 0, e) is convergent. Noting that 
the integral F*((p, m, e) is proper, we see that 

(4.12) lim F*{<p, n, e) = F*{tp, 0, e). 

n—oo 

To establish the theorem, observe that 

(4.13) I r(v) - f(<p) ! ^ I Piv, n, e) - F{^, 0, e) 1 + 1 F*(^, n, e) - F*(v,, 0, e) |. 

Corresponding to an arbitrary positive constant ij let c > 0 be chosen so small 
that I F(fp, 0, f) I < f). This is possible .since F{ip, 0, e) is a convergent integral. 
Making use of (4.11) we .see that 

1 ^’(v>, n, e) — F(<p, 0, e) I ^ Kij + ij. 

With e so chosen, let n be so large that 

I F*{v>, n, e) - F*(fp, 0, e) | < „. 

Making use of (4.13), we then find that 

l/"(^) - fiv) \ ^ sv + n + V, 

and the theorem follow's at once. 

6. Verification of hypotheses. We shall show that the Douglas functions 
/"(¥») defined in the preceding section satisfy Hypotheses I to VI of §§1 to 3. 



70 


MARSTON MORSE AND C. TOMPKINS 


Hypothesis I. That M is boundedly compact relative to/”(^) follows from 
the work of Douglas II. See also Rado’ V, 17, and Courant.^ 

Hypothesis II. To verify this hypothesis we recall the origin of the Douglas 
function. Let be a simple, closed, rectifiable, coordinated curve given with 
a vector representation x = g{s) in terms of arc length s. Let (p(a) be an ad- 
missible function (p. Corresponding to the representation x = p(a) = g[^(«)] 
there exists a harmonic surface x = x(u, v) defined and continuous for ^ 1 

and such that 


X (cos dy sin 6) = p(^), 

where r and 6 are polar coordinates in the (Vy t;)-plane. shall say that the 
harmonic surface x = x(u, v) is defined by the pair (^, <p). 

The Douglas function f{<p) corresponding to g equals the Dirichlet sum 

R 

w^here R represents the region + if < 1. 

Let V?" be a sequence' of points on M converging to (p\ R(‘call that con- 
verges in length to g^. Hypothesis 1 1 is satisfied if 

(5.1) inf lim D(g\ ^ D(g\ /). 

Relation (5.1) is a consequence of the lower semi-continuity of D(gy (p) of 
which a conventional proof may be indicated as follow\s. l^et Dig, r) denote 
the integral obtained from Dig, tp) upon replacing R by the region < 

r < 1. By definition 

7)(r/, V?) = lim D{gy r). 

r«J 

The lower semi-continuity of D(g, <p) follows from the fact that D{g, v?, r) is con- 
tinuous in (( 7 , <p)j positive and non -decreasing in r. 

Relation (5.1) holds, and Hypothesis II follows. 

Hypotfiesis III. Let tp'^(a) be an infinite seciuenco of points p on M such 
that 

f'i/) ^ c (rq < n 2 < • • • ; r = 1, 2, . . •) 

for some constant c and suitable choices of th(' integers 7ir . To establish III 
we must prove that some subs(*quence of the sequence ip converges to a point 
on M. 

According to the th('ory of bounded monotone functions there exists a sub- 

’ Rad6. On the problem of Plateau. Ergebniesc dcr Mathcmatik und ihrer Grenzge- 
biete, Berlin (1933). 

* Courant. Plateau's problem and Dirichlet' s principle. Annals of Mathematics, vol. 
38 (1937), pp. 67t)-724. 
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sequence of the functions wliich converges for each value of a to a non- 
decreasing function ^(a). The function ^(a) satisfies the three point condition 
and the condition 

6{pL + 27r) = 0(a) + 27r. 

It remains to show that 0(a) is continuous. 

Whether continuous or not 0(a) possess(\s right and left limits ax and at 
each point ao . Moreover i fli — ^ 2 1 5*^ 27r, since 0(a) satisfies the three point 
condition. If \ai — 9 ^ 0, it follows as in the proof of Theorem III of 

Douglas II, pag(* 113, that 

sup lim D{g^\ j^**) = 00 . 

r*»oo 

But 

= />(0”^ /) g 6*. 

From this contradiction W(‘ infia* that a\ = so that 0(a) is continuous. Thus 
0(a) defines a point of M, and Hypoth(\sis III is verified. 

Hypothesis I^^ This liypothesis is an immediate conse(|uence of (4.8). 
Hypothesis V. Th(' functions /‘(y?) ar(‘ wc'akly upper-reducihh' for n > 0 
in accordance with 'riieorem 5.1 of MT. 

The ])roof of Hypothesis VI is more involv<‘d. 

Hypothesis VI. Let g be a simple, clos('d, coordinatc'd, rectifiable curve, 
and y?(a) a transformation which is admissible in the sense of §4. Lot A{gy ip) 
be the area of the harmonic surface' defined by the pair (gf, ip). In a forthcoming 
paper we shall ])rove the following theorem of use in ('stablishing VI. 

(i) The area A{g^ ip) is continuous in its arguments. 

The notion of continuity of A(g, y?) is relative* te) the concept e)f convergence 
e)f g and ip. Convergeaie'c e)f curves g shall be convergence in length, and con- 
vergene;e of y?, e?e)nve*rgence de*fined by the distance fune;tion iprj/ of (4.3). 

A pair (gf, ip) whie*h elefine\s a minimal surfae*e will be called differentially critical. 
When (( 7 , ip) is diffe*rentially e*ritical, 

(5.2) D{g,ip) = A{g,ip), 

as is well-kne)wn. ('f, ])e)uglas II, Theorem T. When ip is an /i-critie*al point 
of the functie)n/(y?) = l){g, ip), (gr, y?) will be termed h-critical. That an /i-critical 
pair is a differentially critie*al ])air folle)ws from Theorem G.2 of MT. Hence 
(5.2) holds for /^-critical pairs. From (i) w<* draw the following conclusion. 

(ii) . The function defined hy D(g^ ip) on the subset H of h-critical pairs (gr, ip) 
is continuous on H. 

Hypothesis VI (b) is satisfied by virtue of (ii). To ve*rify Hypothesis VI (a) 
we return to the sequence /”(y?), and prove the following lemma. 

Lemma 5.1. If 4^^ is an fh-critical point of f, the harmonic surface defined hy 
(gf®, ^®) is minimal. 
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By definition of an/A-critical point off, f is the limit of a sequence of A-ciiti- 
cal points belonging respectively to a subsequence/"' of the function/". Let 

S':x = x'(u,p) (r=l,2,...) 

be the minimal surface defined by (gr"', and let 

/S“: X = x®(m, v) 

be the harmonic surface defined by (j/®, f). The harmonic surface will bo 
minimal if its differential coefficients satisfy the conditions 

(5.3) E{u, «) = G{u, v), F{u, y) = 0 (u^ + d* < 1). 

Let E'', F\ fr' denote the corresponding differential coefficients of S'. Re- 
call that 

lim(^"',^') = 

r—oo 

Upon representing x\Uy v) by means of the Poisson integral, one finds that E\ 
F**, (f converge to J?, F, G as 7’ becomes infinite. But S'" is minimal, so that 
conditions of the form (5.3) hold for S^, It follows that (5.3) holds for aS®, so 
that 5° is minimal. 

The proof of the lemma is complete. 

By virtue of the lemma, (5.2) holds on the set of //i-eritical points of f. Hy- 
pothesis VI (a) is satisfied by virtue of (i). 

Our principal theorem is as follows. 

Theorem 5.1. Let be a simple, closed, rectifiable curve which satisfies the 
chord arc hypothesis. If g^ bounds two minimal surfaces of disc type defined re- 
spectively by points on disjoint minimizing sets of the Douglas function f {up), then 
g^ also bounds a minimal surface of disc type but not of minimum type. 

It follows from the hypotheses of the theorem that/®(^) possesses two disjoint 
minimizing subsets wi and 012 . Let p and ^ be points on coi and C 02 respectively. 
The 1 -parameter family of points 

tHci) + (1 - /)^(a), (0 ^ g 1), 

is anf -bounded arc connecting p with ^ as has been shown in MT, page 451. 
The first hypothesis of Theorem 3.1 is accordingly satisfied. 

Hypotheses I to VI hold for the sequence /”(<^) as we have seen. Theorem 3.1 
thus applies, and we infer the existence of at least one fh- or /i-critical point 
of f not of minimum type. But we hav(» just se('n that such a point 
defines a minimal surface of disc type bounded by g^; this surface is not of mini- 
mum type relative to the Douglas function f. 

The proof of the theorem is complete. 


The Institute for Advanced Study and 
Princeton University 



Annalb or Mathsmaticb 
Vol. 42, No. 1, January, 1041 


ON A LEMMA OF McSHANE* 

By Tibor Rad6 
(Received January 4, 1940) 

1. McShane, in his work on the lower semi-continuity of double integrals in 
Calculus of Variations," established the following important lemma. ^ In the 
unit square Q: 0 ^ u S 1, let there be given triples of continuous 

functions x{Uj v), y{Uj v), z(u^ v), Xnin, v), yn(Uy y), Zn(Uj v) such that the following 
conditions are satisfied. 

1. The partial derivatives Xu , , Z/w , , Zv exist almost everywhere in Q. 

II. The Jacobians 

X yuZv yvZfi , V ZnXv ZyXxi , ^ — J/uZ/v ““ 

are summable in Q. 

III. The functions x(w, y), ?y(u, v)^ z{u, v) are absolutely continuous on the 
boundary B of Q. 

IV. We have 

j j Xdudv — ^ J (ydz — zdy)y J j Y dudv — ^ f i^dx — xdz), 

Q Q 

J J Zdudv ~ ^ J (xdy — ydx). 

Q 

V. The functions Xn{Uj v)y z/n(w., y), 2n(W; ^0 are quasi-lincar^ in Q. 

VI. Xn{Uy v) — > .t(u, v)y yn{Uy v) — ^ i/(u, t’); ^n{Uy v) — > z{u, v) iiuifonnly in Q. 
Then for every choice of the constants a, 6, c there exists a sequence {Vn} of meas- 
urable subsets of Q such that 

J j {aXn + bYn + cZn) dudv J J (aX + bY + cZ) dudv, 

Vn Q 

where 

Xn ~ ynu^nv ynvZriM j I n ~ Z^u^nv ^nv^nu ; ~ J'nwZ/nv ~ ^nvynu • 

2. In view of the importance of this lemma, it seemed to be of interest to 
investigate the possibility of replacing the conditions I-IV of McShane, con- 

' Presented to the American Mathematical Society at the meeting in Chicago, April 1940. 

* E. J. McShane, Integrals over surfaces in yaramciric Jormy Annals of Mathematics, 
vol. 34, 1933, pp. 815-838. 

’ Loc. cit.,* p. 829. 

* A continuous function /(a, v) is quasi-linear in Q if Q can be subdivided into a finite 
number of triangles on each of which /(m, v) is linear. 
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corned with the limit triple .r(u, v)^ y(Uj v), z{u, v), b}" less restrictive ones. It 
should be noted that the purpose of conditions III and lY is to provide, for 
the integral of aX + bY + cZ, a geometrical interpretation which is essential 
for the proof of MeShane. It may be therefore of interest to point out that 
the lemma remains valid if the apparently decisive conditions III o/id IV are dropped. 
The purpose of this paper is to prove this assertion. Ap])li(*ations of the result 
will be considered on another occasion. 

3. As stated above, the lemma involves thr(*(' arbitrary constants a, fc, c, 
but it is evident from the work of MeShane that it is sufficiimt to establish the 
apparently very special case a = /; == 0, c = 1 , since the general case can then 
be disposed of by a very simple device. For this reason, and also for easier 
reference, we wish to state our n^sult for this special case explicitly. 

4. Theorem. In the unit sqiiarc Q: 0 ^ ^ 1, 0 g e g 1, let there he given 

pairs of functions x{u, i’), y{u, v), Xn{u, v), 2/„(w, v) such that the following condi- 
tions are satisfied. 

I. The partial derivatives Xu , Xv , yu , yv exist almost everywhere in Q, 

II. The Jacobian J = x^Vv XvPu is summahle in Q. 

III. The f unctions v), yn{Uj v) are quasi-linear in Q. 

IV. Xn(w, v) x(Uj v)j yn{u, v) — > y{u, v) uniformly in Q. 

Then there exists a sequence of measurable subsets Vn of Q such that 



Jn du dv 


Vn 


// 


J du dVy 


where Jn Xnuynv Xnvynv • 

5. Applying a device due to MeShane,*^ we j)roceed as follows to derive from 
this statement the one described in section 2. Let us consider the triples x(u, v), 
y{Uy v)y z{Uy v)y x n{u , v) y yn{Uy v)y Zn(Uy v)y but let us assume only that conditions 
I, II, V, VI of section 1 are satisfied. Let tluu-e be given a set of constants 
a, by c. Without loss of generality we can assume that a^ + = 1. We 

can find then an orthogonal matrix, with determinant +1, of the form 


( On ai2 au\ 

021 O22 O23 I . 

ah c / 

Let us put 

x{u, v) = anx(u, v) + auyiu, v) + auZ^u, v), 

Xn(u, v) = OiiXniu, v) + aity„iu, v) + auz„(u, v), 

y{u, v) - atix{u, v) + a<ay{u, v) + a^^iu, v), 

y„(u, v) — OnXniu, v) + a^y^iu, v) + v). 

Let J, Jn denote the Jacobians of the pairs 2, ^ and 2, , y, respectively. Clearly, 
the pairs 2, y, 2,, satisfy the conditions of section 4 and therefore we have, 


‘ See loc. dt.* 
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by the theorem stated in that section, a sequence [Vn\ of measurable subsets 
of Q such that 



// 


7 du dv. 


This sequence possesses the desinid property, since we have by direct 
computation 

7 = aX + 5F + cZ, 7„ = aXn + bYn + cZn . 

6. The rest of this paper contains the proof of tlie theorem of section 4. 
Sections 7-12 contain some facts needed in the sequel, while sections 13-17 
contain the proof itself. 

7. Let 0 be a bounded measurable set in the xy plane and /i(x, i/), hn(x, y) 
summable functions on G such that y) — > h{Xy y) on (r. We assume that 
those functions do not take on the values zt . Under these conditions, there 
exists a sequence of measurable subsets G^ of G such that 


j j hndxdy J J hdx dy. 


Proof. Define 


icn = gr.l.b. 


J J ^ j j hndxdy 


where the greatest lower bound is taken with respect to all measurable subsets 
E of 6r. Give any € > 0. Since h(Xy y) is summable on (7, we have then an 
^ = ^(0 > 0 such that if S is any measurable subset of G we have 


J j hdx dy 


<e if \S\ < 


8ince h on (7, we have by the theorem of Egoroff^ a measurable subset H 
of G such that 


1 (? - // I < T/ 

and such that hn —> h uniformly on H, Hence 

j j \ h — hn\dxdy for n 


and consequently 


0 ^ lim Kn ^ 


* If iS is a measurable set, then | S | denotes its Lebesgue measure. 
^ See for instance Saks, Theory of the integral^ Warszawa 1937, p. 18. 
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Since 

0 ^ Kn ^ 


j J hdxdy ^ j j hndxdy 
a H 

J J 1 + J J \ h — hn\dxdy < € + J J \ h — kn\dxdy. 


As e > 0 was arbitrary, it follows that Kn 0. By the definition of Kn , we have 
a measurable subset of G such that 


J J hdxdy — j j hndxdy 


< Kn -b - • 
n 


As Kn 0, the sequence Gn has therefore the desired property. 

8 . Suppose the functions /(w, y), gf(u, v) are merely continuous on the unit 
square Let {uo , Vo) be an interior point of Q and q 

a square in Q with center at (uq , vo) and sides parallel to the axes. Denote by 
b the boundary of q. Take four constants a, jS, 7 , d and put 


p(U0f VOy qyfy «, 0) 


max 

(u.v)cb 


|/ (m, v) — fjuo, Do) — a{u - »o) - P(.v - i^o) I 
((m — Mo)* + (v — Wo)*]* 


p(mo, Vo, q, 9, y, S) 


max 


I gju, v) — gjuo, Vo) — y(u — tip) — S(v - Vp) | 
[(tt — Mo)* + (t) — Wo)*]* 


If there exists some sequence of squares qn such that simultaneously 

p(mo ,Vo,qn,f, a, 0) 0, p(Mo , Vp , qn , g,y, h) -* Q, 1 ?« | -> 0, (1) 


then we shall say that the pair/(w, t;), g(u, v) satisfies condition C at the point 
{uq , t/o) with the constants a, /3, 7 , 5. 

9. The reader will have noticed that the preceding condition C is merely a 
greatly weakened form of total differentiability. As it might be expected, the 
methods developed by Rademachor, Stepanoff and others to obtain results of 
surprising generality concerning total differentiability can be easily adapted 
to our condition C. One statement obtained in this manner is as follows.® 
Suppose that the functions /(w, y), g{u^ v) are continuous in Q and that the 
partial derivatives fu yfv y guy gv exist almost everywhere in Q. Then condition 
C is satisfied at almost every point (wo , Vo) of Q with the constants a = /u(i/o , 

*^o), 0 = fv{UQ , i»o), 7 = gu{UQ , Vq), b = gvCuQ y Vo). 

10. Consider again a pair of functions f(u, v), g(u, v) which we assume to be 
merely continuous in Q. These functions define a continuous transformation 


* See the excellent presentation loc. cit.,’ Ch. 9. 

* For the details of the proof, see the author's paper, On absolutely continuous transforma- 
tions in the plane, Duke Math. Journal, vol. 4, 1938, pp. 189-221, in particular p. 219. 
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T: 


X = fiu, v) 
- 9(u,v) 


(u, v) e Q. 


Let g be a square in Q, with sides parallel to the axes, and let b be the boundary 
of q. If the point (m, v) describes b in the counter-clockwise sense, its image 
under T describes in the x^Z-plane a continuous closed oriented curve h' . In the 
ajjz-plane we define a function n{x, y, q, T) as follows. If the point {x, y) is on 
b', then ix{x, y, q, T) = 0. Otherwise ix{x, y, q, T) is equal to the topological 
index of (a;, y) with respect to b'. W c shall denote by Si{q, T), S^iq, T) the point- 
sets in the a;j/-plane where n{x, y, q, T) is equal to -|-1 and —1 respectively. 
These sets are bounded and open (possibly vacuous). 

11. Keeping the notations of the preceding section, let us consider an interior 
point (uo , Vo) of Q where the condition C of section 8 is satisfied with some 
constants a, y, d. Let {g„} be a sequence of squares, as specified in section 8, 
such that the relations (1) hold. We consider the auxiliary transformation 


T*. 


j a: = /(wo, ro) + a(w — Uo) + j8(e — V(^, 
[jf = giuo, Vo) + yiu - i*o) + b(.v - Vo), 


(w, a) c Q. 


Assuming that aS — fiy 9 ^ 0, the image of the square under T* is a parallelo- 
gram IT* in the a:y-plane. Suppose first that aS — py > 0. Then the set 
Siign , T*) is simply the interior of ir* , and condition C implies, by a familiar 
elementary reasoning,'® that for large values of n the symmetric difference" of 
the sets Si(g„ , T*) and /Si(g„ , T) is contained in a narrow strip o-„ , bounded 
by two parallelograms similar to x* , such that | Cb |/| xj | -+ 0. As 
1 1/1 g, 1 a5 - fiy, we also have | o-n 1/1 1 0. Thus a fortiori 

\S,(.qn,T)\-\S^{q„,T*)\ _^ 

k«l 


But, since T* is an affine transfonnation, 


Hence 


I 9n I I gn j 


\Sx{qn,T)\ 

1 9" I 


' ab fiy if a 5 — 187 > 0. 


Similarly it follows that 


^ if a5 - IS7 < 0. 

9«1 

For a detailed discussion of a practically identical situation, see the author’s paper, 
Vber das Fldchenmass rektifizierharer Fldchetif Math. Annalen, vol. 100, 1928, pp. 445-479, 
in particular pp. 461-466. 

The symmetric difference of two sets A and B consists of those points which belong 
to exactly one of Ay B, 
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12. Using the notations of section 10, let us assume that/(w, v), g{% v) arc 
quasi-linear in Q, Let us denote by J (u, v) the Jacobian fuQv fv^u • Let us 
take, in the a:y-plane, any summable function F{Xj y) which takes on only 
finite values (summability meaning that F{Xy y) is summable on every bounded 
measurable set). Then we have for every square q in Q the transformation 
formula 


/ / F{S{Uy V,), giu, v)]J(u, v)dudv = j j F(,x, y)n{x, y, q, T) dxdy“ 

Q 

As a matter of fact, this formula holds under very general conditions.*^ P"or 
quasi-linear transformations, of course, the formula is practically trivial. 

13. We proceed prcscntl}" to prove the theorem of section 4. Through the 
rest of the paper the notations of that section will be used. Let q be a square 
in Q with sides parallel to the axes. We define 


K(q) 


gr.l.b. 

ECq 


J J J dudv J J Jndudv 


that is, the greatest lower bound is taken with respect to all measurable subsets 
E of q. We define further 

X(^) = lim Xn(g). 


By taking in g a set E of measure zero, we see that 


and hence also 


Xn(g) ^ jj J Jdudv ^ J J \J\dudv, 

i « '/ 

X(g) ^ j j \J\dudv. 


( 2 ) 


Take now in Q any finite or infinite sequence of non-overlapping squares 
, Qi , ■ • ■ , Qi 7 ■ ■ ■ , such that 


IQ - Zs/I = 0- 


We assert that 


HQ) ^ L %»•)• 


As y, g, T) vanishes outside of a sufficiently large circle, the range of integration 
on the right can be taken as the whole xy-plane. 

See, also for further literature, loc. cit.* It is worth noting that the quasi-linear 
character of /(u, t;),.g(u, v) is used only to secure the above transformation formula. This 
remark suggests further generalizations which we do not wish to discuss at this time. 
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Proof.^^ Observe first tliat the series on the right is eonvergent since it is 
dominated by the series 

E f J \J\dudv, 

which converges because the squares qj do not overlap. Clivc' now e > 0. By 
the definition of X„(g^), we have a measurable subset of such that 

II Jdudv- If Jndudvj < (3) 

Jfj 

Put 

En = EK. 
i 

Since the squares qj do not overlap, we have by (3) 

Xn(Q) ^ j j J dudv — j j Jndu dv I 

Q Bn i 

^ S J j J dudv — j j Jndudv < X Xnfe) + e. (4) 

Take any positive integer i. We have then by (2) 

2] Xn(g,) ^ X ^n(gy) + X [ [ dr. 

J j-t+i •' '' 

Hence 

lim E ^«(9j) ^ E Xfe) + E f f \ Jldudv. 

n-*oo ; y—1 y—i+i •' 

Since the squares do not overlap, the second summation on the right con- 
verges to zero for i: — > oc. Thus 

lim E ^ E MQ/)- 

n-*oo y ; 

From (4) we infer now 

X(Q) = lim X„(Q) g E ^(9>) + <• 

n-^00 

Since € was arbitrary, this proves our assertion. 

14. We consider now the transformation 


I J- = x(u, v), 
[y = y(u, v). 


(u, v) e Q. 


We discuss the case of an infinite sequence gy , since the finite case is trivial. 
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Let g be a square in Q with sides parallel to the axes. We assert the inequality** 


X(g) ^ min 


ffjdudv-\ Siiq, T) \ , Jf Jdudv + | Stiq, T) \ 


(5) 


where the sets Si(g, T)y S 2 {q, T) are defined as in section 10. 
Proof. Let us consider the transformations 


f a: = Xn{uy v)y 

1 y = VniUy v)y 


(Uy v) € Q. 


In the a:!/-plane, let S be the set where /u(a;, i/, g, 7') 0. Since Xn{Uy v) — > 

x{Uy v)y yn{Uy v) — ^ y{tiy v) uniformly in Q, and hence in we have 

PL(Xy yy Qy T n) fi{X y 2 /, Qy T) 

on Sy and hence also on the sets Si(g, IT), S^iqy T), Since Tn is quasi-linear, 
n{Xy yy qy T n) is summablc. We cannot assert that nix, i/, q, T) is summable, 
but this function is surely summable on Si{qy T) and S^iqj 7^)y since | /i(x, y, 
g, T) I = 1 on these sets. Hence we can apply the remark in section 7 with 
h{Xy y) = nixy yy qy T)y hn(Xy y) = tiixy yy qy Tn) and first with G = 5i(g, T) 
and second with G = >82 (g, T), It follows that we have sequences of bounded 
measurable sets G^ , Gn such that 

/ / M(a:, y, q, T„) dxdy-^ J J ix{x, y, q, T) dxdy = | Si(q, T) I, (6) 

o' s,((,.r) 

J j y, q, r«) dxdy-^ j j n{x, y, q, T) dxdy = -\St{q, T) |. 

Gn Si (, q , T ) 

Now let En be the complete model^® in g of the set Gn under the transformation 
Tn . The transformation formula of section 12 yields then, if F{x, y) is taken 
as the characteristic function of the set Gn , the formula 


j J mCx, y, g, 7\)dxdy = J J Jndudv. 


(7) 


On 


Similarly, if JS'n is the complete model of Gn in q under the transformation Tn ; 
we have 


J J n(Xy yy qy T ^ dx dy = j J Jndudv. 


On 


Now, by the definition of XnC?), 


Kiq) ^ 


J J Jdudv — j j Jndudv 


If a, h are real numbers, then min (a, h) denotes the smaller one of a, 6 if a 7*^ 6 and 
the common value of o, 6 if a -« 6. 

That is, En is the set of all those points in q whose image under Tn is comprised in G'. 
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and for n 


Similarly 


00 it follows by (6), (7) that 


X(g) ^ 


j f Jdudv - \Si(q,T) \ 


\(q) ^ 


j f Jdudv + \S,(q,T)\ 


The last two inequalities imply (5). 

15. Denote now by E the set of those interior points (uo , vo) of Q where the 
following conditions arc satisfied. 

T. Xu J Xp f yu f Vv exist at (?/o , 

II. Condition C of section 8 is satisfied at {ilq , v^) with the constants a = 

, ^’o), jS = , t’o), 7 = VuiuQ , ?;o), b = yv{U(i , ^o). 

III. If q is a square with sides parallel to the axes and with center at (i4o, ^o), 
then 



J du dv 


u 


I9I 


J{uo,vn) for I3I 


0 . 


Since ./ (w, d) exists almost everywhere in Q and is summablc there by assump- 
tion, III is satisfied almost everywhere in Q by a well-known theorem, while 
IT is satisfic'd almost evcirywhere in Q by section 9. Thus 

\Q-E\ = 0. 


10. Now let (uo , I’o) be a point of the set E of the preceding section. By 
condition II, we have then a sequence g„(uo , ao) of squares with sides parallel 
to the axes and with center at (mo , Vo) for which the relations (1) of section 8 
hold with /(«, v) = x{u, a), g{u, a) = y{u, a), or = Xuiuo , I’o), P = x„(mo , ao), 
y = 2/«(wo , ao), S = y„{uo , ao). By .section 1 1 we have therefore 


I <Si(gn(t<o, ao), T) I 
i9«('Mo,ao) I 


Jiuo, Vo) if J(mo, Vo) > 0, 


and 


I Siiqnjuo, Vo), T) I 
k»(Mo,ao)| 


JiuojVo) if J(uo,Vo) < 0. 


But, by condition III of section 15, we also have 


// 


J dudv 


l9«(tio,ao)| 


J(.Uo, Vo). 
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Hence 


j j J dudv — \ Si(qn(uo, vo), T) \ 


Qm(^0*Vo) 


\ qn(jUo, Vo) 


0 if J(uo, Vo) > 0, 


and 


J J Jdudv + I Si(q„(uo, vo), T) \ 


«ii(i<0*vo) 


\qn{UQ,Vo) I 

By (5) in section 14 the relations (8), (9) imply that 

x(g«(^io, Vo)) 


0 if Vo) < 0. 


?n(Wo, Vo) 


0 


( 8 ) 


(9) 


if J(tto , Vo) 9^ 0. If J(mo , Vo) = 0, then we infer by section 13 and by condition 
III of section 15 that 


// 


J dudv 


0 < ^ I <yn(^0»O0) 

|gn(WO,t;o)| kn(Wo,t^o)| 


2^o) 1 = 0. 


17. Thus we see that for every point (wo , v^) of the set E of section 15 there 
exists a sequence of squares qn{uQ , ?^), with sides parallel to the axes and with 
center at (w-o , t^o), such that 


A(^n(^o, ro)) 

I gn(W0, Vo) I 


0 and I gn(wQ, Vo) | 


0. 


Besides, all the squares gn(t^o , Vo) are comprised in Q. Give now c > 0. If we 
discard, for each point {uq , vq) of E, a finite (sufficiently large) number of the 
squares qn(^h , vo), the remaining ones will satisfy the relations 

MqniUo , Vo)) < € I QniVd) , Vo) |, 1 qn(Uo , Vo) | -> 0, , Vo) C Q. 


The squares qnitto , vo) cover the set E in the manner required by the Vitali 
covering theorem. We can select therefore from amongst the squares qn{uo , Vo) 
a sequence of non-overlapping squares , 0 ^ 2 , • • • , ^ 7 , • • • which cover E with 
the possible exception of a set of measure zero. Since 

^qj CZ Q and , | Q — i? | = 0, 

we also have 

I Q - Z ?»• I = 0. 

Hence by section 13 

HQ) ^ Z) x(g>) ^ * X) I g> i = e I Q I = *• 
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As € was arbitrary, it follows that X(Q) == 0. By section 13 this implies that 

K(Q) -> 0 . ( 10 ) 

By th(^ definition of Xn(Q), there exists a measurable subset Vn of Q such that 


J J J du dv — J J Jndu dv 


< Xn(Q) + -• 
n 


(10) and (11) imply that 


J J Jndudv—^ j j J du dv, 


and thus the theorem of section 4 is proved. 

18. As far as applications are concerned, it scorns that in some cases it would 
be sufficient to know that we have a sequence Vn such that 


lim J J Jndudv ^ j j J dudv. 


It is howi^ver unlikely that this relation can be derived under assumptions 
weaker than those needed to o})tain the precise conclusion of the theorem of 
section 4. 


The Ohio State University. 
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ON FINSLER AND CARTAN GEOMETRIES- m 

TWO-DIMENSIONAL FINSLER SPACES WITH RECTILINEAR EXTREMALS^ 

By L. Berwald 
(Received August 26, 1939) 

Introduction. The principal part of the present paper is devoted to the 
problem, proposed by P. Funk,^ of characterizing, in an invariant manner, the 
two-dimensional Finsler spaces the extremals of which can be given, in a suitable 
coordinate system, by linear equations. We call such spaces Finsler spaces with 
rectilinear extremals. 

In an introductory section, we explain briefly, from the beginning, the theory 
of the two-dimensional Finsler spaces developed especially by the author^ and 
by E. Cartan.^ The standpoint of this exposition is predominantly formal. 
Our aim is to develop Cart an 's theory of the two-dimensional Finsler spaces 
independently of the general theory of equivalence, and to connect it with his 
later theory of the n-dimensional Finsler spaces.® The single new feature in 
this section is the connection between the tensor FG)ki and the main scalar of a 
two-dimensional Finsler space, given in §8. 

Section II develops two different methods which lead to an invariant charac- 
terization of the two-dimensional Finsler spaces with rectilinear extremals. 
The first is purely analytical, and is based upon the discussion of the conditions 
of integrability of a certain system of partial differential equations (§§9-11). 
The scope of the second method is first to establish necessary and sufficient 
conditions in order that a two-dimensional general geometry of paths may have 
rectilinear paths,^ and then to apply them to a Finsler space. This method has 
the advantage of showing what is the independent significance of each of the 
two conditions we obtain (§§12, 13). 

In the third section we determine all two-dimensional Finsler spaces with 
rectilinear extremals the main scalar of which is a function of position only. 
First we establish some theorems showing that for such a space the main scalar 

1 The first two papers of this series are L. Berwald, [2], [3]. (Numbers in cornered 
brackets refer to the bibliography at the end of the paper). 

* See P. Funk, [llj. 

* L. Berwald, [1]. 

* E. Cartan, [5]. 

‘ E. Cartan, [6]. 

* For an n-dimensional general geometry of paths (n > 2), J. Douglas, [7], established 
the corresponding conditions. When n « 2, only one of the two conditions for rectilinear 
paths results from Douglas’ corresponding condition by particularization, the other does 
not. The reason is that, when n ** 2, the generalized Weyl projective curvature tensor 
(H. Weyl, [17]; J. Douglas, [7]) vanishes identically. 
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is always, and the curvature nearly always, a constant (being necessarily null 
if the main scalar doovs not vanish). There exists but one exception: the case 
in which the main scalar has the value db3/\/2 (§15). This exceptional case 
is studied in §§16, 17. In toto, there are six types of two-dimensional Finsler 
spaces of the desired kind. Four of these types depend on arbitrary constants, 
a fifth on an arbitrary function of a single variable (§18). Finally we determine 
all Landsberg spaces with rectiliiK^ar extremals (§19). 


I. Two-dimensional Finsi.er Spaces 


1. The metric. We start with an a-dimensional manifold with coordinates 
in which a variational problem with the fundamental integral 


(1.1) f F{x\x\ 


”) dt 


= r F(x,xOdt, 



is given. We suppose that F is analytic in a certain region SB of its 2n arguments 
to which we restrict ourselves, and that 33 contains no points with x'^ = 
= • • • = rr'” = 0. Further F is supposed to be positive and positively 
homogeneous of the first degree in x\ Finallj^, we suppose Fi > 0, where 


( 1 . 2 ) 





/ d^F 

dF' 

1 dx'* dx'* 

dx"‘ 

1 dF 
\ dx'* 

0 


The second factor on the right of (1.2) stands for the determinant of an (n + 1)- 
rowed matrix. A manifold of the considered kind is called an n-dimcnsional 
Finsler space, ^ and F its fundamental function. 

We interpret s as arc-length of the curve x* = x'{t). As element of space we 
regard the oriented line-clement (x, x'), that is, a point (x) and a direction 
(px'; p > 0) issuing from it. The quantities with which we have to deal 
(tensors, densities, and so on) depend exclusively on the line-element, i.e. they 
are positively homogeneous of degree zero in x\ 

The metric of a Finsler space is based upon the symmetric eovariant tensor of 
the second order 


(1.3) 


»..<»,») - 2 5prs?i' 


On account of 

(1.4) a = det. ((/a) = > 0. 

an R-dimensional euclidean metric is associated with each line-element (.r, x') by 

(1.5) da^ - git(x, r') dx' 


’ P. Finsler, [8]. 

* Repeated indices indicate summation. 
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This metric is particularly used for measuring the length of vectoi*s. According 
to the homogeneity of F we have 

(1.6) = F’, 


(1.7) 


gncx'^ 



Therefore orthogonality to the line-clement {x, x') in the metric (1.5) is identical 
with transversality to the line-element. 

In consequence of (1.4), the tensor gf**" conjugate to Qik exists. By means of 
Qik and the lowering and raising of indices is defined in the usual manner. 
We can therefore speak of covariant, contravariant, mixed components of a 
tensor. 

The unit vector of the line-element (a:, x^) has the contravariant components 


( 1 . 8 ) 


ji _ dx* _ 

da 


X 

T 


and the covariant components 
(1.9) 


li = 




Inner multiplication with the unit vector (i) is indicated by a zero, the position 
of which (above or below) does not matter; for instance 

(1.10) 7’o, = T,it = ftih , 7"® = T'^k = Tint. 


2. Extremals and parallel displacement. The deiivative The extremals 
of the variational problem 5s = 0 have the differential equations 


( 2 . 1 ) 


d ^ 

dt dx'* dx' 


With regard to F 



as 


1 and to the homogeneity of F, (2.1) can be written 


( 2 . 2 ) 



= 0 


or 

(2.3) 

where 


dl* ^ G\x,x') 
da F^ix, x') 


= 0 , 


(2.4) 


0\x, x') 



d\F^) 

dx'* 


djm 

da* J* 


G' is therefore positively homogeneous of the second degree in x'. 
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We indicate by the derivative of any function Mx, x') with respect to the* 

(iF 

arc .s of the extremal issuinp; from the line-element (j, j')- Because of - = 0 

(is 

and of the homogeneity of G\ we have 

(2.5) = 4>(ft) , 

where 


( 2 . 6 ) 


fix* a^'*- a.r'^' ■ 


If ^ does not depend on x', ^(») reduces to the partial derivative 


dx*' 


For a 


scalar ^(i) are the covariant components of a vector. If 4> is a tensor which 
is not a scalar, the differentiation • • •(*) does not generate a tensor. In par- 
ticular we have 


(2.7) 


= 0 . 


To introduce a covariant differentiation for other quantities than scalars, we 
define the parallel displacement of line-elements and the parallel displa(»ement 
of quantities from one line-element to another parallel. By analogy with the 
Riemann space, it is natural to take as coefficients of a connection hi the Finsler 
space the functions 


( 2 . 8 ) 






ihj . 


where 

= hiomj) + gjHi) ~ Qijih))- 


From (1.3) and (2.4) it follows that 


(2.9) 


rth'' 


30 “ 

dr''’ 


rtir'‘x" = 20' 


Tho parallel displarement of the lino-element (.r. .r') to the point + fix) is 
now defined by 

(2.10) dV + t r*7 dx' =dV + j dx’ = 0, 


and the parallel displacement of an arbitrary vectoi- A" from its line-element 
{x, x') to the line-element obtained from (r, x') by parallel displacement to the 
point (x + dx) by 

(2.11) dA‘ -j- AT7 = 0. 

The left member of (2.11) is the invariant differential DX' of the vector X’. 
For any quantity, it is defined in a corresponding way, as is well known. The 
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coe£5cient of dx^ in the invariant differential of a quantity $ is called the covariant 
derivative #!,• of the quantity. For instance, we have 


I x\, = xU + 

1 Tau = T.*0) - TrkVtf - r.vr:;, 


where XJy) , Tiku) are given by (2.6). (2.12) defines the covariant derivative 

also for sets of functions which behave like tensors under transformations of 
coordinates, but are not homogeneous of degree zero in x'. For a scalar, the 
differentiations • • • (o and - it are identical. 

From the definition of the covariant derivative and from (2.7), (2.10)-(2.12), 
it follows immediately that 


(2.13) 


I (a) Fy = 0, (b) giku = 0, 

I (c) 1|, = 0, = 


Besides the co variant derivative we use in the following the derivative 


(2.14) 






dx'^‘ 


For a function 4> homogeneous of degree zero in x', we have 
(2.15) ^Mo = 0. 


Both differentiations • • • i, and • • • ii/ generate from a given quantity a new 
quantity of the same kind having a subscript more. 

Finally, we state the connection between and (f. For that purpose we 
consider the symmetric tensor of the third order 


(2.16) 


Aikj = hQikWj = 4 ^ 


dx'* dx'* dx'' 


We have then 

(2.17) Af ^ -kit,, 

and with regard to the homogeneity of F 


(2.18) 

If we write 

(2.19) 


— A^ikj — 0. 


ax'»dx'> 


the connection sought is given by 
(2.20) r .7 = G\i - Alik 

• See E. Cartan, 16], VIII. 
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3. Permutation formulas. The difTorentiations • • •(;) and ■ • n, satisfy the 
permutation formulas 

(3.1) ^(i)(*) ~ = — 4'llr/iort-, 


where 

(3.2) 

and 



’ aV 

dx''do^ 


d^G' ^ dG'\ 

dx"‘di' dx"‘'^ '“dxV’ 


(3.3) + r*;). 

Roik is a tensor which results from Cartan\s curvature tensor Rla by inner multi- 
plication with (3.3) is obtained by means of (2.7) and (2.20). 


4. Two-dimensional Finsler spaces. Normal vector and main scalar. In a 

two-dimensional Finsler space, besides the unit vector (i), the normal vector, 
i.e., the unit vector orthogonal to (i), is of importance. If are its covariant, 
A* its contravariant components, wo have 

(a) Qik = Ixh + hxhk , 

(b) 6i = lit + hih’f'j (5^ == 1 for f = fc, = 0 for i ^ k). 


The connection between the vectors (1) and (h) is given with the aid of the 
etensor the components of which are 

€ll =0, €i 2 ^ y/g, €21 = — €22 = 0, 

1 


(4.2) 


11 n 12 1 21 

€=(),€=—,€= -- - , 

Vg Vg 


= 0. 


Here and later on, y/ indicates the 'positive root. It is seen that 

(4.3) e.it + ^ki = 0, €’*€,a = , t^€ik = 2. 

Now we obtain, if the orientation of the normal vector is suitably chosen 
'(a) V = ^^hk, k^tikh\ 

(4.4) (b) 

^ (c) 1‘A* - = «’*, lih - hhi = «.* . 

Using (2.13, b, c), wo have e,ti, = «]* = 0 and therefore 

(4.5) a;, = 0, hi\i = 0. 

The normal vector can be used for expressing the tensor by a scalar. 
With regard to (2.18) we can put 


(4.6) 


^ikj — ^^tAsiiy — Ihihkhj 


E. Cartan, [6], formulas (XIX), (XX), p. 36. 
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Hence we have in particular 

(4.7) W9)\M = Wghi. 

I is called the main acalar of the two-<iimensional Finsler spacc.“ 

6. The derivative . By means of the normal vector we define the deriva- 
tive 


Then we have converse! v 




4>(i) = + ^hh^ . 


For a function 4> positively homogeneous of degree zero in x'j the derivative 
corresponds to the difference of its values in the line-element (a*, x') and in 
the line-element obtained by parallel displacement in transversal direction. 
Since from (2.13c), (4.5) it follows that 

(5.3) = 


^i(j) f j 


we get 


( 5 . 5 ) hi = -T::h'h‘, 


ik). = {0>, = OUrh\ 

= {K)„ = T*:hrh\ 


The first equation (5.5) is taken from (2.3). 


6. Landsberg’s angle and the derivative . In a two-dimensional Finsler 
space, we introduce for functions which are positively homogeneous of degree 
zero in x', in addition to the derivatives the derivative with respect to 

Landsberg\s angle. Landsberg^^ defines the .angle at the point (x) by the 
integral 

( 6 . 1 ) ^ = = f h,df 

“ L. Berwald, [1], p. 204. There 3 « i/ is called the main scalar. 

G. Landsberg, [12]. 
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up to an arbitrary additive function of position. The angle between two line- 
elements (x, x') and (x, x') at the point (x) is defined by the definite integral 

(6.1) , taken from x'^:x'^ to 

Because of (6.1) we have = /?, and therefore, for a function ^ positively 
homogeneous of degree zero in x' 

( 6 . 2 ) ^\\i = 


From (4.7) and (4.2) it follows in particular that 
{gtk)a = 2Ihihk , 

(6.3) 


j I dt} 


,(\/fir)tf = IvO, Vg == >(>{x)e 

where <p{x) is an arbitrary function of position, and 
(6.4) (e.*)., = = -U"‘. 


Further we get from (1.8). (1.9), (4.4) 


(6.5) 


I il, = h', h\ = -V - IK, 
\{U), = h,, {hX, = -1. + IK. 


7. Cixrvature of a two-dimensional Finsler space. Cartan’s permutation 
formulas. On account of (2.13b), the parallel di.'^plaeement (2.11) is euclidean 
(or metrical). Th(‘refore the curvature tensor /?*,,* = gr,Iihii. is skew-symmetric 
in the two fir.st indices also.” Hence we hav'e Rotidr = 9 and 

(7.1) Rli,, = KKat . 

The scalar 

(7.2) K = mia.hrt'* 

is called the curvature of the Finsler space.” 

From tho porniutatioii formulas (3J), (3.2) we can now derive Cartan^s permu- 
tation formulas , which are fundamental for the two-dimcuisional Finsler space. 
Above all we have from (4.5) and (4.6) 

(7.3) = LKhlu . 

Now let 4> be a function positively homogeneous of degree zero in x'. From 

(3.1), (3.3) and (7.1), (7.3) (6.2) it follows that 

(7.4) y 

(7.5) ^(i)\ik — 4>iU(o = — 4>^(/«/?,i/n- + ArF*!). 

“ E. Cartan, [6], p. 36. 

K was introduced by A. L. Underhill, [16]. 

E. Cartan, [61, p. 121 ; see also P. Funk, [11]. 
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By going back to the defiuitiona of we obtain with regard to (5.5) 

and (6.5) Carton’s 'permutation formulas 


(7.6) 


4 ' 6 <» — — /#6 — 1 ,^ 0 , 

^•.6 — = — K ^/ t . 


From (7.6) and from Jacobi’s identity 

(7.7) - '^b,a) - {^s.b - «htf6.)) + cycl. = 0, 

where + ej'cl. stand.s for the terms whicii arise by cyclical permutation of s, b, ^ 
from the term written, we obtain, by eancelling a factor 4>,>, the “Bianchi” 
identity** 

(7.8) = 6. i 

8. The tensor FG',/,, • A£5nely connected Finsler spaces. In the following 
we put, for the sake of simplicity. 

rai) -r- -r* 

^ dF''’dx"‘dx'' dx^>dx’>‘dx''dx” 

In consequence of the homogeneity of G' we have GJ*r = GJor = = 0. 

Therefore if we decompose the tensor FG*u in components according to the 
vectors (1) and (A), there will appear only terms with I'hjhkhr and h'hjhkhr . 

By carrving through this decomposition, we find first from (2.19), (2.20), 

(7.3), (6.2) 

(8.2) FGUr = + {Lh'hihk)ihr . 

With regard to (6.5) we obtain 

(8.3) + n.)h'hM - I.iVhih- + h'hh + h'hik). 

On the other hand, we have from (2.8), (2.17), (J.b) 

(8.4) = g^r*Hk\\r - 2Ih%h„T*r. 


From (2.8), (7.5) and (4.6), (5.4) we get for the first term on the right of (8.4) 


(8.5) 


= [ih - IL)h%A - I.{l%hk 

- h%h 


h%ih)]hr + 2Ih%h„T^r. 


Hence we obtain finally 


(8.6) I FGUr = l-2/.r + (/ .tf ± Ib)h']hAhr . 


It appears first, expressed otherwise, in L. Berwald, [IJ, formula (78), p. 206. 
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In particular we hav(‘ 

(8.7) FG^ikr = + h)hihk . 

By operating on (8.7) with • • • ju = hm — y follows with regard to (1.9), (6.5) 

du 

that 

F^Grjkmr = [{I xO + /b)t> + ^1(1 ad + Ib)]hjhkhm 

( 8 . 8 ) 

^(lad + Ihj(l]hkhm + hjlkhm + hjkklm)- 

A Finsler space is said to be affinely co7inectedy if (7* arc quadratic polynomials 
in z'. From (8.6) it is seen that the two-dimensional affinely connected Finsler 
spaces are characterized by 

(8.9) /, = /6 = 0. 

According to the third permutation formula (7.6) wo have for these spaces 
either if = 0 or / = const. From (3.2), (7.2) we see that, for an affinely 
connected Finsler space with K = Oy the G}k , which are functions of position 
only, can all be transformed together to zero by a transformation of coordinates. 
Then it follows from (2.7) that F does not depend on z. The converse is evi- 
dent. Hence the affinely connected Finsler spaces with A = 0 are identical 
with the Minkowski spaces. The two-dimensional affinely connected Finsler 
spaces with I == c.onst. were determined by the author. In §14 wc come back 
to these spaces.^' 

II. Necessary and Sufficient Conditions for Two-dimensional Finsler 
Spaces With Rectilinear Extremals 

9. Differential equations for the vectors ({) and {h) in a two-dimensional 
Finsler space with rectilinear extremals. The definition of a Finsler space with 
rectilinear extremals was given in the introduction. In the coordinate system 
mentioned there, the differential equations of the extremals are 

(9.1) - x'^x"' = 0, (x'” = x''” = 

For a two-dimensional Finsler space there exists but one such equation. In 
this section, we seek conditions, invariant under transformation of coordinates, 
which are necessary and sufficient in order that a two-dimensional Finsler space 
may have rectilinear extremals. 

First we suppose that the considered Finsler space has rectilinear extremals. 
Let z* be coordinates for which the extremals are given by (9.1). It Is evident 
that (9.1) is equivalent to 

(9.2) G*’ = F^ql\ 


" Cf. L. Berwald, 11], pp. 207 f., 212 f., 216 ff.; E. Cartan, [5], p. 134 f. 
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where g is a function of x, x', positively homogeneous of degree zero in rc'. The 
The basis of our considerations is the system of equations (5.5), (6.5). On 
account of (9.2), it can be written as 

li = -2ql\ li = - qh\ = h'; 

h\ = —qd^ — qh\ hi = -“(^ + Iq^^ + qod)l^ ~~ Is)h\ 

h", = -r - lh\ 


(9.3) 

(9.4) 


In order to derive (9.3), (9.4), we can proceed from the first and the last equa- 
tion (9.3). Then the second permutation formula (7.6) gives the second equa- 
tion (9.3), which is identical with the first equation (9.4). By the same pro- 
cedure we obtain tht^ second equation (9.4) from the first and the third. 

Let us now^ consider the conditions of integrability of (9.3), (9.4). Two of 
them are identically satisfied, in consequence of the derivation of (9.3), (9.4) 
just given. The condition of integrability, which follows from the permutation 
formula for llo — l^b , is also identically satisfied. Each of the other permuta- 
tion formulas gives two conditions of integrability, since the coefficients of V 
and must be respectively e(|ual in both imnnbers. Thus we obtain six condi- 
tions of integrability: 

(9.5) q(t. = 2qb + qqi^ , 

(9.6) + <7. = -K, 

(9.7) qgb = (9 + Iqa + qua), — q{q + Iqn + q»o) + J »q» ~ ~ q’a ) 

(9.8) qq{^ — ^6 + + KI = , 

(9.9) {q + Iq^ + qdd)i^ -f- 27(g + + q^fd) + 2L = 0, 

(9.10) 3(g + Iq{^ + q^td) =/«,> + /&. 

In (9.8) we made use of the identity (7.8). 

10. Reduction of the integrability conditions. In tlu^ first place, we show 
that the conditions of integrability (9.5)~(9.8) can be substituted by the two 
equations 


( 10 . 1 ) 

( 10 . 2 ) 


K = 


= "“ 3(^6 + qqd)j 


the second of which is found by substituting the value of q^s from (9.5) in (9.8). 

Indeed, (9.5), (9.7), (9.8) follow^ from (10.1), (10.2). For, by substituting 
the value of from (10.1) in (10.2) and making use of the second formula (7.6), 
we obtain (9.5), and by substituting the value of 3(^6 + qqd) from (9.5) in 
(10.2), we get (9.8). In order to derive (9.7) we differentiate (9.5) with respect 
to d and apply the second permutation formula (7.6) for $ = . Thus we find 

= 2qM — q^h + + Qq^^ = 2(g6tf *“ q^h) + q^h + + qq^^ • 
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Now apply the first pennutation formula (7.6) to (/w — qob and form 
(q + Iqi> + qifi)8 . Then equation (9.7) results easily, in consequence of (9.5) 
and (10.1). 

11. Necessary and sufficient conditions for rectilinear extremals. From §10 
we see that the conditions of integrability (9.5)- (9.10) of the system (9.3), (9.4) 
of partial differential equations may be reduced to (10.1), (10.2), (9.10), (9.9). 
The first three of these equations can be written as 

(11.1) q, = -K - q\ 

( 11 . 2 ) qh = - qqs , 

(11.3) q&d = + Ih) — Iqd — q- 

The equations (9.10), (9.9) are equivalent to (11.3) and 

( 11 . 4 ) (/«,? + /ft),? + 2 /( 7 s,? + /ft) + 6 /,. = 0 . 

(11.1)- (11. 3) are a system of partial differential equations for the function q. 
In consequence of the permutation formulas (7.6), th(i conditions of integrability 
of this system are obtained by calculating th(‘ expressions 

.4 = q^h — (jbh + J^qif . 

B = “ qdt^s q>v> , 

C = ^,?ft,? — <7,?,>ft + + Iq^jh •+■ 


with the aid of (11.1) (11.3) and by equating the results to zero. The calcu- 
lation of A j Bj C is simplified by the remark that is given by (9.5), q^fb by 
(9.7), if </ft , g + Iqd + qdd are respectively replaced by their values (11.2), (9.10). 
A simple calculation shows that .1=0 reduces to 

(11.5) - 3 Aft = 0. 

For By we find first 


B = + (Ld + h). + IKdl 

Since the permutation formulas (7.6) give 

I sds ”i~ Ihe 1 8»d ~~~ I fib lbs J usd BlI d t 

we have further 

B = —^(Kd + IK + laajd . 

Because of the Bianchi identity (7.8), B is therefore identically zero. For the 
calculation of C, the second permutation formula (7.6) gives 

(ltd 4* Ib)»d (Isd + Ib)b = (ltd + Ib)d8 . 
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By means of this formula, we obtain 

C - + hh + 2/(/.. + h)]s 

- + 2 /(/.. + h) + 6 /,] - 2K^ - 2IK, 

or, with regard to (7.8) 

C = i[(L^ + h)^ + 2/(/.. + h) + 6/J. 

““ + 2I(IaO Ib) + 6 /,]. 

Consequently C is zero, if (11.4) holds. Hence we have: 

If (11.4), (11.5) are satisfied^ the system (11.1)-(1L3) is completely integrable. 
It is evident that the equations (11.4), (11.5) are necessary in order that a 
two-dimensional Finsler space may have rectilinear extremals. They are also 
sufficient. For let (11.4), (11.5) hold. Then the system (11.1)-(11.3) is com- 
pletely integrable. For a solution q of this system, all conditions of integra- 
bility (9.5)-(9.10) of the system (9.3), (9.4) are satisfied. But the first equa- 
tion (9.3) or 

(11.6) + 2qzi = 0 


states that the considered two-dimensional Finsler space has rectilinear ex- 
tremals. Therefore we have: 

A necessary and sufficient condition in order that the extremals of a two-dimen^ 
sional Finsler space he rectilinear is that the equations 


(11.4) 


(/a^ + /b)d 4“ 21 (I + h) 4~ 6/a = 0 


and 

(11.5) \Ki. -ZKb = 0 

be satisfied,}^ 


12. Geometrical meaning of (11.4). In the foregoing paragraphs, wc es- 
tablished the conditions (11.4), (11.5) in a purely analytical way which does 
not show the independent geometrical meaning of each of these conditions. We 
give therefore Still another deduction, which docs not possess this disadvantage. 

For that purpose we insert some general considerations, restricting ourselves 
to the case of two dimensions, for the sake of brevity. Let a two-dimensional 
manifold with coordinates z' be given and a differential equation 

x'\x"* -b 2G*(a;, x')) - -f- 2G*(x, x')) = 0, 

V “IT’* ~~dFr 


»• Cf. P. Funk, [11]. 
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where the functions G'{x, x') are analytic and positively homogeneous of the 
second degree in a:'.*’ (12.1) defines a system of general paths x' = x'{t) in the 
manifold. This system remains unaltered under the transformation 

(12.2) Q\x, x') = G\x, x') + p{x, x')x'\ 

where p is analytic and positively homogeneous of the first degree in x'}* We 
call (12.2) a projective change of the functions G\ A transformation of coordi- 
nates = x'(x) transforms 2G' in 


(12.3) 


2G* = 


= (2G'-\- 


The second and the higher derivatives 




dx'‘dx''‘dx 


}. = G',k. , 


d*G' 


dx’’ dx"‘dx'‘dx'”‘ 


= Gi 


jktm 


therefore transform respectively like the coefficic'nts of an affine connection 
(depending upon the line-element), and like tensors. To the projective change 
(12.2) of G* corresponds respectively the projective* change 


(12.5) 


(a) Q)k 




Ik 


I \ 


dp 


«; + 


V 

dj'^' ’ 



Q) 


ik» 


— G]k$ + 




^'P V 4- ^*P -/*• 

dx'’dx'’ ” dx'>dx"‘dx'‘ 


of the affine connection G)k , and of the tensor G]kH . 

It is evident that the extremals of a Finsler space form a system of paths, 
G* being defined by (2.4) in this case. Now the meaning of the condition (11.4) 
can be expressed as follows: 

.^1 necessary ami sufficient condition in order that in a two-dimensional Finsler 
space the functions G\ defined by (2.4), can be projectivcly changed in such a way 
that the transformed functions G' he quadratic polynomials in .r', is that equation 
(11.4) holds. 

Proof: In the first place, we consider a two-dimensional space with a system 
of paths (12.1). Let Q' be quadratic polynomials in x. Then the right member 
of (12.5b) is zero. Now we have from (12.2), in consequence of the homo- 
geneity of p 


( 12 . 6 ) 



We suppose here positive homogeneity with regard to the following applications to 
Finsler spaces. In general, mere homogeneity is supposed. 
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By substituting this value in (12.5b), we find as a necessary condition for 

(12.7) G)k» — iiGljkdl + G%ad) + GrajBk) — ^GljksX'* = 0. 

Conversely, if (12.7) holds, we put 

( 12 . 8 ) p^^^^2GUx)x"‘ 

where Gli = G)k are arbitrary functions of x alone. Then from (12.7) and 
(12.5b) we have = 0. Therefore (12.7) is sufficient too for Q' = 

Now consider in particular a two-dimensional Finsler space, and let G* be 
given by (2.4). Then, by multiplying (12.7) by — 3F and taking account of 
(8.6)“(8.8), (4.1b), we obtain (11.4) multiplied by VhjhkK . 

We can give the theorem just proved the form: 

A necessary and suffidefit condition in order that the extremals of a two-dimen- 
sional Finsler space form a qiiasigeodesic system of curves is that (11.4) be satisfied.^^ 
It is easy to prove this form of the theorem directly. We have to suppose 
that for the extremals is a homogeneous cubic polynomial in 

x', or that 

( 12 . 9 ) x'V^ ^ = ^^%(x)x'’x'^x'\ 

If we differentiate (12.9) with respect to x"", x"^, x", we obtain an equation 

which reduces to (11.4), multiplied by hjhphrha ^ as can be seen from §8 


13. Geometrical meaning of (11.6). 

that the system of functions 


Before considering (11.5), we observe 


(13.1) 


kU = 


dx'^dx^ dx'^dx^ 


pi dG’' pi dcr 


where G* are the functions which enter in (12.1), behaves by a transformation 
of coordinates like* a tensor, but is positively homogeneous of the first degree 
in x'. We call K)k the fundamental curvature tensor of the connection G)k . 
For a two-dimensional Finsler space, where G* are defined by (2.4), the funda- 
mental curvature tensor is connected with the curvature K by 
(13.2) KU = FKhUik , 

as (3.2) and (7.1) show. 


See J. Douglas, [7], p. 157 f., for n ^ 2 dimensions. 

Cf. P. Funk, [11]. For the name ''quasigeodcsic system of curves’ * see W. Blaschke 
and G. Bol, [4], p. 245. 
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Now the geometrical meaning of (11.5) is expressed by the theorem: 

In order that there may exist a projective change of the G^s defined by (2.4) which 
transforms the fundamental tensor of curvature of a two-dimensional Finsler space 
to zero, it is necessary and sujficient that equation (11.5) he satisfied. 

To prove this theorem, we first (establish a necessary and sufficient condition 
that in a two-dimensional manifold, bearing a system (12.1) of paths, the 
fundamental curvature tensor may be transformed to zero, by a projective^ 
change of G\ Then we suppose that the considered manifold is a two-dimen- 
sional Finsler space, and that (12.1) is the system of its I'xtnmials (2.2), and we 
show that the necessary and sufficient condition we found reduces to (11.5) if 
we introduce the curvature K and its derivatives with n'spect to s, h, d. 

Let (12.1) be the system of paths of a two-dimensional manifold. We denote 
the covariant derivative with respect to the G]k by a semicolon; for instance: 


(13.3) 


aa:* dx‘^dx"‘ ' 


Let K'jk be the fundamental curvature tensor of the connection Gjk obtained 
from the connection fr,‘* by the projective change (12.2). Then we have 


(13.4) 




+ 



1 -(^ll 

2 dx'^ ) ^ \dx/^ 



Hence the postulate K]k = 0 gives 

(13.5) 2 ~dx'’ r'‘ V'* 2 W* dxV 


dKr _ 
dx'J ’ 


Suppose now that (13.5) is satisfied. If we put 

(13.6) K]r = Kj, 
we obtain by differentiation and contraction the system of differential equations 

(13.7) + 

for the function p. The condition of integrability of (13.7) is 

P:i-.k V-Xi 2 L 2 V dx'* ),i 


(13.8) 


= UKilk - Kk;,) + mKirX'% - {KkrX'%]. 
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In consequence of the permutation formulas 


(13.9) 




■K) 


ik 





d^k 

dx'’ 


= 0, 


and of the homogeneity of p, we find for the left member of (13.8) the value 


dp 

dx'^ 




1 _ (^M 

2 dx'* } ’ Vdx'* 



which is zero, because of (13.5). Hence the condition of integrability of (13.7) 
becomes finally 


(13.10) UKr., - A\,;) + M(A;>xO;. ~ (Kkrx'^U = 0. 


Conversely, let (13.10) be satisfied. Then the condition of integrability of 
(13.7) leads back to (13.5). Hence (13.10) is a necessary and sufficient condi- 
tion in order that the fundamental curvature tensor of a two-dimensional 
manifold with a system (12.1) of paths can be transformed to zero by a projec- 
tive change of 

If the curves (12.1) are the extremals of a two-dimensional Finsler space, we 
have with regard to (2.0), (13.3) and to the symmetry G)k = Glj 

(13.11) — Tk;j = — Tku)- 

Further it follows from (13.2), (4.4), (6.2), (6.5), (4.1) that 

(13.12) Ki = FKlj , Kir = Kgri + KMi , = F(Kli + K^h^). 

If we introduce, by means of (5.2), the derivatives with respect to s and b 

instead of the derivative < 0 , we obtain in consequence of (2.7), (5.4), 

(4.4) and of the symmetry G]k = Glj 


iKj,k) - Kk(j) = FK,(ljhk - Ikk) - FK,ejk, 
[{Krjxnik, - {KrkX'%, = F{K, - K^.) €ik. 


By substituting these values in (13.10) and by dropping the factor —iFejky 
we get (11.5). 

From the theorems we proved in §§12, 13, we can also easily see that the 
conditions (11.4) and (11.5) are necessary and sufficient in order that the 


^ In consequence of these considerations and the corresponding ones in §12, we have 
incidentally the theorem: 

The conditions (12.7), (13.10) are necessary and sujfficient in order that a given system of 
paths (12.1) of a two-dimensional manifold be equivalent by point transformation to the straight 
lines of a flat projective space. 

Cf. also the end of §13. For n > 2 dimensions, J. Douglas, [7], p. 162 established the 
corresponding theorem, which is not however applicable when n 2. 
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extremals of a two-dimensional Finslcr .sjiace be rectilinear. For let the ex- 
tremals be rectilinear. Then, in a suitable coordinate system, (9.2) holds. 
Hence we obtain from (12.2) Q' = 0, by putting p = —qF. Therefore (12.7) 
and (13.10) or, what amounts to the same thing, (11.4) and (11.5) arc satisfied. 

Conversely, if (11.4) and (11.5) are .satisfied, the coefficients C}]k of the pro- 
jectively tran.sformcd affine connection (2.19) are functions of position only. 

It is easily seen that tlu' curvaturo tensor of the connection G)k is — . Since 

dx'^ 

(11.5) holds, this tensor is zero. Therefore* the G)k can altogether be trans- 
formed to zero by a suitable transformation of coordinates x* = x’(J). Then 

(13.14) gU = 0, = 0. 

Hence, in the new coordinate system, the diffcirential equation of the (*xtremals 
has the form 

(13.15) *' = 0, 
that is, the extremals are rectilinear. 


III. The Two-dimensional Finslek Spaces with Rectilinear Extremals 
THE Main Scalak of Which is a Function of Position Only 

14. The two-dimensional Finsler spaces with constant main scalar. We shall 
now determine all two-dimensional Finsler spaces with rectilinear extremals 
the main scalar of which is a function of position only. In order to avoid 
interruptions later on, we first reproduce briefly the manner in which all Finsler 
spaces with I = const, can be determined, and we add a simple remark on 
these spaces. 

The Finsler spaces with I = const, belong to the class of Finsler spaces for 

p^ 

which — is a quadratic polynomial in x'. In fact, if we differentiate — 

■Vg Vg 

three times with respect to x' and if we u.sc (1.9), (2.14), (6.2)-().5), we get 
successively 


(14.1) 


(14.2) 


(14.3) 




dx'*dx'^dx 


w (vs) ■ “ "'>***‘*>- 


The two-dimensional Finsler spaces, for which 


(14.4) 


Vff 

** L. Berwald, [1], p. 216 ff. 


— 0iifc (^) ^ ^ f (0*ib — 0iw) f 
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are therefore characterized by + lid == 0. With regard to (14.2) and 
(4.1a), we have from (14.4) 

(14.5) gtib (^) “ T” \Qik \I (lihic Ikh^ 
and from (14.5) 

(14.6) 0 = 1 - , 

where g = det. 

Suppose now in particular 1 = const. Then wo have from (6.3) 

(14.7) Vg = 

since we can choose in (6.3) <p(x) = 1 without loss of generality for the following 
considerations. Therefore it follows from (14.4) that 

(14.8) F = 

Now it remains to det(*rmine as function of x\ For that purpose we dis- 
tinguish the three' cases 

(14.9) 0 = I - jr I 0, 

and understand by two linearly independent Pfaffians so that A == 

a\fi 2 ~ > 0. ^^^e put in the case 

(a) /' < 4: 

(14.10a) + (piX'^Y] ; 

(b) r = 4: 

(14.10b) ux''x"' = l(aix'y; 

A 

(c) r > 4: 

(14.10c) {aix'')(p,x"‘). 



(14.12b) 
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(14.12c) + 

where is an arbitrary function of position. By substituting the.se values 
in (14.8), we obtain finally, by means of (14.9)- (14.12), the followuig types of 
two-dimensional Finsler spaces with I = const. 


(14.13a) f < 4 




(14.13b) 7* = 4 


F 



a,*' • 


(14.13c) 


F = (a.x'‘) 






In consequence of (14.10) and (14.12) a multiplicative positive function of 
position would center in (14.13). W(' have taken it in in a* , fit . 

For the Finsler spaces with / = const. W(* have the following theorem: 

If the curvature of a two-dimensional Finsler space with constant I 9 ^ 0 is a 
function of position onli/y the space is a Minkowski space. 

Indeed, because of / = const, the Finsler space is affinely connected (§8). 
With regard to 1 = const., I 0, = 0, the Bianchi identity (7.8) gives 

A' = 0. Henc(j the space is a Minkowski space (§8). 


16. Theorems on two-dimensional Finsler space with rectilinear extremals. 

In the first place, we establish some th(‘orems which hold for Finsler spaces 
with rectilinear extremals. 

Theorem 1. When for a two-dimensional Finsler space with a quasigeodesic 
system of extremals the main scalar is a function of position only, it is constant. 
Proof: From the hypothesis 

(15.1) h ^ 0 

it follows, with the aid of the first two permutation formulas (7.6), that 

(15.2) Iho = Ih , Ihif = ’-Is — Ilb . 

By substituting these values in (11.4), we have 

(15.3) Ih + 27, = 0. 

If we differentiate (15.3) with respect to and take note of (15.1), (15.2), we 
obtain 

(15.4) (/‘^ - 2)76 + IIs = 0. 

The determinant of the equations (15.3), (15.4) for l6 , 7., is 4 — 7^ Therefore 
we have either 7^ = 4 or h = h — 0, that is, in each case, 7 = const. 

Theorem 2. A two-dimensional Finsler space with rectilinear extremals for 
which 7^ is a function of positioii only and f, has constant curvature. 
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Proof: With regard to theorem 1 we have by hypothesis 

(15.5) (a) / = const., (b) = 3A'fc . 

Because of (15.5a) the Bianchi identity (7.8) gives 

(15.6) Aj = -lA. 

In consequence of I = const., it follows from (15.6) that 

(15.7) (a) A,, = -/A, , (b) A,, = -IKt . 

By substituting the value of A^, from (15.5b) in (15.7a), we find 

(15.8) /A. + 3Kt = 0. 

If we differentiate (15.8) with respect to t?, and make use of (15.5), (15.7) and 
of the first two permutation formulas (7.6), we obtain 

(15.9) 3A« + 2m = 0. 

The determinant of the equations (15.8), (15.9) for Ki , A« is 2P — 9. Ac- 
cordingly we get from (15.8), (15.9) Ab = A« = 0, when f . Finally, the 
last permutation formula (7.6) gives AA,y = 0. Hence A = (*onst. 

As a corollary of theorem 2 and the theorem of §14, we have 
Theorem 3. A two’^imemional Finsler space mih rectilinear extremals for 
which is a function of position only and 5 *^ 0 , f is a Minkowski space. 

For such a space is A = 0. 


16 . The exceptional case V = 1. We shall now determine the two-dimen- 
sional Finsler spaces with rectilinear extremals for which 7" = f . Let us begin 
with some general remarks. 

We write in the following 

(16.1) .r^ = j*, x" = //, 

and we denote partial differentiation by subscripts. It is known that the 
differential equation of the extremals of a two-dimensional Finsler space can be 
written as follows 


- F,^, + Fy{x^y" - - 0 , 

V = x'y ' _ 

From (16.3) we hav(' 

(16.4) F,y. - Fy,. - 0 


(16.2) 

where 

(16.3) 


as a nectessary and sufficient condition for rectilinear extremals. By differenti- 
ating (16.4) with respect to r' or y\ we obtain, in consequence of (16.3), the 
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necessary condition 
(16.5) 




Now let us consider a two-dimensional Finslcr space with With 

regard to (14.13e) and (16.1), wc have for such a space 

(16.6) F . 

'ix' -f- by' ’ 

W'e multiply the numerator and the denominator by {ab — and put 


(a6 — jSy 0). 


(16.7) 

Then we obtain 

(16.8) 
where 
(16.9) 


(ab — 0y)^' (ab — jSy)*’ 

1 J) — ^ , 

(ab — /Jy)*’ (ab — fiy)^ 

_ (Ax' + By'? 

Cx' -h Dy' ’ 

AD - BC = 1. 


Without loss of generality, wc can suppose D 7 ^ 0 . For, if Z) = 0, C 0, 
we arrive at D 0 by permuting x and y. Then we have 

(16.10) A = 
and 

( 16 . 11 ) F . + “ar' + IfiCz' + d,')}. 

We start with the form (16.11) of the fundamental function F and firstly make 
use of the necessary^ condition (16.5). For the function (16.11) we have 


(16.12) 


Fi = 


(Cx' + Dy'y 
Consequently condition (16.5) runs as follows 


(16.13) + + f)*V+^(!,0'.O. 

Since C, D are functions of position, (16,13) drops into the system of differential 
equations 



106 


L. BERWALD 


which gives, by integration, 

(10.15) C = —ay + c, Z) = ox + {a, c, d constants). 

Now we distinguish two cases: 

(a) a = 0. 

(16.15a) C = c, i> = d. 

(b) a 5^ 0. 

(16.15b) C = —a(y — i/o), D = a{x — Xo). 

In case (a) we make the transformation of coordinates 
(16.16a) X = X, § = d^{cx + dy) 

and put 

(16.17a) i B(x, y) = ^ ^ ^ 

By substituting in (16.11) and dropping the bars, we obtain 

(16.18) 

In case (b) the transformation of coordinates 




Further we put 

(16.17b) -i B(x, ,) - -^ B Q + ^ I + . ,(x, s). 

By substituting these values in (16.11) and dropping the bars, we recover 

(16.18). 

The fundamental function (16.18) satisfies the necessary condition (16.5), 
but not yet the necessary and sufficient condition (16.4). This condition gives 
for z the differential equation 

(16.19) 

(16.19) has the obvious solution z = const, which gives a Minkowski space. If 
z is not constant, integration of (16.19) leads to 

(16.20) X + yz = "^(z), 

where ^ is an arbitrary function of z (which we suppose to be analytic). 
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Hence we have: 

The fundamental function of a two-dimensional Finsler space with rectilinear 
extremals and = f which is no Minkowski space, can be brought by a suitable 
transformation of coordinates, to the form (IG.18), where z is a non constant solu- 
tion of (16.19). These solutions are given by (16.20), where ^( 2 ) is an arbitrary 
function of z. 

In §17 we shall see that non constant solutions of (16.19) exist which never- 
theless give a Minkowski space. 


17. Space curvature in the exceptional case. We calculate now the curvature 
K oi a Finsler space* with rectilinear extremals and P = using (11.1). The 
function 


(17.1) 


Q = 


1 

F2 


kO^ 


introduced b}' (9.2), is connected with F by 


(17.2) 

as is seen from 

(17.3) 


1 dF , 


dF 


dF a-'* 1 


Further we have from (9.2) 

(17.4) 


9 . 


Fdx' ’ 


if we note the homogeneity of q in the r'. 

Now let F be given by (16.18), (16.19). 

(16.19), the partial derivatives f for the derivatives ^ 

^ ^ dx dx^ dydydx 


riien we substitute, with the aid of 


(17.5) 


~ ~ _4- ( Y 

dy " dx ’ dydx ^ dx^ \dx/ * 


Moreover it follows from (1().20), by partial differentiation with respect to j, 
that 


'25= J 

dx ^'( 2 ) — y' dx- (^'( 2 ) — zY' 


where the primes indicate differentiation with respect to z. Thus we get 


(17.7) 




and by substituting these values in (11.1) 


(17.8) 


- y)* 4- gyV ' 
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From (17.8) we see that K is then and only then a function of position only, 

when^ is linear in z. In this case we obtain from (16.20) z (lo , 

V -Vf> 

yo constants). With regard to the theorem of §14 and to the remark on the 
case z = const., made in §16, we have: 

When, and only when, the function z which enters into the fundamental function 
(16.18), (16.19) of a two-dimensional Finsler space with rectilinear extremals and 
/* = 1, has one of the values 

z = zo, z = — (xo, yo, 2o constants) 
y - yo 

the space is a Minkowski space. In every other case the curvature of the Finsler 
space depends on the line-element. 

For z = Zo the transformation of coordinates 

(17.9) X = X + zoy, ^ y, 


for z = 


X Xo 

the transformation 

y - yo 


(17.10) 


X — Xo 

y - yo' 


y = 


1 


y - yo 


carries over the fundamental function in 


(17.11) 


F = 


(jO* 

9 ' ' 


18. Table of all two-dimensional Finsler spaces with rectilinear extremals 
the main scalar of which is a function of position. Now we are able to set up 
a table of all Finsler spaces with rectilinear extremals the main scalar I of which 
is a function of position only, and therefore (§15) constant. For ^ 0, f 
these spaces are Minkowski spaces (§15). For / = 0, we have K constant 
(§15). Consequently the corresponding spaces are the Riemannian spaces of 
constant curvature. The case /* = i was discussed in §§16, 17. With regard 
to (14.13), we obtain the following table: 


(/.) 

K ■■ 

= const.. 

7^0. 7 = 0. 

{N on-euclidean spaces). 




(1) 

K 

1 

• F = kfl«I 

+ yW 

1 

+ 

(a* 

+ 

**)(yO*l* 

k* 



o* + X* + y* 



1 

(2) 

K 

1 


- y*)(*0* 

+ 2xyx'y' + 

(d^ 

— 

**)(yO*l*. 




■ a* — X* — y* 



f 


(k > 0; o = const. > 0). 

(II.) K = 0. I ~ const. (Euclidean space, respectively Minkowski spaces 
with I — const. ^ 0). 
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(3) r<4 : F = l(x'r + 

y' 

(4) /* = 4 : F = x'F 

(6) 7* >4 : F = 

(111). K variable, f = |. 

(x^ 4- ziy')* 

(6) F = * , a; + 2/2 = ^( 2 ), arbitrary function, ^"( 2 ) 0). 

y 

This table shows that the two-dimensional Finsler geometries with rectilinear 
extremals and constant curvature K 7 ^ 0 which are not Riemannian (Hilbert’s 
geometry and its generalization, Plunk’s geometry of the specific metric and so 
011 ),^^ have a main scalar which depends on the line-element (x, y] x', 2 /'). The 
same is true for the two-dimensional P'iiisler geometries with rectilinear extremals 
and JRl = 0 which are not Minkowski geometries.^^ 

Finally, let us remark that the spaces, enumerated in the above table under 
(/.) and (//.)> admit a continuous three parameter group of transformations 
into themselves.^* 

19. Landsberg spaces with rectilinear extremals. A Landsberg space is a 
two-dimensional P'insler space with 

(19.1) L = 0.'' 

The Landsberg spaces with rectilinear extremals are characterized by (19.1), 
(11.4), (11.5). In consequence of (19.1), equation (11.4) becomes 

(19.2) = -2Ih. 


First, we have, corresponding to / »* ±2, the two fundamental functions F « a/e*' , 

F* * x'e The transformation of coordinates i =■ x, y * — y transforms F* to F, if we 
drop the bars. 

P. Funk, [9], [10]. 

*• For the spaces (II), (4), (6) cf. E. Nohel, [14], (especially groups 16, 20, 25), A. Mac- 
cone, [15], E. Cartan, [5], p. 135. In these papers, the space (II), (3) does not appear, 
because they take as starting point the complex domain, where the types (II), (3) and (II), 
(6) are not different. All spaces (II), (3)-(5) figure in S. Lie and F. Engel, [13], p. 435 ff.; 
but their da is not there given. 

These spaces were first considered, from another point of view, by G. Landsberg, 
[12], p. 334 f. See also L. Berwald, [1], pp. 208 f., 211-213; E. Cartan, [5], p. 133 f. 
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From (19.1) and (19.2) wc obtain, with the aid of the permutation formulas 
(7.6), the formulas 

I^b = ““lib f Ids = ““Ih f 

li^Ob = ( — /,? + 7^ ■” l)A, I^Om = 3//6, 

I^^db = {“~Id^ + 311^ — 7* + 4I)Ibj = (47tf — 71^ + l)/6, 

hoo,b = + 47/.. + 37*. - 67*7. + 87. + 7* - 117* + Dh, 

which we shall use later on. 

We desire to determine all Landsberg spaces with rectilinear extremals. For 
that purpose we state first the following theorem: 

The Landsberg spaces, the extremals of which form a quasigeodesic system of 
curves (§12), are identical with the two-dimensional affinely connected Finsler 
spaces. (§8). 

Proof: A Landsberg space with a quasigeodesic system of extremals is 
characterized by (19.1), (19.2). In consequence of (19.1) the Bianchi identity 

(7.8) reduces to 

(19.4) TC. = -IK. 

The third permutation formula (7.6) gives 

(19.5) hs = Kh . 

Now apply the second formula (7.6) to 4> = L, . On account of (19.2), (19.5), 
(19.4), it follows that 

(19.6) Ibb = Ihtd — Ib^9 = K{Iod + 7/.). 

Further we get from the first permutation formula (7.6) 

Ibdb = Ibb(f + Ih» + Ilbh . 

When we calculate both members by means of (19.2), (19.4), (19.6), we obtain 

(19.7) 27* + 7l(7... + 377.. + 7| + 27*7. + 7.) = 0. 

Differentiating (19.7) as to ^ and using (19.2), (19.4), we find 

(19.8) 7l[7.... + 677... + (57. + 117* + 1)7.. + (77. + 67“ + 3)77.] = 0. 

If 7C = 0, it follows from (19.7) that h = 0. The space is a Minkowski space, 
because of 7, = 7/, = 7 l = 0 (§8). 

Now let 7C 0 and differentiate the second factor on the left of (19.8) with 
respect to b. With regard to (19.3), it follows that 

(19.9) 76(7... + 377.. + 7^ + 27*7. + 7.) = 0. 

If Ib = 0, the space is an affinely connected space with 7 = const., on account 
of (19.1) and T: 5 ^ 0 (§8). If 
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(19.10) Iddd “1“ 4" “h 2/^/j? 4“ = 0, 

(19.7) gives again h = 0. 

Conversely, it follows from (8.9) that for a two-dimensional affinely connected 
Finsler space (19.1), (19.2) arc satisfied. 

Now it is easy to find all Landsberg spaces with rectilinear extremals. We 
must only take, from the table of §18, the spaces with K 9 ^ Q and add all 
Minkowski spaces. Hence we have the theorem: 

There exist hut the following types of Landsberg spaces with rectilinear extremals: 
(7.) jRl = 0: Minkowski spaces. 


F = F{x\ y'). 

{II.) K = const, j 9 ^ 0: N on-euclidean spaces. 

(1) X = - : F = k - ^xyx'y' + (o^ + 

o* 4” 4“ ^ 

( 2 ) K = -^ • F = k ~ y^Hx'y + 2xyxY + (d‘ - x’‘)(p'y]\ 

^ fc* ' a* - X* - j/* ’ 


(k > 0 , a = const., > 0). 


(III.) K variabU-. 

F =s X + j/z = 4'(^t ('k arbitrary function, \k''(^) ^ 0)- 

y 

Prague, Bohemia. 
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ON UNITARY REPRESENTATIONS OF THE GROUP OF 
DE SITTER SPACE 

By L. H. Thomas 
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The ten-parameter group of motions of De Sitter space is that of The real 
homogeneous linear transformations of w, x, y, z, and that leave + 

t/2 + _ 12 invariant and that can be built up from infinitesimal transforma- 

tions. It contains the sub-group of the real homogeneous linear transformations 
of X, y, and z, that leave + x' + y^ + 2 - invariant and that can be built 
up from infinitesimal transformations, the six-parameter group of rotations of 
four-dimensional Euclid(*an space. 

We seek diflfcrentiable representations by unitary matrices, in general infinite, 
of groups locally isomorphic with the ten-parameter group. Hermitian matrices 
are found for the infinitesimal transformations of repres(‘ntations which admit* a 
transformation, perhaps to generalised matrices with a continuum of rows and 
columns, reducing the six-parameter sub-group to a ])roduct of its irreducible 
unitary representations. 

1. Intuoduction 

Wigner^ has recently discussed the unitary representations of the inhomo- 
geneous Lorentz group. If this group is regarded as the group of motions of a 
flat three plus one dimensional Riemannian space, it may be regarded as the 
limit for zero curvature of the group of motions of De Sitter space. Dirac^ 
has considered the form that the electron wav(' equations take in De Sitter space. 
It is of some interest to discuss the unitary representations of the group of De 
Sitter space, which should be relevant to the quantum theory of the external 
properties of systems moving in such a space. These representations are in- 
vestigated here by the standard methods of matrix-mechanics,* applied to the 
infinitesimal operators of the group, and it is believed that no differentiable 
representations admitting a transformation reducing the representation induced 
in the group of motions of a three-dimensional sub-space of constant positive 
curvature have been missed. The argument, however, lacks logical rigor in its 
application to the representations depending on continuous parameters. 

‘On Unitary Representations of the Inhomogeneous Lorentz Group. Annals of Mathe- 
matics 40 (1939) p. 145. 

* The Electron Wave Equation in De Sitter Space. Annals of Mathematics 36 (1935) 
p. 657. 

’See e.g. Born and Jordan. Elementare Quantenmechanik. Ch. III. Springer (1930). 
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2. The Infinitesimal Operators of the Group and their 
Commutation Relations 

, f d d\ ,, { d d\ 

y dz dy/’ \ dx bz)' 

V /a ^ ( b b\ 

\ bx bw/ \ 

2.11 

md 

2.12 

\ bw btj’ 

are a complete set of ten self-adjoint linear differential operators of the group, 
satisfying the 45 commutation relations: — 

MiV - ATM = iL, MZ - ZM ^ iX, YN - NY = iX, 

LX - XL -- 0, YZ - Zr = iL, 

NL - LN = M, NX - XN = tF, ZL - LZ = iF, 

2 21 

MY - YM -- 0, ZX - XZ = iM, 

LM - ML ^ lAT, LY - YL = iZ, XM - MX = iZ, 

NZ - ZN ^ 0, XF - FX = iX; 

MW - WM = tf7 VN - NV = lU, LU - UL = 0, 

YW - WY = 0, VZ - ZV = 0, 

NU - UN ^ tF, WL - LW = cV, MV - VM = 0, 

ZU - UZ ^ 0, IfX - XTF = 0, 

LV - VL = iW, UM - MU = I.W, ■ NW - WN 0, 

XF - FX = 0, UY - YU 0, 

UX - XU = if, LT - TL = 0, XT - TX = lU, 

FF - FF = iT, MT - TM = 0, FT - TY = iV, 

WZ - ZW = tT, xr - rx = O, ZT - TZ = iW; 


2.22 
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UT - TU = tX, VW - WV ~tL, 

FT - TF = iF, WU - UW = - tM, 2.23 

W7' - riF = tZ, C/F - Ff/ = - lAT. 

The^ first six of those operators (2.11) satisfying the first fifteen commutation 
relations (2.21) are a complete set of operators of the six-parameter sub-group. 

To any differentiable represc^ntation of the ten-parameter group there must 
correspond a representation of these operators. If the representation of the 
group is unitary, that of these operators is Ilcrmitian. A transformation re- 
ducing a repres(intation of the sub-group to a sum of its irreducible unitary 
representations must reduce the representation of its operators to a sum of 
irreducible Hermitian representations. 

The commutation relations of the displacement operators for free motion in 
quantum theory in De Sitt(T space can b(' reduced to the above form by change 
of phas(‘. 


3. Outline of the MErnon Employed 

Let the (known) representations of the operators, .1 = L, M, .V, X, F, and 
Z, of the sub-grou]) be ('xpressed in the form (in Dirac’s notation) 

(a I A(0) 1 a') 3.1 

where /3 is a set of j)aram('ters taking a denumerable* infinity of discrete* values, 
eine^ fe)r each irreducible representation, and a, a', are sets of parameters number- 
ing the columns and rows of the matrices, and taking foi* each /3 onl^^ a finite 
number of discrete value\s. Then a transfe)rmatie)n re*ducing a representation 
e)f the* sub-gre)up to a sum of these representations reduces it to the form 

( alA ( fi ) la ') 3.2 

whe*re' is the usual Kronecker 5; 7 , y\ are sets of parameters numl)ering the 
columns and rows of the (generalised) matric(*s, taking for each /?, perhaps a 
continuous, perhaps a discrete* set of value's, perhaps no values at all, and 
5yy> is te) be interpreted ae*cordingly. 

If the remaining operators, P = l\ F, W, anel 7\ e)f the group admit the 
transformation, they take* t he form 

(7, P , a \ P \ 7', a '), 3.3 

The 24 commutation relations of the /^'s with the .4^s (2.22) enable us to ex- 
press the P’s in the* fe)rm 

(7 I P(^, 0 ') I 7')(« I 0') I «') 3.4 

where (a | P(j8, jS') \ a') are determine'd, and indeed for any 0 fail to vanish only 
for at most four values of 

In virtue of the fifteen commutation relations of the A’s (2.21) and the 24 
commutation relations of the P’s with the A’s (2.22), the remaining six commuta- 
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tion relations of the P’s (2.23) follow from any one of them. This one then 
determines possible forms for (7 | P(fi, /S') | 7 '). ‘ 

4. The Representations op the Sub-group 

The work is shortened if the sub-group is expressed as the direct product of 
two three-parameter groups. 

Let Ai = L -|- X, As — L — X, 

= M +Y, 5* = M - F, 4.1 

Cl = N + Z, Ct = N - Z, 

so that any one oi and Ci , commutes with any one oi At, Bt, and Cj , 

and these are the operators of factor groups for either of which 

BC -CB = 2iA, 

CA - AC ^ 2iB, 4.2 

AB - BA = 2iC. 

If 4 - tB = C_ , 

A -|- iB = , 

we have CC- - CjC *-2C_, 

CC+-C+C = 2C+, 4.3 

C_C+ - C+C- = -4C , 

and the only non-zero components of an irreducible (Hermitian) representation 
may be brought to the form 

(m I C_ I w -I- 1) = 2V{(J - m)<J -f- ?w 4- l)j, 

m = -j, -j + 1, ■■■ ,j - 1, j, ^ ^ 

(m I C+1 TO - 1) = 2V{(j + m)(j - TO -1- 1)}, 

(to I C I to) = 2ot, 

where for different representations 

j = 0, J, 1, i, • • . . 4.6 

Thus we may take for /3 above ji and jt for these factor groups, taking any 
values from (4.5), and for a above mi and m 2 satisfying (4.4), and the matrices 
representing L, M, N, X, Y, and Z, may be written down immediately, in 
particular 

(toi , TO* 1 Z(Ji , 32) I TOi , m2) = mi - m2 4.6 

for TOi = -ji , -ji + 1, , ji , w»x = - 32 , + 1, • • • , 3* , the remaining 

components vanishing. 
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5 . The Determination of (« | P ( fi , /S') J a') 

The 24 commutation relations (2.22) give for the operators of the first factor 
group 

(T + iW)C - C(T + iW) = -(T + ,W), 

5.11 

(f/ - I.V)C - C{U - iV) = {U - iV), 

(T + i.w)c+ - c+ir + iW) = 0, 

5.12 

iu - iT)C_ - C-iU - tF) = 0, 

(T + iW)C- - C_(T + tW) = -2t((/ - tF), 

5.13 

{U - iV)C+ - C+{U - tF) = 2t(77 - tF), 

and similar equations for T — tW and V — iF with C+ and C- interchanged 
and the sign of C reversed; and for the second factor group similar equations 
with the sign of T reversed. 

For (5.11) to hold it is necessary and sufiicient that a component of the trans- 
formed representation of T + tlF vanish unless m' = m — one of (7 — tF 
unless wi' = m -j- and then for (5.12) to hold that in these cases they involve 
m only in factors V{(j + — to -f- — rn)\/(j' w — i)!} and 

VjO ~ -f TO -f 5)1/0 + — TO — §)!) respectively. (5.13) 

gives then 

IO-/)^-i}(0 + / + i)*-i} = 0 , 

so that the components vanish unless / = j — ^ or f = j -1- and we must 
have for the only non-zero components, 

(X, ji,mt\T + tTF 1 X', ji - TOi - ^) = (X 1 u{ji) \ + m), 

(\ji , TOi 1 2’ -f tlF I X', ji -f TOi — ^) = (X I v(ji) I X')v'0’i - wii + 1), 

(X, ji, TOi I (7 - tF I \',ji - i TOi + ^) = -i(X I u(j,) I X')\/(jt - >wi), 

(X, ji , mil U - tF I X', ji -I- TOi -f i) = t(X I v(ji) 1 X')v/(ii + TOi + 1), 

where X includes 7, jt , and TOj ; necessary and sufficient conditions that (5.11), 
(5.12), and (5.13), be satisfied, u(ji) and v(ji) being arbitrary matrix functions 

of ji for == i, 1, f, • • • , and for ji = 0, J, 1, • • • , respectively. 

Similarly, for their only non-zero components, 

(X, Ji.mlT - tlF I X', ji -f- i TOi -f i) = (X I u'Oi) I + mi + 1), 

(X, ji , TOj 1 T - tlF 1 X', ji - i TOi •+ J) = (X 1 c'(ji) 1 X') V(ii - mi), 

(X, Ji , wti 1 (7 -1- iF 1 X', ji + 4, Wi - I) = t(X 1 w'Oi) I X') v'(ii - Wi -b 1), 

(X, + iF I X', ji - i ffii - J) = - i(X I v'(Ji) 1 X')V0i + mi), 

where u'(ji) and v'(ji) are further arbitrary matrix functions of ji for ji = 0. 
i. 1. • • • , and for ji = i, 1, f, • • • , respectively. 
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Combining these results with the corresponding results for the second factor 
group, for which the components of T + tW are connected with those of C/ + 
iV, and those of T — iW with those oi U — tF, we obtain the necessary and 
sufficient conditions that the 24 commutation relations (2.22) be satisfied with 
L, M, N, X, Y, and Z, given as in (4.). The only non-zero components of 
T+ iW, U - iF, U + iV, and T - tW, have the form 

(■y, ji , mi , ji , I T + iW I y', ji - mi - ji - i TOj 4- 

= (y I I tOVKji + mi)(ji - mi)\, 

( 7 , ji , mi , ji , mt I T -f- iW 1 y', ji •+■ nii — ji — mi -|- 

= (t 1 g{ji , j 2 ) 1 y'W\ (Ji - mi + l)(jfj - mi)\, ^ ^ 

( 7 , ji , mi , ji , nii I r -f- ilF 1 7 ', ji - i, »ii - ji + Mi -f .J) 

= (7 1 1 y')V{{ji + mi){ji + mi + 1)1, 

( 7 , ji , mi , ji ,mi\T+ lW I y', ji -h i, mi - ji + nii + h) 

= (7 I kiji , 3i) I y')V{(ji - mi + l)(ji + Mi + 1)1. 

( 7 , ji , mi , ji ,mi\U- iV j y', ji - mi + I, ji - i nii + i) 

= -‘(7 \f(ji,j 2 ) I 7')V'!(ii - mi)(j 2 - mi)\, 

( 7 , ji , mi , ji ,nii\U - iV \ y', ji + J, Wi -|- ji - nii -f i) 

= ‘(7 I g(ji , is) I 7')v'{(ii + mi 4- DCis - r« 2 )l, 

( 7 , ii ) mi , ji , nii I t/ — tF I y', ji — 5 , wti 4- j, is 4* 2 , Ws 4- 2 ) 

= -‘(7 1 h{ji,ji) 1 y')V\{ji - mi){ji 4- nii 4-1)1, 

( 7 , ii , mi , ji , nii I U - tF I y', ji + w, 4- 2 , is 4- 5 , nii 4- D 

— ‘(7 I Kji , is) 1 7')v^i(ii -1- nil 4- l)(i 2 4- nii 4- 1)1, 

( 7 , ji . mi , ji , nii I 6^ 4- tF I y', ji - wt, - ji - ^ nii - 5 ) 

= ‘(7 l/(ii , is) 1 7')V!(ii -1- mi){ji 4- »is)l, 

( 7 . ii , nil , is , nii I C 4 - tF I y', ji 4- 2 , mi — 5 , j/« — 2 , nii — I) 

= ‘(7 I g(ji , is) I ylVlUi - nii + i)(is 4- mi)], 

( 7 . ii . mi , is , Wis I t/ 4- iF 1 y', ji - mi - I, ji 4- h mi - i) 

= - ‘(7 I Hji , is) I 7')\/t(ii 4- wOCis - mi 4-1)1, 

( 7 , ii , mi , is , nii I U 4- tF | y', ji 4- h mi - 4, ji + J, ms - i) 

= -t(7 1 k{ji,ji) I 7')V!(ii - nil 4- l)(i2 — nii 4- 1)1, 

( 7 , ii , mi , ji , ms I F - tlF I y', ji - i mi 4- i is - i Wj - |) 

= -(7 l/Ciiiis) 1 y')V{(Ji - mi)(ji 4- wis)}, 

( 7 , ji , mi , ji , Mi j T - tlF 1 y', ji 4- mi 4- i, ji — i, ms — J) 

= (7 I giji , is) 1 7')v'{(ii 4- mi 4- l)(is 4- »ras)l. 
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(7, ji , m , , m2 1 r - iW I 7', ji - i + iy jz + i m2 - i) 

== (7 I Hjiji) I 7 Vf(ii ~ mi) 0*2 - mo + l)j, 

(7, ii , mi , j2 , m2 I T - lW \ 7', ji + J, mi + jz + i m2 - J) 

= ~(7 I Hjiyjz) I 7')\/IO’i + mi + 1)0*2 - m 2 +1)!, 

where /0i , i2), oiji , ^’2), AO'i , jz)y and k(ji , ^2), are in general arbitrary matrix 
functions of ji and jz , j\ taking values from 1, f, • . . , in / and ft, from 0, 
1, ‘ , in gf and fc, jz taking values from 1, f, • • • , in / and g. from 0, ^ 

1, - • • , in ft and fc, but not necessarily all such pairs of values. 

If the representation is Hermitian, /0i , jz) and —k(ji — ^2 — 5) must be 

Hermitian conjugates, and g{j \ , jz) and h{ji + jz — ^ 2 ) must be Hermitian 
conjugates. 5.3 

It should be noted that the factors involving mi and m2 make components 
connecting allowed values of mi and m2 to those that are not allowed vanish, so 
that we need not usually take explicit consideration of the ranges of mi and mz . 


6. The General Form of/, g^ ft, and k 

The remaining six commutation relations now reduce to any one of them; 
in particular WT — TW ~ lZ in the form 

(T + iW){T - iW) ~ (T - iW){T + lW) = ^2Z 

gives 

Mil . - h is - i) = (ii + i)!;(ii , is)/(ii + i is - i), 


M(ii . jt)hiji - i is - ?) = (is + i)h{j, , - i, ji + i), 

M(ii > is)fc 0 i + 5 ) is — 2) = (is + i)fc(ii ) is)ff(ii + 2, is + ^), 

jih(ji , ji)k{ji - 2, is + 2) = (ii + i)*(ii , is)/i(ii + 5, is + ^), 


foril = ii ,jt = ji - 1 ;ii' = ii - l,ji = ji ;j[ = ji + \j'i = ji ; and j'l = 
ii = jz + 1; respectively in /?', and 


ii » 


(»i - TOsiO/Cji , i2)A:(ji - h, is - 5) 

4- {miji + niiiji + l))g(ji , ji)h{ji + ji - 

6.12 

- (rniiji + 1 ) + niiji)h(Ji , is)ff(ii - i is + h) 

- (miUi + 1) - w.2(ii + l))A;(ii , i2)/(ii + h ji + i) = Wi - w;. . 
forji = ii , ii = jz • all the other components vanishing identically. 

These relations hold whenever both ji , jz , and j[ , jz , are possible values 
of Pj non-existent terms being interpreted as vanishing. 

Irreducible solutions of these equations are of two types; those for which the 
least value of either ji orjz in /3 in any non-vanishing component of (3.3) differs 
from zero; and those in which both these values are zero. 

For the first type suppose, for example, ii < p > 0, andii = p, fori2 == q. 

Then (6.12) gives two independent relations between non-\’anishing com- 
ponents of g{p, q)h(p + q — h) and ft)(p, q)f{p + q + |), which are 
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therefore constant multiples of an idempotent matrix, and jf(p, q) commutes 
with h{jp + h,q — J), and A:(p, q) with/(p + g + J). Equations (6.11) then 
show that g(p, q + l)h(p + i g + i), k{p, q - l)/(p, q - J), g(p + J, 
Q + h)Hp 4* 1, q)j and k(p + i, g — h)fip + 1, q)j are sums of multiples, 
zero for the first two, of the same idempotent matrix and of matrices whose 
product with it vanishes. Equations (6.12) then give similar information about 

gip + iyQ- h)Kp + f , - 1), g{p + 1, g)Kp + !,(?- ^), k{p + i, q)f{p + i, 
g + i), and k{p + ^ + \)f{p + I, q + 1); and so on. There are more than 

sufficient equations. If inconsistent they show that no such representation 
exists; if consistent that it decomposes into a term for which, for non-vanishing 
components, ji > p for j2 = q which can be treated in the same way, and a 
term for which each g(ji , j2)h(ji -f J, and kiji , j2)f(ji + f , j2 + i) 

is a determined multiple of the same idempotent matrix. 

This result and equations (6.11) now show that different transformations 
among 7, 7', for various ji , j2 , can be taken so as to make all of /, g, ft, and Jfc, 
simultaneously diagonal, and the representation is reduced to a sum of repre- 
sentations in which /, gr, ft, and A;, have but one row and column; if the original 
representation was Hermitian, the transformations required form a unitary 
transformation. 

For the second type suppose = 0forj2 = q- 

(6.12) now gives only one relation between gf((), q)h{^y q — J) and 
k{^, ^ + i) ; if we make one of these; diagonal, so must be the other, and 

the argument for the previous case, introducing at each stage different trans- 
formations among 7, 7', for various ji , J2 , shows that either no representation 
exists, or that it decomposes into a term for which always ji > 0, for = q, 
and a sum of terms for each of which each g{ji , j2)ft(ji + J2 — h) and 
k(Ji , + 2, ^2 + 2) is a determined multiple of an idempotent matrix, the 

products of the several idempotent matrices vanishing; perhaps continuously 
many such terms corresponding to possibly (continuously many characteristic 
values of gf(0, g)ft(i, <7 — i). Finally as in the previous case, the representation 
reduces to a sum of representations in which /, gf, ft, and k, have but one row 
and column. It is this argument, involving matrices with continuously many 
rows and columns, which lacks logical rigor. 

Thus for irreducible representations, /(ji , jf2), g{ji , ^2), ft(ji , J2), and k(ji , ^2), 
in (5.1) can be trqatcd as numbers, /(ji , J2), giji , J2), ft(ji , ^2), and *(^1 , ^2). 6.2 

Moreover the relations (6.11) and (6.12) involve (dther only values of p for 
which ji + j2 is an integer or only values for which it is half an odd integer, 
so that any irreducible representation involves either only integral values of 
ji + j2 or only half odd integral values. 6.3 

7. The Solution op the Recurrence Relations 

Equations (6.11), ifgiji ,j^g{j\ ~ hih ~ i) andft(ji , ^2 - l)ft(ii + - i) 

do not both vanish, give 

, hWx - h ji - i) 

= (ji + l)(js - WUi + i Ji - , ji - 1), 



UNITARY REPRESENTATIONS OF GROUP OP DE SITTER SPACE 


121 


SO that in general 


/(jl, - hji - i) 


F (ji 4~ ji) 

jiUi + h)M3i + h) 


7.11 


Likewise, unless fUi , ji)fUi + ji — i) and Hji - h h — \)k{ji , jt — 1) 
both vanish for values of ji and ji involved, 


giji > is)A(ii + 5, jt — h) 

Then (6.12) gives 


Gjji - ji) 

(ir+ h)(h + i)jtUi + i) 


7.12 


{miji - mji)Fiji + jt) _ (tniUi + 1) - m iji. + l))F(ji + jt + 1) 
ji(ii + h)Mj2 + i) (ji + i-)( ji + i)0‘2 + D(i2 + 1) 

_ {niiji + fihiji + l))G(ji -ji) , (rriiiji + 1) - rriiUi + l))G(ji +ji + 1) 7.2 

~ (ji + i)Ui+\)Uh+lt) Mji + i)Ui + h)(3i + i) 


= nii — mi 

Putting mj = Mi in (7.2) we obtain 

Fiji " hji) "b G(ji + ji) I F iji + ji ~i~ _!)_+ Gjji — ~ 1) 

jiUi + i) iji + ijiji + i) 

_ Fiji + ji) + Giji — ji — 1) , F'iji + ji + p ~ i*) 

jiih + i) (ii + l)(i2 + ’ 

from which follows 

+ is) + ^r(ii — + i)[<^(ii + is) + ^(ii — i 2 )]. 7.3 

Subtracting this equation from the corresponding equation with ji and re- 
placed by ji + 2 and j 2 + 2 " we see that ^ is a quadratic function. Likewise (p 
is a quadratic function, so that F and G are of the fourth degree, and for (7.3) 
to hold, of the forms 

Fiji + ji) = a[C7i + is)* + (ii + is)]* + 6l(ii + ia)* + (ii + is)] + C, 

GUi - ji) = -a[(ii - is)* + (ii - ij)? - hl(ii - is)* + iji - is)] - c. 

Substituting tht'se values, (7.2) is satished identically if a = 1/16, and we 
have 

-/(ii,is)fc(ij - hji - h) 

_ (ii + is - p)(ii + is + p + i)(ii + is - g)iji + is + ? + i) ^ ,, 
2ix(2ii + l)2is(2i, + 1) ' ' 

oijirj^kiji + hji ~~ h 

= _ iji - ji - p) (ii - is -f P + l)( ii - i s - q) iji - ji + ?_+ 1) 7 . 2 

i2j~i+\ji2ji + 2)^ii2ji+iy 

where p and q are arbitrary. 
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Starting with any given pair of values of jx and j 2 from 0, f , • • • , for which 

these products do not vanish, we may use the recurrence relations to find the 
values of these products for adjoining pairs of such values for which the sum 
of jx and ^2 the initial form (either an integer or half an odd integer) unless 
stopped by zero factors in the numerators, which must occur before reaching 
pairs of values outside the above range. In this case the separate factors of 
these products can always be chosen so that all the equations (6.11) are satisfied, 
and (5.1) yield matrices satisfying all the commutation relations. 7.5 

In the special cases in which either all the products /(ji , j^k(jx — 2 > ia — i) 
or all the products g{jx , j 2 )h(Ji + — i) vanish, it can be verified that the 

surviving recurrence relations suffice to require the same form (7.41) or (7.42) 
for the surviving products. 


8. Invariants 

F or matrices of the above form 

T'2 + f/2 -I- y2 + IF-' - (L2 + 8.1 

must exist, and, commuting with each matrix, be an invariant. 

Writing it in the form 

i[{T + tW0(T - lW) + (T - ,W)iT + lW)] 

+ M(t/ + iV){U - lV) + {U - tF)([/ + iV)] 

~ m + xy + {M + Yy + (iV + zy] 

- m - xy + {M ^ Yy + (.V -- zyi 

we see that unless a' = a and /S' = j3, its components vanish, and that for 

and /S' given by , the (diagonal) component has the form 

- I) + 2{jt + l)ji9{ji + hh - h) 

+ 2ji{j2 + - IJi + h) 

- 20'i + 1) (J2 + 1 )kU^ , h)fUi + h H + ^) 8.11 

- 2j,0i + 1) - 2i20'2 + 1) 

= !-(</ + - (P + h)\ 

which must be its value for a representation dctermituid by q and p. 

Again 

(LX MY + NZy- - (LU + MF + iVlF)* - (LT + WY - UZy 

8 2 

- (MT + UZ - wxy - (NT + VX - UYY 

must exist, and, commuting with each matrix, be an invariant. 

Writing this in the form 


A* + (KT - TKY + (KU - UKY + (KV - VKY + (KW - WKY, 
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where K = LX + MY + NZ, has only diagonal components ji(ji + 1 ) — 
JsOj + so that we can at once write down the components of K{T -f iW) — 
(T + i.W)K, etc., we see that unless a = a' and d = , the components of (8.2) 

vanish, and that for /3 and /3' given by ji , jt , th(^ diagonal component has the 
form 

C/lOl + 1) — jlijl + 1))* + 2jljiiji — , j2)kiji — 2-, ji — 

- 2(ii + + h + . h)h{j, + i j2 - 

“ 2ji{j2 + l)(ji + jt + 8.21 

+ 2(i, + l)(j, + l)(i, - hYkii , , .72)/(i, + i j2 + h) 

= pip + l)qiq + 1), 

which must be its value for a representation determined by q and p. 

These results enable us to show that representations for distinct pairs of 
values of q and p are distinct. (In th(> (piantum theory of the free motion of a 
system in De Sitter sp.ace, (8.1 ) would b(‘ proportional to the scpiare of the rest 
mass, (8.2) for given mass, to the* negative square of the spin.) 


0. 'I'he .\i-i.owkd V alues of p .\nd q 

In order that the matrices should be Ilermitian. f{j\ , jj) and —kiji — 
ji — ^) must be complex conjugates and giji , ji) and kiji + jt + ^) must 
be complex conjugates, (5.3), (6.2). Thus for all pairs of values taken by 
ji , ji , wc must have 

-fiji • ji)k(j\ - hji - i) < 0. 

9.1 

giji , ji)hij\ + I, ji - ^) < 0. 


'rhen by altering t he phases, we can make 


{(i i) = t A /I ~ (jt + + p + 1) (ji +j 2 ~q) iji +ji + q + 1)\ 

fUi^Ji) y \ - 2i,(2i,+ I)2i2(2j2+ 1) /’ 

n(i i) - j/7_0‘i-J2-pKji-ij+p + i)(ii-i2-'2')(ii-i2+9 + i)\ 

gui,jif y<^ (2ir+ i)i2ji + 2)2j2i2j2 + 1) /’ 

“•’'■•’’’-y 1 2Msr+ i)(2j. + i)w. +“2) /' 





{ji + ^2 — p + 1) (ii + i2 + p + 2) 

h “I" + 72 + g + 2 ) j 

(2ji + l)C2ji + 2)(2j2 + l)(2i2 + 2) 


9.2 


where the radicals are taken real and positive or zero. 

Either I only integral values of ji + 72 , and therefore also of ji — jz . are 
involved, or II only half odd integral values, (6.3). 

I. For factors in the numerators to vanish (7.5), at least one of p, g, — p — 1, 
or —g — 1, must be a positive integer or zero; since interchange of p and q. 
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or of p and — p — 1 does not affect (9.2), we may suppose p < 0 is an integer. 
Then (q + 2 )“ niust be real for the expressions under the radical signs to be real. 

lA. Suppose q is not an integer. Since a zero factor in the numerator of 
fUi y is) must occur at the lower limit of + jo which must be not less than 
zero, ji + j 2 must take in/(ji , ^ 2 ) the values p + 1, p + 2, • • . , and likewise 
in k{ji , jo) the values p, p + 1, • • • , which must make the radicals real and 
positive. 

Thus 


(p + ly > + 9.3 

ji + j 2 then takes in g{ji , j 2 ) and A(ji , j 2 ) the values p, p + 1, . • • . 

Since a zero factor in the numerator of g(ji , j 2 ) must occur, for any allowed 
value of ji + j 2 , in particular ji + = p, at lower and upper limits of ji — j 2 

which must make both ji and j 2 positive or zero, ji — must take in g{ji , j 2 ) 
the values — p, — p + l,--.,p — 1, and likewise in h{ji , j^) the values 
-p + 1, -p + 2, . . . , p, and in /(ji , jo) and fc(ji , j 2 ) the values — p, 

-P + I, ••• 

For p > 0, therefore, ji — j 2 = 0 being a possible value in g(ji , ji) or h{ji , ji), 

ihY > iq + m 9.41 

which in fact implies (9.3). 

For the special case p = 0, this last condition is not necessary, since g(ji , ji) 
and h{ji , ji) do not take any values, and we have from (9.3) merely 

(ly > (q + ^y^ 9.42 

The only integral value of q within these limits is q = 0 for p = 0. 

IB. Suppose q is an integer, which, on account of the interchangeability of q 
and — g — 1 and of p and q may be taken to be such that g < p < 0. 

For g = p, the argument of (I A) applies, and the only possible values are 
p = 0, g = 0, which can be regarded as a special case of (lA). 

For g > p >. 0, since ji + ji can take only values which make the radicals 
in/(jL , j 2 ) and k(Ji , j 2 ) real, ji + j 2 must take the values g + 1, g + 2, • • • , in 
/(ii , J 2 ) and g, g + 1, • . • , in k{ji , ji), and so g, g + 1, • • . , in g(ji , ji) and 
h(ji y ^ 2 ); and since ji — ji can only take values which make the radicals in 
9(Ji y j^) and h(ji , ji) real, ji — ji must take: either the values —g, — g + 1, • • • y 
-p - 2, in g(ji , ji), -g + 1, -g + 2, • • • , ~p - 1, in h{ji , ji), and -g, 
-q+'^y ••• y -p- ^y in/(ji , ji) and k(ji y ji ) ; or the values p + 1, p + 2, • . . , 
g - 1, in g(ji , ji), p + 2, p + 3, • • • , g, in A(ji , ji), and p + 1, P + 2, . . . , g, 
in /(ji , ji) and k(ji , ji) : these results hold even for g — 1 = p > 0, when there 
are no values for g(ji , ji) and h{ji , ji). 

For g > p = 0, the above two representations still exist with the expected 
limiting forms when g — 1 = p = 0: the limiting cases of equality in (9.41) 
above are reducible to the sum of these two representations. In addition a 
solution is possible with ji — j 2 = 0 inf(ji , ji) and k(ji , ji) and no values for 
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ffOl » h) aiid h(Ji , ji); then ji + jt takes the values g + 1, ? + 2, • • • , in 
/0i ) ji) q, q + 1, • • • , in g(Ji , jt). For p = 0, <7 = I, this gives the 

limiting case of equality in (9.42) above. 

Rearranging these results to correspond to (p + ^)- < (7 + 5)®, and de- 
scribing the representations by the values which ji -f ji and ji — ji take in (9, ff', 
we have; — 

For 

- 00 <(q + < ( 1 )^ 

(p + i)* = (i)*, 

one representation each with 

+ is = p, p + 1, p + 2, • • • . 

ii - ji = -p, -p + 1, • • • , p. 

For 

(q + = (i)^ 

(i)* > (p + i)* < (i)S 

one representation each with 

ji + jt = 0, 1, 2, ■ ■ - , 
ji - jt = 0. 

For 

iq + = (i)*, 

(p + i)» = (!)*,••• , 

three representations each with 

ii + is = P, P + 1, P + 2, . . • , 

and with 

ji - ji = -p, -p -b 1, • • • , -1, 
or 

ii - is = 0, 

or 

ji - is = 1, 2 , . . . , p. 

For 


(g + i)* = (|)*,(f)»,a)*, •••, 

(p + §)* = (IP, an (in • • • . >(3 + i)*, 
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two representations each with 


and with 


ji + i2 = p, P + 1, p + 2, 


y 


ji - h = “P, -P + 1, • • • , -<7 “ 1, 


or 


ji - i2 = </ + 1, ^ + 2 , . . . , p. 

II. When only half odd integral values of ji + ji and therefore also of ji — ji 
are involved, the same arguments as in (I) apply, but there are no special cases, 
and we have: — 

For 

- ^ < (^ + hy > 0, 

(p + hy = l^ 2^ 3^ . . . , 

one representation each with 

ji + ^2 = P, p + 1, p + 2, . . . , 

ji - ji = -P, -P + 1, * " , P- 

For 

{q + hy = P, 2-^ 3^ . . . , 

(p + = 22, 32, 42, . . . , > (5 + 1)2, 

two representations each with 


and with 

or 


ji + j2 = p, p + 1, p + 2, . . . 

ji - ji == ~p, -p + 1 , • • ' , -7 - 

jl - j2 = ^ + 1, 9 + 2, . . . , p. 


None of these representations are matrices of finite order. If it is not required 
that the representation be Hermitian, there are many further possibilities, 
including, both for integral values of p and q and for half odd integral values, 
finite sets where ji + ji takes the values 5 , ^ + 1 , •••,p — 1 , and ji ~ ji takes 
the values which are indeed complex transformations of 

the Hermitian representations of the operators of the rotation group in five 
dimensions, from which the algebraic form of (7.41) and (7.42) could have been 
derived. 

Case (1) above corresponds to one-valued, case (II) to two-valued repre- 
sentations in the De Sitter space. 


Ohio Stats University 
Columbus, Ohio. 
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DER DREIERSTOSS 

Von Cabl Ludwig Siegel 
(Received June 27, 1940) 

Einleitung 

Es seien Ai y A 2 , A 3 drei Massenpiinkie im Raum, die sich nach dem New- 
tonschen Gravitationsgesetz anzichen. Ks seien Xk , yk , Zk die rechtwinkligen 
kartesischen Koordinaten dcs Punktes Ak (k = 1, 2, 3) und rrik seine Masse; 
ferner seien die Abstande A 2 A 3 , A 3 A 1 , A 1 A 2 mit , ro , bezeichnet. Setzt 
man 


( 1 ) 


nhmz , mzmi , 

-r 4- 

n r2 


mi m2 

rs 


und versteht unter Wk cine der drei Koordinaten Xk , yk , Zk , so lauten die Dif- 
ferentialgleiehungcn des Dreikorperproblems 


( 2 ) 


d^Wk dU 
dWk 


{wk = Xk, yk,Zk\k = 1, 2,3). 


Man gebe zur Zeit t = ^0 irgend welclu' endlichen Anfangswerte der 9 
Koordinaten Wk , fiir welche die Abstande ri , r2 , /s sanitlich grosser als 0 sind, 
und ausserdem bcliebige cndlichc Anfangswerte der 9 Geschwindigkeitskom- 


ponenten 


dwk 

dt 


Xacli einem bekannten Existenzsatz aus der Theoric der 


Differentialgleichungcn sind danii die durch jene Anfangswerte bestimmten 
Losungen des Systeines (2) in dcr Umgebuiig von I = to regulare analytische 
Funktionen von t. Wir denken uns die Jvosungen langs der reellen Achse von 
t = to aus nach beiden Seiten analytisch fortgesetzt und nehmen an, dass wir 
auf diese Weise zii einem singularen Piinkt t = ti ciner dcr Funktionen Wk 
gelangcn. Da die Differentialgleichungcn (2) in sich ubergehen, wenn zu t 
eine belicbige Konstantc addiert wird und wenn t durch —t ersetzt wird, so 
kann man = 0, > 0 voraussetzen. 

Wie Sundman^ gezeigt hat, bestehen bei dem Grenzubergang ^ ^ 0, ^ > 0 

nur die folgenden beiden Moglichkeiten: Entweder strebt genau eine der drei 
positiven Zahlen n , r 2 , Vs gegen 0, wahrend die beiden andern einen positiven 
Grenzwert haben, oder aber sie streben alle drei gegen 0. Wir wollen diese 
beiden Falle weiterhin als Zweierstoss und Dreiemtoss bczeichnen. Der Zweier- 
stoss w’urde zuei-st fur das restringierte Dreikorperproblem von Levi-Civit^^ und 


^ K. F. Sundman, Recherches aur le probUme des irois corpsy Acta Societatis Scientiarum 
Fennicae, Bd. 34 (1907), Nr. 6. 

* T. Levi-Civit&, Traiettorie singolari ed urti net prohlema ristretto dei tre corpi, Annali 
di matematica pura ed applicata, Ser. IIP, Bd. 9 (1904), S. 1-32. 
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dann allgemein von Bisconcini’* behandelt. Sundman fiihrte diese Untersuchun- 
gen weiter und zcigte insbesondcre, dass bcim Zweierstoss der Punkt i ~ 0 ein 
algebraischer Verzweigungspiinkt zweiter Ordnung fiir die Losungen ist und 
dass die Koordinaten Wk in der Umgebung dieses Punktes regulare Funktionen 
der Ortsuniformisierenden sind. 

Auch der Dreierstoss wurde von Sundman eingeheiid uniersucht. 
bewies, dass beim Dreierstoss die Ausdriicke (fc = 1,2, 3) fiir f 0 positive 
Grenzwerte Vk haben, fiir wclche entwcder h — h — h odor h = h + h oder 
ra = n + h oder h — h + h gilt. Da die drei letztcn dieser 4 Falle durch 
zyklische Vertauschung der Indizes 1, 2, 3 ineinander iibergefiihrt werdeii kon- 
nen, so wollen wir uns im folgondcn nur noch mit dem erston und zwciten 
beschaftigen. Zcichnct man ein Droioek aus don Seiten f i , h j h , «o ('rlialt 
man im ersten Fall ein gleichseitiges Dreieck, im zwoiton Fall drci Punkte ciner 
Geraden; wir wollen daher von dom gleichsoitigon und dom geradlinigen Fall 
sprechen. Ferner zcigte Sundman, dass boi jeder Dreierstossbahii die Ebono 
des Dreiecks AiAzAs fiir variables t nur cine Parallel verschiobung mit konstanter 
Geschwindigkcit orloidet. Da bekanntlich die Differontialglcichungen dos 
Dreikorperproblems ungeandert bloiben, wenn man ein beliobiges noues recht- 
winkliges Koordinatensystcm einfiihrt, das einer Translation mit konstanter 
Geschwindigkcit oder ciner Drehung um konstante Winkcl untcrworfen wird, 
so braucht man fiir die woitero Untersuehung des Dreierstosses nur noch das 
ebene Dreikorperproblem zu behandeln und kann Zk — 0 ik — 1, 2, 3) 
voraussctzen. 

Aus den Resultaten Sundmans folgt sofort, dass beim Dreierstoss die drei 
Winkcl des Dreiecks AxA^Az fiir ^ 0 Grenzwerte haben; im gleichseitigen Fall 

streben sie namlich samtlich gogen Jtt und im geradlinigen Fall strebt der Winkel 
bei A^ gegen v, wahrend die beiden anderen Winkel gegen 0 streben. Es war 
aber bisher nicht bekannt, ob auch die Winkel der Droiecksseiten mit den 
Koordinatenachsen fiir t 0 Grenzwerte haben, d. h. ob die drei Korper in 
bestimmten Richtungen zusammeiistossen. Diese Fragc wird im folgenden 
bejahend beantwortet werden. In engem Zusammenhang mit der Entscheidung 
dieser Fragc steht das Problem der Entwickelbarkeit der Koordinaten der 
kollidierenden Massenpunkte in irregulare Potenzreihen der Variabcln L Wir 
werden solche Rcihene^ntwicklungen wirklich aufstellen und damit zugleich 
beweisen,dass beim Dreierstoss der Punkt ^ = 0 im allgemeincn ein logarith- 
mischcr Verzweigungspunkt fiir die Losungen ist. Dieses Ergebnis bezeichnet 
einen wesentlichen Unterschied gegeniiber dem Zweierstoss. Die Rcihenent- 
wicklungen werden uns endlich einen vollen tlberblick iiber samtliche Dreier- 
stossbahnen in der Nahe von < = 0 verschaffen. Sieht man zwei Losungen 
nicht als verschieden an, wenn sie durch eine Drehung des Koordinatensystems 
um konstante Winkel oder durch eine Translation mit konstanter Geschwindig- 
keit ineinander iibergefiihrt werden konnen, so zeigt es sich, dass in der Nahe 

’ G. Bisconcini, Sur le prohlhme des trais corpSt Acta Mathematica, Bd. 30 (1906), S. 
49-92. 
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von i = 0 die samtlichen Dreierstossbahnen im gleichseitigen Fall von 3 Para- 
metem analytisch abhangen und im geradlinigen Fall von 2 Parametern. 

Wir wollen das weiterhin abzuleitende hauptsachliche Resultat unserer Un- 
tersuchung noch prazis formulieren. Zur Abkiirzung werde gesetzt 


und 


— + ^8^1 + minh 

(mi + m2 + msY 

h = + (1 to) ^ + (1 — ^} + mjjl + CO ^ + cu 

mi + m2{a)“2 + (1 — w)""*} + ms * 


wo w die im Intervall 0 < co < 1 gelegene Losung der Gleichung 

mi{(l — (jjY^ — (1 — w)) + m^|co(l — o))”^ — (1 — a))co~‘^l + msCw — uT^) == 0 


bedeutet; ferner sei 


ai = JI-1 + [13 + 12 (1 - 3a)‘]‘), a* = i|-l + [13 - 12 (1 - 3a)^]^|, 
hi = J(-l + (25 + 166)M. 


2 d 

1st dann weder — noch - eine ganze Zahl, so lassen sich samtliche Koordinaten 
3a2 a2 

Xk f Vk (k = 1, 2, 3) im gleichseitigen Falle des Dreieivstosses in der Form 

Xk = t^^^Xki^h , 'U2 , Uz), Vk = i^'^yk(u\ , U 2 , Ms) (A? == 1, 2, 3) 

ausdriicken, wo x* (wi , th , uz) und ytiui y ^ 2 , uz) Potenzreihen in den Grossen 

Ui = 1(2 = Ws = asf* 

mit konstanten ai , a2 , as bedcutcn; dabei h an gen die Koeffizienten dieser 
Potenzreihen niir von mi , rrh , m3 ab. Die Werte ai , as , as sind eindeutig 
durch die Dreierstossbahn bestimmt, und umgokehrt liefert jedes System von 
reellen Wcrten ai , a2 , aa winder eine Dreierstossbahn, fur welche der gleich- 

seitige Fall vorliegt. 1st ferner ^ keine ganze Zahl, so haben die Koordinaten 
im geradlinigen Fall des Dreierstosses die Form 

Xk = S‘^^:^(v\ , vY), yk = , *’2) (k = 1, 2, 3), 

wo Xk(vi , ^2) und ytivi , ^’2) Potenzreihen in 

V2 = 

mit konstanten durch die Bahn eindeutig bestimmten Wcrten ^2 bedeuten; 
umgekehrt ergibt jedes reclle System Pi , ft eine Dreierstossbahn fur den gerad- 
2 

linigen Fall. 1st — eine ganze Zahl g, so bleibcn die obigen Aussagen bestehen, 
3a2 

wenn man darin Ui durch die Formel 

Ui = t^^^(ai + CiaS log t) 
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erklftrt, wo ci eine gewisse iiur voii rni , abhaiigige Konstaiite bedeutet. 

Iin Falle eines ganzzahligeii — = hat man entsprochend 

02 

02 = r^(a2 + C 2 az log t) 
zu erklareii, uiid fur ganzzahliges -— = i ist 

V 2 = + Czl3i log t) 

ZU setzen, wobci Cz uiid Ca wiedcr iiur von Wi , m2 , niz abhangeii. 

Es sei noch daraii erinnert, dass wir im geradlinigen Falle zwei weitere von 
zwei Parametem abhangige Scharen von Dreierstossbahnen erhalten, wcnn wir 
nil, m2 , mz zyklisch vertauschen. Ausserdem kaiiii man noch eine beliebige 
Drehung des Koordinatensystems um konstantc Winkel vornehmen, sowie cine 
beliebige Translation mil koristanter Geschwindigkeit. 

In den ersten 6 Paragraphen der vorliegenden Arbeit werden im wesentlichen 
die Ergebnisse, welche Sundman fur den Dreierstoss erhalten hat, in etwas 
veranderter Art hergeleitct. In §7 werden spezielle Dreierstossbahnen, die in 
den bekannten Lagrangeschen partikularen Losungen des Dreikorperproblems 
enthalten sind, kurz bcsprochen. Als weitere Vorbereitung wird in §8 unt('r 
Anwendung der Jaeobi-Hamiltonschen Thcorie die Transformation d('r Dif- 
ferentialgleichungen des Dreikorperproblems behandelt, welche man in der 
Astronomie als Elimination der Knoten bezeichnet/ Es wird dann die Bestim- 
mung aller Dreierstossbahnen zuruckgefuhrt auf die Losung folgender Aufgabe: 

Es sei 

(3) (fc = l, 

ein System von n Differentialgleichungen erster Ordnung, dessen rechte Seiten 
Potenzreihen der unbekannten Funktionen 61 , • • • , dn sind, aber nicht die 
unabhangige Variable s explizit enthalten. Die Reihen /a mogen keine kon- 
stanten Glicder haben, und es sei Oa / der Koeffizient von (i = 1, • • • , w) in 
den linearen Gliedern von /a {k = 1, • • • , n). Von den charakteristischen 
Wurzeln der Matrix (au) mogen genau p einen negativen Realteil haben und 
keine den Realteil 0. Man gebe samtliche JiOsungen des Systemes (3) an, 
welche fiir s — ► 00 den Grenzwert 0 haben. 

Diese Aufgabe ist unter noch allgemeineren Voraussetzungen iiber die Funk- 
tionen fk von Bohl® bearbeitet worden. Er, zeigte auf sehr geistreichc Weise, 
dass jene Losungen von p Parametem abhangen. Die von Bohl verwendeton 
topologischen Hilfssatze beruhen aber wesentlich auf indirekten Schliisscn und 
konnen nicht ohne wcitcres zu einer Konstruktion der Losungen benutzt werden. 

* Vergl. S. 339-341 in £. T. Whittaker, A treatise on the analytical dynamics of particles 
and rigid bodies, with an introduction to the problem of three bodies, Cambridge (1904). 

* P. Bohl, SuT certaines Equations diffhrentielles d*un type gtnkral utilisables en mhcanique, 
Bulletin de la QOci4t6 math^matique de France, Bd. 38 (1910), S. 5-138. 
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Deshalb wird im folgcndeii in den i'aragraphen 11 und 12 das Problem auf cine 
andcre Art behandelt werden, durch Benutzung g(*wisser lleihentransforma- 
tionen, welche die gesuchten Losungen in explizitcr Gestalt ergeben. Die 
irregularen Potenzreihen, dureh welche wir die L6sung(»n ausdriicken werden, 
treten bereits in Poinear^\s Untersiichungen iiber asymptotische Bahnkurven 
auf; dort fehlt aber gerade der Nachweis, dass diest* Reihen wirklich alle asym- 
ptotisehen Bahnen darstellen. Die Art, in der wir die Gauchysche Majoranten- 
methode anwenden, weicht von der ublichen ein wenig ab und bietet vielleicht 
aueh ein selbstandiges Interesse, da sie fast ohne Rechnung zum Ziele fiihrt. 

Im letzten Paragraphon werden schliesslich unsere Ri\sultate iiber das Syst(?m 
(3) angewendet auf di(^ geeignet transformiert(»n DifTerentialgleichungen des 
Dreikdrperproblemes und ergeben den oben ausgesprochenen Satz iiber die 
Mannigfaltigkeit der Dreierstossbahnen. 


1. Algebhaische Vorbereitungen 

Isi F eine Fun kt ion der Zeit /, so soil die erste und die zweite Ableitung von 
F nach t in iiblich(M* W(*ise mit F und F Ix^zeichnet werden. ITnter 71 , • • • ,717 
wollen wir weiterhin Grdssen verstehen, die liings der zu betrachtenden Bahn- 
kurve des Dreikdrperproblems konstant sind. Zur Abkiirzung werde noeh 


(4) 


m = Wi + ^^2 + friTi 


gesetzt. 

Wir sohreiben zunachst die bekannten algebraischen Integrale des Drei- 
korperproblems auf, namlich die Flachenintegrale, die Sehwerpunktsintegrale 
und das h]nergieint(‘gral. Die Flachenintegrale lauten 


(5) 


tnkiVkZk — ZkVk) = Ti, S 'vrikizkXk - XkZt^ = 72, 


A-* I 


3 

E 

Ar—l 


nikixkVk 


- VkXk) 


= 78. 


Die Schwerpunktsintegrah* b(\sagen, dass der Schwerpunkt der drei Massen- 
punkte sich geradlinig und gleichformig bewegt, namlich 
3 1 3 

76, 


m *-i 


1 ^ 1 

- E ‘tnklk = 74 / + 76, — E I’^kVk = 7«< + 77 , 

— w 

- 2 '^kZk = y%t + 7 ». 
m. Ar-I 


Da die Differentialgleichungen (2) sich nicht andern, wcmui x/, , yk , Zk durch 

Xk + y^t + 76 , Vk + y 4 + 77 , + 78^ + 79 (A: = 1 , 2 , 3 ) ersetzt werden, so 

kann man weiterhin voraussetzen, dass der Schwerpunkt h'st im Koordinaten- 

anfangspunkt liegt, dass also die Gleichungen 

333 

(6) Z) "f^kXk = 0, 2 "^kVk = 0. Z^ nikZk = 0 

A>-1 A:— 1 

gclten. Bedeutet 



132 


CARL LUDWIG SIEGEL 


(7) 7^ = i 2 ^k(xl + 2/J + zl) 

^ik-1 

die lebendige Kraft dcs Punktsystems, so ist 

(8) T ^ y,, 

das Energieintegral. 

Wir setzen nun 


(9) 

Dann ist 

( 10 ) 


J = nikixk + t/fc + zl). 


y = H mixkXk + ykyk + ZkZk)f 


'i^k(xl + 2/* + 4) + X) f^kixkXk + ykiik + Zkh)f 

i-l fc-l 


also nach (2) und (7) 

(11) y = 2T + i: (: 

k-1 \ 


dU , 


dU ^ dU\ 


Da nun U eine homogene Funktion dcr Dimension —1 in den 9 Variabeln 
xi , , Zi ist, so ist nach cincm bekannten Eulerschen Satze 


dU, dU , dU\ jr 

k-1 \ dXk dyit dZk/ 


und (11) ergibt die liagrangesche Formel 

y = 2r - U, 


also nach (8) 

(12) y = r + 7io , 

(13) hJ = U + 

Sind Bi , • ■ - , Bn und Ci , ■ ■ ■ , Cn zwei Reihen von je n Grossen und bezeich- 
net man mit 


Dp, = BpC, - B,Cp (1 g p < « ^ n) 

die n(» — l)/2 zweireihigen Unterdetenninanten der aus diesen beiden Reihen 
gebildeten Matrix, so gilt identisch 

(14) t t.C'p-(t. BpCp)' - r D\,. 

p-1 p-l \p-l / p,q 

Wir wfthlen n — 9 und identifizieren die Paare Bp, Cp {p = 1, • • • , 9) mit 
wuy/mh , Wk-\/mk (wk = Xk , yk , Zk ; k = 1, 2, 3). BehlUt man die Abldirzung 
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Dpg bei, so geht (14) zufolge (7), (9), (10) iiber in 

(16) 22V-y" = Ei>p,. 

p,q 

Also gilt insbcsondere die Ungleichung 

(16) ^ SJT. 

2. Die Singulakitaten deu Bahnkuuve 

Wir wenden auf die Differentialglcichungeii des Dreikorperproblems folgendcn 
bekannteii Existenzsatz an: 

Es scieii Fi , • • j Fn Funktionen von n Variabeln , • • • , Sn , die in der 
Uingebung eines Punktcs Si = (7i , • • • , .s‘„ = an in Itcihen nach Potenzen von 
Si — <ri , • • • , 6‘n (Tn ciitwickclbar siiid. Es s(ii 8 eine positive Zahl, fiir wclche 
die Potcnzreihen in dcm Gebiete 

(17) I 6*1 — (Ti I g 5, • • • , j Sn — (Tn 1 ^8 

korivergieren; feriKU’ sei K eine gemeinsaine obere Scliranke dcii* Werte 
! Fi 1, • • • , 1 Fn 1 in dies(*m Gebiete. Es sei t eine reelle Variable und Iq irgend 
ein Wert von t, Es gibt genau ein System von n Funktionen , • • • , der 
rccllcn Variabeln t mit folgenden Eigenschaft(U) : 

1) Die Funktion v?a( 0 ist differentiierbar in ciner Umgebung von t = to und 
es ist <pk(to) = (Tk (h — 1, • • • , n); 

2) in dieser Umgebung von t = to geniigen si = <pi{t), • • • , = (Pn{t) den 

Diff erentialgleichungei i 

Es gibt ausserdem eine nur von 5, K und n ablitogige positive Zahl r, sodass 
die Funktionen Sk = <pk{t) in Reihen nach Potenzen von t — to cntwickelbar 
sind, welche samtlich fiir | ^ — fo 1 < r konvergieren und in diesem Gebiete den 
Ungleichungeii (17) geniigen. 

Um diesen Satz auf das System (2) anzuwenden, wahlen wir n = 18 und 
setzen fiir A; = 1, 2, 3 


Xk 

= Sk , 

Vk = si+a , 

Zk — , 

Xk 

= st+9 = Fk , 

Vk = Si+i* = f’t+s , 

ik = Sife+16 = Fjt+6 , 


mudxk 

n r A+12 j 

rndyk 

dZk 


Zur Zeit t — to seien irgend welche endlichen reellen Anfangswerte ai , • • , <ri8 
der 18 Grossen xi , • • , ig gegeben, fiir welche keine Kollision vorliegt, also 
die Abstande ri , rg , n grosser als 0 sind. Wir berechnen aus den Zahlen 
<ri , • • • , <ri8 nach (1) und (8) den Anfangswert U = Uo und den Wert der Kon- 
stanten 710 des Energieintegrales. Ist dann Ki irgend eine obere Schranke fiir 
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Uo , 80 gelten nach (1), (7), (8) fiir die Anfangswerte die Ungleichungen 
-I ^ Ki -1 . Ki Ki 

ri < , r2 < , ra < , 

m2 m3 mami mi m2 

+ yl + ifc ^ 2 (jRli + 7io)mjb‘^ (A; = 1, 2, 3). 

Folglich lassen sic*h zwoi positive Grossen 6 und K als Funktioneii voii mi , 
m2 , m3 , Ki und 7io allein so wahlen, dass die Voraiissetzungcii des Satzes crfullt 
sind. Die durch die Anfangswerte eindeutig bestimmte Losung Sk = <pk{i) 
(k = 1, • • • , 18) dor Difforentialglcichungen ist dann regular in oincm Zeit- 
intcrvall /o — r < / < /o + r, wo die positive Zahl r niir von mj , m2 , m3 , Xi , 710 
abhangt. 

Wir betrachten jetzt, von t = to ausgehend, die Funktioneii ^^(0 fur fallende 
reelle Werte von L Entweder sind sic samtlich regular fur aile endlichen reellen 
t ^ to oder aber es gibt einen endlichen Wert t = /i < to , sodass alle Funktionen 
im links offenen Intervall t\ < t ^ to regular sind und mindestens eine von 
ihnen fiir t = ti singular ist. Fine analogo Aussage gilt fiir I ^ to und wachsendc 
Werte von /. Da die Differcntialgleiehungen (2) bei der Transformation 
t ^ —/in sieh iibergehen, so kann man sieh auf die Untersuchung fiir fallendes 
t g to beschriinken. Weil die Differentialglc'ichungen di(‘ Z('it t nicht explizit 
enthalten, so kann man ausserdem noch /i = 0 voraussi'tzim. Wegen der 
Regularitat fiir U — r < t < to + r ist dann r g /o . Nun sei 0 < /2 < r und 
G == ('2 der Wert von I ' fiir t = k , Ware aueh (\ < Ki , so waren die Funk- 
tioneu<^^(/) aueh samtlich in dem Intervall t 2 — r < t < t 2 + t r(*gular; aber dies 
ist ein Widerspruch, da das Intervall dem singulanai Punkt / = 0 cnthalt. 
Fiir 0 < t < r gilt daher /’ ^ Ki , und dabei hangt r niir von nii , m 2 , m3 , 
7io und Ki ab. Da Ki beliebig gross sein kann, so folgt, dass U iibor alle 
Schranken wachst, wenn / zu 0 abnimmt. Dies bedeutet, dass fiir / — > 0 der 
klcinste d(‘r 3 Abstande ri , ^2 , rs gegen 0 strebt. 

In folgenden bedeuten ti , t 2 , T3 geeignete hinieicluMid kl(*in zu wahlende 
positive Zahl(*n, die nur von den Massen mi , m2, m3 und d(‘n gegidiencn Anfangs- 
werten von Xi , • • • ,23 abhangen. Auf der betraiditeten Bahnkurve ist (/ 00 

fiir t —> 0, also naeh (13) 

(18) ./ X) (0 <t ^ n). 

Daher ist J im Intervall 0 < / g ti eine konv(‘X(‘ Funktion von t und hat folglich 
fiir / — ► 0 einen Grenzwert Jo , der positiv oder 0 sein kann. Im Falle Jo > 0 
folgt aus (()) und (9), dass der gnisste der dn»i Abstande ri , r2 , fiir / — > 0 
oberhalb einer ])ositiven Schranke bleibt. Da andererseits der klcinste dieser 
Abstande gegen 0 strebt und sie samtlich fiir / > 0 stetige Funktionen von t sind, 
so ergibt sieh, dass fiir / — > 0 eine bestimmte der Dreiecksseiten r*. gegen 0 strebt, 
wahrend die b(*iden aiideren oberhalb einer positiven Schranke blciben;es 
stossen dann also zur Zeit t == 0 gemau zwei von den Korpern zusammen. Dieser 
Zweierstoss ist von Sundman vollstandig untersucht worden. Er hat gezeigt. 
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(lass die Koordinaton der drei Korper in der Umgebung von ^ = 0 regulare 
Funktioncn der Ortsuniformisierendeii sind. 

Wciterhin bcschMtigcn wir uns dauernd mit dcm Fall ./o = 0. Dann streben 
aber nach (9) fiir i —> 0 alle drei Abstiinde Vi , 7*2 , 7*3 gegcn 0 und eis «tossen zur 
Zcit ^ = 0 alle drei Korper im Nullpunkt zusammcii. Es soli genaucr unter- 
sucht werden, in wclchor Wcisc dieser Dreierstoss vor sich geht. 

3. Das asymptotische Veuhalten von J und J 

Nach (18) ist die })ositive Funktioii ./ konvex im Intervall 0 < ^ ^ ri , 
ferner strebt J gegen 0 fiir t 0. Folglich gilt 

(19) ./ > 0 {0 <t ^ Ti). 

Andererseits ist nach (12) 

JJ ''* - = i(8./7' - + 2y,o./ 

uud hierin ist die linkc Scite gerade die Ableitung der Funktioii nach t. 

Integriert man diese Gleichuiig zwischen den Gronzen t und ti und bezeichnet 
mit Ji und Ji di(' Wert(' von ./ und J fiir < = n , so folgt 

(20) JiJT^ - ./y ‘ = {- f' {8JT - JV '-' * dt + 2710 ^ ‘ J • dt. 

Wir wollen nun beweisen, dass die beiden Integrale auf der rechten Seite fiir 
t 0 endliche Grenzwerte haben. Wir verstehen wciterhin unter /ii , • • • , 
gewissc positive Zahlen, die geniigend klein zu wahlen sind und nur von mi , 
7712, m 3 abhtogen. Da der Nullpunkt im Schwerpunkt des Drciecks AiA^Ai 
liegt, so ist 

J > Mi(^i + A + ^3) 

und folglich 

r > 

also auch 

I + 2710 > " (0 < < < T ^), 

Im Intervall 0 < t < t 2 gilt dann nach (13) und (19) 

(jy = 2jj > w./“* 

> Sfisf 

(21) > M4 

J > m /'*. 

Demnach konvergiert daszwcite Integral in (20) bis nach t = 0. Zufolgc (19) 
und (20) ist dann das erste Integral in (20) fiir f — ► 0 nach oben beschrankt; da 
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aber sein Integrand wegen (16) nicht-negativ ist, so konvergiert es ebenfalls 
bis nach < = 0. Nach (20) existiert also 

(22) lim Jj~^ = 7 u , 

«-*o 

und zwar ist dieser Grenzwert zufolge (21) eine positive Zahl. Durch Integra- 
tion von folgt aus (22) die asymptotische Gleichung 

J^'* Jyjjt (t —* 0) 

(23) J ~ \t*'^ 
mit 

(24) X = (fKu)^'’ > 0, 
also nach (22) 

(25) J ~ i\t"\ 

Damit ist das asymptotische Verhalten von J und J klargelegt. 

4. Das asymptotische Verhalten von U und T 

Setzt man 

(26) (SJT - j*)r*'* = g{t), 

SO ist nach (16) 

(27) git) ^ 0 
und nach §3 das Integral 

r di 

Jo 

konvcrgent. Zufolge (23), (24), (25) konvergiert dann auch 

(28) j[ 

Wir wollen bewcisen, dass g{t) fur t — ► 0 den (Jreiizwert 0 h(*sitzt. Wegen (27) 
und der Konvergenz des Intograles (28) ist jedenfalls 

(29) lim inf git) = 0. 

/-*o 

Ware nun 


lim sup git) > 0, 


so konnte man wegen (29) und der Stetigkeit von git) fiir t > 0 eine positive 
Zahl 7 i 2 und eine monoton zu 0 abnehmende Folge ri > fi > > • • • so finden, 

dass 
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(30) ?(fen) = 7l* » g(kn-l) — 3712 (w = 1, 2, 3, • • •) 
und in jedem Intervall kn ^ t ^ kn-i die Ungleichung 

(31) 712 ^ g{t) ^ 3712 
gilt. 

Nach (26) ist 

T = l{r + git)nj~', 


also nach (23), (25), (31) 

(32) T < 7i3< ikn^ t ^ kn-i ; n 

Femer ist 


f = f7 = 



also nach (1), (7), (8), (32) 

(33) I f I < yuC^T^ < 7ur‘'’, 


1, 2, 3, 




wieder im Intervall kn ^ t ^ kn~i (n = 1, 2, 3, • • • )• Folglich gilt dort auch 
nach (23), (25), (32), (33) die Ungleichung 


(SJTf ^'y 1 < 7i.r*, 


und die Funktion SJTt andert sich daher im Intervall kn ^ t ^ kn-i um 
weniger als 


Tie 


/ 


<2n-l 


dl 


In'dem gleichen Intervall andert sich ferner die Funktion zufolgc (25) 

um weniger als 712 , w'enn nur kn-i < u ist, also fur alle genugend grossen Werte 
von n. Nach (26) und (30) erhalt man dann 


2712 = 9(kn-\) 


g{kn) < 712 + 7ie 


/•“*-> dt 
J.,n t ’ 


also 


i 716 

und nach (31) 

fttn-l Jf 

(34) / j/(()f >7i7>0, 

fiir alle genugend grossen n. Durch Summation uber n folgt aber aus (34) ein 
Widerspruch gegen die Konvergenz des Integrales (28). 
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Damit ist bowieson, dass g{i) fur t 0 den Grenzwert 0 bcsitzt. Es ist also 
auch 

(35) SJT - 
iind naoh (23), (25) 

(36) T f 

nach (8) 

(37) r 

5. Ebene Bewegung 

Alls (15) und (35) orsicht man, dass jodo der 36 in (15) auftretenden zwcirei- 
higen Detcrminantcn Dpq fiir ^ > 0 von kleincrcr Grossonordnung als ist. 

Sind w und w^a irgend zwei der 9 Koordinaten , • • • , 23 . so gilt also 

(38) wwq •“ WqW = 

Naeh (5) haben daher die Flachenkonstanten 71 , 72 , 73 alle drei den Wert 0. 
Hieraus crgibt sich nun leicht, dass die Bewegung in einer festen Ebcnc durch 
den Nullpunkt vor sich geht: 

Die Differentialglcichungen (2) sind invariant gegcnuber einer Drehung dcs 
Koordinatensystems um konstante Winkel. Deshalb kann man annehmen, 
dass ziir Zcit i — k die, drei Punkte Ai , , /ta in dor Ebene 2 = 0 liegon. VVegen 

7i = 0, 72 = 0 ist (lann also 

3 3 

(39) X) T^kVkZk = 0, rrikXkZk = 0 

ifc-l h^\ 

fiir / = <0 . Nach (6) ist ferner 

3 

(40) 2] mkZk = 0. 

h»l 

Liegen nun die drei Massenpuiikti* zur Zeit t = U nicht auf einer Geraden, so 
ist die aus den drei Zeilen a*i , 0:2 , X3 ; yi , 1/2 , 2/3 ; 1, 1, I gebildeto Determinante 
von 0 verschieden, und aus (39), (40) folgt das Verschwinden dor drei Werte 
ii , 22 , 23 fiir t — k , Liegen andcrerseits die drc'i Punkte zur Zeit t = to auf 
einer Geraden, so kann man durch eine Drehung des Koordinatensystems er- 
reichen, dass diese Gerade die a;-Achsc wird und ausserdem die Geschwindig- 
keitskomponente 23 fiir t = k verschwindet. Nach (39) und (40) ist dann aber 

(41) miXiZy + m2X2Z2 = 0, m\Z\ + m^z^ = 0 

fur < = <0 • Da zur Zeit t = ^ keine Kollision stattfindet, so ist dann Xi ^ ^ 

und aus (41) folgt wieder das Verschwinden von ii und 22 fiir i = <0 • In jedem 
Fall liegen also die iliehtungen der Bewegungen der drei Massenpunkte zur 
Zeit t = to ebenfalls in der Ebene 2 = 0, und aus den Differentialglcichungen 
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(2) folgt nach dem Eindeutigkeitssatz, dass dio Bewegiing ganz iu der Ebene 
z = 0 erfolgt. 

Wir konnen daher weiterhin Zk = 0 (k = 1, 2, 3) aniiehrnen und brauchen 
riur noch ebene Bewogungon zu betrachtcn. 

6. Das asymptotische Verhai^ten der Dreiecksseiten 

Bedeutet w eine beliebige der 0 Koordinatcn Xk , yk (A: = 1, 2, 3), so wollen 
wir die Abkiirzung 

(42) w* = 

einfiihren, also z.B. xt = 1st allgemeiner ('ine liornogenc Funktion 

von a:i , • • • , 2 / 3 , wollen wir iinter den Wert verstehen, den man crhalt, 
wenn man in ^ alle Variabeln w durch w* ersotzt; z.B. ist also 

rt = U* = i’i"\ 

Nach (23) uiid (36) gilt die Abschatzung 

(43) w = Oie'"), w = 0(r‘'’). 

Hieraus folgt nach (42) 

(44) w* = 0(1), IV* = wr-'^ - - o(r‘). 

Ferner ist nach (38), wenn Wo ebenfalls cine Koordinate bedentet, 

(45) to*u»o — wtw* = wt — fwor^^’) — = o(r') 

und nach (23), (26) 

(46) ,/* ~ X, ./* = - f/r"’ = o{r‘). 

Aus (44) und (45) crhalt man 

(47) J*w* — jw*,/* - mAikixk iv* — w*xt) + ytiytd* - w*yt)] = o(r‘) 

k-\ 

und aus (44) und (46) 

(48) .J*w* - ]w*J* = \w* + o(t '). 

Aus (24), (47), (48) orgibt sich 

(49) w* = o{t'). 

Es ist 

dJP ^ dU ^4/3 
dw* ^ 

und folglich gehen die Differentialgleichungen (2) durch die Substitution (42) 
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uber in 


nikiwt (*'*)■■ = ^ t *'* {wk - Xk,yk;k = 1, 2, 3) 

dWk 

(50) - W 4- = 1 ^ . 

mk dWk 

Nun sei e > 0, t ^ 0. Im Intcrvall t ^ t ^ 2f gilt nach (49) 

(51) tv* = (w*)i_. + ® = («’*)(-. + o(l). 

Ferner ist nach (37) 

U* ~ fX; 

also sind fiir t 0 die reziproken Werte der Grossen r* (& = 1,2, 3) beschrknkt 
und das gleiche gilt dann ftir die zweiten partiellen Ableitungen von U* nach 
seinen Variabeln w*. Nach dem Mittelwertsatz folgt aus (51) demnach 

Ausserdem ist nach (49) 

(63) dt = - i I d:i*tdt = o{t) (e ^ t g 2t). 

Wir integrieren jetzt die Gleichung (50) zwischen den Grenzen e und 26 und 
ersetzen nachtraglich wieder 6 durch t. Nach (51), (52), (53) folgt dann 

- Wf + o(0 = — ^ t + o(t) 

TO* dWk 

(54) (t->0). 

TO* dWk 

Diese Relation ist offenbar invariant bei beliebiger orthogonaler Transformation 
des Koordinatensystems. Wir wahlen ein derartiges bewegliches Koordinaten' 
system durch den Schwerpunkt, dass die Strecke A»Ai parallel zur Abszissenachse 
ist und At eine nicht-negative Ordinate hat. Sind X* , F* die neucn Koordi- 
naten von Ak {k = 1, 2, 3), so ist also Xi > Xs , Fi = Fs , Fi ^ 0. Setzt man 
noch 

(55) Pi = X, - X, , p, = X, - X, , Pk= Yi- Yk, 

so haben im neuen System die Punkte Ai und Aj in bczug auf A* die Relativ- 
koordinaten pi , 0 und Pt , p». Es sei wieder 

x: = Xtr*'*, F** = YkC^'\ pt = p*r'’. 
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Benutzt man (54) mit K* , Yt anstelle von wt , so folgt durcb Subtraktion 



Verwendet man (64) analog fur X* , Xt und fur Xt , Xt , so erhalt man 

(67) ipt + ma “ (>»i + "is) 0 

(68) ipi + mi — (jwj + wij) 0 . 

Nach (23) sind die Werte pt (h = I, 2, 3) beschrmikt; nach (37) sind auch die 
reziproken Werte der rt beschrankt. Wir betrachten jetzt irgend eine Folge 
t — » 0, ftir welche die zugehorigen Werte der p* gegen Grenzwerte p* streben. 
Es seien f* (fc = 1,2, 3) die Grenzwerte der Grossen r* . Da der Schwerpunkt 
des Dreiecks im Nullpunkt liegt, so streben auch die Punkte {Xt , Y*) gegen 
gewisse Grenzpunkte At (k = 1, 2, 3). Zufolge (56) gilt 

pj(rr’ - rr’) = 0, 
also entweder pz = oder f * = f» . 

Liegen die drei Punkte Ai , Az , Az nicht auf einer Geraden, so ist p» 0, 
also ft — h, und durch zyklische Vcrtauschung folgt auch fj = fi ; daher ist 
das Dreieck AiAtAz dann gleichseitig. Bedeutet r die Dreiecksseite, so ist 
offenbar 

(59) Pi = r, 
also nach (4) und (57) 

(60) 

femer nach (37) 

(61) fX = (wjma + mjmi + mimt)r~'. 

Liegen'ili ,At,Az auf einer Geraden, so kann man nach etwaiger zyklischer 
Vertauschung der Indizes voraussetzen, dass At zwischen Ai und At gelegen ist. 
Setzt man 

(62) Pi — p, pi — up, 
so ist also 

(63) 0 < « < 1 
und aus (67), (58) folgen die Gleichuugen 

(64) fp* = nil + ms + mt\u~^ + (1 — w)~*} 

(66) |«p* = mi{l — (1 — «)“*} + (mj + 


Pi = \r, pt = 

o 3 

|r = m. 
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Daher geniigt « dor algebraischcu Gleichung fiinftcn Grades 

(66) Wi{(l — (1 — w)) + ?n2{6>(l — — (1 — 4* — a> = 0. 

Schreibt man sie in der Form 

(67) mi + mo) ^ ms + m2(l — o)) 

mi + ms + m2(l — w)”* ^ 

so ist leicht zu seheii, dass sie genaii eine Wiirzel im Intervall (63) besitzt. L^st 
man namlich w von 0 bis 1 wandern, so wachst die linkc Seite von (67) monoton 
von 0 bis 1 und die rechte Seite fallt monoton von 1 bis 0. Hat man co bestimmt, 
so crhalt man p vermoge (64) und dann f>i , ps aus (62), wahrend ps = 0 ist. 
Aus (37) folgt jetzt 

(68) iX = \ 7 n 2 nizccr' + mgmi + murhil — a))~^}p''\ 

Man erhalt die beidon anderen gcradlinigen FMle, wenn man in (64) und (66) 
die Massen mi , m2 , m3 zyklisch vertauscht. 

Aus (59), (60), (62), (64), (66) ist nun ersichtlieh, dass sowohl im gleichseitigen 
Fall als auch in den drei geradlinigen Fallen die Grossen pi , ps , Ps eindeutig 
durch m\ j m2 j m3 bestimmt sind. Wir batten bisher eine solche Folge / —> 0 
betrachtet, fiir welche die Werte pt (fc = 1, 2, 3) konvergieren. Da aber die 
pt fiir < > 0 stetige Funktionen von t sind und nur jene vier isolierten Systeme 
von Haufungswerten pi , p2 , Ps moglich sind, so konvergieren die pt aueh, wenn 
t beliebig gegen 0 strebt. Damit ist bewiesen, dass die* Ausdnieke (k = 

1, 2, 3) fiir ^ > 0 gegen positive Grenzwerte streben, namlieh entweder gegen 

den durch (60) festgelegten Wert r des gleichseitigen Falles oder gegen die 
Werte wp, p, (1 — w)p der drei geradlinigen Falle, w(4che sich aus (64), (66) 
bestimmen, nach etwaiger zyklischer Vertauschuiig der Indizes. 

Wir wollen weiterhin von den 3 geradlinigen Falhui nur noch den durch 
(64), (66) fixierten studieren, da die beiden andenai durch V('rtauschung der 
Indizes auf diesen zuruckgefiihrt werden. 

7. Ein Spezialfall 

Bei den bekannten von Lagrange entdeckten spezi(41en Losungen des Drei- 
korperproblemes bewegen sich Ai , A2 , A3 auf drei in einer Ebene gelegenen 
Kegelschnitten, wahrend das Dreieck /I1A2A3 dauernd einem festen Dreieck 
ahnlich bleibt. Daboi ergeben sich fiir die Form des Dreiecks zwei Moglich- 
keiten: Entweder bilden Ai , A2 , A3 die Ecken eines gleichseitigen Dreiecks oder 
sie liegen auf einer Geraden. Setzt man im letzteren Fall voraus, dass A2 
zwischen Ai und A3 gelegen ist, so erhalt man als Wert des Verhaltnisses der 
Strecken A2A8 und A1A3 gerade die durch (66) definierte Zahl w. Hierdurch 
wird nahe gelegt, die unter den Lagrangeschen Losungen erithaltenen Dreier- 
stossbahnen aufzusuchen, um dann die allgemeinen Dreierstossbahnen mit diesen 
vcrgleichen zu konnen. 
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Man erhalt die Kollisionsbahneii untcr den Lagrangeschcn Losungen, indem 
man die kegelschnittformige Bewcgung der Massenpunkte in cine geradlinige 
ausarten l^t. Dementsprcchend machen wir den spcziellcn Ansatz 


Xk = ikgit), Jjk = mil) (A; = 1, 2, 3) 


mit konstanten Xk , yk und einer zweimal differentiierbaren Funktion g{t), die 
fvir < > 0 positiv ist und fiir < = 0 verschwindet. Versteht man unter 0 den 
Wert von U mit Xk , yk anstelle von Xk ,yk, so gehen die Differentialgleichungen 
(2) iiber in 


(69) 


... 2 dO 

nikWkgg = — 

dwk 


{wk = Xk,yk-,k = 1, 2, 3). 


Folglich ist der Ausdruck gg^ konstant, aber nicht 0, weil 





= - C 9^0 


ist. Dann kann man abcr die Normierung 
(70) 99^ 

treffcn und auf die Glcichiingen (69) die Uberlegungen anwenden, mit denen 
wir im vorigen Paragrapheii die Ilelationen (54) iiiitersucht haben. Wegen dor 
orthogonalen Invarianz kann man noch Xi > Xz y i/i = ys y 92 ^ 0 annehmen 
und erhalt fiir die Punkte {Xk y Vk) {k = 1, 2, 3) genau die Punkte Ai , A 2 , Az 
des gleichseitigen oder des geradlinigen Falles. Fiir die relativen Koordinaten 
Xi — Xz = Pi y X 2 — Jtz = 7)2 y 92 — Vs — Vz gilt dann naoh (59) im gleichseitigen 
Falle 


V\ = r, p2 = ir, pz = ir V3 

und nach (62) im geradlinigen Falle 

Pi = P, P2 = wp, Pz = 0. 

wobei r, w, p durch (60), (66), (64) festgelegt werden. 

Die Integration von (70) ergibt 

= ip”’ + c 

mit konstantem c. Wahlt man speziell c = 0, so erhalt man durch noch- 
malige Integration 

/ 2/3 
g = t' 

und damit als spezielle Dreierstosslosung 

Xk = £kt"\ yk = ykt"" {k = 1, 2, 3). 

Fur einen spateren Zweck berechnen wir noch die zu dieser Losung gehorigen 
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Werte von Xi, Xt, ii2. Nach ( 6 ) ist 




also im gleichseitigen Falle 

( 71 ) 3 m ■ 

und im geradlinigen Falle 




(72) xi = 2 


7712(1 — «) + 7718 .-1/8 . O — 77li(l — «) ,-l/8 


:pr'^ r^ = 2 : 


pr^ 2/2 = 0. 


8. Reduktion der Differentialgleichungen 

Um das Verhalten dcr Dreierstosslosungen bei / = 0 noch naher zu unter- 
sucheii, rniissen wir die in ( 55 ) definierten Grossen , P2 , Pa in die Differential- 
gleichungen ( 2 ) einfiihren. Zunachst bilden wir die Relativkoordinaten von 
Ai und A2 in bezug auf Az im ruhenden Koordinatensystem 

( 73 ) {1 = Xi - xa , $2 = 2/1 - 2/3 , 6 = ^2 - , {4 = 2/2- 2/8 

und setzen noch 


( 74 ) miXi = 771 , nhyi == 172 , W2X2 = m , ^2/2 = Vi • 

Nach (6) ist dann 

( 75 ) TTijXa = -(771 + 173), ^ 32/3 = -(172 + T74), 

also nach ( 7 ) 

( 76 ) T = ^ (77? + 77I) + (773 + 77^) + 2” {(771 + 773)* + (772 + 774)*}. 

Femer wird 


( 77 ) rl = {I + = {? + {^ , rj = ({, ~ $3)^ + ({2 ~ {4)*, 

also U eine Funktion von {i , {2 , {a , {4 allcin. Die Differentialgleichungen ( 2 ) 
gehen dann liber in das System achter Ordnung 
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Fuhrt man die Energie 

E = T - U 


ein, so hat das System (78) die kanonische Form 


(79) 


_ _ _dE 

dfik’ ’** a?* 


(*= 1, ...,4). 


Um nun die Differeiitialgleichungen fiir die Relativkoordinaten im bewegten 
Koordinatensystem aus §6 aufzustellen, macht man am bequemsten von der 
Jacobischen Transformationstheorie Gebrauch. Nach dieser gilt bekanntlich 
folgender Satz: 

Es sei II eino Funktioii von 2n Variabeln Vk y Pl {k = 1, • • • , n) mit stetigen 
partielleri Ableitungen zwcitcr Ordnimg in der IJmgebuiig einer Stelle, an 
welchcr die n-rcihigo Detcrminante 


(80) 


D = 


dp^drii 


^ 0 


ist. Dann wird dutch den Ansatz 


(81) 


^ dH dH 

* drtk ’ dpk 


(fc = 1, . . . , n) 


einc Variabelntransformation definicrt, welche das Hamiltonschc System 


t. — 

dE 

A. ~- 

dE 

kk — 

dvk’ 

Vk ~ 

~Wk 

in das Hamiltonschc System 




p* = 

dE 


_dE 

dqt’ 

Qk = 

dpk 


(A: = 1, . . . , n) 

(A: = 1, ••• , n) 


uberfiihrt. 

Bedeutet pt den Winkel zwischen der ruhenden Abszissenachse und der 
Richtung AsAi , so bestehen zwischen , { 2 , fs , it und den in (55) erklarten 
Relativkoordinaten pi , 0, pt, ps im bewegten Koordinatensystem die Glei- 
chungen 


(82) 


il = Pi cos Pi , 


Wir wahlen 


iz - Pi sin Pi , is = Pz cos pi — ps sin Pi , 
ii - Pz sin Pi + Ps cos Pi . 


H = niPi cos Pi + rizPi sin pt + iis{pz cos pi - ps sin pi) 

+ rti{pz sin P4 + p» cos P 4 ) 

und wenden den Transformationssatz fiir h = 4 an. Eine Icichte Rechnung 
ergibt fiir die Detcrminante D in (80) den Wert pi , und dieser ist von 0 ver- 
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schieden, solange keine Kollision vorliegt, also fiir / > 0. Dio crste Gleichung 
in (81) ist wcgen (82) erfiillt, die zweite Gleichung ergibt die Formeln 

gi = t)i cos Pi + vt sin p^, qt = i/s cos pt + v* sin pt , 

(83) 

Qa - —n» Sin p4 + ij 4 cos p* , 

q* = ~ViPi sin Pi + riiPi cos pt - ijs(p 2 sin pt + pa cos pt) 

(84) 

+ Viipa COS Pi — Pa sin pt), 

also 


(85) qi = Pi (- 1/1 sin pi + 1/2 cos Pi) + p^qa - Paqa . 
Setzt man zur Abkiirzung noch 

(86) go = (psg* - paqa + qi)pT\ 

so ist nach (85) 


go = — 1/1 sin Pi + 1/2 cos Pi , 

imd in Verbmdung mit (83) folgt 

f 1/1 = gi cos p4 - go sin pi, 1/2 = gi sin pi + go cos pt, 
(87) 

(. 1/3 = g* cos Pi - qa sin Pi, 1/4 = qt sm pi + gj cos pi. 


Daher gilt nach (76) 


(88) T — (gJ + g?) + (g* + 9*) + {(S’® + 7®)* + + g®)*)* 

ferner nach (77) und (82) 

(89) r? = pi + pj , r2 = Pi , rl = (pi - paf + pi . 


Auf Grund des Transformationssatzes geht das System (79) durch die Substi- 
tutionen (82), (87) uber in 


(90) 


Pk = 


aE 

dqk 


dE 

qk = 

dpk 


(fc= 1, ...,4), 


wobei E = T — U nach (88) und (89) als Funktion der p* , g* (/: = 1, • • • , 4) 
anzusehen ist. Mit Riicksicht auf (86) ist ersichtlich, dass E die Variable pi 
nicht enthalt, also 


dpi 


= 0 


ist. Die zweite Gleichung (90) ergibt fiir 1; = 4, dass ^4 konstant ist. Dies ist 
gerade die Aussage des Flachenintegrals, denn aus (73), (74), (75), (82), (84) 
folgt 

3 

qi =® ~>Ii^3 + i?i{i — tiaia + >?i$3 = £ — Ptit); 
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also ist qi die Konstanto 73 aus (5). Nach §5 ist daher fiir jede Dreierstossbahn 

(91) q , = 0, 

und wir erhalten fur pk , qk {k = 1, 2, 3) das System scchster Ordnung 

Ist dieses integriort, so ergibt sich durch (iuadratiir aus 

. _(dE\ 

V^4/g4-0 

9. Das asymptotische Verhalten der pk und qk 

Wir hab(m in §6 bevviesen, dass die Ausdriicko pt = Pkt~“''^ {k — 1, 2, 3) fiir 
/ “► 0 (Irenzwerte pi haben. Xaeh (59) ist im gleiehsoitigon Falle 

(92) Pi ~ re '\ Pi ~ ps ~ 

wobei r durch (00) gegeben ist, und nach (02) im geradlinigen Falle 

(93) Pi ^ Pi ^ p3 == 

wobei die Zahlen w, p in (00), (04) festgelegt sind. 

Wir wendon uns jetzt zur Untersuchung des asymptotischen Verhaltens von 
fh 1 ^ 2 , qii . Schreibt man zur Abkiirzung 


cos Pi — p, sin pi = V, 


so ist nach (74), (75), (87) 


niiXi = qip — qQVj miXi = — q^v, 

, ^ TOaia = -(91 + <72 )m + (90 + qz)v, 

(95) 

Wii/i = qiv + 9om. = qzv + (/jjtf, 

^ ffisVi = —(91 + 92)*' ~ (90 + 93)#*- 
Nach (6), (73), (82) ist fcTiicr 

ma-i = {(ms + ms)pi — wjjPsIm + mipiv, 

myi = {(m, + m 3 )pi - miPi\v - Tntp»p, 

(96) <mxi {(mi + m»)p, - whpilp - (mi + rm)pzv, 

myi = {(mi + m3)ps - mipijv + {mi + m 3 )p 3 p, 

mxi = -(mipi + miPi)p + msPs*', my^ = — (mipi + miPi)v - mspsp. 
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Hieraus folgt mit Riicksicht auf (10) 

y - PiQi + ms + P»98 , 

also nach (25) 

(97) piQi + ms + ms ~ 

wobei X im gleichseitigen Falle durch (61), im geradlinigen Falle durch (68) 
festgelegt wird. Ausserdem ist nach (38) 

XiVi - tfiXi = Xiili — yjXi = o(<*'“), 

also 


(98) + ms)pi - m^Pi\q» + mjpsgi = o(<*'*), 

(99) {(mi + mj)pj - mipijg, - (mi + mj)p»g4 = o(<‘'*). 

Zufolge (43), (83), (86) ist 

(100) qu = 0(r*'*) (A = 0, • • • , 3). 


Im gleichseitigen Falle folgen aus (91), (92), (97), (98), (99), (100) die Bezie- 


hungen 


(101) 

2?i + 98 + 98\/3 !Xr H 

(102) (m* + 2m8)(giV'3 - qs) + 2m*giv'3 = 

(102) 

(m* - mi)g» - (mi + m»)g*V3 = o{t ''’). 

Setzt man 

ga = »»*(mi + m8)g, 

Vo 

so wird nach (103) 

qs - im2(m3 - mi)g + o(r*'’) 

imd nach (102) 

gi = imi(mj + 2m, )g + o(r^'*). 

also nach (101) 



4(mimj + mjmi + mimj)g ~ |^Xr h 


wornus nach (60), (61) 
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iind folglicb 




(m* + 2mi)rt gr* ^ - fni)rt 


(104) 


3m 


3m 


rrii 


qs Jo (»»« + »»»)»■< 

niy/o 


sich ergibt. 

Im geradlinigen Falle ist nach (86), (91), (93), (98), (100) 
— lmj(l — w) + mi\<aqi = o{t *^*), 

also 


(105) g, = o(r‘'*), q, = o(r*'‘). 

Nach (38) ist femer 

niimixiXi - xiii + yiyi - j/j^i) = o(«''*), 

also nach (95), (96), (105) 

(106) mi{mj(l — «) + OTslgj + mj{mi(l — u) — mtulqi = 
Setzt man diesmal 


so wird 


g, = milm2(l - «) + majg, 


gj = rthlm^u — mi(l — w)}g + o(l‘^®) 

und nach (97) 

(107) {mjms«® + msmi + niimtil — <o)®)g 

Multipliziert man (64) mit mi{mi(l — to) + ms) und (65) mit mtimito 
mi(l — to)}, so folgt durch Addition 


|{mjm8to 


+ mittii + mim2(l — to)®|p’ = {mjmsto ' + rritmi + mimj(l — to) *] 


Benutzt man noch (68), so geht (107) uber in 


Demnach ist jetzt 


q 




2 P ,-!/> 

3w 


(108) 


gi ~ ^ {m2(l - to) + mslpf’'®, 
g* ~ ^ {m,to - mid - «) )pr‘'®, g, = o(r‘'*). 


m. 
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Durch (104) und (108) ist das asymptotische Verhalten von q\ y qz , qa im 
gleichseitigen und im geradlinigen Falle festgestellt. Dass auch einen Grenz- 
wert fiir < — ► 0 hat, wird sich erst im spMereh Verlauf der Untersuchung ergeben. 

Man kann (104) auch mit etwas geringerer Rechnung aus den Formeln (101), 
(102), (103) erhalten, indepi man von §7 Gebrauch macht. Da namlich die 
auf den linken Seiten dieser Formeln stehenden linearen Formen von ^ 1 ,^ 2 , qz 
linear unabhangig sind, so sind die Grenzwerte von qkt^^^ (A; = 1, 2, 3) fiir < — > 0 
eindeutig bestimmt. Also kaun man sic durch Betrachtung des speziellen 
Falles von §7 ermitteln.' Dort ist aber p 4 = 0 und folglich nach (95) 

= mil , qz = mx2 , qz = m2y2 . 

Aus (71) folgt dann (104). Analog kann man im geradlinigen Falle aus (72), 
(97), (106), (106) ohne vvcitcre Rechnung auf (108) schliessen. 


10. Die charakteristische Gleichung 
Wir machen in den DifferentialgleichUngen (90) die Substitutionen 

f Pk = pU''\ Qk = g**r‘'* {k = 1, 2, 3), 


(109) 

( 110 ) 


. P4 = pt, 


q* = qtt'‘\ 


I = e 


Nach (80), (88), (89) ist E cine Funktion von pi, , qi. {k = , A), in welcher 

p^ nicht auftritt. Ersetzt man darin die Variabeln Pk , qk durcJi pt , qt , so 
moge E* entstehen, und zwar ist 

E* = Ef\ 

Das System (90) geht dadurcii ubor in 


( 111 ) 


II 

, • dE* 

Wk — , 

dqt _ 

1 as 

dqk 

ds 

II 

* ^1 

^1 

_dE* 

dqt ^ 

t ds 

dqt’ 

ds 


d^* 

dpt 


ik = 1,2,3), 


^E 

dpt 


Fiir < — > 0 ist s — » =c . Wie im vorigen Paragrapluai gezeigt wurde, haben 
bei diesem Grenziibergang die Ausdriicke pt und qt (k = 1, 2, 3) bestimmte 
Grenzwerte p* und qk . Im gleichseitigen Falle ist nach (92) und (104) 


( 112 ) 


Pi = r, Jh = hr, ^ = iry/3, 


^ (m* + 2mi)r, 


qz = 


mt 

niy/S 


g* = ^ (wi* - »»i). 


(mi + mz)r, 
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im geradlinigen Falle nach (93) \incl (108) 

Pi — Py pi = “P. P» = 0, 


(113) 


9i = {triiil — w) + Tth]p, Qi — jwisw — mi(l — w)|p, 


5a =0. 

Nach §7 konnen wir cine sppziello Droicrstosslosung, namlich 


Pk = Pki^'\ 5* = (k = 1, 2, 3), p4 = 0, 54 = 0, 


- 1/3 


wobei also pk , Qk {k = 1 , 2 , 3) im gleichseitigen Falle durch ( 112 ), im gerad- 
liiiigen Falle durch (113) gegcbcn sind. Wir orhaltcn also cine speziello Ldsiing 
des Systems (111), eine Glcichgewichtslosung, wenn wir pt , qt konstant glcich 
pk, Qk (fc = 1, 2, 3) und p 4 = 0, (/4 = 0 setzen. Um samtlichc Dreierstossbahnen 
zu bekommcn, haben wir samtliche Losungen von ( 111 ) zii untersiichen, fiir 
welche pt , qt (k = 1 , 2 , 3) die Grenzwerte pk , qk haben, wenn liber alle 
Grenzcn wachst. 

Wir setzen noch 

(114) Pk = pk + ^k , q* — qk + (A: = 1, 2, 3), pt = h , 7 * = ^7 • 

Fiir geniigend kleine Werte der absoluten Betrage von 61 , 62 , 63 Iflsst sich E* 
in eiue Reihe nach Potenzen von 5i , • • , 5? entwickeln, deren Koeffizienten 
noch von mi, m 2 , m 3 abhangen. Die Differentialgleichungen (111) gehen 
dadurch liber in ein System der Gestalt 

(115) = 53 o,ki^i + (fc = 1 , • • • , 8}, 

ns /-I 

wo Qki {kj I = 1, • • • , 8 ) Konstante bcdcuten und ^pi , • • • Potenzreihen in 
61 , • • • ,63 ohnc konstante und lineare Glieder. Da E* nicht die \"ariable Pa 
enthfilt, so gilt nach ( 111 ) 

(116) aA-8 = 0 (A: = 1, . . . , 8), an = i (iii = 0 (/ 7), ^7 = 0. 

Es bcdoutc 9K die achtrcihigc Matrix aus den Elementen Oki , ferner 31 die 
Untermatrix von 2)?, die durch Strcichung der beiden letzten Zeilen und Spalten 
aus SW hervorgeht. Wird eine Einheitsmatrix mil Q bezeichnet, so sind zufolge 
(116) die charakteristischen Polynome 


Giz) = 1 zg - I, F(z) = I - ?( 1 


der Matrizen 992 und ?I durch die Gleichung 

(117) G(z) = z(z - i)F(z) 

verknlipft. 
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Fur jede Dreierstosslosung ist == 0, also 67 = 0. Es sei rpk der Wert von ipk 
filr ^7 = 0. Wir haben dann das System 


(118) 

(119) 


as t-i 

Gsz^i + ^8 

as /-I 


(A; = 1, • • • , 6), 


zu losen, unter der Bedinguiig 0 (A; = 1, • • , 6) fiir s — > « . Auf den 
rechten Seiten dieser 7 Diflferentialgleichungen tritt h nicht auf. Hat man 
also das System (118) vollstaiidig gelost, unter jener Bedingung, so ergibt sich 
^8 == P4 aus (119) durch eine Quadratur. Zur naheren Diskussion von (118) 
ist die Kenntnis der charakteristischen Wurzeln der Matrix 21 notwendig. Die 
direkte Berechnung der Determinante 1 26 — 21 | ist recht miihsam, da die 
Koeffizienten aki sich nicht bequem bestiminen lassen. Eiiifacher erhalt man 
F{z) durch folgende Uberlegung: 

Bezeichnet man die rechten Seiten der Differentialgleichungen (116) mit 
(k = 1, • • • , 8), so hat man das System 


( 120 ) 



(fc — 1, • • • , 8) 


und ist die Funktionalmatrix Stclle 61 = 0, • • , = 0. Man 

betrachte jetzt , • • • , ^g als zwcimal stetig differentiierbare Fuiiktionen von 8 
neuen Variabeln di , • • • ,63, und zwar moge filr das Wertsystem Ok = Ok 
(A; = 1, • • • , 8) speziell 5/.- = 0 (A: = 1, • • • , 8) sein und die Funktionaldeter- 
minante der 5* beziiglich der Variabeln Ok an der Stelle Ok = Ok nicht ver- 
schwinden. Durch diese Transfonnation gehen die Differentialgleichungen 
(120) liber in 


dOk _ ^ ^ , 
ds ^1 ddg ‘ 


(A; — 1, • • • , 8), 


wobei die rechten Seiten als Funktionen der Ok anzusehen sind. Bezeichnet 
man diese rechten Seiten zur Abkiirzung mit '^k (k = 1, • • • , 8), so ist 


( 121 ) 


d^k 

dOi 


^ ^ 

^ dOl \dbg) dbg dbk dOl ’ 


Es bedeute ^ die Funktionalmatrix 




an der Stelie 0 i = 0i ,■■■, 0$ = 0s 
und & die Funktionalmatrix ( ^ ] an demelben Stelle. Da der erate Summand 

\d0t/ 

auf der rechten Seite von (121) an dieser Stelle verschwindet, so ergibt (121) die 
Beziehung 


und folglich ist 

(122) I z(g - ip I = i zg - ®“‘aK@ 1 = I @"‘(zg - aW)® 1 = 1 zg - SIR I = G'(z). 
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Um diese Formel zur Berechnung von G(z) anzuwenden, setzen wir noch 
(123) ft = f*r*'*, n, = (A; 4), 


70 = qU~"\ 


7o = (p»7s - Ptq3)pi 


Nach (82), (86), (87), (109) ist dann 


il- == MPl , fa = m , 


* ♦ ♦ 

Vi = Mil — »'7o , 


m = »'7i + M7o , 


UPt — vpt , |4 = PP2 + IXPi , 

]|( i)( 3 )C )|C 9 |t j|C 

V3 = M<72 - J'73 j Tli = vq2 + 


wobei Hj V in (94) erklart sind. Zufolge (1 14) sind die f* , rit Funktionen von 
, • • • , ^8 , die an der Stelle 6i = 0, • • • , 6« = 0 die Werte 


1 = Pi > la == 0 , liz — ihy I4 - Pa , Vi = Qi f h = qo , ^3 = ^2, — qz 

haben. Endlich sei 


dk — (fc — 1 , • • • > 4) 



Durch eine cinfache Rechnung erhalt man fiir die Funktionaldeterminante der 
Ok als Funktionen der dk den Wert 0. Vermoge der Substitu- 

tioneii (123), (124) gehcn nun die Dififerentialgleichiingen (78) iiber in 


(125) ^ = ffl, + 0*^, ^ = - 10*4. - G* (fc = 1, . . . , 4) 

as (is 

mit 


tri = IJl^O^Ri "t~ ('fdl W 3 )^l /^2 "i" ^^^2(^1 ■“ 0^)R^ , 

G2 = 7712 $ 4R1 4 “ (wi 4 “ 771 z) 62 R 2 4 “ ^^?2(^2 — ^4)^3 } 

(tz = 717 >\ 0 \R\ 4 * (^-2 4 " 7 nz)dzR 2 4 " 77 li( 6 z — 0i)Rz , 

Gi == 7 H\ 02 Ri 4 " (77I2 4 “ 7 Tlz) 0 iR 2 4 “ Wi (04 — O^Rz , 

Ri = (0» + Ri = {e\ + 0|)■•■’'^ R, = 1(0, - Oo)’ + (O2 - O4)*}"’'’. 

Fiir die Werte der Ableitungen 


OGk 


= Ckl 


(fc,i = l, --,4) 


an der Stelle 

(126) = Pi , ^2 = 0, Oz — ih, 04 = Ps 
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findet man nach (112) im gleichseitigen Falle 


inh - 2(mi + Ws), nit , 0, nit , 


3V3 , , 3\/3 n 

— ^ nit , nil + OTs — fwj, — — - m , 0, 


= 


-fwi, - nil , Kwi + wtj + nia), (nii - m* - wis), 

?«! , fwi, (m, - wi2 - m,), -f(wi + Ws + ms), 

4 4 

uiid nach (.113) im geradlinigon Falle 

[ — 2(mi + ms) — 2ms« *, 0, 2m*{w ’ — (1 — «)"*}, 0, 

0, nil + ms + nitu *, 0, 7n«{(l — w) ’ — w *j, 

-2mi(l - «“'), 0, -2mi«'' - 2 (m 2 + 7»3)(1 - w) 0, 

I 

[0, mi(l — w ‘“), 0, mito ’ + (tin + m 3 )(l — w) 


A«=<; 


wo die Grossen r, «, p durch (60), (66), (64) fixiert sind. 

Bezcichnet man zur Abkurzung die vierreihige Matrix (cti) mit (S, so hat die 
Funktionalmatrix der rechten Seiten von (125) als Funktionen von ffi, ■ ■ ■ ,9$ 
an der Stelle (126) die Gestalt 


_ / le e \ 

"\-e -W’ 


wo die rechts auftretenden Matrizen vierreihig sind, und nach (122) wird 

(z - f)g -a 
e (3 + m I 


G(z) = 


= 1(2 + i)(2 - |)@ + S |. 


Diese vierreihige Determinante bestimmt man durch direkte liechnung unter 
Benutzung der angegebenen Werte der c*.j . Es ergibt sich ein einfaches Re- 
sultat. Setzt man 

(2 + i)(z - I) = a;. 


SO wird im gleichseitigen Falle 

(127) 6(z) - (x + |)(x - i)(x^ - P - -A + ia) 

mit 


(128) 


m2m3 + ms mi + mim* 
(mi + ms + ms)* 
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und im geradlinigen Falle 


(129) 
mit 

(130) 
Da 


G(z) - (X + f)(x - i)(x + I + ^b)(x - t - ib) 


4" (1 — c j) ^ + (1 — o)) + nis{l + a> ^ + 0) ^) 

^ + (1 — w) + ma 


2(2 - J) = X + I 


ist, so erhalten wir nach (117) das charakteristischc Polynom F{z) dcr Matrix 
21, indem wir auf den rechten Sciton von (127) und (129) den Faktor x + v 
fortlassen. 

Die charakteristischen Wurz(‘ln von ?( sind also zufolge (127) im gleiehseitigen 
Falle die 0 Zahlen 


(131) < 


- oo = - I, - a, = J-l 1 - (13 + 12(1 - 3a)‘]M, 

- a* = 1(1 - [13 - 12(1 - 3a)^l‘), a, = i{l + [13 - 12(1 - 3a)‘]M, 

04 = + [13 + 12(1 -3a)*]M, 05 = 1. 

Wegen der Bezichung 

2 m\l — 3 a) = (m2 — mzY + (m3 — mi)' + (mi — ^12)' 


ist a ^ und zwar a = j nur fiir mi = nio = m3 ; andererseits ist a > 0. 
Folglich sind die 6 Wurzeln samtlieh reell, und zwar —Oo , , — «2 negativ, 

^3 , ^4 , db po^siliv, Ferner sind sie samtlieh vcrschieden, ausser im F'alle mi = 
m2 == m3 , wo — ai = — a2 und az — wird. 

Im geradlinigen Falk' ergeben sieh aus (129) die Wurzeln 

[_feo=-f, - />, = id - (25 + 166)‘], 62 = id - (1-86)1], 

(132) [ 

[6, = id + (1 - 86)1], ^ + (25 + 105)1], 5^ ^ 1 

Von diesen sind —fco mid —61 negativ, 64 und Ih positiv, und 6a entweder 
positiv odor koiijugiert komplex mit dem positiven Realteil Die Wurzeln 
sind alle verschieden, ausser im Falle 6 = wo 62 = 63 = J wird. Die Gleichung 
6 = I lief(U‘t eine algebraische Bedingung fiir Wi , m2 , m3 , die nicht idcntisch 
erfiillt ist. Wahlt man z.B. mi = m-3 , so ergibt (00) den Wert w = und aus 

der Annahme b = J folgt naeh (130) die Bedingung — = Also sind im 

mi 4 

allgemcinen die Wurzeln samtlieh verschieden. 

Dafss die Werte — f und 1 unter den Wurzeln auftreten, hatte man auch 
ohne Reehnung aus dem Energieintegral entnehmen konnen. Dagegen lasst 
sich die Bestimmung der iibrigen Wurzeln wohl kaum einfacher durehfuhren, 
als es hier geschehen ist. 
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11. Asymptotische Bahnen 

Wir betracliten ciii System von DifferciitialglcichuuKeii der Form 

(133) ^ I -j- \l/k (fc = 1, • • • , n). 

its l-i 

Hieriii seieii die a^i reolle Konstaiite und die ypk Poteiizreihen der Variabeln 
6i , • • • , mit reellen KoeflSzioiiten, welche in ciner gewissen Umgebung des 
Nullpunktes konvergicn-en und weder konstante noch lineare Glieder enthaltcn. 
Es seien Xi , • • • , Xn die charakteristisehen Wurzein der Matrix (uki) = 21 und 
pk der reelle Teil \'on Xk {k = !,•••, n). Von diesen reellen Teilen seien p 
negativ und n — p positiv, also keiner gleieh 0. Wir denken uns die Wurzein % 
so angeordnet, dass 

(134) 0 > PI S P2 ^ ^ Pp , Pp^-l Pp+.2 ^ ^ Pn > 0 

isl. 

Nach einem bekaiinten Satze der Elementarteilertheorie gibt es eine Matrix 
$ = (hki)j sodass die Matrix 

(135) = Q 

die Normalform besitzt. Zunaelist werde angenominen, dass die Wurzein X* 
(A = 1, • • • , w) samtlich verschieden sind. Dann ist O die Diagonalmatrix 
aus den Diagonalelementen Xi , • • • , Xn . Man kann noch voraussetzen, dass 
fiir je zwei konjugiert komplexe Wurzein X/ imd \k auch die und die Spalte 
von ^ zueinander konjugiert komplex sind. Macht man die Substitution 

n 

(136) 5* = 23 hki^i (& = 1, • • • , n), 

1-1 

so sind 5i , • • • ,5„ dann und nur dann rcell, wcim fiir jedes Paar konjugiert 
komplexer Wurzein X, , X* = X, auch stets f* = f, gilt und fiir reelles X* auch 
ffc reell ist. Wir wollen weiterhin nur solche Werte der Variabeln ftbetrachten, 
die diesen Bedingungen geniigen. 

. Durch die lineare Substitution (136) geht das System (133) wegen (135) 
dber in 

(137) ^ = Xikf/k + X* (* = 1) • • • , »); 

dabei sind die x* = x*(fi . • • • » fn) Poteiizreihen in fi , • • • , f„ ohne konstante 
und lineare Glieder, welche den Gleichungcn 


= Z) fhuxi 
1-1 


genugen. Fdr X* = X,- ist also auch x* == Xj • 


(fc = 1, • ■ • , ») 
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Wir wollen das System (137) weiter vereinfacheii durch Substitutionen der 
Gestalt 

(138) Uk ^ Pki^l y * ’ ‘ ) tp) (k == 1, • • • , 

WO die Pk Potenzreiheii der ersten p Variabeln f i , * • * , f p ohne konstante und 
linearc Glieder bedeuten. Wir setzen duiso Potenzreiheii zunachst mit unbe- 
stimmten KoeflSizienten an und wollen diese dann rekursiv eindeutig festlegen 
durch gewisse Bedingungen. Die Untersuchung der Konvergenz werden wir 
nachtraglich durchfuhren. Fiihrt man die Variabeln Uk in die Differential- 
gleichungen (137) ein, so erhalt man das System 

(139) = X/fcRjb + Qkiuij • • • , an) (fc = 1, • • • , n) 

mit 

Qk = xk + XfcP/fc — 23 (xi + 

i-i dfi 

dP 

wobei in x* > Pk , , xi, ti die Vaiiabeln Ui, ,u„ durch Auflosung von 

ofi 

(138) nach f i , • • • , f „ einzutragen sind. Die Qk sind dann offenbar Potenz- 
reihen in Mi , • • • , u„ ohne konstante und lineare Glieder. Nun wollen wir die 
Koeffizienten der P* so zu bestimmen vcrsuchen, dass in keiner der Reihen Qt 
Potenzprodukte dcr p Variabeln Ui , ■ ■ • ,Up allein auftreten; es soil also iden- 
tisch 

(140) Qk{ui , • • • , Mp , 0, • • • , 0) = 0 (* = 1, • • • , n) 

gelten. 

Nach (138) sind f i , • ■ • , f p Potenzreihen der p Variabeln «i , • • • , Up allein, 
und fur Wp+i = 0, • • • , m* = 0 ist ausserdem 

ft = Pi(fi Ap) (A = p + 1, • • • , n). 


Daher sind die Bedingungen (140) gleichbedeiitend mit 


(141) 


Xk(ti, • • • , tp, Pp+1, ••• > Pn) + XkPfc 


h dtl 




" >tp}pp+k> ) Pn) + Xlfl} 


0 


fiir A: == 1 , • • • , n, identisch in , • • • , fp . Wir zerlegen 


Pk = i.Pk, (*-l, ...,n), 

wo Pi, ein homogenes Polsmom 5 **" Grades in fi , • • • , f p bedeutet; entsprechend 
sei Pi, der homogene Bestandteil g"" Grades in fi , • • • , f p auf der linken Seite 
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von (141). Dann gilt ofifenbar 

(142) RkQ = XkPkq — + Hkqy 

0^1 

wo Hkq ein Polyiiom in fi , • , fp , Pm (Z = p + 1, • • • , w; A = 2, • • • , (? - 1) 

und — ^ (Z == 1, • • . , p; A = 2, • . * , g — 1) ist. 10s scion bereits alle Pih fur 

Z = 1, • • • , n und A = 2, • • • , ^ — 1 bekannt; diese Annahmc ist inhaltslos fur 
g == 2. Dann haben wir Pkq (k = 1, • • , n) zufolge (141), (142) aiis den 
Bedingungen 

(143) -X*n, + Ml = H,, 

/-I 0^1 

zu ermitteln, deren rechte Seiten bekannt sind. 

Ist cfi^ • • • ein Summand von H^q , so ergibt sieh fiir den Koeifizienten a 
des entsprcchenden Gliedes von Pa.^ aus (143) die lint^are Gleichung 

Xa; + 2 

und danach erhalt man <r, und zwar eindeutig, wenii 

(144) Z gi^i ^ X, 

z-i 

ist. Da gfi , • • • , <7 p nicht-negativc gauze Zahlen mit der Sumine q 2 und die 
reellen Teile von Xi , • • • , Xp nogativ, die von Xp^i , • • • , Xn positiv sind, so ist 
(144) fiir k > p stets crfullt und fiir A = 1, • • • , P jedenfalls bei geniigend 
grossem q. Wir setzen zunachst voraus, dass (144) ausnahmslos orfiillt ist, fiir 
k — 1, • • • , n und alle Systeme nieht-negativer ganzer Zahlen gi , • • • , , 

deren Summe grosser als 1 ist. Dann sind also die Potenzrcuhen Pa auf genau 
eine Weise so bestimmbar, dass (140) erfiillt wird. 

Es muss nun untersucht werden, wie es mit der Konvergeuz dei- formal 
gefundenen Rcihen Pa bestellt ist. Diese Untersuchung erfolgt am bequemstcn 
mit der Cauchyschen Majorantenmethode. Sind P und Q zwei Potenzrcihen 
in den gleichen Variabeln, so soli das Zeichen 

P <Q 

bedeuten, dass fiir je zwei entsprechende Koeffizicnten a und p von P und Q 
die Ungleichung 

\oc \ ^ fi 

gilt. Nach Voraussetzung sind die Potcnzreihen in (133), also auch die 
Reihen xk in (137) konvergent in einer gewissen Umgebung des Nullpunktes. 
Bedeutet Ci , wie auch weiterhin (^ 2 , • • • , Ce eine geeignetc positive Konstante, 
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SO ist also 




Ci(fi + « » 
1 — Ci(fi + 


+ inY 


+ fn) 


= /(fl 


• • , Tn) (fc = 1, . . . , n), 


wo die rechte Seite durch ihre Potenzreihe zu orsetzen ist. 
Wegeri (144) ist nun 


( 145 ) 


1 + + • • • + fifp < C 2 


—Xik + S 


z-i 


1 


fiir k = 1, • • • , rt und jedes System nicht-negativer ganzer Zahlen gi , • •• ,gp, 
deren Summe mindcstens glcich 2 ist. Wir crsetzen (141) durch die abge- 
anderton Gleichungen 


( 146 ) 


+ £ r, - ft (i + 1 ■■■,!„? 




P+l 1 


,Pt) 


(& = 1, . • • , n) 


fiir n unbekannte Potenzreiheii P*(fi , • • • , f^). Diese lassen sich durch das- 
selbe rekursive Vcrfahrcii bcstimmon wie die P* , und man entnimmt durch 
Vergleich von (141) tmd (140) wegen (145) unmittelbar die Beziehung 


(147) 


P* < P* 


(A; = 1, • • • , n). 


Alls (146) ersicht man, dass alle P* (k = I, • • • , n) identisch gleich sind; es 
sei P* der gemeinsame Wert. Setzt man noeh f i = f 2 = • • • = fp = f , so 
moge P* in P(f ) iibi'rgehen ; ferner sei 


f(y p\ - C'lfPf + 

l-C,{pf + (a-p)Pr 

Offenbar ist dann 

(148) P*(fi , • • • , fp) < P(fi + • • • + fp) 

und nach (146) 

p+fl=ft(i+f)/(f,p). 

Durch Einsetzen der Potenzreihe 


erhalt man 


< 1-2 


Z (9 + 1) = Cj (i + Z pi 

«-2 \ «-2 / 


Die hieraus entstehenden Rekursionsformeln fur die KoeflBzienten dq zeigen, 
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dass 

(149) p < mi 

ist, wo M\ der kubischen Gleicbung 


rM - + mif (-1 I nf\ 


genugt. Nun ist 


(1 + Ml)' ^ 1 


und folglich 

(150) 

mit 


1 - c,r(n- Ml) i-C4(r + Mi)’ 

Ml < Mi 


c,t < Ml 


Ms = 


1 - CsMs' 


Aus der Gleicbung 


erbalt man endlicb 


(1 - 2CsMs)-“ = (1 - 4C|f)- 


(151) Ms < M 

fiir 


1 + 4C»M = (1 - 4Cjf)"', 

M = CV(1 - 4C?f)-\ 
also nacb (147), (148), (149), (150), (151) 

p ^ + • » • + 

1 — C6(fl + • • • + fp) 


(fc = 1, . • • , n). 


Damit ist die Konvergenz der Potenzreihen Pk fiir hinreichend kleine Werte der 
absolute!! Bet rage von f i , • • • , f p bewicsen. 

Schliesslich sind noch die Realitatsverhaltnissc zu untcrsucheii. Aus der 
Losung Ply •• • , Pn von (141) entsteht eine weitere Ldsung, iridem man fiir 
jede reelle Wurzel \k die Grosse Pk duroh Pk ersctzt und fiir je zwei konjugiert 
komplexe Wurzeln X, , X* das Paar P, , P^ dUrch Pk , P, . Da aber die Ldsung 
eindeutig festgelegt ist, so gilt Pk = Pk im ersten Falle und Pk == Pj im zweiten 
Falle. Nach (138) ist also Uk reell fiir reelles Xjk und Uk = Uj fiir \k = Xy . 

Wir wollen nunmehr samtliche Ldsungen der Differentialgleichungen (133) 
bestimmen, die fiir s qo in den Nullpunkt einmiinden. Nach (136) und (138) 
genugt es, diese Untersuchung an dem System (139) vorzunehmen. Da « nicht 
explizit in den Differentialgleichungen auftritt, so kann man voraussetzen, dass 
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die gesuchten Losiingen fiir alle « ^ 0 der Ungleichung 

(152) 

geniigen, wo e eine hinreichend klein zu wahlende positive Konstantc bcdcutct. 
Setzt man 

(153) Z \u,f = Z, 

Ar-p-fl 

80 gilt zufolge (139) 

(154) (Xjfc + \i:)UkUk + S {UkQk + UkQk)- 

as ib“p+l A;«=p+1 

Nach (140) ist luni jedes Glied der Poteiizreiheii Qk inid Qk durch eine der 
Variabeln Up ^.i ^ , Un teilbar, also jed(\s (Uied dor Potenzreiho fiir den zweiten 

Summanden auf der reohten Seite von (154) durch ein Produkt zweier dicser 
Variabeln teilbar. Da diosc Potonzroiho mit Gliedern drittcr Ordnung beginnt, 
so ist nach (152) und (153) fiir goniigond kleine‘s 6 di(» Ungleichung 

(155) XI + UkQl^ ^ —pnZ 

fc-p+i 

crfiillt, also nach (134), (153), (154) 

t, pu\uu\' - PnZ ^ p„Z, 

(is it-p +1 

d^e-^ ^ ^ 
ds “ 

Daher ist der Ausdruckt fiir alle ^ 0 monoton wachsend; andererseits 

strebt or fiir 6* — > oo nach 0, weil pn positiv und Z < e ist. Folglich ist fiir die 
gesuchte Losung Z = 0, also 

(156) wa- = 0 (A- = p + 1, . . . , n). 

Nach (140) roduzicren sich jetzt die Difforentialgloichung(Ui (139) auf die ein- 
fache Form 

(157) (fc = l, ...,p) 

ds 

mit der Losung 

(158) Uk = (A: = 1, • • • , p). 

Dabei ist ak reell fiir reelles \k und ak = fiir Xa == X, . Da die Realteile von 
X% , • • • , Xp negativ sind, so miindet die durch (156) und (158) gegebene Losung 
bei beliebigen ak tatsSchlich fiir s — > oo in den Nullpunkt ein. 
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Durch die Bedinguiigeii (156) wird eine analytische FI ache von p Dimen- 
sioiien im Raume dor 5i , • • • , definiert. Man crhalt eine Darstellung der 
FI ache durch die Parameter f i , • • • , f ^ , wenii man in die Ausdriicke 

n 

5* = (fc = 1, • • • , n) 

I-l 

fiir , • • • , fn die aus (138), (156) folgenden Werte 

f/ = Pki^i » • • • , fp) {k == p + \y • • • j n) 

eintragt. Will man eiiu‘ rcclle Parameterdarstellung haben, so hat man das 
Paar f y , fiir \k = X; durch (f ; -f- f/t)/2, (f , -- f^)/2i zu ersetzen. Die gesuch- 
ten Bahnkurven erfiillen dann genaii diese p-dimensionale FI ache, und zwar 
erhMt man die einzelnen Losungen, indem man venmoge der Gleichungen 

Uk = Ta* P ^(fi j • • • > fp) (^ ~ i) ’ ■ ■ > p) 

die Grossen f i , • • • , fp als Potenzreihen von Ui ^ , Up hestimmt und dann 

Ufc = ake 

setzt, mit bcliebigen Konstanten a/. (^ = 1 , • • • , p) miter Bt'achlung dor Rcali- 
tatsb('diiigiingen. Die allgeineine Losung hangt also von p reellen Para- 
metern ab. 

Es scicn noch einmal die bciden Voraussetzungen orwahnt, die wir in diosem 
Paragraphen an vers(*hiedenen Stell(‘n der I'^ntersuchung (nngefiihrt haben, 
namlich die \\*ivschi('den licit der Wurzcln Xi , • • • , X^ und das Bcsteh(‘n der 
Ungleichimg (144). Wir wollcn noch feststellcn, in wclchcr Art unserc Ergeb- 
nisse zu modilizieren sind, weim wir diese Voraussetzungen fallen lassen. 

12. Ausautungen 

Wir verzichten nun auf die Annahme (144), halten aber zunachst noch an 
der Voraussetzung fest, dass Xi , • • • , X„ verschieden sind. Wir denken uns 
dann die endlicli vi(*len Los ungssyst erne der diophantischen Gleichung 

(159) Hyih = 

Iiestirnmt, wobei k irgend ein Index der Keilu' 1, • • • , p ist und , • • • , gfp 
nicht-negative gauze Zahlen, deren Summe mindestens 2 betriigt. In dem An- 
satz (138) warcri bish(M- Pi , • • , Pn Potenzreihen in , • • • , fp ohne konstante 
und lineare Gliedc'r, denai Koeffiziemten rekursiv eindeutig durch die Bedingung 
(140) festgclegt wurden. Jetzt schliesseii wir aus dem mit unbestimmten 
Koeffizienten gebildeten Potenzreihen Pi , • • , Pn samtliche Glieder crfi* • ••{*? 
aus, deren Exponenten einer Gleichung (159) geniigen, und ersetzen (140) durch 
die folgende abgeschwachte Bedingung: Fiir = 1, • • • , p soil cine Identitat 

(160) Qk(ui , . . . , Wp , 0, • • • , 0) = Vk(ui , • , Wp) 

gelten, wo Vk ein Polynom aus solchen Gliedem cuV • • • w ? bedeutet, deren 
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Expononton (159) erfullen; fiir A; = p + 1, • • • , soli wie bisher 

(161) Qkiui , . . . , Up , 0, . . . , 0) = 0 

gelteii. Es l^st sich auf dem fruhoreii Wege ohnc Miihe zoigeii, dass die Potonz- 
reiheii Pi , • * • , Pn wiodcr eindeutig beslimmt und koiivorgeiit sind, und auch 
die Polynomo Pi , • • • , Pp sind eindeutig fixi(;rt. Da zur Herleitung der Un- 
glcichung (155) die P'orrnoln (140) nur fiir k = p 1, • • , u hcrangezogen 
werden, so bleibt die zu (156) fiihrende Schliissweise bi*stehen. Bei samtlichen 
fiir s — > 00 nach dein Nullpiinkt wandernd(‘n Losungen von (133) ist also wiedcu- 
Up^i = 0, • • • , Un = 0. An die Stelle des Systems (157) tritt aber jetzt naoh 
(139) und (160) 

(162) = \kUk + Vk{uu • • • , Up) (A: = 1, . . . , p). 

Nach (134) ist fiir jede Losung von (159) 

Qk = 0, (jk-^i = 0, • . • , gfp =- 0, 

folglich ist Pa = PaI^^i , • • , //a-i) (‘in Polynom in , ui_i allein und 

Pi = 0. Die Int(*gration von (162) lasst sich ()hii(‘ \v(‘iteres ausfiihren und 
ergibt 

(1(>3) ih — + .sP2(mi) = \a 2 + «s*p2(ai) 1 

allgemein durch vollstandigc Induktion 

(164) (/a = {a, + TPaV** (A: = 1, ... , p), 

wo TPjt ein eindeutig bevstiinintevs J\)lynom in ai , • . • , a^-i und s ist. Da umge- 
kehrt bei beliebiger Wahl der Konstanten ai , . • , «pdie durch (164) gegebenen 
Funktionen u/, fiir s ^ gegen 0 strelx'n, so g(*lt(‘n die Ergebnisse des vorange- 
henden Paragraphen auch in dies(*m Fall, wenn nur Uk durch (164) erkliirt wird. 

Endlich lasseui wir auch noch die* \'orauss(»t zung falkai, dass die Wurzeln 
Xi , ... , Xn all(‘ verschi(‘den sind. Dann ist du* Matrix C = (qki) in (135) im 
allgcrneinen keine reine Diagonalmatrix: 10s ist wii»der qu == Xa , qki = 0 fur 
k I und k ^ I + \y qki = 0 fur A* = / + 1 und X/ 9 ^ \i+\ ; fiir A; = / + 1 und 
X/ = Xa +1 ist dagegen qki entw('d(‘r gleich 0 oder gleich X/ . An die Stelle des 
Systems (137) tritt jetzt allgemenner 

dfl AVI 

^ = x.r. + x.. 

^ + X* (A = 2, .... n); 

as 

dabei ist Ck = 0 fiir Xi 9 *^ Xk~i , wahrend im Falle Xa = Xa._i euitwedei Ck = 0 
Oder ca = 1 ist. Anstatt (135) erhalt man durch die friiher benutzte Methode 



164 


CARL LUDWIG SIEGEL 


die Differeiitialgleichuiigeii 
f dui 

(165) 


ds 

duk 

ids 


— Xi'M’i “f“ j j ^n)> 

= + CkUk^i) + Qkiui, ••• y Un) (A; = 2, . . . , n), 


wo Qi , • • • yQn wicder den Bcdinguiigcii (160) uiid (161) geniigen, mit der dort 
angegebenen Bcdeutuiig der Polynome Fi , • • • , Fp . Anstelle des in (153) 
erklarten Ausdmcks Z betrachten wir allgcmeiner 

hk I Uk P = Zo 

mit konstanten W(‘rten hp+i Zufolge (165) gilt dann 


(166) 


= X/ ^fc{(Xfc + Xfc) I Uk{^ + (ikO<kUk-.iUk + \kdk-iUk)\ 

as ;k-p+i 


+ (y^kQk + UkQk)» 

*-p+l 


VVegen Xp ^ Xp^-i ist nun = 0, iind der orste Summand auf der rcchtcn 
Seite von (166) liisst sich in der Form 

|2 


H = Pnhn\ Un P + ^ ( Pk^lhk^l — 1 Wjfc-l 

A:-p+2 \ Pk / 


+ 23 Pkhk 

fc-p+1 


J 

y^k + - Wjfc-l 

Pk 


schreiben. Wahlt man speziell 


2|Xt+,|* 


(fc = p + 1, . . . , n - 1), 


SO wird ofifenbar 
(167) 


H ^ i 2 Pkhk \Uk^ ^ iPnZo* 
*-p+l 


Aus (166) und (167) folgt jetzt, wenn e in (152) geniigend klein gewahlt wird, 
die Ungleichung 


dZo 

ds 


^ iPn^O 


und daraus wicder das Verschwinden von Up+i , • • , Wn bei samtlichen Ldsungen 
von (165), die fiir 5 —> oo im Nullpunkt einmiinden. Es bleibt noch das System 


dui 

ds 

duk 

ds 


= XiUi, 


=* Xfc(wfc + SkUk-i ) + F*(wi , • • • , Uk^i) (A? = 2, • • • , p) 
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zu integrioren. l^ie Losurig hat wiedor du) Gestalt 

ul = {ak + Wk)e^^‘' (A; = 1 , . • • , p), 

wo Wk ein eindeutig bestimmtcs Polynoin in .s und den Iiitegrationskonstanten 
ai , • . • , ak-\ bedeiitct; insbesondere ist 

Wi = Oy W2 = .s*je2X2«i + K2(ai)!. 

Damit hab(ui wir die Kesultat(‘ des vorigeii l^uagraphen auf den Fall mehr- 
I’acher Wurz(*ln Xi , • • • , iilx'rtragen, abgeselien von der Untersuchung der 
Realitatsverhaltniss(‘. Di(‘se Untersuehung liesse sieh ohiu^ Schwierigkeit 
durchfiihren ; wir gcduai aber darauf nicht inehr ein, da bei der Anwendung auf 
di(' Dreierstosshisungen im Falk* (nner nudirfachen W'urzel alk' VVurzeln reell 
sind und dann u))erhaupt k(*ine iinaginan^n Grbss(*n in die Rechnung (‘inge- 
fiihrt zu werden brauclu'ii. 

13 . Die Dheiehstosshahnen 

Wir wenden niinniehr die kkgebnisse din* b(*ideu vorangehendcni Paragraphen 
auf die Untersuehung d(\s SysteiiK's ( 118 ) an. Die eharakteristischen Wurzeln 
der Matrix 31 W(*rden ini gleiehseitigiMi Falk‘ dureh di(‘ (> Zahlen —ao, —Ui , 

— 02 , 03 , 04 , 06 in ( 131 ) gelk'fert, im g(‘radlinig(‘n Falle dureh die Zahlen —60 , 

— hi , 1)2 , b’s , hi , 65 in ( 132 ). Ms sind — Oo , — Oi , — 02 , —60 , —^1 negativ und 
die iibrigen Wurz(»ln sind positiv odc'r haben positiven Realteil. Folglich ist 
p = 3 im gleiehseitigc'ii Falk* und p = 2 im geradlinigen Falle. 

Die Wurzeln ~0u , — Oi , —02 sind samtlieh verschieden, ausser wenn mi = 
m2 = m3 ist, und dann ist — oi = — 02 = (1 — \/ 13 )/(} > —Oo. Die Wurzeln 

— hoy —bi sind stets voneinander versehieden. 

Es ist noch festzustellen, wann ( 159 ) Idsbar ist und welches dann die TAsungen 
sind. Im gleiehs(*itig(*n Falle ist 

(Zo > Oi ^ 02 , 2oi > Oo , Oi + 02 > o^ ; 

gilt also 

(lo^ + aiy + a2Z = Uk . Jr + y + z ^ 2 

fiir ein k der Reihe 1, 2 , 3 in nicht-negativen ganzen Zahlen x, p, Zy so folgt 
X = Oy y = Oy und es ist entweder 

( 108 ) On = ga2 , 2 = g 

init gaiizem g oder 

( 169 ) Oi = ha2 , z = h 

init ganzem h. Die Annahme ( 168 ) ergibt naeh ( 131 ) fiir die in ( 128 ) definierte 
Grosse 


frh ms + m3 mi + miVh 
(mi + m2 + mzY 
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den Wert 

(170) a = ^-\g + 2){3g^ - g - 2) (ff = 2, 3, • • •), 

wahreiid aus (169) 

(171) a = ihih- + ir\hv + l){h - v) (A = 1, 2, ... ) 
init 

f - i)(/r + 1) ‘1-1 + 11 + 2i(/r + 1)(/|. + i) Y) 

folgt. Hieraus ist noch loicht erjsiehilich, dass iiicht (1()8) iind (169) ziigloich 
eintreteii konneii. Beim geradlinigen Falle ist hi > ho ; gilt also 

hox + hiy = hk , .r + ^ 2 

fiir ein k der Reihe 1, 2 in ni(‘ht-n(‘gati\ en ganzon Zahlen x, y, so ist 

hi = jho , ^ = jy y = 0 

mit ganzem j, und die in (130) erkliirte (Irossc 

}) = + (1 ~ cu) ^ 4~ (1 ~ <»>) ^} + ^ 3(1 + CO ^ ^) 

Till -f- “f" (1 — ^)~^} "1“ ^3 

hat nach (132) den Wert 

(172) /; = / + i(i - 3). 

Im gleichseitigen Falle bilden die fur .s — > x in den Xullpunkt einmundendcn 
Losungcn von (118) cine dreidimensionale analytisc*h(» Mannigfaltigkeit. Ist 
nicht (170) odor (171) erfiillt, so lassen sieh 5i , • • , in Potenzreihen der 
Variabeln 

(173) ?/2 = - asc 

cntwickeln; dabei hiingen die Koeffizienten der Pot(*nzreiben iiiir von nii , m 2 , 
m 3 ab und ai , a 2 , «3 sind willkurliehe reell(‘ Konstanten. 1st (170) erfiillt, so 
hat man auf (Inind von (163) 

(174) = (ai - cials)c 

zu sctzen, wo Ci eine von mi , m 2 . m 3 abhangig(‘ Konstantc* bedeutet. Im Falle 
(171) ist entsprechend 

(175) U 2 = {a2 “ C2als)(’ 

Im gcradlinigen Falle bilden die fiir s ^ hi d(Mi Xullpunkt einmiindcnden 
Losungen von (118) eine zweidimensionale analytisclu* Mannigfaltigkeit. Ist 
nicht (172) erfiillt, so lassen sich 5i , • • • , Se in Potenzreihen der Variabeln 

= /Sic"""*, 

entwickeln, wo die Koeffizienten nur von vii, , m3 abhangen und , fit 
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willkiirlichc reclle Koiistanten bedeuteii. Ist (172) erfiillt, so hat man 

V2 = (i^2 ~ 

zu setzcii. 

Tragt man die gefuiideneii Potcnzreiheii fur , • • • , in die rechte Seite von 
(119) ein, so crhalt man ds = dureh cine einfache Quadratur. Da das iin- 
bestimmte Integral einer Potcnzreihe in d<m durch (173) oder (174), (175) 
definierten Clrossen ui , U2 , Ra wieder eine solche Potenzreihe ist uiid das gleiche 
fur die Potenzreihen in , V 2 gilt, so ist also 

Pa = y + Py 

wo 7 eiiKJ willkiirliclie Konst ant <* und P eine eindculig festgelegte Potenzreihe 
in Ui , U 2 y uz oder in , V 2 ohne konstantes (died ist. Folglich hat p 4 eineiL 
Grenzwert fiir .s — > » , nilnilieh di(' Zahl 7. Damit ist also endlieh bewiesen, 
dass die 3 Masst'iipunkte im ruluMidon Koordinatensystem in bestimmten Rich- 
tungen ziisammensloss(‘n. J lurch eine ginagnete Drehung des Koordinaten- 
systoms kann man erreieh('n, dass 7 = 0 ist, 

Triigt man die gefunden(‘n Reihen nach (9t)). (109), (,114) in die Werte der 
Koordinaten Ja , ///. (A* = 1, 2, 3) ein und Ix^nutzt (110), so erhiilt man im 
gleichsoitigen Falle fiir jede Koordinatc* eim* l)arst(‘llung 

W = , U2 y Uz)j 

wo , U 2 , Uz) eine Heilie naeh positiven Potenzen von 

Ui = U 2 = (X2f'\ Uz = azt'^ 


Ix^deutet, deren Koeffiziiaitc'ii nur von nii , nio , ffiz abhangen. Liegt eine der 
Ausartungen (170) oder (171) vor, so ist siatt (lessen 

Ui = (ai + (*10:3 log 


Oder 


?/2 = (02 + C2az log ()t^ 

zu setzen. Im gcradlinigen Falh^ hat man analog 

w = , r2) 


mit 

vi == V2 = 

oder, wenn (172) erfiillt ist, mit 

V 2 = {132 + Czfii log 

Schliesslieh kann man noch eine Drehung des KoordinatiMisystems um kon- 
stante Winkel vornehmen und ihm eine Translation mit konstanler Ge- 
schwindigkeit erteilen. 
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Die Werte ai , a2 und bi sind irrational, wcnn mi , mo , m3 nicht im Bereich 
der rationalen Zahleii in gewisser Weise algebraisch abhangig voneinander sind. 
Daher ist der Punkt < = 0 im allgemeinen ein logarithmischer Verzweigungs- 
punkt fiir die Koordinaten der Dreierstossbahnen. 

[Zusatz bei dor Korrektur :] Inzwischcn bin ich aufmerksam geworden auf eine 
Arbeit von G. Sokolofif,® welche ebenfalls der Untersuchung des Dreierstosses 
gewidmet ist und Reihenentwicklimgen fiir die Koordinaten der kollidierenden 
Massenpunkte enthalt. Im Beweis findet sich eine Liicke, die aber durch Be- 
nutzung des Bohlschen Satzes leicht ausgefiillt werden kann. Die vorliegende 
Darstellung diirftc in wescntlichen Punkten den Vorziig grosser Einfachheit 
haben. 

Princeton, N. J. 

•G. Sokoloff, Conditions d^une collision generate des trois corps qui H^attirent mutuelle- 
ment suivant la lot de Newton, Acad6mie des Sciences de P Ukraine, M^moires de la classe 
des sciences physiques et math^matiques, Bd. 9 (1928), S. 1-64. 



ANWALS of MaTHBH ATIC8 
Vol. 42, No. 1, January, 1941 


INTUITIVE PROBABILITIES AND SEQUENCES’ 

By B. O. Koopman 
(Received March 22, 1940) 

This paper forms a second part of the general study of probability regarded 
as a branch of intuitive logic, the first part having appeared in The Axioms and 
Algebra of Intuitive Probability,^ The point of view, notation, assumptions and 
theorems of the latter are assumed in the present work. The chief object here 
is to set forth the connection between the objective notion of statistical w'eight or 
frequency in a sequence and the intuitive conceptions of our theory'. 

It is necessary first to examine the class of definitions of probability based on 
the notion of frequency in a sequence (collectives) ; we shall reach the conclusion 
that every application of such definitions of probability to experimental science 
implicitly prempposes the a priori intuitive conception of probability (§1). Further 
progress in the exact formulation of the ideas requires the scrutiny of certain 
logical discriminations involved in the relation of asserted and contemplated 
propositions, a discrimination the ignoring of which leads to fallacies (§2). The 
notion of symmetry and the related one of independence in a set of trials is then 
studied (§3) ; the former replaces in the present theory of sequences the notion of 
random in the usual theory of collectives. Finally the theorems relating statisti- 
cal weight with intuitive probability (numerical and othenvise) arc established. 

There is thus achieved a complete synthesis of the intuitive concept of proba- 
bility with the objective notion of statistical weight which forms the basis of 
statistics and quantum mechanics, — and this without the assumption of a single 
general principle beyond those which liave already been posited in our earlier 
work. 


1. Probability as a Frequency 

An event E (such as the tossing of a coin, the search for a photon with a 
sensitive plate, the observation of fatality following an inoculation, etc.) is 
regarded as having two possible outcomes, “success^ ^ (labeled 1) and “failure’^ 
(labeled 0). An infinite sequence of trials of E are made (conceptually) under 
essentially the same conditions, the results (I or 0) forming the sequence (a): 
(«! , a 2 , • • •) («» = 0 or 1). The theory of probability in collectives starts with 
the following assumptions.’^ 

^ Presented to the Amcricun Mathematical Society April 26, 1940. 

* Annals of Math., V'ol. 41, No. 2 (1940). Presented to the American Mathematical 
Society February 25, 1939. This paper will be referred to herein as AAP. 

* Cf., e.g., R. von Mises, Probability ^ Statistics and Truth (London 1939). A. 11. Cope- 
land, Consistency of the Conditions Determining Kollektivs, Trans. Amer. Math. Soe., Vol. 42 
(1937) p. 333, as well as the references contained therein. 
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First assumption. limn-oo(«i + • • • + otn)/n = w. 

Second assumption. If (a:'):(a( , a 2 , • • •) a subsequence of (a) defined by 
any placeselection s of the class S then limn-«(ai + . . . + an)/n = w. 

Here a place-selection is r(‘garded as defined by a j^recise mathematical rule, 
and the class S as having been exactly delimited : we shall raise no question on 
this point/ Any sequence (a) for which these assumptions are made is called a 
collective (properly: ivith respect to S), and according to what shall be termed 
herein the collectivist definition of probability, the number w (naturally 0 ^ w 
g 1) is defined as the probability of s^iccess of E (in the collective (ot)). 

Our object is not with th(^ mathematical theory of collectives. We wish 
merely to ascertain whether the collectivist definition of probability can be 
applied to an experimental phenomenon without an auxiliary notion of an a priori 
subjective order reducing in essence to that of intuitive probability. And since 
we are dealing only with Assumption 1, our critique' will apply to the whole class of 
theories which regard probability as merely a frequency in a sequence. 

Let us suppose that I am given the information that (a) is a collective, that I 
know the definition of >S, and also the value of w (e.g., let w = 0.1). Further- 
more, let me excise from my brain all a priori intuitive notions of ‘fiikelihood^\ 
^‘degree of convictioi/^ ^‘reasonableness”, etc., so that only my strict logical and 
observational powers remain. Just what conclusion can I derive from this 
knowledge concerning (a) and applying to the results of tht' totality of trials 
of E which I can make in my lifetime? Since I can only make a number N of 
trials obviously <10^^^, and inasmuch as any set of values (ai , • • • , a^) (a,, = 0 
or 1) will be mathematically consistent with the assumptions regarding (a), it 
follows that I can draw absoluteh'^ no conclusion at all (in the only terms which I 
can understand, i.e., strict logic), so my information n'garding (a) is totally 
irrelevant to my experience with E. 

The situation is exactly the same for any individual whose name wo can give. 
Even if it could be proved that some individual exists for whose set of trials of E 
surely (ai + • • • + ay)/N = 0.1, we could never inform him that he was this 
favored one, nor could he ever know it himself- -until, indeed, his trials of E 
are all completed, in which case the information concerning (a) would become 
unnecessary. And an individual can be replaced by all society during a given 
historical era: The number N of total possible trials which it can make is much 
larger, but once the era has been named an upper limit of N is set and any values 
of (ai , • • • , a at) are consistent with the assumptions concerning (a). It may 
be said that a time will come when all observations made thereunto will give for 
(ofi + • • • + otN)/N a value close to w. But this does not remove the difficulty: 
The time will never come when it can be proved that the proper value of N has 
been reached. 

A finite theory of collectives has been proposed in which the finite set 

^ For a discussion from the point of view of modern logic cf. Church, On the Concept 
of a Random Sequence^ Bull. Amer. Math. Soc. Vol. 46 (1940) p. LSO. 
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(«! , • • • , «Af) replaces the infinite sequence (ai , a2 , • • •) and such ratios as 
(ai + • • • + otN)/N replace the corresponding limits.^ Here M is regarded as 
enormous — ‘‘practically infinite^' -so that the previous N is minute in compari- 
son, and any values of (ai , • • • , as) are, here also, consistent with any values of 
the above ratio within limits of experimental error: The earlier difficulty is 
encountered here as before. This will naturally be quite otherwise if N is of the 
same order of magnitude as M ; but in this case? (even assuming that the experi- 
menter could ever know it) the theory will be superfluous. The matter can be 
put thus: The problem of sampling is insoluble - nay, unstable -in terms of 
strict logic divorced from all intuitive notions of probability. 

Certain philosophers regard the theory of collectives as affording not a theoiy 
of knowledge but a pattern of behavior.® But it is always a question not of 
any behavior but of a most favorable behavior in a certain highly precise sense. 
And the proposition that the particular pattern of behavior derived from the 
theory of collectives is actually this most favorable one becomes subject to all 
the aforementioned difficulties. 

Leaving collectives for the moment, we con.sider the great class of plysical 
quantities which are defined as limits. It soon appears that here also the result 
of no measurement of the sort which can be carried out in the laboratory either 
determines or is determined by what is deemed the true value of such a quantity 

by strict mathematical logic alone.' For example the density p of a continuous 
medium at the point P is defined as p = lim M/V (as F — » P) : The finite set of 
ratios M/V which I can ever measure have values totally devoid of strict logical 
relationship with the value of p. Nor is the difficulty due to the idealization 
involved in the definition of p: If p is defined simply as the value of M/V 
measured by a specified person who has instruments a hundred times more 
effective than any which I possess, the difficulty remains the same (cf . the case of 
finite collectives). 

Of course, when I find that my values of M/V for rapidly decreasing V vary 
by amounts growing negligible, the common sense of the experimenter leads me 
to the conclusion that the final will not differ appreciably from the actual value 
of p. But precisely what does it mean to conclude something by common sense 
which is not derivable by strict logic? If we have made the meaning of intuitive 
probability in the least degree clear, it must be apparent that such a conclusion 
of common sense is precisely an instance of a conceptualism of intuitive proba- 
bility. Thus we are not entitled to it under the rigorous exclusion of all notions 
but those of strict logic: Our values of M/V and the value of p must remain 
without link or bind. 

Returning to collectives, let us consider how those who regard probability 

® R. von Mises, l.c., p. 121. 

^ H. Rcichcnbach, Wahrscheinlichkeitslehrcy Leiden 1935. 

^ It is understood, of course, that certain quantities of the sort here considered may be 
derived from others by the laws of the physical theory. We merely claim that there are 
certain initial points at which the present difficulty arises. 



172 


B. O. KOOPMAN 


as a frequency have sought to deal with the present question/ The limit w is 
regarded as of the category of (idealized) physical quantities defined by limits 
such as p; the observational material {ai + • • • + aN)/N is the analogue of 
M/V. And it is regarded that conclusions applying to (ai + • • • + a]^)/N 
can be drawn from w and vice versa in exactly the same sense and with the same 
validity as in the case of M/V and p: Why should a practical experimenter 
hesitate to do this more in the former case than in the latter? 

This reasoning of course is impeccable. But it must be clear by now that it is 
two-edged: either it compels us to concedt* that some rudimentary notion of 
intuitive probability is presupposed in the applications of the collectivist theory, 
or else it merely assimilates one insurmountable difficulty to another. 

Having reached the point where it is compulsory to regard the applied notion 
of frequency as presupi)osing. the intuitive concept of probability, the question 
is raised as to precisely how the relation between the two is to be formulated. 
Perhaps the most obvious way of doing this and at the same time making the 
fewest demands on the intuition would be to enunciate the following principle: 

The intuitive probability of success of E (in (a)) increases with w. 

Put in explicitly logical form and with the intuitive symbol ( < ) this becomes 

Hypothesis, (i) The sequence (a) of trials of E is a collective of frequency w. 

(ii) The sequence (a*) of trials of a second event E* is a collective of frequency w*, 

(iii) w < w*. 

Conclusion. {E succeeds on n^ trial) < {E* succeeds on n^ trial). 

This principle would enable us to derive non-trivial instances of ( < ) from the 
hjqiothesis (i) (ii) (iii) which do not contain any non-trivial statements involving 
(<) and thus place us in the presence of a situation utterly new in our theory, 
and quite contrary to our view expressed at the end of §1 of AAP to the effect 
that no such derivation is possible in the nature of things. 

It is easy to show, however, that the suggested principle must be modified. 

Case 1 ; suppose that in a particular instance of its application we are reliably 
informed of the outcome of some or all of the trials of E and i?*, i.e., that we know 
the values of certain an , a* . Then evidently the conclusion would be absurd 
if we knew e.g. that an > aj — whatever the values of w and w*. 

Case 2: suppose that we are informed of the results of certain of the outcomes 
by a person in whose reliability we place considerable but not absolute trust. 
If he has declared that an > aj this might lead us to deny the conclusion of the 
principle for the n'^ trial — and on perfectly reasonable grounds. 

Case 3: suppose that we believe that certain more or less external events 
(weather, sun-spots, phases of the moon, incantations) are capable of influencing 
the outcome of E and E*, being favorable let us say to E, unfavorable to E*. 
Then we might well refrain from admitting the conclusion, particularly if the 
values of w and w* are exceedingly close. A second person may regard our idea 
of an influence on E and E* as reasonable, far-fetched, or absurd, depending on 


* R. von Mises, l.c., p. 124. 
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the case in point, but he will never be able to prove that we are wrong by any 
reasoning or objective experiment which does not itself start by making a 'priori 
assumptions involving (<)— certainly not by the use of reasoning based on the 
suggested principle concerning sequences if a glaring petitio is to be avoided. 

Evidently hypotheses (i) (ii) (iii) are insufficient to insure the conclusion: 
Something further must be added which is in the nature of an exclusion of the 
subsidiary knowledge (Case 1), reasonable certainty (Case 2), or disposition of 
belief (Case 3). Again, if we have made the conception of intuitive probability 
in the leastwise? clear, the form which this additional hypothesis must take is 
evident: It must make assertions in Urms of (<). The precise phrasing of the 
condition will incorporate the idea that the various trials of E are made under 
essentially the same circumstances, as well as the notion that the trials are either 
independent events or have a constant influence upon one another. This 
whole question is studied in §3, the final condition being what is there termed the 
symmetry of the sequence of trials. The final addition to the hypothesis thus 
becomes: 

Hypothesis, (iv) If (t’l , • • • , ti) and {ji , • • , are any two sets each 
containing t distinct positive integers, then the intuitive probability that the trials of E 
of orders ii, • • • , it should all lead to success is equal to that for trials ji, • • • , 
jt . This is assumed for t = 1, 2, • • • . 

(v) Similarly for E*. 

The question now arises whether under all these hypotheses (i) (ii) (iii) (iv) (v) 
the conclusion may reasonably be maintained, and if so, whether this fact 
constitutes a new principle of probability which requires to be posited. The 
answer is trenchant: Absolutely no new principle need be assumed, and the 
conclusion in question is the conclusion of a theorem which has as its hypothesis 
the assumptions (iii) (iv) (v) and the first half only of assumptions (i) and (ii). 
And that part of (i) and (ii) which is discarded is precisely Assumption 2 in the 
definition of collectives, - that very condition, namely, which has been found 
most unwelcome inasmuch as it involves the somewhat arbitrary choice of the 
class S of place-selection rules. 

Before proceeding it is necessary to settle one question. Granting that 
lim (ai + • • • + otn)/n = ic, we may clearly rearrange the sequence (a) (at least 
when 0 < ic < 1) so that any other preassigned limit is obtained; does this not 
lead to inconsistent results? This question is answered in the negative by 
scnitinizing the hypothesis concerning the existence of the limit w in the light of 
deeper logical considerations, whereupon the hypothesis in question appears 
capable of two utterly distinct interpretations; the one presupposed in our 
theorem is not the one which permits this rearrangement. These logical pre- 
liminaries occupy us in §2. 

One final remark regarding the precise formulation of this theorem in terms of 
the common presumption h : What right have we to assume in a given application 
that the concrete circumstances in the trial are the same as in the 
It would clearly be more fitting to let the presumption in the first case be hn , 
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that ill the second be hm . The answer to this question is that in the case in 
point we assume that a certain h can be formulated for which ajhn ^ ajh 
(n = 1,2, • • • ) : this is part of the assumption that the trials are all made *‘under 
essentially similar conditions/’ While it is an assumption external to the theory 
of probability, being a statement of the observer’s attitude towards a physical 
situation, its precise formulation is made possible in the language of the theory, 
which thus fulfills exactly its appropriate function and nothing more. 

These remarks have bearing on Theorems 11 and 12 below. 

2. A Logical Distinction 

It has been explained (AAP §2) that the present theory makes use of two 
distinct classes of propositions. There are firstly the contemplated propositions, 
these being the concrete statements of the outcome of particular physical or 
biological events verifiable in principle by the performance of appropriate crucial 
experiments: They are denoted by lower case Latin letters and their finite 
(~ • V ) combinations. There arc secondly the asserted propositions, which can 
always be denoted by connecting a pair of symbols for contemplated propositions 
by means of a single one of the assertive symbols (C, <) or their derivates 
( = , ^, <, II, etc.). All the axioms and theorems of the present theory have a 
standard form: both hypothesis and conclusion are sets (finite or infinite) of 
asserted propositions; for in last analj^sis they are but statements of the laws of 
consistency governing any aggregate of logico-probability assertions which a 
given individual at a given moment can make.^ 

It will be convenient henceforth to depart from one convention of notation 
made hitherto: We will apply the logical symbols • V), as well as JX and 
yi . to asserted propositions, thereby obtaining new asserted propositions of the 
same logical type. Thus for example 

(i) ^ {a/h < h/k); (ii) (a = 1) V (/> = 1;; 

ao 

(iH) n («» = 1), i e, (ai = \){,ai =!)•••; 

n-1 

are regarded as mere abbreviations for assertions which may be couched re- 
spectively in the following intuitive-logical forms: 

(i) The individual at the moment considered refuses to regard a/h < b/k, 

(ii) Either it is asserted that a is true, or else it is asserted that h is true, or 
else that both a and b are true. 

(iii) For each n = 1, 2, • • it is asserted that an is true. 

• Two comments may be made in passing: Firstly, in view of Axiom I, (C) may be re- 
placed throughout by (<); for a (Zh which coincides with a ~ ft C 0 is coextensive with 
a ^ ft/l <0/1. Secondly, in the assertion a/h < b/k^ on the left ft is in a sense asserted, 
on the right on the other hand, k is regarded as asserted. Such temporary or localized 
assertions are not of the kind which form hypotheses or conclusions in our axioms or theo- 
rems; that is why wc have distinguished them by the appellation of presumptions. 
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It is to be emphasized that this notation is introduced purely for convenience 
as an abbreviation : without it all the forthcoming results would subsist. We 
shall assume the intuitive-logical rules for dealing with these symbols, and use 
parenthesis in a self-explanatory manner 

We now come to the point where a certain logical distinction must be explicitly 
noted: A disjunction of asserted propositions is fundamentally different from the 
assertion of the corresponding disjunction of the contemplated propositions. Thus 
if a and h are contemplated propositions, the asserted proposition (a = 1) V 
(6 = 1) is fundamentally different from the asserted proposition (a V 6) = 1. 
Similarly, the two following assertions are absolutely different. 

f:(a„=l); (i:a„) = l. 

n— 1 n'^l 

Thus when (a = 1) V (6 = 1) occurs in the hypothesis of a theorem, we can 
always split the theorem up into two theorems, the first with a = 1 in the 
hypothesis, the second with 6=1: What is common to the conclusion of both 
theorems is then taken as the conclusion of the original theorem with the hypoth- 
esis (a = 1) V (6 = 1). Similarly, if X]n(an = 1) is given by hypothesis, to 
prove the conclusion amounts to proving that it follows from each hypothesis 
ttn = 1 (a = 1,2, • • •)• This is essentially different if the hypothesis is (a V 6) 
= 1 in the first case, = 1 in the second. This point is so fundamental 

in the foundations of probability and has been so generalh" ignored that we shall 
consider in detail some of the paradoxes to which its disregard may lead. 

Firstly there is the frequently heard objection to the possibility of aii}^ theory 
of probability, typified by the remark that proposition a is either true or false; 
in either case such an assertion as a/1 ^a/1 is untnie; hence it is an impossible 

assertion. To be sure, we always assert that a is either true or false in the sense 
that we always assert (a V ^a) = 1 ; but in the above reasoning this is falla- 
ciously confused with (a = 1) V {'^a = 1) and since the conclusion ~(a/l 
^a/1) is a consequence of a = 1 as well as of ^a = 1, its general validit}" is 
regarded as established. Instances of like kind lead us to the view that the 
distinction upon which we are dwelling is indeed a sine qua non in the theory of 
probability. 

Secondly, one might attempt the following proof of the Axiom of Alternative 
presumption (AAP §3), or better, of the following generalization: 

Hypothesis, (i) a/hbn < r/s (n = I, 2, • • •)• 

00 00 

(ii) A C D 6„ , i.e., (A 2 Q = A. 

n-1 n-l 

Clearly wc could carry the transcription into logical notation one step further and 
express all our axioms and theorems as implication statements between the (C, <)-as8er- 
tions. Thus we would be in the presence of three distinct logical types of propositions: 
the contemplated propositions, the (C, < )-a8sertions, and the axioms and theorems of 
probability. But it is unnecessary and may be confusing to carry the symbolization so 
far in a work of this nature. 
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(iii) bibj = 0(i 9^ j). 

Conclusion, a/h < r/s. 

For (ii) can evidently be written 

(E hbn) = h, 

n-1 

which, if the fundamental distinction were not observed would be confused with 
(iii) 2 = h), i.e., Y^ihd 6n). 

n-1 n-1 

This latter can, as we have already explained, be split into the sequence of 
hypotheses A C 6n (w = 1, 2, • • *)• But in each case hbn = h and we have 
a/h = a/hbn < r/s^ and thus the conclusion, being true in each case, follows in 
general. The invalidity of this proof due to the confusion of (iii) with (ii) is 
what has forced us to list Axiom P as an unproved assumption. As a matter of 
fact the above infinite extension of Axiom P appears to be false, as the following 
example would show. 

Consider two sequences of propositions (ui , a 2 , • • • ) and (aj , ^ 2 , • • • ) satis- 
fying the conditions 


( 1 ) 


a — Un y 

n— 1 


n-1 


(a V a') — h 7 ^ 0; 


( 2 ) 

(3) 


ajCt, = atOj = 0 


(i ^ j); 
ih j ~ 1(2, • • • ) ( 


a<a, = 0 

Ui/h ttjlh ^ a'i/h a'j/h. 

No Oj or a'j = 0 as this would lead by (3) and AAP Theorem 1 to this relation 
for all Oi , o,- , hence to ft = 0 contrary to (1). Further, the evident relation 
a,- V a'j V a*/ft o,- V Oy V ai/h in combination with (3) gives, by AAP 
Theorem 2 (i.e.. Axiom D sharpened) 

a./o, V a'j V a'tTsi a'j/ai V a'j V a* ^ Ot/a, V a'j V at 

from which it appears (AAP Theorem 20) that a,/o< V a'j V a* is appraisable and 
of numerical probability 1/3. Hence, if r/s is appraisable and of numerical 
probability 5/12, we have a./o,- V a'j V a* < r/s. On setting 6» == a„ V Otn-i V Ca. 
(n = 1, 2, • • •) and noting the relations a/hbn = ab„/bn = o„/a„a^„_iai„ we find 
that Hypothesis (i) of the theorem we are testing is verified; and (ii) is a con- 
sequence of (1), (iii) of (2). Hence the conclusion a/ft -< r/s, hence p*(a/h) g 
5/12. 

On replacing a etc. by a' etc. in the above reasoning, we obtain p*{a'/h) g 
5/12. Hence by AAP Theorem 18 we have p*(h/h) = p*(a V o'/ft) ^ p*(a/h) 
-t- p*(a'/h) ^ 5/6. And since p*{h/h) = 1, we have a contradiction. 
Returning to the sequence of trials of E, let a„ denote the contemplated experi- 
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mental proposition “the n'^ trial leads to success.’’ We have now to cast into 
unambiguous logical form the definition of the statistical weight or frequency of 
success w. According to the First Assumption of Collectives: // r(n) is the 
number of the true propositions in the set (at, ■ ■ ■ , a„), then lim„_» r(n)/n = w. 

First of all, how is this definition of r(n) to be understood? At the two ex- 
tremes there are the following interpretations, denoted for brevity by U(n, r) 
and V(n, r) : 

U(n, r): 22 (a., • • • o,, ~ a,,+, • • • ~ a,„ = 1), 

(•) 

y(n, r): (22 a«i • • • a., ~ o,J = 1. 

(•) 

Here (&•) = (si , • • • , s„) denotes any permutation of (1, • • • , n) and the 
calls for the formation of all the terms for all possible (.s) and their combination 
by disjunction (V): that only n\/r\{n — r)! of the terms are distinct is im- 
material. But between these two extreme's are a host of intermediate possi- 
bilities; thus in the ease ?? == 3, r = 2 there arc formulations such as 

[(aia2 ^ as V aya^ ^ a2) = 1] V [a2az ^ ay — 1]. 

It will be rc'alizod at once that V (n, r) is in a certain sense the weakest of all 
these expressions; it turns out to be the natural one for the theory of probability. 
But there is still a further modification in th(' direction of weakening which can 
be made, as we shall now see. 

The explicit wordiiig of the definition of xv would now appear to be; “For 
every positive integer /i there exists a positive integer in such that assertion 
F(n, r) holds for all = w, w + 1, w + 2, • • • , and all r between nw — n/n 
and nw + This suggests the precise logical rendering: 

00 00 00 nti’+n/M 

n E n Z (r) y(n. r). 

I m—1 n—m nw—nln 

But this is capable of further weakening; for 

nw^n/fi 

E (.r) I (E a.l • • • ~ «»n) = l} 

nw—nlii (•) 

is only one possible interpretation of the statement : ‘H.he number of true proposi- 
tions in the set (ai , • • • , a„) is between nw — n/n and 7iw + n/n.^^ Another 
rendering is the assertion which we will call W (a?, /i, n) suggested by modifying 
the preceding formula into 

n//t 

{ E (r) E • • • «-r ~ a-r+l • • • ~ O.J = 1. 

nu>— nZ/i (») 

Some evident algebraic manipulations allow it to be put into a simpler form. 
Let t — t(w, ju, n) denote the least integer ^ nw — n/u, and f = f(w, ft, n) the 
least integer ^ n(l — w) — n/ n. I^et 
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(p, q) = (pi , ■■■ , pt, qi, ■■■ ,q/) 

denote any set of t + f distinct integers chosen from (1, • • • , n). Finally, 
employ Q) to denote the disjunction ( V ) of all the terms formed by taking 
all possible choices of (p, q) /a, n being fixed) in the summand. Then the 
definitive formulation of the weakest interpretation of the assertion “the number 
of true propositions in (ai , • • • , an) is between nw — u/jjl and nw + n/fM^ is as 
follows 

W{w, II, n): (2 ap^ • • • ap, ^ ag, • • • ^ag^) = 1. 

(P,Q) 

(Note that only n\/t\f\{n t — f) \ terms in the disjunction are distinct). In 
terms of this we have the assertion characterizing w: 

pr(«)): n 2 n W(w,n,n). 

m—l n—m 

We are now in a position to consider the following paradox: When 0 < i/; < 1 
there are infinitely many true propositions in (ui , a 2 , • • • ) and infinitely many 
false; let the former be denoted in their order of occurrence by (Or, , ar^, • • •) 
and the latter by , * • • )• Then any number ^ (0 g 0 ^ 1) being given, 

an explicit process is easily formulated which combines these two sequences into a 
single sequence — which is but a re-ordering of (oi , 02 , •••) -for which the 
frequency of the is 0. How' then can a frequency be taken as the numerical 
probability of success of El 

The whole question hinges on the meaning of Un . If the statement is 
the first true proposition in (ai , a 2 , • • be taken to mean “true in Nature'^ 
i.e., as experimentally verifiable but of unknown verity, then the frequenc}" 
of true propositions has nothing to do with the definition W{w) of w. If it 
means “asserted as true,’’ i.e., = 1, then W{w) docs not allow Urj to be defined. 
For Wiw) allows us only to conclude that for some w, n, n for which t{w, 11 , n) > 
0, we have the assertion W{w, p, n); in one sense this tells us that at least one 
a,- in the set (ui , • • • , a„) is true, but in precisely the same sense as the assertion 
(a V ^a) = 1 tells us that at least one of (a, a) is true: it leaves the verbiage 
“the first proposition in (a, ^ a) which is asserted as true” without meaning. 
In last analysis it is but the first paradox which we have considered in more 
complicated form. 

If W{w) were replaced by 

00 00 00 

n 2 n 13 (flpi • • • a,; o„ . . . ~ a„ = 1 ) 

I*-*! m—1 n—m (p.fl) 

the definition of (Or, , Ot, , ■ • •) and (o^, , a„ , • • •) would be possible. Thus if 
w — 1/2, M ®= 4, and n = 4i' ^ w, we have 

23 (®»>| • * * ®«I • • • dqf = 1). 

(P.») 
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Now t = least integer nw — n/n = 2v - v = » so that t = v; similarly, f = v. 
Thus we have 

(oi • • • a, ~ a,+i • • • ~ Oj, = 1) V • • • V (os, • ■ ■ 04, ~ aj, • • • ~ 03,-1 = 1). 

The disjoined terms are thought of as arranged lexicographically according to 
subscripts in the set of first factors such as Oi • • • o, , which are themselves 
supposed to bo written in increasing order of subscript. Thus we may speak of 
the first term asserted as true, i.e., .such that Op, • • • o,,, ~ 0 ^.+, . . . ~ = 1. 

and then set ti = pi : 0 ,, is defined. Similarly for later terms. 

Thus this paradox like the rest is rcsolvcsl by maintaining the logical distinc- 
tion which is the subject of this section. 

Before closing we shall consider an extension. Let h be the common pre- 
sumption made in envisaging the outcomes of E: We are considering the se- 
quence t)f eventualities a„//i. We wish to formulate an assertion Wi,(w) which 
is the extension of W{w) and characterizes w regarded as the frequency of 
successes of E on the presumption that h is true. Such an assertion is evidently 
furnished by replacing (• • •) = 1 in the above by the a.sserfion h (Z (• • •) (or 
equivalently h-( - ■ ■) = h). Everything else being as above, we set 

Wk{w, n,n): hez £ o,., • • • a,„ ~ a„ . . . ~ a,, 

(P. V) 

and correspondingly, 

B'a(w): n 2 II Wh(w, m, n). 

m""l n=>=m 

Finally, if is used for the disjunction of all the terms formed by 

letting w range from 0 to 1, the assertion: ‘‘there is a frequency of successes on 
the presumption shall be formulated as 

Wh: Z Wh{w), 

3. Symmetry and Independence 

Definition 1. Any finite or countable set of propositions (ai , ^ 2 , • • •) shaU 
be said to be a symmetric set mth respect to the proposition ^(t^O) when for every 
possible positive integral t 

(1) flij • • * aiffh (X/j • • • aj^fh 

holds for every choice of the t distinct integers (fi , • • • , it) diid the t distinct integers 
Here h ^ 0 denotes the assertion ~ (A = 0). 

Let ip{xi , ■■■ ,x„) denote a finite combination of the symbols Xi , • • • , x* 
with the aid of the logical constants (~ • V ), the convention being that the 
formal laws of Boolean algebra hold for these symbols; sueh a ^(xi , • ■ • , x*) 
may be called a Boolean polynomial in these m (propositional) variables. If by 
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application of the formal Boolean identities alone, i.e., without assuming an}" 
individual properties of , • • • , Xm , it may be reduced to 0, 1, or some other 
given proposition not involving the variables, we will say that it is identically 
equal (s) to this proposition. 

Theorem 1 . If (ai y a2 j is a symmetric set with respect U> A, then for any 
<p(xi , • • • , Xm) (m not exceeding the number of propositions in the set) the relation 

( 2 ) } ' ' ' y ^ *p{^h y ‘ ‘ ' f 

holds for every possible pair (ti , • • • , im) and (ii , • • • , jm) of m distimt positive 
integers each. 

Elementary algebraic manipulations show that any ^(xi , • • • , Xm) can be 
expressed as the disjunction of disjoint monomials Xa.j • • • Xk^ 
thus when (2) has been established for monomial ^(xi , • • • , Xm) its general 
validity becomes an immediate consequence of the theorem of total probability 
(AAP Theorem 6, sharpened). The relation 

^ . . . /^ aft+./A aj^ • • • a,, ^ . . . ^ 

is proved by induction for all s. Assume it true for all values of the first sub- 
script t and all values of the second between 0 and s inclusive and apply AAP 
Theorem 7 (sharpened) to 

dii • • * 0'i^ «+i A ^ o^ji • • • 

• • • ai, ^ ^ ai,^^ , . . . a,-, ^ , A 

respectively replacing ai , 6i , Ai , etc.). The required relation is an immediate 
consequence. 

Corollary. // (oi , a2 , • • • ) is symmetric with respect to A, then any subset of 
(oi , 02 , • • • ) and any subset of {'^ai , ^^02 , •••) is likewise. 

Definition 2. Any finite or countable set of propositions (oi , 02, •••) 
shall be said to be an independent set with respect to the proposition A(3?^0) if firstly 
hai ^ 0 or hy and secondly 

(3) ai/hai^ • • • a,-, a, /A 

for every possible t and every choice 0/ f + 1 distinct integers (i, ii , • . • , it). 

We must prove that ( 3 ) has meaning in every case, i.e., that Ao*-, • • • a,-, 0. 

This is assumed in the hypothesis when t = 1, Proceeding inductively, 
let it be assumed for the value t; we then will show that Aa,, • • • 5*^ 0 . 

If Aa»*, • • • 0,-,^., =0 the following relations would occur: 

Ot|+i/A ®t<4-i/Aoij • • • o*, ~ Aotj • • • o*,^j/Aoti • • * 0,, = 0/Aot^ • • • 

and hence Aa.-^^j = 0 (AAP Theorem 1) contrar}’' to hypothesis. 

A precisely similar process shows that hui^ • • • a,-, ^ A, and furthermore that 
if (ti , • — , t’l+a) are any t + s distinct positive integers 

hai, • • • a.*, ^ ^ Q or h. 
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From this relation Theorem 2 follows immediately: 

Theorem 2. // (ai , a 2 , • • • ) is an independent set with respect to h and if 
ip{xi , • • • , Xm) is any Boolean polynomial not identically 0 or A, then for every m 
distinct (h , • • • , t'm), h^{ai^ , • • , «<«) 0 or h. 

Theorem 3. // (cti , ^ 2 , • • •) is an independent set with respect to h and if 

ip{xi , • ' • , Xm) (^0, h) is as above, then for any ni + \ distinct (i, ii , • • • , t'm) 

(4) ajfup(ai^ , • • • , atj ^ a^/h. 

As in the proof of Theorem 1, ^(xi , • • • , Xn^ is expressed as the disjunetion 
of disjoint monomials xa^ • • • xa, -- xa-^^^ . . . ^ . Once the relation 

(5) a//ia»j • • • ai^ ai^^^ . , . ^ ajh 

has been established the trutli of (4) will follow by an immediate inductive 
application of Axiom 

We assume the truth of (5) for all values of the first index /, and all values of 
the second between 0 and s inclusive, and seek to prove it when the second index 
is replaced by s + 1 . On account of the assumption wo have 

ai/Aa<, • • • a,-, ^ ^ a./A 

tti/Aa.j • • • ~ ’ 

The desired relation follows on applying AAP Theorem 10 (sharpened) with a, , 

+ i * • * ^»t+« replacing the a, k. A, respectively, of that 

theorem. 

Corollary. // (ai , 02 , • • •) is an independent set with respect to h, then any 
subset 0 / (ai , a 2 , • • • ) and any subset of (^ai , ^ 02 , ■ • *)is likewise. 

The notion of symmetry corresponds with that of events all equally probable 
and such that any combination of results of one set is as probable of occurrence 
as the same combination of another set. The notion of independence on the 
other hand corresponds with the idea that knowledge of the occurrence of some 
of the events does not change the probability ascribed to that of the others. 
A set can be symmetric without being independent, for symmetry does not 
exclude fupiai , • • • , a^) = 0, A: sets in which Oi = 02 = • • • or in which ai V • • • 
V = 0 may be symmetric but can not be independent. On the other hand 
sets may be independent without being symmetric; for example Ui , a 2 , etc. 
may denote success of respective trials of unconnected events hut events of 
different kind and thus in general, different probability. Hence the significance 
of the following 


The theorem employed here is the following: 

If hciCj =* 0/or (dl i ^ j and if a /ha < r/s {i - 1, • • • . ihcn a/ hr < r/s where c ~ 
ri V • * • V Cn . 

This is proved inductively from the case n - 2, in which it is a self-evident consequence 
of Axiom P{ci and h(ci V a) replacing b and h). The sharpening and strengthenings are 
immediate. This theorem belongs properly in AAP §4, just before Theorem 13. 



182 


B. O. KOOPMAN 


Theorem 4. // (ai , a 2 , • • • ) is an independent set with respect to h and if 
ai/h ^ ajihfor all i andj^ then (ai , a 2 , ••) is a symmetric set with respect to h. 

For we have by hypothesis 

(lii/hoi^ ^ ttijh ^ Oijh dijh a^Jh ^ (iji/haj^ . 

On applying Axiom Ci (sharpened by AAP Theorem 2) with A, , a.-j , A, a,*, , 
a,! in lieu of , ai , fei , /i 2 , ^ 2 , , the result ai^aijh ^ djfiijh is obtained; the 

proof of the general relation (1) proceeds by induction. 

In the classical theory the only relations of probability are those concerned 
with numerical probability. The notions of symmetry and independence are 
less restictive insofar as equiprobability (a/h b/k) implies equal numerical 
probability (p{a/h) = p(b/k)) and not conversely; but they are more restrictive 
in that the appraisabilit}'^ of every eventuality is assumed. We give the follow- 
ing definitions and theorems (in essence familiar) mainly for completeness. The 
proofs are supplied immediately by means of the laws of total and compound 
probability (cf. AAP, §5, Theorems 23 to 28). 

Let (fli , a 2 , • • • ) be any finite or countable set of propositions, let A 0 
be a further proposition, and assume that all the eventualities with respect to h 
(i.e., remainder classes with respect to the principle ideal (^h) in the Boolean 
ring determined by (Ai , ai , a 2 , • — )) are appraisable. 

Definition 3. The set (ai , a^ , • ••) shall be called numerically symmetric 
with respect to A when for all indices as in Definition 1, 

(5) • . . a., /A) = p(a„ • • • oy,/A). 

Theorem 5, If (ai ^ a 2 , - is a numerically symmetric set with respect to A, 
then for any Boolean polynomial <p(xi , • • , Xm) 

p(v?(aq , • • • , aij/h) = p(^(aj, , • • • , UjJ/h). 

Corollary, The numerical s^ymmetry with respect to hof (ui ^ a^ j • • • ) implies 
that of any subset o/ (ui , 02 , • • • ) and any subset of (~ai , ^^ 02 , • • • )• 

Definition 4. The set (oi , 02 , •••) shall be said to be numerically inde- 
pendent with respect to h if firstly 0 < p{ai/h) < 1 for all f, afid secondly {the indices 
being as in Definition 2), 

(6) p{ai/hai, • • • = p(a,/A). 

Theorem 6. // (ai , a 2 , • • • ) is numerically independent with respect to A arid 
ip{xi , • • • , Xn^ any Boolean polynomial (^ 0, A) then for every m distinct {ii , 

• • • , fm) 

0 < p{if>{ai , , . . . , aiJ/h) < 1. 

Theorem 7. // (ai , aj , . • •) and ip{x \ , • • • , Xm) are as in Theorem 6, then 
for any m + 1 distinct (f, ii, • •• , im) 

p{ai/fup{ai , , . . . , aij) = p{ai/h). 
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Corollary 1. Under these conditions ■ • • aijh) = p(ai^/h)p(a,Jh) ■ • • 
Viflijh). 

Corollary 2. The numerical independence with respect to h of (a\ , , • • •) 

implies that of any subset of (aj , a 2 , • • • ) and of any subset of (^r/i , , • • • )• 

(Corollary 3. // (ri , ^ 2 , • • • ) o, numerically independent set with respect to 

h and if for all i and j, p{ajh) — pi^ajh)^ then it is numerically symmetric. 

4. Theorems on Sequences 

Theorem 8. // (ai , • • • , a,) is symmetric with respect to h and if precisely 

r(0 ^ r ^ n) of its eUments air implied by h in the sense that (§2) 

Vhin, r): /i C $2 a, ^ ... 

(«) 

then at/h is appraisafde and p(at/h) = r/^i (i = 1, • • • , n). 

There is no loss of generality in assuming that a* C h, i.e., Aa, = a, ii = 1, 

• • • , n) ; for this property can always be soeiircd by replacing (ai , . • • , a„) by 
(hai , • • • , ha„) which evidently also satisfies the h 3 rpothcsis; since hat/h = ajh 
the conclusions are the same. Proceeding on this assumption and excluding the 
trivial case of our theorem in which r = 0, we have on multipljdng hypothesis 
Vh{ny r) through by h 

. . . a,^ ^ a,,, 

u) 

The summation 22(^) i*^ peiTnutations {s) : (.Si , . . , Sn) of H, • • . n). 

as above. 

There arc evidently v == n\/r\{n — r) \ distinct terms in this equation (i.e., 
terms not reducible to one another by the identities of Boolean algebra) ; let them 
be denoted in some conventional order by (//i , • • ' , uf). Of those terms there 
will be clearly t = (n -- !)• ~ ^)- distinct ont's involving a pre- 

assigned a,- as factor; let them be (?/,, , • • • , u,^). We hav(» moreover UkUi = 0 
for all k ^ Ij and of course V * • • V = /? ?^ 0. Finally, as a result of the 
symmetry (cf. Theorem 1) Uk/h ^ ui/h for all k and I. Thus {ui , • • • , u^,) 
forms a j^-scalc (AAP, §5, Definition 1) and if we set b = u,^ V ... V we 
have by AAP Theorem 20 that b/h is appraisable and p{b/h) = t/v = rfn. 
Thus our theorem will be proved once it is established that b/h — Oi/h, i.e., 
that hh = hut . This is shown on multiplying the* equation 

ui V . . • V R, = 6 V V . . • V Uj^_^ = h 

through by a, : clearly if r„ does not have a, as a factor, it docs have ^ 
so that RiW/j = 0, etc. 

Corollary. // (ai , • * • , Un), h and (a! , • • , al), /i' eewh satisfy the hypothec 
sis of Theorem S for the same value of r, (hen Oi/h ^ aJW , 

Theorem 9. If (ai , • . . , a«) is symmetric with respect to h and if at least r 
(0 g r ^ 1) o/ its elements are wiplied by h in the sense that 

Xhijn^ 7*) • h a 23 • • • a*r 
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{where the summation takes in all possible sets of r distinct integers in ( 1 , • • • , n)), 
then for each value of i, p^{ai/h) ^ r/n. 

Again we assume a* C A (i = 1, • • • , n) and disregard the trivial case r == 0. 
Multiplication by h puts Xh{nj r) into the form A = X) • We set 

(1) Cp = 1 • • • 

(O 

here as in Vh{n, r) the summation is for all permutations (s) : (si , • • • , Sn) of 
( 1 , — • , n). Simple algebraic manipulations establish 

n 

(2) = 23 Cp ; CpC, = 0 (p (t); = Cp. 

p^~r 

Let p be a value for which Cp 9 ^ Q\ since h 0 ^ such values will occur. We 
will show that (ai , • • • , an) is symmetric with respect to Cp . In order to prove 

(3) Uij • • • Oi^fcp ^ aj^ • • • Oj^fcp 

we first introduce the Boolean polynomial 

^(^ 1 ) * * * > *^n) = • • • Xt Xsi * • • Xa 

(«) 

and apply Theorem 1 , whereupon the equation 

^(^»l y ’ ’ ’ y ^it f ^*< + 1 » * * ’ > '^in)/^^ ^ ^i^Ji y ’ ' ’ y J + l > ’ * * > ^Jn)/^ 

is obtained (all subscripts in each set being distinct). But this may be written as 

(4) ^p^ii ’ * * ^iifh CpUf^ * • • a^^Jh,, 

Now if either Cpa,j • • • ai^ = 0 or CpUyj • • • =0, (4) shows that both these 

equations hold, and (3) becomes evident. In all other cases we apply Axiom D 
(sharpened) to (4) together with Cpjh Cpih (with ai = 02 = Cp , hi = = h, 

hi = u.i * • • dit y ^2 = Uy, ' ' ’ dj^) whereupon (3) is established. 

This symmetry and the relation ( 1 ) show that (oi , • • • , a„) satisfies the 
hypothesis of Theorem 8 with (p, Cp) replacing (r, h)\ it follows that a,/cp is 
appraisable and p(a,/Cp) = p/n (i = 1, • • • , n). 

Let a be any given positive integer, and (wi , • • • , Um,) an /nr-scale. Set 
V = Ui V ••• V Urc-i f u = Ui V • • • V Unv ; then pivfu) = {ra — l)/n<r = 

r/n — l/n<r (AAP Theorem 20). Hence for each p foi- which Cp 5 *^ 0 we have 

di/Cp > v/u (AAP Theorem 16). 

Returning to ( 2 ), we may write h = Cp where the summation 23^ includes 
only those teruLs of (cr ^ , c„) which 9 ^ 0. By applying Axiom P^^ to 

di/Cp > v/u we derive the result that di/^' Cp = a*/A > v/u. Hence by defini- 
tion of p^idi/h) we have for all values of the positive integer a that p^{di/h) ^ 
r/n — l/ncr, wdiich leads at once to the conclusion of our theorem. 

Theorem 10 . If {ai , an) is symmetric with respect to h and if h implies 
the truth of at least t and falsehood of at least f of its elements in the sense that 
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XhijUfj tj » h CZ Ctpi • • • (Igrj • • • dqj 

ip, 9) 

{where the summation takes m all possible sets of t + f distinct integers from 
(1, • • • , n)), then 

(5) ^ g p^ioi/h) ^ p*{ai/h) ^ 1 - . 

n n 

The first inequality in (5) results from th(» applieation of ’'Pheorem 9 (r = 0 
inasmuch as it is clear that 

h CZ Upi • • • ap^ aq^ • • • dq^ ^Z ^ dsi • * • • 

(p,Q) («) 

To obtain the last inequality in (5) we have but to replace (ai , • • • , dn) by 
i'^diy ••• , ^dn) (cf. Theorem 1, Corollary) and apply AAP Theorem 17 to 
the resulting inequality 

f/n g p^i^di/h) = 1 - p*{ai/h). 

Theorem 1 1 . Let the infinite sequence {di ^ a 2 ^ be a symmetric set with 
respect to A, and let the limiting frequency (statistical weight) of its elements implied 
by h be w in the sense of the assertion 

>rA(tp): n z n Wk{w, 4 , n), 

^•“1 m—l n“»n 

in which Wh{n\ m, a) coincides with the assertion Xh{ny t, f) in Theorem 10 in 
which t = t{Wy pj n) is the least integer ^ nw — n/p and f = f{w, p, n) is the 
least integer ^ n{\ — w) — n/p. 

Then ai/h is appraisable and, p{ai/h) = le (z = 1, 2, • • • )• 

Let us choose a value of p and hold it fast. Then in virtue of the hypothesis 
Wp(w) there exists an integer m for which IIn«m Whiw, p, n) is valid. For definite- 
ness we select the least m for which this is true (we may as well represent it 
by m); then we have for this m and, e.g., for n = m the assertion Wh(Wy p, n). 
Hence by Theorem 10 we conclude that 

S s < 1 _ r^n) 

n n 

This yields on referring to the definitions of t{Wy ju, n) and /(it?, p, n) 

w — ^ ^ pAai/h) g p*{ai/h) ^ r? + -. 

M M 

This equation, being true for every /u = 1, 2, • • , leads at once to the conclu- 
sion of our theorem. 

Corollary. Let (ai , a 2 , • • • ) be symmetric with respect to h and let the 
limiting frequency of its elements implied by h exist and lie between Wi and in 
the sense of the assertion Then ajh is appraisable and W\ ^ 

p(ai/h) ^ W 2 (i - 1. 2, • • • ). 
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Theorem 12. Lei (ai , 02 , • • • ) 6e symmetric with respect to h and (61 , 62 , • • • ) 
be symmetric mith respect to k. Let the number of a^s implied by h eventually become 
and remain greater than the number of b^s implied by k in the serise of the assertioyi 

£ n S {(A c 2] a-n • • • a.rfi)(* c X) 

m*“0 Ti—m r— 0 

Then for every i, j: Ui/h > bj/k. 

As usual (si , • • • , ifr+i) is a sot of r + 1 distinct integers cliosen from 
(1, • • • , n), all possible sets of this kind being taken in the similarly for 

(<1 , • • • , tn~ r) corresponding 2. 

Let m denote an integer for which !][“-,« - is true by assculion (for dcjtinite- 
ness, the least m). Let n denote the greatest of {m, 2, j). With this determina- 
tion of n we have the assertion { ). I.et r denol(» a value for which 

assertion 1 | is made, 'fhen we have simultaneously 

^ C X) , ^ C: 2 

AVe are now in a position to apply Theorem 9 to each of the sets (ai , • • . , a„) 
and ('^bi , • • • , ^bn), the latter of which is symmetric })y the corollary to 
Theorem 1, and so obtain 

p^(ai/h) ^ ^ , P^i^bj/k) ^ ' . 

^ n ^ n 

But p^('^bj/k) = 1 — P*ibj/k)y and hence p^{ai/h) > p^{bjk), from wdiich 
the conclusion of our theorem follows (AAP Theorems 17 and IG). 

In concluding this section w^e may con.sider the (piestion of replacing in the 
hypotheses of these* theorems the requirem(*nl of sjunmetry by that of nu- 
merical symmetry. At first sight such a paraphrase would have* the advantage 
of weakening the condition of symmetry; but this advantage is in our opinion 
far offset by the disadvantage that appraisability has to be* assumed in the 
hypothesis and it is indeed one of the chief fun(*tions of the theorems of this 
section that they afford the property of appraisability in their conclusions. 
Furthermore, symmetry rather than nume‘rical symmetry appe'ars to be the 
natural assumption to make in the applications. Xejv(*rthele\ss the quanti- 
tative conclusions subsist when numerical symmetry is assumed instead of 
symmetry. We confine ourselves to a statement of tlu* following examples. 
The proofs, w^hich proceed along rather similar lines to those of the earlier 
theorems and with tlu* use* of the classicaLpropert i(*s of numerical probability, 
are omitted. 

Theorem 13. 7/ (ai , • • • , a„) is numerically symmetric mith respect to h and 

if assertion Xhin^ t^f) is made, then t/n ^ p{(ii/h) ^ 1 — //n. 

Theorem 14. If (ai , a^ , • • • ) is numerically symmetric with respect to h 
and if assertion Wh{w) is made, then p{ai/h) = w. 

Theorem 15. 7/ (ai , a2 , • • • ) is numerically syjnmetric with respect to h and 
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(6i , 62 , • * • ) is nummcally symmetric with respect to k amt if assertion 12 is 
made, then p{ai/h) ^ p(bj/k). 

In the theorems of this section the symmetry rather than the independence 
of the sets of propositions (ai , 02 , • • ) appears to be the important notion. 
That such an appearance is deceptive when regard is had to the applications 
(the trials of event E) is realized when the possibility is considered that the 
symmetry of (ai , a2 , • • • ) with respect, to h does not guarantee that of (a^+i , 
a>n+2 , • • • ) with respect to hai • On : i.e., the results of the first n trials of E 
being known, we may not be in a position to apply our theorems to the others. 
Thus it would appear that the hypothesis of Theorem 4 affording both sym- 
metry and independence is prescribed in such applications. 

(Columbia University 
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OPERATOR-THEORETICAL TREATMENT OF MARKOFF’S PROCESS 
AND MEAN ERGODIC THEOREM 

By K6saku Yosida and Suizuo Kakutani 
(Received November 15, 1939) 

Chapter I. Introduction 

It is the piirp()S(‘ of the present pa])er to giv'(‘ a (consistent treatmtiiit of the 
problems of Markoff\s prex'ess and mean er^odie th(‘orem from the standpoint 
of tlie theory of iteration of bounded linear operations in Banach spaces. 

Let S2 be an abstract space wIhmc a measure of Lebesgiu^ typ() is defined, and 
eon.sider a simple MarkofFs proce.^s, by which a moving ])oint t e il is transferred 
stochastically inside ii. If w(‘ denotes by P{t, E) the transition probability that 
a moving ])oint t e 12 is transferred into a Bond set E of 12 after the elapse of a 
unit-time, then we have always P(/, E) ^ 0 and P(/, 12) = 1. We shall further 
assume that P(/, E) is comtiletcdy additive as a s(d function of Bond sets E if 
t is fixed, and that P{t, E) is Boiel measurabhc in t if E is fixed. Under these 
assumptions, the probability E) that a moving point / e 12 is transferred 

into a Bored set E of 1] after the elajise of n unit-timc's is giveai iv(currently by 

E) = f (/,s)C(s, E), « = 2, 3, . . . ; E) = Pit, E), 

where the integration is of Radon-Stieltjccs type. 

The problem of Markoff consists in tlu' investigation of the behavior of the 
.sequence of the iterations E) and their arithmetic means E) = 

- E) for large n. 

'IX 

In the special cas<», when 12 is composed of only a finite' numb(‘r (= N) of 

points ^with equal measure our Markoff^s process is rc'diR'ed to the classical 

one, and our problem is nothing but the investigation of the behavior of the 
iterations P" of a matrix P = (p,/), f, j = 1, 2, ■ ■ , AT, such that p,y ^ 0, 
1,2, ... ,iV, and Pi. = 1,^*= 1,2, ...,Ar. This case was first treated 
by A. Markoff in his clas.sical papers, and in the last ten years man}' contributions 
to this problem were given b}' J. Hadamard, M. Fr^chet, R. vmn Mises, A. 
Kolmogoroff, W. Doeblin, J. L. Doob and others. Tlu'.se iTsults are all collected 
in a recent monograph of M. Fr^chet [3], which is so completes that we find almost 
no need of giving further discussions on this cas('. We shall only remark that 
this case may be treated exactly in the same manner as in the general case. 

In the general case*, when 12 is a continuum,^ this problem was discussed by 

' We shall confine ourselves in this paper only to the ease when il is the closed interval 
0 ^ i ^ 1. This is not an essential restriction. 

188 
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B. Hostinsky, M. Fr^chet, J. L. Doob, W. Doeblin and N. Kryloff-N. Bogoliofi- 
boff. B. Hostinsky [1] treated the case when P{t, E) is given by a continuous 

density s): P(^, E) = / s) ds, where p{ij s) is a continuous function of 

two variables t and s in U X 42; M. Fr6chet [1], [2] considered the case when 
p{t, s) is bounded and measurable instead of being continuous; J. L. Doob [1] 
weakened this condition by requiring only that p(tj s) is uniformly (in t) in- 
tegrable in 8, that is, that there exists for any c > 0 an ?; > 0 such that mes(i?) < 

rj implies / p{tj s) ds < e for any t e 42; and lastly, \^^ Doeblin [1] discussed the 

Jr 

case when the existence of the density p(t, s) is not n(K;essarily assumed. He 
has only assumed that 


(D) 


there exist an integer d and positive constants />, rj such that mes(P) < ri 
implies 7?) ^ 1 -- h for any t e 42. 


It is clear that the condition (D) of W. Doeblin is mon^ genernl than that of 
J. 1.. Doob, and under this condition, W. Doeblin has obtained, by a direct 
(point-set-thcorctical) method, a considerably precise result. 

In the present paper, we shall discuss these problems by another method, 
which is due to N. Kryloff-N. Bogoliouboff [1], [2], and which may be called 
an operator-theoretical method. Indeed, we shall treat these problems by 
considering E) as a kernel of an integral operator in some special Banach 

spaces. This may be done in two ways: firstly, 


x— ► T(x) = y: y{E) = [ x{dt)P{t, E) 

is a bounded positive' linear operation which maps the Banach space (M)® 
into itself; and secondly, 

X T(.x) = y: yQ) = [ P(t, da)y(.s) 


is a bounded positive linear operation which maps the Banach space (M*) 


4 


* A bounded linear operation T, which maps a semi-ordered Banach space into itself, is 
called to be positive if a; ^ 0 implies T{x) ^ 0. 

* (M) is the space of all the (real- or complex-valued) completely additive set functions 
x(E) defined for all Borel set E of 42. For any x(E) e (M), its norm is defined by: || x || » 
total variation of | x(E) j on 42. In (M), a real-valued completely additive set function 
x(E) is called to be positive (and is denoted by x ^ 0), if x{E) ^ 0 for any Borel set £ C 42. 

* (M*) is the space of all the (real- or complex- valued) bounded Borel measurable func- 
tions x(0 defined on 42. For any x{t) c (M*), its norm is defined by: || x 1| -* l.u.b. | x{t) |. 

t i Q 

In (M*), two functions, which differ from each other at least at one point, are considered 
to be different; it is to noted that the Banach space (M*) is essentially different from (Af), 
where the norm is defined by: || x || « ess. max. | x{t) [. In (M*), a real-valued bounded 

t € 0 

Borel measurable function x{t) is called to be positive if x(0 ^0 for any f e 42. 
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into itself. If, in particular, P(/, E) has the density p(ty s), then these operations 
become 

X T{x) = y: y(JS) j x{dt)p{ty 
T{x) == y: y(t) = / p(<, s)x{s)ds; 

consequently, in the former case, T may also be considered as a bounded positive 
linear operation which maps the Banach space (L)^ into its('lf: 

x-^ T{x) = y: yis) = f xit)p(ty s)dL 

Ju 

In all these cases, T and T are both of norm 1 , and it will b(‘ easily s(?en that 
the iterates T'' and of T and T respectively, which are defined by the iterated 

kernel AO : 

x~^r{x) = y: y{E) = [ x{dt)P^^\ty A), 

Jq 

X T'‘(x) = y: y(t) = f (t, J («). 

Ju 

have also the same properties. Thus our problem is transformed into the in- 
vestigation of the behavior of the iterates 3’" of a bounded positive linear opera- 
tion Tj which maps the Banach space (M), (L) or (M*) into itself. 

N. Kryloff-N. Bogolioilboff [1], [2] introduced the condition that 

. j there exist an integer m and a strongly completely continuous^ linear 

\operation F, which maps (M) into itself y such that || T'” — V \ \ < 1, 

and under this condition they ha\ e obtained a remarkable result. In the present 
paper we shall develop this idea of N. Kryloff-X. Bogolioilboff and shall obtain 
a more precise result. This investigation will be carried out in §4, and our 
principal re.sults may be summed up in the following two statements: 

(1) the condition (D) implies the condition (K), 

(2) under the condition (K), all the results of W. Doeblin can be obtained even 
in a more precise foryn. 

Besides the ergodic kernel (= ensemble final du(‘ to \\’. Doeblin) we shall 
introduce a new notion of ergodic party and it will bo shown that this also plays 
a fundamental role in the investigation of the asymptotic behavior of the 
sequence E) for large n. 

In order to obtain these results, we shall develop in §§2 and 3 a general theory 
of iteration of bounded linear operations in Banach spaces. Although the 

* (L) is, as usual, the space of all the (real- or complex-valued) measurable functions 
x(t) which are absolutely integrable on U. For any x{t) c (L), its norm is defined by: 

II * II * / I *(0 I dtj and in (L), an integrable function x(t) is called to be positive if we 

Jq 

have x(t) ^ 0 almost everywhere in t. 
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iteration of bounded linear operations in concrete Banach space (for example, 
in Hilbert space) was discussed by many authors, such a theory has not hitherto 
been developed in general Banach spaces. We shall show now that this is pos- 
sible und(U’ general conditions, and the results thus obtained will find their full 
applications in §4. 

Thus §§2 and 3 may be considered as preparations to §4. Nevertheless, 
these ani also the principal chapters of this paper. Indeed, Theorem 1 (mean 
ergodic theorem) and Theorem 4 (uniform ergodic theorem) are among the main 
results of our paper. In order to explain the meaning of these theorems, let 
us recall th(i mean ergodic theorem of J. v. Neumann: 

Let N be a one-to-on(' measure-pr(‘serving transformation of a space il into 
itself. Then 

X T{x) = tj: y{t) = x(S{t)) 

is a positive; unitary transformation which maps the Hilbert space (f/) (defined 
on 12) into itself, and the mean ergodic theorem of J. v. Neumann says that, 

for any x e (L^), the se(|U(’nc(‘ (// = 1, 2, • • •), where = - (T + 7’" • • • + 

T'‘)x, conv(‘rg(*s strongly to some (4ement x e (L“). 

This (heorem may lx; generalized in two ways: firstly, {//) may be substituted 
by an arbitrary Banach sjxice (B), and s(‘condly, T may lx* substituted by an 
arbitrary quasi-weakly compl(*t(‘Iy continuous*’ lin(*ar operation which maps the 
Banach spaci; (B) into itsedf. The posit iveau'ss of T and the existence of the 
inverse operation T ‘ an* both not assum(*d. This theor(*m is called the mean 
ergodic theorem in Banach spaces and will be provc'd in §2.' 

Moreover, if T is (piasi-strongly completely continuous,*’ i.e., if T satisfies 
the condition (K) of N, Kryloff-N. Bogolioiiboff, then the strong convergence in 
the mean (‘rgodic theor(*m ma}" be substituted by the uniform one. This is a 
generalization of the results of M. Fr6chet [1], [2], (\ ^dsser [1] and N. Kryloflf- 
N. Bogolioiiboff [1], [2], and will be called tin* loiiforni ergodic theorem in Banach 
spaces. W(‘ shall prove this in §3. This theorem is extremely powerful in the 
investigation of concrete* Markoff’s process in §4. 

In concluding the introduction, we expre.ss our h(*arty thanks to Yukio Mimura 
and Sh6kiehi lyanaga for tli(*ir constant encourageim*nts during the preparation 
of this paper. 

Chapter 2. Mean Ergodic Theorem in Banach Spaces® 
(Generalization of J. v. Neumann’s mean ergodic theorem) 

In this chapter we are concerned with weakly completely continuous and 
quasi-weakly completely continuous linear operations in general (real or com- 

• This notion will bo explained at the beginning of §2. 

^ Recently, the generalizations of the mean ergodic theorem were given also by N. 
Wiener [11, [2], G. Birkhoff [2] and N. Dunford [11. We shall discuss these results in §2. 
See the remarks after Theorem 1 of §2. 

* K. Yosida [2], S. Kakutani [1], K. Yosida and S. Kakutani [1]. 
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plex) Banach spaces. By definition, a bounded linear operation T, wliich maps 
a Banach space {B) into itself, is called to be weakly completely continuous if 
it maps the unit sphere || j |1 ^ 1 of {B) on a weakly compact set of (B). More 
generally, T is called to be quasi-^weakly completely continuous^ if there exist an 
integer m and a weakly completely continuous linear operation F, which maps 
(B) into itself, such that || T"* — F || < 1. 

Theorem 1. Let T be a hounded linear operation which maps a Banach space 
(B) into itself. Let us further assume that 

(2.1) there exists a constant C such that H 7’" |1 ^ C for /? = I, 2, • • • , and that 

for any x « (B), the sequence {xn} {n = 1,2, • • •)? ^^^here Xn = ^(7' + 

jT^ + • • • + contains a subsequence which converges weakly to a 

point X € (B). 

f ^nder these assumptions^ 

(2.3) the sequence j Jni = I, 2, • • • ) converges strongly to a point x, 
and if 

we denote by Ti the operation x .f, then T\ is a bounded linear operation which 
maps (B) into itself and 

(2.4) TT, = '1\T = r\ = r, , II II g c. 

Proof. Let x be an arbitrary point of (B). By (2.2), there exists a subs(i- 
quence {v — 1, 2, • • • ) of (^^ = 2, • • • ) which converges weakly 

to a point x of (B). We shall first prove that we have 

(2.5) T{x) = X, 

This is an easy consequence of the relation: 

II T(Xn) - X„|| 

- (T* + 7’’ + ... + ^ (7’ + 7’“ + . . . + 

n n 

i(r+‘-7’)x ||x||, 

n n 

which is valid for n = 1, 2, • • • . Indeed, putting n ^ n^ in (2.6) and making 
V tend to we have (2.5) at once; for {XnJ and [T{xn^)] converge weakly to 
X and T{x) respectively. 

We shall next prove (2.3). For this purpose, decompose x into two parts: 
X x + {x — x). Then we have, by (2.5), 

(2.7) x„ = f + - (r + 7’* + . . . + r)(x - f), 

n 

and consequently, in order to prove (2.3), we have only to prove that the 
second term of the right hand side of (2.7) converges strongly to 0 as n — ♦ oo . 
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Let the range of the linear operation I — T (I is the identical transformation) 
be R, and denote its closure (in the strong sense) by R. Since /2 is a linear sub- 
space of (jB), R is also closed in the weak sense. Since the sequence 

|j - i (r -1- r* -H • • • + r")| x 

^ii-T)(i + T + r+.., + 1 rA X 

converges weakly to x — and since the right hand side clearly belongs to /2, 
X — X belongs to R. Consequently, in order to prove (2.3), we have only to 
prove that 

(2.8) - (T + . + T^)x converges strongly to 0 

n 

for any y ^ R. This may be performed in two steps: 

1st case, y e R. Taking a point z e (B) such that y — z — T{z)^ we have 

1. + ... + r)y \ ==\i(T + r + ... + d{z - nz)) 

= i - r+‘)2ii ^ — Hz 11-^0. 

2nd case, y tR. For any « > 0 there exists a point y' c R such that H y — 

y' \ \ < €. For this y' we have 

-(T+T^+ ... + Dy ^ ~{T + r+ ... + r)y' i 
n n 

+ I \ {T + T^+ ... + Diy - y') 

^ ^ {T + T^ + ... + r)y' !| + Ce. 

n II 

Since the first term of the right hand sid(‘ converges strongly to 0 as n —> oo 
(by the result obtained in the 1st case), we have 

ito + T^ + ... -\-r)y gc*; 

n-*» n 

and, since * > 0 is arbitrary, we have (2.8). Tints (2.8) is proved for any 
y ( R and hereby (2.3) is completely proved. 

Let now Ti be the transformation x —* x. Ti is clearly linear and bounded: 
II II S C. Since (2.5) is always true, we have TTi = Ti. Thus f^Ti = 

Ti and - (T + T* -|- • • • -1- r")?’i = 2\ for n == 1, 2, • • • , and consequently 

TI 

Ti — Ti. In order to prove the relation: TiT = Ti , we have only to start 
from the inequality: 
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-{T + T^ + ... + DTix) (T + T* + ... + Dx 
fi n 


11*11 


0 . 


Since the terms on the left hand side converge strongly to TiT(x) and Ti(x) 
respectively, we have TiT(x) = Ti(x) for any x €(B). 

Thus the proof of Theorem 1 is completed. 

Remark 1. is a projection operator which maps (B) on the proper space 
(Bi) of T belonging to the proper value 1 That is, Ti does not vanish identi- 
cally if and only if 1 is a proper value of T, and Ti(x) = x if and only if we have 
T(x) = a:. 

Remark 2. In virtue of (2.1), (2.2) is sureh^ satisfied if T is weakly com- 
pletely continuous. Hence 

Corollary 1. Let T be a weakly completely continuous linear operation which 
maps a Banach space {B) into itself. If there exists a constant C such that 

II T” II ^ C for n = 1, 2, • • • , then the sequence of operations y - {T + • • • + 

1 

7’”)> (n = 1, 2, • • ) converges strongly to a hounded linear operation T\ which 

maps {B) into itself and which satisfies (2.4); i,e,, mean ergodic theorem is valid 
in (B). 

The conditions of this C'orollary are clearly satisfied if (B) is a Hilbert space 
and if T is a unitary operation in it. (Since Hilbert space itself is locally weakly 
compact.) Thus Theorem 1 is, in two respects, a generalization of the mean 
^ ergodic theorem of J. v. Neumann [1], [2]. (See also E. Hopf [1].) In the first 
place, our theorem is true in geiK'ral complex Banach space, while the proof of 
J. v. Neumann is valid only in the case of a Hilbert space. In the second 
place, we do not assume that T is isometric, and the exist(*nc(' of the* invei*se 
operation is not required. The positiveness of the operation T is also not 
required. We have only to assume that the conditions (2.1) and (2.2) are satis- 
fied. The first condition (2.1) is always satisfied witli C = I in the case of 
ergodic theorems and Markoff^s proce.sses; and the second one (2.2) is satisfied 
in every weakly compact Banach space (for <‘xample, in regular Banach space 
and especially in (//) (p > 1)) for any bounded linear operation T, (Conse- 
quently, mean ergodic theorem holds true in (//) (p > 1) unden* the ti ivial con- 
dition (2.1). This r(\sult was also obtained independently by F. Riesz [1]. On 
the contrary, in the Banach space (/>) = (L^), the condition (2.2) is not always 
satisfied for an arbitrary bounded linear oj)cration T. In order that a hounded 
subset S of (L) be weakly compact, it is (necessary and) sufficient that the 
functions belonging to this subset S are uniformly integrable, that is, that there 
exists for any c > 0 a positive number 6 > 0 such that mes(i/) < 6 implies 


• It is to be noted that in general Banach space (/?), there does not necessarily exist, 
for any closed linear subspace (B'), a projection operator (of norm 1 or of finite norm) 
which maps (B) in (B'). 
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I I x(t) I dl < e for any z(t) e S. This condition is surely satisfied if there 

exists a function Xo(0 « (L) such that \ x\ ^ Xq (that is, | x{t) | g Xo{t) almost 
everywhere in t) for any x{t) e S, Hence we have 

C^OROLLARY 2. Let T he d hounded linear operation which maps the Banach 
space (L) into itself. If there exists a constant C such that || 7’"' || ^ C for n = 
1, 2, • • • , and if there exists^ for any x(t) e (L), a function Xo(t) t (L) such that 

T'^ix) ^ To more generally, ^ (T + + . . . + T'')x S x^for n = 1, 2, • • • , 

then for any x(t) e (L) the sequence (7' + 7'“ + • . • + 7''‘)t| (n = 1, 2, • • • ) 

converges strongly to some, function x(t) e (L); i.e., mean ergodic theorem is valid 
in (L). 

In ord(T to prove this, w(‘ have only to notice* tluit there exists also an To 
such that x) g To i.e. — Tq g T''(x) for n = 1, 2, • • . . 

This theorem was proved by F. liiesz [2] and an analogous theorem was also 
stated by (larrett Birkhoff [1] for abstract (L)-spaec\s. The result of G. Birk- 
hoff is more general in formulation, but it was pointed out that in essential the 
two th(H)rems an* equivalent.’^ 

Moreover, if T is an integral operator with the* probability density kernel 
p{t, s): 

T-> T{x) = y: yis) = f x(0p(l, s) dt 


{p(t, s) ^ 0 for any t, s; 



for any t), 


then a (necessary and) sufficient condition that T be weakly completely con- 
tinuous is that p(/, s) is uniformly (in /) integrable in .s, that is, that there exists 

for any € > 0 a positive number 6 > 0 such that mes(jy) < 6 implies /. viu 

s) ds < c for any t. This condition was investigated by J. L. Doob [1] without 
being noticed that the linear oi)eration T becomes weakly completely continuous 
under this condition. We have onc(»” treated this case* of the condition of J. L. 
Doob as an application of the mean ergodic theor(*m. But, on looking precisely 
into the detail of the fact, we have found that, in this case, tin* linear operation 
T satisfies even the (in some sense stronger) condition (K) of N. Krylofif-N. 
Bogoliouboff, and that the uniform ergodic theorem is true in this case. (In- 
deed, the condition (K) of N. Kryloff-N. Bogolioilboff follows from the condition 
(D) of W. Doeblin, which is weaker than that of J. L. Dool).)'” 

Remark 3. Recently Garrett Birkhoff [2] proved that in every uniformly 


S. Kakutani [2]. 

“ K. Yosida and S. Kakutani [1]. 
« K. Yosida [3]. 
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convex Banach space mean ergodic theorem is valid for any bounded linear 
operation of norm not exceeding unity. This is also a generalization of the 
mean ergodic theorem of J. v. Neumann, since Hilbert space is uniformly con- 
vex. But this result of G Birkhoff is contained in our Theorem 1 ; for, every 
uniformly convex Banach space is regular and consequently locally weakly 
compact.^* (It is, however, to be remarked that the proof of G. Birkhoff dis- 
tinguishes itself by its extreme simplicity.) 

Remabk 4. We can also prove the theorem of the following type: 

Corollary 3. Lei S and T be two hounded linear operations which map a 
Banach space (B) into itself, and assume that these are commutative between them- 
selves: ST = TS, If there exists a constant C such that || T” || ^ C and |1 S" || ^ 
Cfor n = 1, 2, • • • , and if, for any x e (B), the sequence [Xmn } (m, n = 1, 2, • • • )> 
where 


= — (S + + • • • + -S")(r + T^+ ... + T)x, 

mn 

contains a subsequence {Xm^n,] (mp <», <») which converges weakly to a 

point X of (JB), then we have lim x^n = x strongly for any x c (B); and if we denote 

m,n-*oo 

the transformation x x by U, then V is a hounded linear operation which maps 
(B) into itself and we have 

us = SU = UT = TU = [/* = U and || U 1| ^ C. 

Proof. It will be easily seen (exactly as in the proof of Theorem 1) that we 
have S{x) = T{x) = x. Hence we have only to prove that the sequence 

I— (/S + »S* 4- • ■ • + + T’* + • • • + T'')(x — converges strongly 

) 

to 0 as m — » 00 and n — > oo simultaneously. In order to prove this, denote by 
R the set of all the points z « (B) of the form: z = (x — S(x)) + (y — T(y)) 
with X, y e (B). R is clearly a linear subspace of (B) and x — $ belongs to its 
strong (= weak) closure R; for, we have 

// -±(5 + 5*+ ... +<sr)(r + r* + ••• +r)|x 

( mn ) 

= - i(S + S*+ ••• +S")|x 

+ (.^(5 + 5 *+... + 5 ") 

_ i_ (s + . . . + s»)(r + r* + . . . + r)l* 

mn ) 


^ S. Kakutani [3]. See also D. Milman [1]. B. J. Pettis [1]. 
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= (7 - S)(l + - + ••• + -S”-‘V 

\ m m m / 

+ - (5 + s*+ ... +.sr)(/- D 

m 

u-y, 

and the left hand sid(^ converges weakly to j* — x. Consequently, we have only 

to prove that (.S + «' + •.. + .S”‘)(7’ + T‘^ + • • • + 7”‘)4 converges 
[mn J 

strongly to 0 for any z € R. This is clear if 2 c R, and the general case z e R 

may be treated in (*xactly the same mann(‘r as in the proof of Theorem 1. 

Mean ergodie theorem of this tyjx^ was first discussed by N. Wiener [1], [2]. 

N. Wiener treated the case wh(?n tlK‘ inv(Tse operators and T~^ both exist, 

and has also o})tained th(! individual ergodie theorem of G. D. Birkhoff’s type. 

Recently N. Dunford [1] has also announced th(' theorem of the same kind. 

Theorem 2. rndcr the mme assumptions as in Theorem I, we have: for any 

complex number X of absolute value 1, there exists a bounded linear operatioji 7\ , 

which maps (B) into itself j such that 

(2.9) -L +^ + ••• + converges strongly to Tx , 

(2.10) 7 \ T =^TTx = XTx , Tl = 1\ , |1 Tx || ^ C, 

(2.11) X /X implies == 0, 

(2.12) 7\ 9 ^ 0 if and only if X is a proper value of T, 

In this case, « projection operator which maps {B) on ttu^ proper space (fix) 
of T belonging to the proper value X, and T\(x) = x if and only if we have T(x) = 

k 

\x. If we further put T' = 7' — X X.7’xj for any system {Xi , Xj , • . • , X*} of 

i-l 

complex numbers of modulus I vnth X,- ^ X, (i ^ j) and 7’x, ^ 0, then we have 

(2.13) TxJ' = 7’'7’x, = 0 for 7 = 1, 2, ... , k, 

(2.14) TT' = T'r = r^ 

(2.15) r = E \71\ + r" forn = l,2,..., 

i-l 

. . fx is a proper value of T' if and only if it is a proper value of T and 

\X 5^ X./ort = 1,2, ..., A;. 

Proof. (2.9) i.s clear from Theorem 1 if wo consider 7’/X instead of T. From 
this (2.10) follows at once. To prove (2.11), multiplj' (2.9) by 7’„ from the 
right. Then wc have, by (2.10), 


•( 


I + - — ^ T+- 


n 


'r+ ... + 
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1 / * 

- ( ^ + • • • + ^ ) converges strongly to Tx T, . 

Since, in case X 5 *^ /x, the left hand side converges strongly (even uniformly) to 
a zero operator, we have (2.11). (2.12) is clear from the Remark 1 to Theorem 

1. (2.13), (2.14) and (2.15) may also be proved by easy calculations. To 

prove lastly (2.16). let X, 1 X | 0, be a proper value of T and assume that 

X X, for 2 = 1, 2, • • • , /r. Then there exists a point Jo € (B) (xo ^ 0) such 
that T{xo) = Xxq . Therefore, multipl 3 dng the both sides by from the left, 
we have, by (2.10), X,7xi(^o) = XTy^.(xo) and consequently (since X 9 ^ X* we have 

k 

^x<(^o) == 0 for 7 = 1, 2, • • • , A*, so that we have \xq = 7'{xo) = ^ X,-7\i(a-o) + 

T'{xo) = T\xq). Hence X is a proper value of T\ Conversely, let X be a proper 
value of T. Then there exists a point Xq e (B) (jo 3 ^ 0) such that T'(xo) = 

Xxo. Since wo Imvo nx„) = 7’(? = i7’7’'(xo) = (by (2.14)) = 

Xj*o , X is also a proper x alue of T. In order to prove that X 5 *^ X, for i = 1,2, 

• • • .A:, assume that X = X, for some i. Then we hav(» 


1 {T . 3 ’* , T’'\ . 

-(-+--?+•••+ „ ) •'■0 = 3-0 for n 

n\\. X? X?/ 


1 . 2 , 


and consequently (by (2.9)) 7\^(jo) = Xo 0, which leads to a contradiction, 

since 7'x,(xo) = 3’x, 7’'(j„)^ = 7’x,7"(xo) = 0 by (2.13). 

The proof of Theorem 2 is hereby completed. 

Theorem 3. In Theorems 1 and 2,//?e condition (2.2) may he substituted by 
the condition that T is quasi-weakly completely continuous. 

Proof. We have only to prove that, under the condition (2.1) and the as- 
sumption that T is quasi-weakly completely continuous, Hkmc exists for an}"^ 
X € (B) a subsequence {j„J (v — 1 , 2, • • • ) of jx„ [ {n = I, 2, • • • ) which con- 
verges weakly to a point x t (B). In order to prove* (his, put — V + D 
with 1 1 B 1 1 = a < 1 . Then we have 

(2.17) r" = F;, + 

where Vp = 7'^*" — (7'"' — Vf is w(*akly completely continuous with Fi = F 
and II li ^ Hence, putting 


If V and W are weakly completely continuous, then V -h W, TV and VT arc also weakly 
completely continuous for any bounded linear operation T. Thus the totality of all the 
weakly completely continuous linear operations constitutes an ideal in the ring of all 
bounded linear operations. Expanding — (T”* — P)p, the term 7’**” vanishes and there 
remain only those terms (finite in number) which contain at least one F-factor. Con- 
sequently Vp is weakly completely continuous. 

It is to be remarked that the same is also true for strongly completely continuous linear 
operations. 



TREATMENT OF MAKKOFF’S PROCESS 


199 


*».» = - {T + ... -\-'r)x 

n 


for brevity^s sake, we have for n > jytn 

x„ = i (T + + . . . + r)a: 


= i (r + + . • • + T’^)x + ’ + ... + T’'~’^)x 

n n 

~ ^n.jim "I" T (•Tn.n— pm) ~ Xn.pm "I" V^pC-Tn.n— pm) ”1“ (Xn.n—jmd • 

Since II ajn.n-pm II S C-j| T !1 for any n > prn (by (2.1)), tlicrc cxist.s, for any p, 
a subsequence (v = 1, 2, • ■ • ) of jn) (n = 1,2, •••) sueb that 

1 F’p(a’„,,„,_pm)l (r = 1, 2, ■ ■ • ) convei-ges weakly to a point Xpt(B). Con- 
sequently we have 

lim l/(j-„,) - fixp) i ^ lim |/(j-„„pm) i + lim |/(Z)'’(a:„.,n,_pm)) | 

F-»00 F-*00 F-*00 

for any bounded linear functional fix) defined on [B), Sine(' 


|/(x„,.p„)i g g II/I1- — -C1U 11-^0^ 


and 


\fmx _„„))! g ii/i|.ii/r:i. 


jj ^ li / '1 * • C • ! 


we have 


(2.18) lim|/(x.J ~/(x,)| g 

p-*ao 

for any bounded linear functional/!^) defined on {B). 

Applying th(' diagonal method, we may assume that (2.18) holds for an}' 
bounded linear functional/!^') defined on (7i) and for p = 1,2, • • • . Of coui*se, 
Xp may depend of p. Let us now consider the sequence lxp| (p = 1, 2, • . ). 
From (2.18) we have 

i/(.fp) ^ ;1 / 11 

and since/(.r) is an arbitrary bounded liiu'ar funclional defined on (B), we have 
II .rp — X'v II g (a'" + a^) C - II . 1 - II for any p and q, Consequently, (since a < 1), 
\Xp} (p = 1, 2, • • ) is a fundamental sequence in (B). If we put x — lim Xp , 

p-*ao 

then we haAV, for any p, (from (2.18)) 


lim \f{xn,) — fix) I g lim |/(u-„,) — f{xp) 1 -t- l/(Tp) — f{x) 


^11/II-«'’-ci|x||-mi/||.iUp-x11. 
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Since p is arbitrary' and since the right hand side tends to 0 as p — > « , we have 
lim I — f(x) I = 0. Since f(x) is an arbitrary bounded linear functional 

defined on (fi), we have thus proved that the sequence [xn,] {v = 1, 2, • • • ) 
converges weakly to x. The proof of Theorem 3 is hereby completed. 

Remark. All what we have obtained in Theorems 1 and 2 is also valid for 
quasi-weakly completely continuous linear operations. We can also prove 
several propositions concerning the conjugate operators of such bounded linear 
operations.^^ But we shall not go into the detail, which is not essential in the 
further discussions of this paper, and we shall proceed to the case of strongly 
completely continuous and quasi-strongly completely (‘ontinuous linear 
operations. 

Chafper 3. Uniform Ergodic Theorem in Banach Spaces^* 
(Generalization of the theorems of Fr^chet-KrylolT-Bogolioilboff) 

In this chapter we shall discuss strongly completely continuous and quasi- 
strongly completely continuous linear operations. By definition, a bounded 
linear operation T of a Banach space (B) into itself is called to be strongly 
completely continuous if it maps the unit sphere \ \ x\\ ^ 1 of (B) on a strongly 
compact set of (B). More generally, T is called to be quasi-strongly completely 
continuous, if there exist an integer m and a strongly completely continuous linear 
operation F, which maps {B) into itself, such that |1 T”* — F || < 1. 

Since every strongly completely continuous linear operation is a fortiori 
weakly completely continuous, all what we have obtained in §2 is also valid 
for the cas() of strongly complet(*ly continuous or quasi-strongly (*ompletely 
continuous linear operations. Moreover, we can show that in the present case, 
the strong convergence in Theorems 1, 2 and 3 may be substituted by the 
uniform one. These are, as will be seen from the proofs below, the consequences 
of a theorem of F. Riesz and its generalizations to the case of quasi-strongly 
completely continuous linear operations (Lemmas 3.1 and 3.2). 

Theorem 4. Lei T be a strongly completely continuous or quasi-strongly com- 
pletely continuous linear operation which maps a Banach space (B) into itself. If 
there exists a constant C such that H T" || ^ C for n = 1, 2, • • • , then the proper 
values \ of T of modulus 1 {if such proper vahw ever exists) are finite in number 
and each of them is of finite multiplicity. Let us denote these by \i ,\ 2 , • • • , Xjt . 
Then there exists a system of strongly completely continuous linear operations 
{each of them ^ 0), and a strongly completely continuous or 
quasi-strongly completely continuous linear operation S { which might vanish), such 
that T'* is decomposed into the form : 

(3.1) r = i: xrn. +5", n = 1, 2, . . . . 

i-1 


“ K. Yosida and S. Kakutani [1], K. Yosida [4]. 
K. Yosida [11, [4], S. Kakutani [11. 
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' T2\ = Tx, r = X.- n, , Tl = Tx, , Tx, Tx, =0 (i j), 

,rx,S = STx, = 0, llTxJIgC', i = l,2,...,k, 

where M and t are positive constants which are independent of n. 

Remark. Theorem 4 is a generalization of the results of C. Visser, M. Fr6chet 
and N. Kryloff-N. BogoliouboflF. C. Visser [1] discussed the iteration of strongly 
completely continuous linear operations in Hilbert space, and has obtained 
only strong convergence. M. Frfichet [1], [2] discussed the case of an integral 
operator T with bounded density kernel p{t, s) : 

X -> T(x) = y: y(s) = [ x(jL)pit, s) dt, 

and has obtained a considerably precise result after somew^hat long calculations. 
It was, however, shown by Y. Mimura and the authors (Lemma 4.5 in §4) that, 
for such integral operation T with bounded density kernel, the second iterate 
already becomes strongly completely continuous as an operator which maps 
the Banach space (L) into itself. Hence the theorem of M. Fr^chet may be 
considered as a special case of Theorem 4. N. Kryloff-N. BogoliohboflF [1], [2] 
treated the case of an integral operator with general probabilitj" kernel P(^, E), 
which maps the Banach space (M) into itself : 

X r(x) = y\ y{E) = f x{dt)P{.t, E), 

Jq 

and have obtained the same results (they announced these without proof) under 
the same conditions as in Theorem 4. It is, however, to be noted, that Theorem 
4 holds true eveirfor the general case when the Banach space (B) is arbitrary 
and when the positiveness of the operation T is not assumed. The more de- 
tailed discussions of such operations and their iterations, where the condition 
of positiveness plays its essential role, will be fully developed in §4. 

In order to prove Theorem 4, we shall first prove two Lemmas which may be 
considered as generalizations of the results of F. Riesz [1]. 

Lemma 3.1. If T is quasi-strongly completely continuous, then the proper 
values X of T do not accumulate to a point not interior to the. unit circle | X | = 1 o/ 
the complex plane. 

Proof. Take an integer p so large that we have j where I’'” = F + Z), 
II 2> II = a < 1. We have (exactly as we have obtained (2.17) in §2) 

(3.4) r”' ^ Vp + IT, II 11 ^ < I 

where Vp is a strongly" completely continuous linear operation which maps (R) 
into itself. From this it will be easily seen that we have only to consider the 
case when m = 1 and a < \. 


with 

(3.2) 

and 

(3.3) 
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In order to prove Lemma 3.1 in this case, let {X„} (n = 1, 2, • • • , 

(n iri)) be a sequence of proper values of T which converges to a point Xo 
of modulus not smaller than 1. We shall deduce a contradiction from these 
assumptions. For this purpose, let {a:n} (n = 1, 2, • • • ) be a proper element of 
T corresponding to the proper value Xn : T{xr) = , Xn 0, n = 1, 2, • • • . 

We shall first prove that these Xn are mutually linearly independent. This 
may be done by mathematical induction. Let Xi , J 2 , • • • , ^n-i be already 
linearly independent and assume that depends linearly on , T 2 , • • • , Xn^i : 
Xn = aiX, . Then we have 

n—l n— 1 ✓ n— 1 \ 

Ot|(Xn Xi)^',' \nXn Oli\iX% — 7 | Xn “* OtiX% | — 0. 

i-1 t-1 \ t-1 / 


Since |a,! {i = 1, 2, • • • , n — 1) do not vanish simultaneously, this is a con- 
tradiction to the assumption that , i *2 , • • • , Xn-i are mutually linearly 
independent. 

Thus we have proved that Xn (n = 1, 2, • • • ) are mutually linearly inde- 
pendent. Consequently, the (n — l)-dimensional subspace (Xn-i) of (jB), 
which is spanned by Xi , 2 ^ 2 , • • • , Xn-i , is a true subspace of the linear space 
(X„) which is spanned by Xi , a- 2 , • • • , Xn . Hence, by a well-known theorem 
of F. Riesz [1], there exists a sequence of points {^nl = 1, 2, • • ) such that 
yn € (Xn), II i/« II = 1 and || ^/n ~ x || > f for any x 6 (Xn_i). Since each yn is 
of the form: yn = have 


and 


t/n - = L aiXi - i: ^ Tix,) = E «<(l - X,* (Xn_l) 

\An/ »-l i-l An \ An/ 

\Am/ »■*! A»» i—1 Am 


for any n and m. Consequently, the trivial identity: 


implies 

(3.6) 




> ^ for n > m. 


On the other hand, since V is strongly completely continuous and since the 
sequence (n = 1, 2, • • • ) is uniformly bounded, there exist two sequences 

of integers |n,} and {m,\ {n, > m, , v = 1, 2, • • • ) such that lim r (^) — 

>-►00 l| \Xn^/ 

~ however, a contradiction with (3.5), since we have by 

assumption 
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sil’'fe)-’'fe)ll+lkfe)- 


Vk../tj 

ifeil) 


2a 


<h 


Thus Lemma 3.1 is eompletely proved. 

Lemma 3.2. If T is qiiasi-strongly completely continuous^ then the proper 
space (5x) of T belonging to a proper value X of T of modulus 1 is of finite dimension. 
Proof. This may lx* doiu' in (»xaetly the same manner as in the proof of 
Lemma 3.1. We may again assume that m = 1 and a < \. 

If, for some pro])er value X with | X [ = 1 , the proper space (B\) is not of 
finite dimension, then th(‘re (‘xists a sequence* of points Xn e (fix) such that 
II Xn II = 1, T(Xn) = \Xn(n = 1, 2, • • ) aiid jj Xn ~ || > h for n > m. 

On the other hand, since V is strongly completely continuous, there exist two 
sequences {n„l and {n^ > vu , v = 1, 2, • • • ) such that lim || V{Xnf) — 

v-*eo 

V{Xmf) 11=0. This will, however, lead to a contradiction since we have 


h < II - J*., II = II 11 = II r(x^,) - T{X„,) 


^ II - V(x„,) 11 + 11 Dix„,) - D(x,J 1| 


^ II V{x.,) - II + 2a. 


The proof of Lemma 3.2 is hereby completed. 

Proof of Theorem 1. Now, in order to prove Theorem 4, let us recall 
that Theorem 3 is valid in our case. From Lemma 3.1, then? exists only a finite 
number of pro])er valu(\s X of T on the unit circle | X | = 1. Let us de?note 
these proper values by Xi , X 2 , • • • , Xit . Th(*n there exists (by Theorem 2) for 
each X,- a bounded linear operation , which maps (fi) on the proper space 
(fix,) of T belonging to the proper value X, . 7x, satisfies all the conditions of 

Theorem 2 and is strongly complet(‘ly continuous since each (fix,) is of finite 
dimension by Lemma 3.2. Let us put 

(3.6) S = 


and consider the bounded linear operation thus defined. We shall prove that 
this S is also quasi-strongly completely continuous and that its iterations fi” 
are uniformly bounded. This is an easy conseciuence of the relation aS” = 
T” — , which follows immediately from (3.6) and the result of Theorem 

2. Indeed, there exists a constant C' = C + H || S (k + 1)C such that 
II fi” II ^ II r” II + II ^'xi II ^ C' for n = 1, 2, • . . , and also an integer m 
and a strongly completely continuous linear operation F' = F — 
such that II fi’” ~ F'll = IIT’”* “ F|1 < 1. 
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Moreover, S has no proper value of modulus 1, so that in order to complete 
the proof of Theorem 4, we have only to prove the following 

Lemma 3.3. //, in addition to the assumptions in Theorem 4, T has no proper 
value of modulus 1 , then there exist two constants M and c > 0 such that 


(3.7) 


r II ^ 


M 


(1 + 


for n = 1 , 2, 


Proof. It is sufficient to }n*ove the eas(‘ m = 1. For, if L(»mma 3.3 is true 
for the ease = I, then there' ('xist two constants M' and e' > 0 such that 
|] T"'"' I! ^ A/V(l + e')” = L 2, • . • , and it is easy to deduce from this 

the existence of two constants M and e > 0 which satisfy (3.7). 

Now, in order to prove' Lc'inma 3.3 in the case m = 1, put 7' = F + D, where 
V is strongly completely continuous and || /) || = a < 1. By a well-known 
result, / — \D (7 is the identical transformation) admits a unique inverse I + 

XD(X) = 7 + y^n-i X"7)” which is regular in | X | < -, and we have (7 + X7)(X)) 

a 

(7 -- \T) = (7 + X7)(X))(7 - XF - XT)) = 7 - XF ~ X'7)(X)F - 7 - F(X), 

where F(X) = XF + X^7)(X)F is regular in X for | X | < ^ , and is strongly com- 

a 


pletely continuous for each X with | X | < -. By Lemma 3.1, there exists a 

a 

positive number > 0 such that T has no proper value Xinl ~r 7 <|X| < 


1 + I'ut 2e = min 


I and consider the domain A: 1 — 2« < I X I < 


1 + 2f. The equation (/ — F(X))a: = 0 has no non-trivial solution x 0 for 
each X « A. For, if there exists an Xo 5^ 0 with (/ — F(X))xo = 0, then we have 
(I — \T)xo = (/ — XZ))(/ — F(X))xo = 0, and tliis is a contradiction since T 
has no proper value in A. Consequently, since F(X) is strongly completely 
continuous for any X « A, there exists, by a theorem of F. Ricsz, a unique in- 
verse / — K{\) of / — F(X) for any X eA; and it will be easily seen that I — 
Xi2(X) = (/ — -|- XZ)(X)) is an inverse of 7 — X3’ for each X t A. 

Thus we have proved that I — XT has an inverse for any X « A. Since it is 
clear from the uniform boundedness of i 7’"} (n = 1, 2, • • • ) that I — \T has 
an inverse I -f ]^“_i X"3'" for any X with | X | < 1, we have thus proved the 
existence of an inverse (7 — XT)"* for any X with | X | < 1 + 26. ('onscquently, 
by a theorem of M. Nagumo [1], (7 — X7’)~* is regular in X for | X 1 < 1 2e 
and the series of C. Neumann: (7 — X7')~‘ = 7 + ^"_i \”T'‘ converges in the 
uniform sense in | X [ < 1 -(- 26. Hence .there exists a constant M such that 
the inequality (3.7) is valid forn = 1 , 2, • • • . 

The proof of Lemma 3.3 and herewith the proof of Theorem 4 are completed. 
CoBOLLART. Under the same assumptions as in Theorem 4 we have: 

(i) For any complex number X with | X | = 1, there exists a strongly completely 
continumts linear operation T\ , which maps (B) into itself, such that 
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Ill/ 

T 2'* . 

'r\ 

lu( 

~ -j- - — 

••• + 


s" for 

n 


n = 1,2, 


where M is a constant which is imlepvndent of n, ami 7\ does not vanish identically 
if and only if X is a proper value of T. 

(ii) In order that the sequence j7'”| (//, = 1, 2, • • • ) converge in the uniform 

sense to a zero operation, it is necessary and sufficient that T has no proper value 

of absolute value 1. 

(iii) In order that the sequence j7’”| (n = 1, 2, ■ • • ) converge in the uniform 

sense to a boumled linear operation T\ 5^ 0, it is necessary and sufficient that 1 

is a proper value of T and that T has no other proper value of absolute value 1. 

In (ii) and in (iii), if the sequence { 7’"t (n = 1, 2, • • • ) converges in the uniform 
sense, then it is of the order of geometrical progression ; that is, there exist a constant 
M and a positive number e both independent of n, such that we have 11^11 ^ 
M/(\ + c)"* and |1 7^" — 7\ || ^ Af/(I -f e)'^ respectively for 7i = 2, • ♦ • . 

Chapter 4. Maukoff^s Process^^ 


§4.1. Introduction. Let us denote hy P{t, E) the transition probability that 
a point t of the unit interval il = (0, 1) is transferred, by a simple Markoff’s 
process, into a Borel set E of 12 after the elapse of a unit-time. We have alwaj^s 
P{t, E) ^ 0 and P{t, X2) = 1. We shall assume that P{t, E) is completely 
additive for Borel sets E if t is fixed, and that P{t, E) is Borel measurable in t 
if E is fixed. Then the transition probability E) that a points eO is 

transferred into a Borel set E of S2 after the elaj)s(* of n unit-tim(»s is given 
recurrently by 

E) = f ds)P{s, E) = f Pit. (ls)P^'‘-"is, E), 

Jq Jq 

(4-1) n = 2, 3, . • . , 

P^'\t, E) = Pit, E), 

where the integration is of Radon-Stieltjes typo. 

(Consider the complex Banach space (M) of the complex-valued com- 
pletely additive set functions x{E) defined for all Borel set E of 12. For any 
x(E) € (M), its norm is defined by: \\x\\ = total variation of | x{E) | on ^2. 
Then we have 

liEMMA 4.1. The integral operator 
(4.2) x-^T(x) = 2 /: yiE) = f x(dt)P(t,E) 

is a hounded linear operation which maps the Banach space (M) into itself and 

WTW = 1 . 


K. Yosida and S. Kakutani [1], K. Yosida [3), S. Kakiitani [4]. 
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On the other hand, if we consider the complex Banach space (M *) of all the 
complex-valued bounded Borel measurable functions x{t) defined on 12, with 
II X II = l.u.b. I x{t) I as its norm, then we have 

t t Q 

Lemma 4.2. The integral operator 

(4.3) X -> T(x) = y: y(t) = f P{t, ds)xis) 

JQ 

is a bounded linear operation which maps the Banach space (ikf*) into itself and 

IIT’II = 1. 

Lemma 4.3. For any x(E) e (M) and y{t) c (M*), loe have 

(4.4) x{dt) P{t, ds)y(s)^ = ^ xi{ds)yis), 

where Xy{E) = f x{dt)P(t, E). 

Ja 

These three Lemmas are clear from the properties of P(t, E). 

Remark. By virtue of Lemmas 4.1 and 4.2, E) can be defined recur- 

rently by (4.1). Hence P^^\ty E) is completely additive for Borel sets E if t 
is fixed, and E) is Borel measurable in t if E is fixed. Clearly we have 

(4.5) P^'^Hty E) ^ 0, P^^\ty 12) = 1, n = 1, 2, . . . . 

Moreover, by the repeated use of Lemma 4.3, we have 

( 4 . 6 ) P^”^^^\tyE) = f P^”^\tyds)P^^\syE) 

for any m and n, and it will be easily seen that the iterated operators T” and 7'” 
are defined by the kernel P^''\ty E). We have clearly 

(4.7) lir II = liril = 1, ri=l,2, .... 

It is now the purpose of this chapter to investigate the asymptotic behavior 
of the sequence E)\ for large n. We shall treat this problem by con- 

sidering P^^'^ty E) as the kernel of the integral operators 7'" and 7'”. Since the 
Banach spaces (M) and (Af *) are not conjugate to each other, these two operators 
r” and 7'** arc not the conjugate operators to each other in the strict sense 
which was given by S. Banach [1]. But in essential, these play the same r61e. 

Our problem is not quite easy if we have no further assumptions on the 
kernel P{t, E), Our fundamental assumptions are the conditions (D) and (K) 
which were stated in §1. The first condition (D), which is due to W. Doeblin 
[1] is more general than those given by B. Hostinsky, M. Fr^chet and J. L. Doob. 
The .second one (K) is due to N. Kryloff-N. Bogolioilboff [1], [2] and was intro- 
duced by them independently of W. Doeblin. We shall show (§4.7) that the 
condition (D) implies (K), and under the condition (K) all the results of 
W. Doeblin will be obtained in a more precise form (§§4.2-4.6). Our principal 
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results are stated in Theorems 5-12. Theorem 5 is a restatement of the uni- 
form ergodic theorem (Theorem 4 of §3), and this is a starting point of all 
the discussions of this chapter. Among other theorems, Theorem 6 Is to be 
noticed. The formula (4.23) will show how the notions of tlie Banach spaces 
(M) and (M*) are essential in our problems. As a corollary to Theorem 6, 
we shall obtain th(‘ new notion of ergodic parts (Theorem 7); and the decom- 
position of il into ergodic kernels (= “ensembles finals’^ of W. Doeblin) and the 
dissipative part (Theorem 8) is also a direct consequence of Theorem 6. More- 
over, using the fact that under the condition (K) each proper value of 7’ of 
modulus 1 is a root of unity (Theorem 9), the subdivision of the ergodic parts 
(and ergodic kernels) into cyclic parts will be easily obtained (Theorem 11 and 
its Corollary). 

The classical results concerning the Markoff^s process with a finite number 
of possible states may be easily obtained from our Theorems. In order to 
obtain these results, we have only to take a kernel P(/, E) of the special type. 
This will be carried out in §4.8. In this way, the hitherto known results con- 
cerning the Markoff\s process with a finite number or a continuum of possible 
states are obtained in a more precise form by a unified method. 

§4.2. Spectral decomposition of E) under the condition (K). 

Theorem 5. Under the condition (K), P^”^(/, E) is decomposed into ike form : 


k 


(4.8) 

p‘"’(<. . 

E) = 

E X?Px.«, E) + E), 

n = 1, 2, . 

where |X< 

1 (t = 1,2, ... ,, 

fc) are 

the proper values of T of modulus 1, and 

(4.9) 

l.u.b. 

1 " 

E) _ ^ 

VII 


t c O.ircQ 

n m~l 

Ai 

1 n 


(4.10) 

[ P‘">«,d8)Px,(s 
'0 

,E) = 

= f P,,(l, ds)P^”Hs, E) 
Jq 

II 

Ml E), 

(4.11) 

/ Px.(t, ds)P^,(s 
•'O 

,E) - 

= Px (f, E) or 0 according as i 

• • 

= j or i j, 

(4.12) 

f Px,it, ds)S(s, 
Jo 

II 

E) = 0, 


(4.13) 

1,1 
( 1 1 

u.b. 

2,BCQ 


, > 


t = 1, 2, 

• • • , n, — • 1, 2, • • • 

, where M and € are positive constants which 

independent of n. 






Proof. This theorem follows directly from Theorem 4 (uniform ergodic 
theorem) of §3. We have only to notice that, by Theorem 4, only the decom- 
position of the operatoi-s P” is given and that the decomposition of the kernels 
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E) is not yet obtained. But, since the convei^ence lim i ?’7X? = 

is uniform, the decomposition of the kernels is simultaneously obtained. 
Remark, The uniform limit 


lim^i: 

n -♦00 n m—l 


E) 

x* 


= E) 


exists for any X with | X | = 1. By putting X = 1 and remembering (4.5), we 
see that Pi{t, E) is not identically zero. Hence X = 1 is a proper value of T. 
If we put Xi = 1, then the integral operator Ti defined by the kernel 

(4.14) Pi{i, £) = lim - ^ P‘"‘’(<, E) (uniform limit) 

n-«ao m— I 


is a projection operator, which maps the Banach space (M) on the proper 
space of T belonging to the proper value 1 . More precisely, we have 


(4.15) 


I T + T^ + -' + T” 

I n 


- Ti 



n = 1, 2, 


with a positive constant M. This is a result of N. Kryloff-N. Bogoliodboff. 
(The existence of the mean sojourn.) Moreover, the integral operators T\f 
(i = 1, 2, • • • , A:) defined by the kernels Px<(f, E) are all strongly completely 
continuous. 


§4.3. Structure of the kernel Pi(t, E). By (4.5) and ('4.141. we have 

(4.16) Pi«, P)^0. P,«. fi)s1. 

and the proper value equation in (M) : 

(4.17) Tix) = x: x{E) = f x{dt)P(,i, E) 

Ja 

admits a non-trivial solution x ^ 0. In fact, by (4.10) of Theorem 5, for any 
to tQ, Pi(U, E) is a solution of (4.17): 

(4.18) Pi«o, E)^ { P,«o, d<)P(t, E), 
and Pi(t, E) is not identically zero. 

In this section, we shall study the general form of such a solution of (4.17). 
and using the results thus obtained, the structure of the kernel Pi«, E) will be 
determined. 

In order to make our discussions clearer, we shall make use of some elementary 
notions from the theory of semi-ordered Banach spaces. A completely additive 
real- valued set function x{E) 6 (M) is called to be positive and is denoted by 
X ^ 0, if we have x{E) ^ 0 for any Borel set E of Q; and for any pair of real- 
valued set functions x(E), y(E) € (M), denote hy x ^ y the relation x — y ^ 0. 
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Then the relation x'^y determines a semi-ordering of the real Banach space (M). 

For any real-valued set function x{E) € (M), its total variation x(E) is a posi- 
tive element of (M), and if we put 

x^{E) = mE) + x{E)\ x_(fi) = i(5(JS0 - xm\ 

then these are also the positive elements of (M). These are called the positive 

and the negative variations of x (on E) respectively. We have x = — x-. , 

X = X4. + x_ and, from the trivial relation: ( — x)+ == x- , we have 

X -- (x — 2/)+ — y — (y — x)4. . This last common element is called the mini- 

mum of two elements x and 2/, and is denoted by x A y.^^ The special case 
X A y = 0 requires our special attention. It is to be remarked that for two 
positive elements x and y of (M), x A 2/ = 0 is equivalent to the condition that 
there exist two disjoint Borel sets Ei and E 2 of il such that x{Ei) = x(iy and 
y{E 2 ) = y(^)- This fact is needed in the following discussions. It is also to be 
noted that we have always x^. A x.. = 0, (x — y)+ K iy — x)^ = 0 and 

(4.19) (x - (x A y)) A (2/ - (x A y)) = 0. 

Lemma 4.4. If x and y are two real-valued solutions of (4.17), then x, x+ , x. 
and X A 2/ solutions of (4.17). 

Proof. It is sufficient to prove this for x. Since P{t, E) g 0 for any Borel 
set E C fi, we have 

x{E) ^ f x(dt)P(tf E)y 
•'a 

and, since P(ty 12) s 1, here must stand the equal sign. 

Lemma 4.5. There exists a system of completely additive set functions {x«(£)} 
(a = 1, 2, •••,/) € (M), with the properties: 

(4.20) T(Xa) = Xa , Xa ^ 0, Xa(12) =1, Xa A X3 = 0 {a 7 ^ 0), 

such that any x(E) € (M) which satisfies 

(4.21) T{x) = X, X ^ 0, x(12) = 1, 

is uniquely expressed as a linear combination : 

{ i 

(4.22) x{E) = X c„Xa{E), > 0, X Ca = 1. 

a—l a—1 

Proof. Let I be the maximum number of elements Xi , X2 , • • • , Xi € (M) 
which satisfy (4.20). The existence of such an I is clear from the quasi-strong 
complete continuity of the operation T. For, such Xi , Xt , • • • , Xt are clearly 
mutually linearly independent and the proper space of T belonging to the 
proper value 1 is of finite dimension by Ijornma 3.2 of §3. 

*' Indeed, it will be easily seen that x A y is the minimum uf x and y in the sense of 
lattice, that ia, x y ^ x, x A y ^ y, and for any * < (Af) with « ^ x, s ^ y, we have 
z ^ X Ay. 
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We shall prove that this sj^stem } (a = I, 2, • • • , Z) is just the required 

one. In order to show this, let x(E) be an arbitrary element of (M) which 
satisfies (4.21). We shall show that x(E) is a linear combination of a:i , 0 : 2 , • • • , 
Xi . For this purpose, consider the minimum = a: A Xa of a: and Xa for 
a = 1, 2, . • , Z. By Lemma 4.4, xl is also a solution of (4.17). We shall 
first show that each xl is a constant multiple of Xa : xl = CaXa . Indeed, if 
this is not true for some a, then Xa and x* = ^1/|| |1 are not equal, and 

consequently (Xa — x^ )+ and (x^ — Xa)+ are both 9 ^ 0. Again by Lemma 4.4, 
these are also the solutions of (4.17). Hence, if wo put Xai = (Xa — ^1%/ 
II (x« - xl')+ 11, Xa 2 = (Xa ~ ^a)-h/ll {x'a Xa)^ H, thcu tlic systcm of Z + 1 
elements Xi , X 2 , • • • , x^-i , Xai , Xa 2 , Xa+i , • • ‘ , xi clearly satisfies (4.20), and 
this is a contradiction to the definition of Z. 

Thus we have proved that each xl = x A Xa is expressed in the form: 
Xa = CaXa , wherc Ca is a real number with 0 ^ Ca ^ 1. Next we shall prove 
that we have x = xl s CaXa . For this purpose, we shall show 

that x' = X — Xa satisfies x' A Xa = 0 for a = 1, 2, • • , Z. In order 

to prove this, it is sufficient to show that we have (x — xl) A Xa = 0 for 
Of = 1, 2, • • , Z. This is, however, clear if Ca = 1; for, xl = x A Xa = Xa 
implies x = x^ (since x(Q) = Xa{iT) = 1), and x' = x ~ xl = 0. And, in case 
Ca < 1, this follows from (1 — Ca)((x — xl) A Xa) S (X — xl) A (1 Ca)Xa = 
(x — xl) A (Xa — Xa) = 0 (by (4.19)). Thus x' A Xa = 0 is proved for a = 
1, 2, • • • , Z. Consequently, if we have x' 9 ^ 0, then the system of Z + 1 ele- 
ments x'/ll a;' II, Xl , X 2 , • • j Xl will again satisfy (4.20), and this is also a 
contradiction. 

Thus we have proved that we have x' = 0, and consequently x = ]Sl-i ^1 = 
CaXa . Since the uniqueness of the expression and the condition 
SL-i Ca = 1 are both clear, the proof of Lemma 4.5 is hereby completed. 

Corollary. Ixa(-E)} (a = 1, 2, • • • , Z) ts a base of all the solutions of the 
proper value equation (4.17); i.e., any x e (M) which satisfies (4.17) is uniquely 
expressed as a linear combination 0 / Xi , X 2 , • • , X/ . 

Proof. Clear from Lemmas 4.4 and 4.5. 

Theorem 6. Pi(Z, E) is expressible in the form: 

(4.23) Pl(«, P) = 23 ya{t)Xa{E), 

a-l 

where \Xa(E)] (a = I, 2 , • ■ • , 1 ) is the system of completely additive set func- 
tions c (M), which was defined in Lemma 4.5, and {yo(<) | (a = 1, 2, • • • , i) is a 
system of hounded Borel measurable functions e (M*), which satisfy 

1 

r(y«) = Va, yait) ^0, 23 yM) = i, 

a-1 



or 0 according as a 


or a 9^ p. 


(4.24) 
and 

(4.25) 
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Moreover^ ! 2/a (01 (« == 2, • • • , /) is a base of all the solutions of the proper 

value equation in (M*): 

(4.26) T(2/) = y: y{t) = / P{t, ds)yis), 

and any solution of (4.2()) with y(t) § 0 can be expressed uniquely in the form: 

I 

(4.27) y(.t) = Y: CaVait) 

a-1 

with non-negative constants Ca (a = 1, 2, • • , /). 

Proof. Since Pi(2, E) is a solution of (4.17) for any teU^ the expression 
(4.23) follows directly from Lemma 4.5. If w(» take* a Borel set such that 
Xa{Ea) = ^ and x^{Ea) = 0 for any /3 9 ^ a (the existence of such E^ follows 
from th(‘ fact that Xa{^) = 1 and A Xa = 0 for any p 9 ^ a), then (4.23) 
becomes Pi(/, Ea) = ya(t). Hence each yM) is a bounded Borel measurable 
function of t. We shall n(‘Xt prove (4.24). Since the second and the third 
relation of (4.24) are clear from (4. lb), we have only to prove the first one. 
From (4.10) of Theorem 5 we have 

f P(t,ds)Pl(s,E) =:Pl(/, P). 

Jq 


or, by (4.23), 

Y([ Pit, ds)yM)x„iE) = Y VaiOxaiE), 

a -1 / 0-1 

and, if \\v put E = Ea , then we have 


f P(l, ds) 7 j„(s) = ya(t). 
Ju 


Thus (4.24) is proved. In order to prove (4.25), start from the relation 
T(Xa) = Xa . Since T(x) = x is equivalent to Ti(x) = x, we have Ti(Xa) = 


[ Xa(dt)Pl(t, E) = Xa(£), 
•'n 


and, putting E = E^, we have the required relation (4.25). 

Thus the fii’st part of the theorem is proved. The second part may be 
proved as follows: Let y{t) be a solution of (4.20). From (4.26) we have 
(exactly as in the ])receding case) 


and, by (4.23), 


2/(0 = f Pi(/, ds)y{s), 

Ju 

= £ 2/«(0 ( [ J^a(d 8 )y(s)^ = X) CaPai 
0-1 Vn / 0-1 
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with Ca — I Xa{ds)y{s), Since y{s) ^ 0 implies Ca ^ 0, the proof of Theorem 6 
is hereby completed. 

§4.4. Ergodic decomposition of il under the condition (K). Let us consider 
the sets Ea = Et[ya(t) = 1], a = 1, 2, • • • , By (4.24), these are mutually 
disjoint Borel sets. 

Theorem 7. There exists a system of miihially disjoint Borel sets {Ea} 


(a = 1,2, .. 

■ ,1), such that 


(4.28) 

x.{E») = 1 

or 0 according as a = or a 9 ^ 

(4.29) 

.g«) = l, ItE., 

(4.30) 

l.u.b. 

t t Ba.ECO 

- E E) - XaiE) g - , n = 1, 2, 

n m — 1 1 n 


where M is a amstant which is independent of n. 

Remark. (4.29) means that, for any a, each point t tEa is transferred by 
the Markoff^s process P(ty E) inside Ea , and (4.30) means that the uniform 
limit 


lim - E = Piit, 

n-*oo ri m"*l 

is independent of the initial point t eEa . Because of these properties, 
Ea (ct = 1, 2, • • • , Z) wdll be called the ergodic parts of il. 

Proof of Theorem 7. (4.28) and (4.29) are the consequences of (4.25) and 

(4.26) respectively. In order to show this, we have only to prove 
Lemma 4.6. If x{E) is a completely additive real-valued set function t (M) such 
that x{ii) = 1 and x{E) ^ 0 for any Borel set E CZ il, and if y{t) is a hounded 
Borel measurable real-valued function € {M*) such that 0 ^ y{t) ^ 1 for any 
t €ily then 


L 


x(.dt)y(t) = 


1 


implies 


x{E^ = 1. lijfcere Eo = E[y{i) = 1], 

t 

Proof. If we put 

then we have il — Eo + 2«-i E„ and 
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1 = f xidt)yU) = f x(dt)y(t) + £ f x(dt)y(t) 

*'n •'Xo n-l Jjin 

g x(Eo) + E fl - -^^x(E„) 

n-1 \ n + 1/ 

00 

g xiEo) + E = x(U) = 1. 

n — 1 

Since the equality holds only if wc have x{E„) — 0 for ti = 1 , 2, • • • , we have 
x(Eo) = 1. Thus J.emma 4.(5 and hereby (4.28) and (4.29) are proved. 

(4.30) is a restatement of tlu! relation (4.9) of Theorem b (i = 1, Xj = 1): 

l.u.b. I - E E) - Piit, E) . g ?! = 1, 2. ... . 

t c li.K cfl I ^ m— 1 )l 

if we only observe that wc have 

Pi(t^ E) - Xa{E) for I e Ea . 


As is easily seen, Ea is not necessarily the set of the smallest measure with 
the property (4.28). Indeed, there might exist a Borcl set E CZ E a such that 
mes (E) < mes {£„) and Xa{E) = 1. If wc denote by £a(C Ea) the Borel 
set of the smallest measure among those which satisfy (4.28), then Ea is deter- 
mined up to a sot of measure zero and E C Ea , mes (E) > 0 imply Xa(E) > 0. 
Wc shall show that, if we take suitably the sets Ea Cl £„ {a = 1, 2, • • • , Z), 
then the following theorem is true: 

Theorem 8. Tfu^ Borel sets E„ (a = I, 2, • • • , 1) and S = U — Ea 


satisfy 



(4.31) 

I\{t.E.) = h t^Ea, 


(4.32) 

P{UEa) = l, ttE.. 


(4.33) 

( for any 1 € £« and E d Ea, mes {E) > 0 implies 
-1 Pi(/, JS) > 0 and consequently there exists a posi- 
ytive integer n = /i(t, E) such that (/, E) > 0, 

(4.34) 

l.u.b. 1 E A) ^ - 

t t Q n m— 1 U 

* 


where M is a constant which is imlcpendent of n. 

Remark. (4.31) means that, for any a, each jKhnt teEa is transferred 
finally into Ea (in the sense of arithmetic mean), and (4.32) iiK'ans that each 
point ttEa is transferred inside Ea- Moreover, by (4.33), Ea is indecom- 
posable into two sets with the jH’opcrty (1.32). In Theorem 12, we shall obtain 
a more precise result than (4.34): 
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Because of these properties, £« (a = 1, 2, • • • , i) and Q will be called the 
ergodic kernels and the dissipative part of 12 respectively. It is to be noted that 
the ergodic kernels are only determined up to a set of measure zero (even under 
the condition (4.32)), while tlie ergodic parts Ea arc strictly determined by 
Ea = E[y(t) = IJ. 

t 

Proof of I^eorem 8. Let Ea(Cl Ea) be the Borel set of the smallest 
measure among those which satisfy (4.28). clearly satisfies (4.31) and (4.33) 
(since Pi{t, E) == Xa{E) for t 6 £„), but (4.32) is not always automatically satis- 
fied for any t eE^a • In order to obtain the required Borel set Ea , we shall 
construct a sequence of Borel sets Ea ZD E\ E], • • • 3 3 • . • by mathe- 

matical induction. Let Ea be already defiiK^d and assume that we have 
Xa{Ea) == 1. Then we define El^^ as the set of all teEa which satisfies 
P{t, Ea) = 1. Since 

f Xa(dt)P(t, El) = f Xa(dt)P(t, El) = Xa(El) = 1, 

we have (by Lemma 4.6) x„(El^^) = 1. If we now consider the set £« = 
IJn-i PI , then Ea = £« is the required set. For, we have 

XaiBTa) = lim XaiEl) - 1 

n-*oe 

and 


PH, O = lim Pit, £?) = 1 for 

n-*oo 

Thus we have proved the existence of the Borel set Ea C Ea which satisfi(*s 
(4.31), (4.32) and (4.33). Since (4.34) is clear from 

i 

A) = 2 l/a(0a:a(A) = 0, I til, 

a-1 

the proof of Theorem 8 is completed. 

§4.5. Proper values of modulus 1 of the operator T. 

Theorem 9. Under the condition (K), each proper value of modulus 1 of the 
operation T is a root of unity. 

Proof. Let X, | X | = 1, be a proper value of the bounded linear operation 7\ 
which maps (M) into itself. By Theorem 5, X may also be considered as a 
proper value of the bounded linear operation 7’, which maps {M*) into itself. 
Indeed, (since P\{t, E) is not identically zero) if wo put x{t) s Px(f, E) for a 
suitable Borel set E, then x(t) is a non-trivial solution of the proper value 
equation: 


(4,35) 


T(z) =* Xz: Xz(t) = f P(tf d8)z{8). 
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x{i) is clearly a complex-valued bounded Borol measurable function € (M*). 
We shall prove that X is a root of unity. 

In order to prove this, we shall first show that the real-valued bounded 
measurable function x{i) ^ | x{t) j c (Af*) attains its maximum. From (4.35), 
we have 

x(i) g f P(i, ds)x{s) 

and consequently 

x{t) ^ f ds)x{s), 71 == I, 2, • • • . 


Taking the arithmetic mean and considering its limit, we have 

x{i) g f Pi(/, ds)x(s) 

•'a 

or, by (4.23), 

^(0 ^ I/a(i) ( [ Xa(ds)x(s)j = ^ {«2/a(0, 
vn / a«l 


where (a — I Xa{ds)x(8) is a real non-negative number. Let { be the maxi- 

JQ 

mum of (a = 1, 2, ••• ,i). Since ^ by (4.24), we have 

x{t) S i for any t e il. We shall prove that this f is attained by x{t) at some 
point /<» € il. Indeed, by the definition of f, there exists at least one integer a 

such that f = / Xa{d8)x{s), and since Xa(E) ^ 0, Xaiil) == 1 and x{s) g f for 

any 5 € fi, there must exist, by Lemma 4.6, a point k til such that xih) = { 

(or more precisely, the set Eo = E[x{s) = f] satisfies XaiEo) = 1). 

< 

We have thus proved that there exists a point ktil, such that x(to) — 

I x(to) I = max I x(t) I = {. W'o shall next prove that t ho set 
1 1 a 

(4.36) E(n) = E[x(t) = X"i(to)l 

t 

satisfies 

(4.37) P'’”(/, £(«)) = 1 
for n = 1, 2, • • • . From (4.35), we have 

X”z«o) = f ds)xis) 

and, dividing by X'^xih) and taking the real part, 


n = 1, 2. . • • . 
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Since , E) ^ 0, , 12) s 1 and R ^ 1 

have (4,37) by Lemma 4.6. For, wo have 

Thus we have proved (4.37) for n = 1, 2, • • ■ . From this follows the exist- 
ence of two positive integeis m and n, such that E(m)-E(n) ^ 0. For, if we 
have E(m)>E(n) = 0 for any couple of integers m, n(m 9 ^ n), then we have 

(4.38) P<””(<o , E{1)) = 0 for m 7 ^ I, 
and consequently, by (4.37), 

P.(lo, EO,)) = lim - i: P'”’(«o, E{1)) = 0. 

n*^oo Tl »n-»l 

Since Pi(<o , E) is completely additive for Borel sets E, this implies 

a(<o,Ep(0) = 0 . 

This is, however, a contradiction, since we have, by (4.37) and (4.38), 

P^"'ik,'LE(l)) = l, w = l,2, ..., 

i-i 

and consequently 

Pi(to,t,EH)) = lim y E P‘"' {k, E EiD) = 1. 

i—1 m-*op fl m—l 

Thus we have E(m) •P(n) 0 for a certain couple of integers m, n (m ^ n). 

Consequently we have (by (4.36)) X’"x(<o) = X"x(<o)(7^ 0) or X"*~'‘ = 1, and 
hereby the proof of Theorem 9 is completed. 

§4.6. Decomposition of each ergodic part (and ergodic kernel) into sub- 
ergodic parts (and subergodic kernels). 

Theorem 10. Under the condition (K), there exists a positive integer N such 
that P^^’^{t, E) is decomposed into the form: 

(4.39) P^"''’(t, E) = Pi*(t, E) -I- S*'-”\t, E), « = 1, 2. • . . , 

in such a way that we have 

f P^^\t,ds)Pt{s,E) = [ Pt(t,ds)P^^\s,E) 

Ja Ja 

= / Ptit, d8)Ptis, E) = Ptit, E), 

Jq 


(4,40) 



(4.41) 

and 
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f P,*«, ds)S*{s, f S*(t, d«)Pf (s, E) =0 

Jo Jo 


(4.42) 


l.u.b. I «*'”'(/,£) 

tcO.XCQ 


< 

- (1 + *)"’ 


1 , 2 , 


where M and e arc positive constants which arc independent of n. 

Proof. In Theorem 9, we have seen that each proper value X of modulus 1 
of T is a root of unity. Since T has only a finite number of such proper values, 
there exists a (sufficient large) positive integer N such that = 1 for an}" 
proper value X of modulus 1 of T. Hence the bounded linear operation 
corresponding to the kernel E) has no proper values of modulus 1 other 

than 1, and Theorem 10 is a direct consequence of Theorem 5. 

Remark. It is to be noted that we have', by (4.39) and (4.42), 


(4.43) 


l.u.b. |P‘""'’(/,P) -Pf«,P) 

tcU.Kcn 


<-Ji- 
~ (1 + «)"’ 


n = 1, 2, 


with positive constants M and «. 

Moreover, just as in Lemma 4.5, there exists a system of real-valued com- 
pletely additive .set functions {^^(P)} (i = I, 2, • . • . 7.) e (M) with the prop- 
erties: 

(4.44) r '(T*) = X* , X* ^ 0, x.*(fi) = 1, xf A X,* = 0 {i 9^ j), 


such that each x*(E) e (M) which satisfies 


(4.45) r'^ix*) = X*, X* ^ 0, x*(n) = 1 

is uniquely exprps.sod in the form : 

(4.46) x*{E) = Zc?x?(P). c? ^ 0, Sc? = 1. 

i— 1 »— 1 

In particular, just as in Theorem 6, Pi(t, E) is expressed in the form: 

(4.47) pr(t, P) = L l/?(0x?(P), 

t-l 


where {y?(01 {i = 1, 2, ,L) is a system of real-valued bounded Borel 

measurable functions « {M*) which satisfy 

( 4 . 48 ) T{yt) = y*i, y*it) ^ 0 . s yUl) ^ 1 . 

i—1 


Let us denote by the set E[y*{t) = 1], f = 1, 2. • • , L. These will be 

called the subergodic parts of Q. Exactly as in Theorem 7, these are mutually 
disjoint Borel sets, and we have 
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(4.49) 


x* (E*) = 1 or 0 according as i — j or i ^ j, 


l.u.b. I E) - x*(,E) I 




M 

( 1 +*)"’ 


n = 1, 2, 


with positive constants M and t. More precisely we can prove 

Theorem 1 1 . The totality of all the suhergodic parts E* (i = 1 , 2, • • • , L) 
is divided into I classes (Pap P*, . • • • > Paj ) (« = 1> 2, • • • , Z), where da is a 
divisor of N icith da = in such a way that 

(4.50) Pit, E*a,J = 1, < * P:. , i = 1, 2, . . . , daiaaa+i = a,), 

(4.51) l.u.b. I /-‘"•'“’(I, P) - xUE) I ^ f , « = 1, 2, . . . , 

i.i'a^.sca (!+«)' 


where M and t are positive constants which are independent of n. 

Moreover, all £*, (* = 1, 2, ■ • • , da) belonging to the same class are contained 
in the same ergodic part Ea , and if we denote by x*. (P) and yt, (t) the corresponding 
elements of (M) and (M*) respectively (which are obtained by the arguments given 
above), then we have 


(4.52) 

(4.53) 

(4.54) 

(4.55) 


Tixl,) = Xa..n . i = 1, 2, • . . , (Za(a;d „+1 = ai), 

'P(j/«.ti) = y*, . * = 1, 2, • • • , daioda+l — ai), 

•«-<.(P) = 1 ix:,(E), 

(la »-l 

yM) = ytSO- 

t*=«l 


Remark 1. (4.50) means that, for any o, each iH)int t e P*, is trans- 
ferred, by the .Markoff’s process P(t, E), cyclically in P*, , P*, . • ■ • , Paj__ ; 
and (4.51) means that, in each P*. , P^’‘“\t, E) defines a .Markoff’s process, 
who.se iterate P) is uniformly eonvergent to .a limit which is inde- 

pendent of the initial point t e P*. . 

Remark 2. The equality Ea = P*. is not lu'cessarily true. Indeed, 

Da = Ea — P*. is the set of all / ell such that .//„(0 s y*.(0 = 1 

and y*i{t) < 1 for i = 1. 2, . Fiom the proof of (t.5l). we see that 


(4.510 


l.u.b. 1P‘’'‘'“’(<, 


“tt 

P) - L yUt)xUE) I g 


M 

(1 -be)"’ 


n = 1,2, 


with positive constants .V/ and «. 

Proof of Theorem 11. We begin with .some preliminary considerations. 
Since T^'Tixl) = TT^\x*) = T{x*i), 7’(x?) satisfic's (4.43) for j = 1, 2, • • • , P. 
Hence there exists a .system of real constants c,, , i, j = 1, 2, ■ • • , P, such that 
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(4.56) T(x*) = L Cijxf , ^ 0 , E Ci/ = 1 . 

Thus T may be considered as a linear transformation on the system [xt(E)\ 

(z = 1, 2, • • • , L). Consider the matrix C = i, jf = 1, 2, • • • , />. This 

matrix clearly satisfies 

(4.57) = unit matrix. 

We shall show that C is a matrix compost'd of only 0 and 1, which defines a 
permutation of the indices 1, 2, • • • , /.. Indeed, denoting by the zj-ele- 

ments of the matrix we have = 1, Sfc-i = 1 for 

i == 1, 2, • • • , L. Since 0 ^ c;tt ^ 1 for any k and i, there must exist, for 

each f, an index ki such that = 1. In other words, each column of the 

matrix C must contain 1 at least onct'. Since Ckt = 1 for each A*, we must 
have ki 9^ kj for i 9^ j. Hence, (Ai , A' 2 , • •• j ki,) is a permutation of the 

indices (1, 2, • • • , L), and consequently we have Ckt = 0 for k 9^ ki . 

Thus we have proved that C defint's a permutation of the indices 1,2, • •• ,L. 
Hence the indices 1,2, • • • , L are divided into r(g L) classes, and each class 
is permuted cyclically inside itself l\v the matrix C. Let these classes be Ka 

(a = 1, 2, • • • , /') and the number of the indices belonging to A'* be . B}" 

(4.57) , each r/a is a divisor of JV. 

For each a, consider the set of all the indices which belong to A* . By a 
suitable numbering «! , ^ 2 , • • • , of these indices, we must have Ca,ai+t ~ ^ 
and Ca,aj = 0 for j 9^ /+ 1 (t = 1, 2, • • , r/a ; once for all, we put = ai). 
(Consequently, we hav(' (4.52). 

After th(\se preliminaries, we shall proceed to the proof of Theorem 11. We 
shall first pro\'(' that w(' hav(' 1 = 1' and that there is a one-to-one correspondence 
between the ergodic parts £„ and the classes Ka in such a way that (4.52), 
(4.53), (4.54) and (4.55) are true. ((4.52) is already proved.) 

For this purpose, recall that each Xa(E) vsatisfies T(Xa) = Xa . Hence Xa(E) 
satisfi('s (4.45), and consequently x„(E) is uniquely expressed in the form: 

(4.58) xJE) = E c*i*{E) cl,x:,(E). 

i-l a-l *-l 

We shall first prove that there exists a class Ka i^nch that cf == l/da for 
? € A„ and cf = 0 for i iKa • In the first place, it is clear that cf is inde- 
pendent of i in each class K„ . For. since T(Xa) = Xa and T(Xa^) = ^ 

we have, from (4.58), 

TaiE) ^ EE 

a—l t-*! 

and this implies c*, = c^.+, for t = I, 2, • • • ,d„ . In the second place, all 
indices i with cf > 0 belong to the same class Ka . For. if this is not the case, 
then Xa(E) will be docompo.sed into two non-trivial parts x'a and x'a , which are 
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both invariant imdt'r 2'; x* = xl -{■ xi, , x'„ > 0, x'a > 0, A x« = 0, 
T{x'„) = x'„ , T{Xa) = Xa . If WP pUt X„i = xl/|| x'a i| and Xat = Xa/\\ xZ ||, 
then the system of f + 1 elements Xi , Xj ,* • • • , Xa-i , Xai , Xai , Xa+i , • • • , Xj 
will satisfy the condition (4.20), and this is a contradiction to the definition of 1. 
Thus there must exist a class Ka such that c* = c > 0 for i c Ka and c* = 0 
for i fKa. Since it is clear that we have c = l/d„ , the relation (4,54) is 
hereby proved. 

Thus to each Xa(A’) (a = 1. 2, • • • , /) there corre.sponds a class of indices Ka ■ 
Conversely, as is easily seen, tt) each class Ka there corresponds a completely 

additive set function x„(E) = y Sili xti(E) (which clearly belongs to the 

(fa 

system determined in Lemma 4.5) in such a wa}" that the correspondence 
Xa(B) ^ Ka is one-to-one. Hence we must have I = V, and the one-to-one 
correspondence between the ergodic part Ea and the class of indices Ka is also 
established. 

We shall next prove (4.55). From the relation 

It f Ptit, d.s)P'™’(s, E) = P.«, E) 

Jy wi-1 Jq 

we have, by (4.23) and (4,47), 

It t t yUt)(f X:,(ds)P<”’(», £)) = tya{t)XaiE[). 

JM ,n-i a-1 t-1 \Jq / a-l 

or, by (4.52), 

4 iZ 51 2 ytMxl,^„(E) = ya(.0xa(E). 

IS w—l a»l t—1 a—1 

Using the fact that <!„ is a divisor of N, we have 

2 2 xlfiE)^ = '^VaiOXaiE), 

or, by (4.54), 

53 (t ytiiO) XaiE) = 2 yM)Xa(.E)-, 
a-l \i-l / 0-1 

and this implies (4.55) (put E = Ea). 

In order to prove (4.53), we start from the trivial relation: 

f Pit, ds)P*(s, E) = [ PUt, ds)Pis, E). 

Jq •'0 

By (4,45) and (4.52), this becomes 

t t(f P(t,ds)yUs))xUE) = Z £ vUt) (f xUd8)P(8,E)) 

= 5: i: yUo^iM, 

a—l <*-l 
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and, putting E — E^t+i , we have 

f P(i, d8)y*^^.^(8) == 

i.e., (4.53) is proved. 

Thus we have proved (4.52), (4.53), (4.54) and (4.55). From (4.55), it is 
clear that each E*f is contained in £„ , and (4.50) is a direct consequence of 
(4.53) (use Lemma 4.6). 

Lastly, we shall prove (5.51). For any po.sitivo integers n and k we have, 
by (4.6) and (4.37), 

^ f p^”^\t,ds)P^‘‘‘\8,E) = f Pf«, ds)P'“'»’(8, F) 

Jq Jq 

+ f ds)P''^‘‘\8, E). 

Since we have 


/ Ptit, d«)P““'‘>(s, E) = [ *:,(d«)P<*‘'«\s, E) = xUe) 

Jq Jq 

for any t , and since, by (4.40), 

I / ds)P'*-'“>(s, E) ^ l.u.b. 1 E) I g 

I JQ ItO.^CQ (1 + €)" 

forn = 1, 2, • • • , we have 


I E ) _ xt . iE ) I ^ 

for t £ E^i , k = 1, 2, ■ ■ • , N/da ; n — 1, 2, • • • , where M and e are positive 
constants which are independent of n and k. Hence we have (4.51), by a suit- 
able change of M and e. 

Thus Theorem 11 is completely proved. 

Remark 3. We can also define subergodic kernel E*i in each subergodic part 
EZi ; namely, EZi is the set of the smallest measure which satisfies xZ((EZ() — 1. 
If we suitably take Ea and EZi (which are all determined only up to a set of 
measure zero), then we have 
Corollary. 

(4.69) Ea = ^EZh EZi = Ea£Z{ , 

i-l 

(4.60) Pit, EZt+i) = itEZ,. 


Proof. (4.59) is clear from (4.54), and (4.60) follows from (4.29), (4.50) 
and the second relation of (4.59). 
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It is to be noted that these Ea and E*. are exactly the final sets (ensembles 
finals) and their cyclic subsets which were discussed by W. Doeblin [1]. 
Theorem 12. 


(4.61) l.u.b. 

where M and e are positive constants which are independent of n. 
Proof. Since each x*^(E) satisfies 

da 

xtiiA) ^ 2 a:a.(A) = d„.a-„(A) = 0, 

we have 


1 , 2 , 


Ptit, A) 





= 0 


for any / €S2, and consequently we have, by Theorem 10, 




= 1,2, ... . 


Since P^''\ty A) is monotone decreasing in n, we can deduce from this easily th(‘ 
relation (4.61) (by a suitable change of M and c). 


§4.7. Deduction of the condition (K) from the condition (D). 

Lemma 4.7. Let us denote by I{so) the closed interval 0 ^ ^ .s’o . Then 

Q{t, s) = P(<, !{s)) is Borel measurable as a function of two variables t and s in 

0 S « g 1. 

Proof. By assumption, Q{t, s) is Borel measurable in t if .s is fix(*d, and if t 
is fixed Q(tj s) is monotone increasing in « and is continuous on the right: 
lim Q(/, s) = Q{t, So), 

•-►•O+O 

We shall prove that, for any a, the set E{a) = E s) < a\ is Borel 

(t,«) 

measurable as a two-dimensional point set. For this purpose, pul A\(a) = 
E[Q{t, s) < a]. Since Q(/, s) is monotone increasing in .s, we have Et^(a) 3 

t 

E,^(a) for Si < S 2 , and consequently 

E{a) = E E.M X /(«), 

« c U 

where X denotes the Cartesian product. Since Q(2, s) is continuous in s on 
the right, the section of E(a) by the straight line t = to is, if not empty, a semi- 
open interval of the form; 0 ^ 5 < «o . Hence we have 

E(a) = E E.ia) X /(«), 

««*rational 

« « 0 

and this shows that E(a) is Borel measurable as a two-dimensional point set. 
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Lemma 4.8.^* Lei K{ty E) and n{t, E) he two kernels with bounded density: 
K(t,E) = f k(t,8)d8, \k(t,8)\ g 11X11, 

N(t, E) ^ f nil, s) ds, 1 nit, s) j g |1 iV 1|, 

Jje 

where k(tj s) and n{t^ s) are both bounded measurable functions defined onO ^ tj 
8 ^ I, If we consider the corresponding integral operators K and X, which map 
the Banach space (M) into itself y then the integral operator NK defined by the 

kernel at k{ty ii)n(Uj s) du^ds is strongly completely continuous as an operator 

which maps (M) into itself. 

Proof. For any x{E) e (M), put y = K(x) and 2 = N{y) = NK(x). The 
set function z{E) is absolutely continuous: 


z{E) = f z'(s)ds, 


and its density z\s) is given by 


2 'W = y{du)n{uy s) = at x{dt)k{ty u)^n(Uy s) du. 


Hence || x |1 ^ 1 iini)lies 


i.u.b, i^'CsOi ^ 


f ! z'{s + 5) — 2'(60 I d.s ^ 11 X II f ( f n(u, s + 6) — n(Uy s) 1 dii\ds 
J—OO V— 00 \J0 / 


if we put n{Uy s) = 0 for n < 0 and .s > 1. 
CV)ns('quently, we luivi' 


lim / ! z'(s + 5) — z\s) I ds = 0 

3 -♦ 0 j_ 00 


uniformly for all x{E) c (M) with || j| ^ 1. H('nce, by a theorem of A. Kol- 
inogoroff [1] and M. Riesz [1], (if wc consider z\s) as an clement of the Banach 
space (L)) the totality of all z^(s) corresponding to the unit sphere || x jj g 1 
of (M) is strongly compact in (L). In other words, NK is strongly completely 
continuous as an operator which maps (M) into (L). Since (L) is isometric 
to a closed linear subspace of (M), NK is also strongly completely continuous 
as an operator which maps (M) into itself. Thus the proof of Lemma 4.8 is 
completed. 


K. Yosida, Y. Mimura and S. Kakiitani [1], 
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Lemma 4.9. // P{t, E) satisfies the condition (D), then we have 

(4.62) E) ^ [ 9«, s) ds + R(t, E), 

Jr 

where q{iy s) is a hounded Borel measurable Junction defined for 0 

s ^ If and 

(4.63) 0 ^ R{tf E) -b 

for any i « 12 and E d 12. 

Proof. Define Q(t, s) newly by 

Q(t, s) = 7 ( 8 )). 

By Lemma 4.7, Q(2, s) is Borel measurable as a function of two variables t 
and s. Since Q(2, s) is monotone in s for an}^ Q{L s) is almost everywhere 
differentiable in s for my fixed /. If we put 

pit, s) = - Q(i, s)^ 


and define q(ty s) by 


qit, s) = min (p(i, s), , 


then qit, s) is bounded and Borel measurable as a function of two variables 

t and 8, We shall prove that the kernel R{ty E) defined by 


m, E) = P^’^it, E)- f qit, s) 


ds 


satisfies (4.63) for any / « ft and E C il. 

For this purpose, we have only to notice that there exists for any < t Q a Borel 
set Nt of measure zero such that 

P‘">(/,J5) = f pit,s)ds + P^’‘\t,NrE) 

for any Borel set C 12. Then we have 

0 ^ Rit, E) = f ipit, s) - qit, s)) ds + P“^(t, NrE) 

Jg 

= f pit, «) ds + P^^it, NrE) 
^P^‘‘\t,EM+Nt), 
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where Etiv) == -2? ^ ~J' Since clearly mes (Etiri)) < rj for any t €12, 

we have mes {Et{rj) + Nt) < 17 and consequently, by (D), 0 ^ R{t, E) ^ 1 — b 
for any t c 12 and ^ C 12. 

Theorem 13. The condition (D) implies the condition (K). 

Proof. By Lemma 4.9, we have 

(4.64) 7'^ = Q + R, |l/e||gl-/,, 

where Q and R are the two integral operators which are defined by the kernels 
Q{t, E) = I q(t, .<?) ds and R(t, E) respectively. If we expand 7^” = (Q + J?)”* 
in 2"‘ terms: 

^ ^ I ^ + • • • + QR^'^^ + R^, 

then the terms which contain Q at least twice as factor an' all strongly com- 
pletely continuous. In order to see this, consider for example the term 
RQRQ”^~^. By (4.22), QR and an^ both integral operators with bounded 
density kernels. IL'nce, by Lemma 4.8, QRQ”'~^ and consequently RQRQ"^ ^ 
are strongly completely continuous. Sinc(‘ th(' numbcu* of terms which con- 
tain Q at most once as factor is + 1, and since the norm of each such term 
is ^ (1 — hy'~^ by (4.61), we that there exists, for each m, a strongly com- 
pletely continuous operator Fm i which maps (M) into itself, such that 

!1 7'"'’ - F„ll g (m + 1)(1 - br-\ 

Since the right hand side converges to zero as m v,, tlu‘ proof of Theorem 13 
is hereby completed. 

Remark. The converse of Theorem 13 is nof true. To see this, take an 
arbitrary point so « tk and define P{t, E) by 

Pit E) = I if So t E, 

= 0 if So * E, 

for any fell. This kernel P(l, E) defines a strongly completely contiimous 
integral operator, but the condition (D) is clearly not satisfied. 

§4.8. Markoff’s process with a finite number of possible states. Consider a 
Markoff’s process with a finite number (= N) of possible states. Let pi, 
(t, j = 1, 2, • • • , N)hc the transition probability that the f*'’ state is transferred 
to the j“‘ state after the elapse of a unit-time. Then the transition probability 
Pi"’ that the i'** state is transferred to the /‘‘state after the elapse of n unit- 
times is given recurrently by 

Pi"’ = L Pikpl?~^\ Pif = Pi, , 


(4.65) 
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and we have always 

(4.66) = 

for i,j = 1, 2, . • • , iV; n = 1, 2, • • • . 

We shall investigate the asymptotic behavior of plf for large n. This problem 
was discussed by many authors (see the introduction at the beginning of the 
paper), and sometimes direct methods were successful in this case. We 
shall, however, treat this problem as a special case of our general Markoff's 
process. 

Consider the finitely valued function p(t, s) defined in the square 0 ^ 

« ^ 1 by 

(4.67) pit, s) = N-pa for ^ t < ^, g s < ^, 

(in case i — N or j = N, < is to be replaced by ^). Then 

PH, E) = I pH, s) ds defines a simple Markoff’s process on the interval 
Jb 

Q = (0, 1), and we have 

(4.68) P‘">(f,^) = f p<“’«,«)ds, 
where 


(4.69) s) = iV.pl?’ for ^ ^ “St “ * ^ 

i, j = 1,2, • • ■ , N (in case i = N or j — N, < is again to be replaced by ^). 

Thus the Markoff’s process P = (pa) (i, j = 1, 2, • • • , iV) is reduced to the 
continuous case P = PH, E)- Since it is clear that the corresponding integral 
operator T is strongly completely continuous in this case, we have, by the 
results obtained above. 

Theorem 14. (i) The limit 

(4.70) lim I t pir = vir 

»-*«0 Tl m^l 


exists for any i and j, and there exists a constant M such that 


(4.71) 


1 ^(»»») ^(®®) 
z 2^ Va - Vii 




n 


t,j = 1,2, ,jV;n = 1,2, 


(ii) There exists a system of mutually disjoint ergodic parts Sa (a = 1,2, ... ,0 


such that 
(4.72) 


23 Pi, = 1 if i«e„. 
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(4.73) pif^ is independent of i in each Sa . 

(iii) Each ergodic part Ea contains an ergodic kernel Ea such that 

(4.74) L p\f = 1 if it£a, 

(4.75) 53 Pi] = 1 if ieEa^ 

i « £a 

(iv) A = 12 — E a is called the dissipative part of 12 and we have 

(4.76) v\V ^ rrf - i * A, t = 1, 2, . . . , iV; n = 1, 2, 


with positive constants M and 6. 

(v) To each ergodic part Ea Ihx'rc corresponds a positive integer da such that 


M 


(4.77) Ip.S- pri ^ 


itEayj = 1,2, ...,iV;n = 1,2, 


■with positive constants M and t. Moreover, each Ea contains da (mutually dis- 
joint) subergodic parts Et, , E*^ , • • • , E*aj^ such that 

(4.78) Z Pi, = \ if it E*a,, fc = 1, 2. . . . , da (aa,+. = «i). 

(vi) If we further put Etk = • Et^ for ony a and k, then we have 

(4.79) Z P./ = 1 if , fc = 1, 2, . . . , da (ad,+i = ai). 


Added in proof a Ilccently, N. Dunford and B. J. Pettis [1] obtained some 
new results concerning wTakly completely continuous operators defined on the 
space (L). Among others, they proved that if K and N are weakly completely 
continous operators which map (L) into itself, then NK is strongly completely 
continuous. This result is more precise than Lemma 4.8. 

Mathematical Institute 
Osaka Imperial University. 
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ON TYPES OF “WEAK” CONVERGENCE IN LINEAR NORMED 

SPACES 

By Ingo Maddaus, Jb. 

(July 28, 1939) 

Introduction. In his paper “On a generalized notion of convergence in a 
Banach space/^ B. Vuli(th (Vulieh 1, pp. 15() 174) has pointed out that it is 
often possible to introduce a metric into a given concrete space with a given 
notion of convergence' of a se(}uen(‘(' of elements such that convergence in 
accordance wil h the metric is equivalent to the given convergence notion. How- 
ever, it is not always possible* to de) this in terms of a metric which is a distance 
function (V^ilich 1, p. 163). C’onse^que'ntly, Vulieh has introduced a generalized 
metric by assoeaating with e‘ae*h finite* s(‘t or e*e)mple*x e)f a giv^en linear set^ a 
non-negative real number or norm. A set of six axioms impose*d on this gen- 
eralized metric and a limit neition elefined in terms of it give rise to the concept 
of K-norme*d space's.' The jFC-ne>rmed space's are fenmd to be special case's of 
Banach spaces (Banach, p. 53), and the A'-cemvergence of a see|uence of elements 
to a limiting element is feiund to im])ly Banach conve?rgeme*e to the same element. 
That is to say, A-convergone'e^ of a see|uence to an elememt is stronger than 
Banach e^onvergc'iice of the seeiue'nce to the same element. 

Jn this paper, alsei, the motion e^f the* ne>rm of a finite complex is employed. 
However, this norm is subjected to only three of the six axioms used in the 
definition of the A-normed spaces of Vulieh. A limit notion for sequences is 
defined in terms of this norm. Among other things it is shown that point-wise 
convergence of a sequence of continuous functions to a continuous function on 

' By a linear set will be meant the usual one given in Banach’s book on page 26. 

* A linear set X is said to be A-normed if there is associated with each finite set or 
complex of its elements a non-negative real number or norm, written || (xi , Xj , • • • , Xn) l|, 
which satisfies the following axioms: 

Axiom A. If Xt = X, , then |1 (xi , • • • , x* , • • • , x, , • • • , x„) || * || (xj , • • • , Xt-i , 

X,^l , • • • , Xy , • • • , Xn) 1 1 II (Xi , • • • , X» , • • • , X;_i , X;|.i , • • • , Xn) j |. 

Axiom B. II (x) II * 0 implies x *■ 0, where 0 is the null element of the linear set. 

Axiom C. II (Xi , • • • , Xn , x[ , • • • , x') 11 ^ II (xi , • • • , Xn) II 4- II (xj , • • • , x') 1|. 

Axiom D. II (xi , ••• , Xn) || ^ || (xi , • • • , x„ , Xn+i) ||. 

Axiom E. II (xi 4- Xi' , • • • , Xn 4- x') II ^ 11 (xi , • • • , Xn) II 4* II (xj , • • • , x') 1|. 

Axiom F. 11 (axi , ••• , ax„) |1 = 1 a f 11 (xi , • • • , x„) H. 

By Xn X it is meant that given any e > 0 there exists an N (e) such that ri ^ N(e) 
implies || (xn — x, • • • , Xn 4 .f. ~ x) || < e for all p ^ 0. The sequence |x„) is said to be 
A-convergent if given any c > 0 there exists an A^(c) such that if n, ^ X(e) then 
II (Xn - Xm , • • • , X„+p - Xm) II < c foF all p ^ 0. ^ 

A linear set is said to be a A-normed space if it is A-normed and if the limit notions 
are given by the definitions of the previous paragraph. 
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the finite closed interval reduces to the convergence of the sequence to the same 
function in terms of the norm of this paper. In all concrete cases considered it 
is seen that convergence of a sequence to an element in accordance with the 
limit notion to be defined is weaker than Banach convergence of the sequence 
to the element. Linear functionals and operations which arc continuous in 
terms of this limit notion are studied. 

1. Axioms and fundamental notions. C'cnsider a linear set X of elements x 
such that there is associated with each finite subset or complex of elements of X 
a non-negative real number, called the norm of the complex and written 
11 1 • •• ? J^n) II for the elements Xx , , ... , Xr. . This norm will satisfy 

the following axioms : 

Axiom A. If Xi = Xj , then H (j-i , • • • , a*. , ... , j; , ... , Xn) || = |1 (xi , • • • , 
j't— 1 ) y ■ * * J J-y > * * * ) J'n) II ~ II (j'l > * * * > ‘ ) X J-X y Xj^i , • • * , Xn) ||. 

Axiom B. || (x) || = 0 implies x = 6, where d is the null element of the linear 
set X. 

Axiom 3. If ui , 02 , • • • , a„ are real constants, then jj (uiXi , 02 X 2 , • • , 
anXn) II S max | o,- 1 • || (x, , J 2 , • • • , Xn) ||. 

A linear set with the norm of a finite complex d(»fin(Hl and satisfying Axioms 
A, B, and 3 will 1 h‘ said to be //-normed. 

Definition 1. A sequence jxn! of elements of an //-normed set X will be 
said to be convergent in the //-sense, or to be //-convergent, if given any e > 0 
and an.v infinite subsequence Un*) of [.Xn) there exists a Ko = Kie^ {Xn*l) such 
that ky s ^ /Co imply 

(1) 11 > * ' ' j II ^ 

Definition 2. A sequence jxn} of elements of an //-normed set X will be 
said to be convergent to the element x cX in the* or to have x as its 

//-limit, written Xn ~^h x or //-lim Xn = x, if given any r > 0 and any infinite 

n —00 

subsequence {Xn^^l of |Xn) there exists a = K{(\ [) such that k ^ A’o 

implies 

(2) li {Xn, - X, ■■■ . x„, - x) II < f-. 

An //-normed set for which the* limit notions are given by Definitions 1 and 2 
will be referred to as an //-normed space. 

It is evident that in an //-norm(»d space if a se(|ucnce‘ converges or converges 
to an element x then every subsequence do(\s lik(»wis(*. 

Remark 1.1. It should be noted that our Axioms A and B an^ the Axioms 
A and B of /C-normed spaces and Axiom 3 is a conseqiuuice of the axioms of 
X-normed spaces (Vulich 2, p. 61). Axioms A, B, and 3 are independent 
(Vulich 2, p. 60), and the examples which will be given in §2-5 will illustrate 
that there are //-normed spaces which are not /L-normod according to the 
same norm. 
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The set of all real numbers forms an -normed space if || (o’i , X 2 , • • • , Xn) !l = 
inf (I Xi I, I X 2 1, • • • , 1 Xn I), where by ‘‘inf” is meant the smallest of the numbers 
involved. If in this same set Xn — x means that given any e > 0 there exists 
an N{e) such that n ^ N{e) implies that j Xn — x [ < c, then wc have 

Theorem 1.1. In the set of all real numbers Xn ~^h x is crjuivalent to Xn —*h x. 

Proof. For any infinite subsequence {x„J of {Xn}, i| (x„j — x, . . • , 
Xni; x) jj = inf (j Xnj X I, • • • , I Xnj^ X j) ^ ] Xn^ X j. If Xyi >/j X thcii 
this last expression approuch(\s zero as A* — ^ qo . To prove the converse assume 
that x„ X does not imply Xn x. Then there exists an infinit(^ subsequence 
{Xn*} of [Xn\ and a positive number X such that | Xn;t — x [ > X > 0 for A; = 
1, 2, • • • . Then 0 < X < 1| (x^ — x, • • • , x„^ — r) || for every integral k. 
This contradicts the assumption that Xn “►;/ x. 

Remark 1.2. In gemu al any linear set for which an F-metric (Banach, p. 35) 
is defined is an //-noiTiied space if 1| (xi , • • , x„) |{ = inf [(xi , 0), • • • , (x„ , 0)]. 
By Theorem 1.1 Xn ~^h x is equivalent to Xn — ► x in accordance with the F-metric. 
Hence, any linear normed spa(!e'^ is also an //-normc'd space, and when the norm 
of a finite complex is defined as in this paragraph norm convergence of a sequence 
to an clement is equivalent to //-convergence to the same element. Under the 
same circumstances norm convergence' of a sequence is equivalent to //-con- 
vergence of the sequence. 

The following theorems relates to //-normed spaces. 

l^EOREM 1.2. If Xn X and Xn = Xn for every then Xn x. 

Theorem 1.3. If Xn — >// x, then for any x' € X, Xn + x' x + x'. 

Remark 1.3. In Remark 3.1 an example will be given which will shoiv that 
Xn X and yn ->// y do not imply that x„ + ?/„ — >// x + y. 

Because of Theorem 1.3 it is evident that tlu' topology of an //-normed 
space is a uniform topology. 

Theorem 1.4. || (axi , • • • , ax„) || = | a | • || (xi , • • • , Xn) |i. 

Proof. H (axi , • • • , axn) II ^ I a I • II (xi , • • • , Xn) 1| = | a | • || {oaT^Xi , • • • , 
aoT^Xn) II S I o M « M • II (<^xi . • • • , aXn) 1| = || (axi , • • • , aXn) ||. This com- 
pletes the proof. 

l^iEOREM 1.5. If I On) is a sequence of real numbers such that | dn | ^ Af, 
where M is independent of n, and if x,, -^h 0, then OnXn — B. 

Proof. Choose any infinite sulxsequence {an*x„j} of {anXnj. Then || (a„jXni, 

• • , «»t*Xn*) II g Mil (Xni , • • ' , x„J ||. Since Xn 0 it follows that the right 
hand side of this inequality approaches zero as k 00 . 

Corollary 1.51. If {(Znl is a sequence of real numbers such that On 0 and 
if Xn then UnXn 0, 

Corollary 1.52. If a is a real number and Xn x, then aXn «x. 

* A linear normed space is a linear set A' with the property that there is associated with 
each element x a non-negative real number or norm, designated by || x ||, which is such 
that (1) II X II « 0 implies x - (2) || x -f- y I1 ^ II x || -f || j/ ||, (3) || ix || « | ( 1*11 x || 

for each real t. A sequence { x« } of X is said to be convergent to x e X in the norm or Banach 
sense if 1 1 Xn — x 1 1 0 as n — ♦ « . 
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2. The space (CH), Consider the set of all continuous functions defined on 
the closed interval (0, 1), and let the norm of a finite comp)lox of elements be 
given bv li , • • • , Xn) li = max inf (| X\(t) 1, • • • , 1 Xn{t) |). With this norm 

the set becomes an //-normed space and it will bo designated by (CH), 

Theorem 2.1. I?i the space (CH) a necessary and sufficient condition that 
•Tn —>// X is that Xnit) — > for each t e (0, 1). 

Proof. Because of Theorem 1.3 it suffices to prove this theorem for the 
case Xn “^// 6, 

Necessity. Assume on the contrary that for souk' /o , lim | Xnito) [ = 2\ > 0. 
Then there is a subsequence of jj*n} with the property that | Xnf,(to) | > X 
for each integral k\ Therefore, 1| (x„j , • • • , Xn^) || ^ inf (| Xn^iU) ],•••, 

I Xnk(to) 1) > X > 0 for each int('gral k. Consequent^', d is not an //-limit of 
\Xn]j in contradiction to the assumption of the theorem. 

Sufficiency. Assume that there is a subsequence of [Xn\, which will also be 
designated by | such that |1 (j^i , • * • , J*n) || is greater than a positive number 
X for n = 1, 2, • • • . Designate inf (| Xi{t) |, • • • , | Xn(t) |) by /„(0. For a 
fixed value of n it is easily shown that/n(0 is a continuous function on the closed 
interval (0, 1). Hence, there exists a such that /n(0 = max|/n(0 | = 

II (xi , • • • , Xn) ||. By the Weierstrass-Bolzano Theorem it is possible to choose 

a subsequence {^n*} of {^n} and a point to such that lim tm, = . 

4-00 

Each/n(<o) ^ X. For if fn*(to) < X there would exist an interval / about 
such that if ^ € / then fn'(t) < X. Now choose n* > n' and such that /n* el; 
then /n;,(^n*) < f.i»(tni,) < X, which is a contradiction. But/n(/) ^ | x„(0 1 for 
all n and tj so | Xnita) | > fn{to) ^ X, in contradiction to the assumption that 
Xn(t) — > 0 for all t € (0, 1). 

Remark 2.1. If Xi , X 2 , • • • , Xn and xj , x^ , • • • , Xn are two finite' comph^xes 
of an //-normed space it does not follow that 1| (xi + x( , x^ + x^ , • • • , 
Xn + a^n) II ^ 11 (xi , Xn , • ■ • , x„) |1 + || (xj , , • • • , x'„) ||. For consider the 

following complexes from the //-normed space (CH) : x = 2, x = 5 and x' = 5, 
x' = 2. In this case the inequality sign is actually reversed. If the sign of Xi 
is changed then the inequality sign is again re\'(‘rs(‘d. Tlu'rc'fore, unlike the 
norm of the K- normed spaces of B. V^ilich, the norm of a finite complex of a 
//-normed space does not satisf.y a ‘Triangle pi'o])erty,’’ nor doc's it satisfy a 
“triangle property” w'ith the sign reversc'd. 

Remark 2.2. In the space (CH) it can readily be shown by nu'thods similar to 
those employed in the proof of Theorem. 2. 1 that a lu'cc'ssary and sufficient condi- 
tion for the convergence of a se(iuence in the //-sense is: | Xn(t) — Xm(t) | 0 

for each t e (0, 1). There arc numerous familiar examples from the space (CH) 
which illustrate that //-convergence of a seqiK'nce does not imply that the 
sequence has an //-limit which is of the; space. That is to say, an //-normed 
space is not necessarily complete with respect to the //-convergence notions. 

Remark 2.3. The norm of a finite number of elements of an //-normed space 
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is not necessarily a continuous function of its arguments; i.e., —*a for 

f = 1, 2, • . • , p docs not imply lim 1| • • • , xi”’) || = || • • • .a;'"’) ||. 

n"-oo 

For consider the followinj^ sequence from (CII): 

Xn{t) = a:n(0) = 0 for 2/n ^ ^ 1, 

Xn(l/n) = n, 

and Xn{t) linear elsewhere (n = 1, 2, • • • ) (Caratheodory, p. 171). This se- 
quence is such that Xn —>// B. Let a second sequence; be given by = 1 for 
each n and for t e (0, 1). Then ->// 1. Moreover, || (xn , x^) 1| = 1 for 
each n, whereas || (0, 1) 1| =0. 

3. The space p ^ The norm of a finite complex which was used in 

the previous paragraph to make the set of all continuous functions on the finite 
closed interval an //-normed space was obtained by operating on the greatest 
lower bound of the absolute values of the elements involved with the norm 
which is generally employc'd to mak(‘ the set of all continuous functions a 
Banach space (Banach, p. 11). To define j| (ji , • • • , *rn) |1 in an analogous 
manner for the set of all functions defined on the closed interval (0, 1) and 

whose pth powers are summabh; s(;t it equal to 
'I i/;» 

i Xn{t) |)]^dO , where })y ‘finf” is im'ant the greatest lower bound of the func- 
tions involved at every ])oint of (0, I)."* With this interpretation of the norm 
of a finite complex the s('t of functions considered is an //-normed space. This 
space will be referred to as the space (L^//), p ^ 1. It will be seen from what 
follows that the //-convergence of a sequence of elements of (////), p ^ 1, to 
an element of the space is extremely weak. 

Lemma 3.1. If !/«) in a sequence of sum7nahk functions defined on (0, 1) and 
such that 

(1) fn{t) ^ 0/or each n, 

(2) {/n(0} non-increasing, 

(3) lim f fu(t) dt = 0, 

n—oo •'0 

then lim/n(0 = 0 except on a set of zero tneasure. 

n«“oo 

Theorem 3.1 . In f////), 7^ S 1, x„ —>h x is equivalent to either of the follomng 
statements: 

(1) For any subsequence of inf | x„^{t) — x{t) j = 0 except on a set 
of measure zero which depends on the subsequence, 

•* All the work of this section would go through without difficulty if the “inf” should be 
defined as the greatest lower bound of the functions involved except on a set of zero 
measure. 
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(2) For any subsequence of {x»} there is a set E of zero measure such 
that for to iE there is a subsequence [Znj, } of {xn^l s^h that lim Xn* (to) = x(fc). 

* i-»oo * 

Proof. Because of Theorem 1.3 it is sufficient to prove this theorem for the 
case Xn 6, We first show that Xn B implies condition (2). Let/n(0 ~ 
[inf (I Xs(t) 1, • • • , I Xn(0 1)]^ for each t e (0, 1). If s is constant then by Lemma 
3.1 lim fn(t) = 0 except on a set En of zero measure. Let E = E^ ; then 

n— «o 

E is of zero mca.sure and it is the set mentioned in the statement of the theorem. 
For consider any to of tfie complement of E; lim /n(/o) = 0 for each s, and in 

n—oo 

particular for so = 1. Hcnco, there exists an integer si > St such that 
I x,^{h) I < 1. (’onsider l/«‘^*) ; lim = 0, and so there exists an integer 

n“oo 

S 2 > Si such that | | < 5. In this way an increasing sequence {«»*} of 

integers can be built up in such a way that [ Xf.(to) 1 < 1/i. Then lim x,^(to) = 0. 

Therefore, E is the set mentioned in statement (2). Since ^ is a conse- 

quence of Xn — Bj and since we may apply the above argument to {x^*}, our 
contention is proved. 

It is obvious that statement (2) implies statement (1). 

Now suppose that (1) holds when x = ^. Let {xn*} be a subsequence of 
{x»} and let fk(t) = [inf (1x^(0 |, • • • , I l)K Then (1) states that 

inf |xn*(0 I = lim [fk(t)f^^ = 0 except on a set E of zero measure. Hence, 

k ib-oo ^ 

^ /fc(0 = 0 except on E and lim f fk(t) dt = 0. Therefore, x^ B, 

*-00 ib-00 Jo 

Remark 3.1. The following example from (VH) shows that in an //-normed 
space the H-limit of a sequence is not necessarily unique. Let {Xnl be defined 
by Xn(t) = KI + rn(/)), where rn(t) = sgn (cos 2Tmt).^ If En = E{xn(t) = 1), 
then [En] is a sequence of sets of closed intervals with no points common to 
any pair. This sequence has the property that the measure of the points 
common to each Em, of any subsequence {EnJ is zero, (consequently, each 

{Xm,] of {xn} has the property that lim / [inf (| x„,(0 L • • • , I 1)1^ = 0, 

*—00 Jo 

and so Xn B. Now consider the sequence {Xn — 1}. By a study of the 
complements of the En sets — the sets on which x„ — 1 == — 1 — it is readily 
seen that Xn — 1 — >jy B. By Theorem 1.3 it follows that x„ 1. Hence 
the sequence {xn} has the -limits B and 1. 

Consider the sequence (x„} just defined together with the sequence {xl}, 
where xl = 1 — Xn . Since {x^l has the ^-limits B and 1 it follows that //-lim 

n'-oo 

Xn + H-lim x'n may equal either or 1. But H-lim (x. + 2:.) = 1, so in an 

n—00 

^-normed space x„ — x and y„ y do not imply {x„ + y„) —*h x + y. 


• The r„ functions are closely related to the well known Rademacher functions. 
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Remark. 3.2. By giving diifercnt interpretations to |1 (xi , • • • , a;„) || in the 
set of all functions defined on (0, 1) and whose pth powers are summable the 
/f-limit notion will be found to have different meanings. For example, in the 
case of all summable functions defined ftn (0, 1) let || (it , • • • , a;„) || = mav inf 

(1 Jo ' ^ ! / ‘ summable functions on (0, 1) 

is an /f-normcd space according to this norm and it will be designated by 

{LH )\ . Since / x{t) dt is a continuous function of t on (0, 1) it is evident from 

Jo 

Theorem 2.1 that x,, — x is now equivalent to lim j Xn(t) dt = j x(t) di for 

Jo Jo 

every ^ € (0, 1). 


4. The ^ace (c//). Consider the set of all convergent sequences {{,) of real 
numbem. I.et an element Xn of the set be designated by {fn*} and let || (xi , 

• • • , J^n) 11 = sup 1 a? 1, where by ‘‘sup^^ is meant the least upper bound of the 

numbers involved, and a? = inf (| {i. |, - • . , | |). Then the set is an H- 

normed space and it will be designated by (c//). 

Theorem 4,1. A necessary and sufficient condition that Xn —^h x in {cH) is 
that 

(а) lim ini = it for i = 1, 2, . . . , 

n»-QO 

(б) lim lim ini == lim . 

n—oo t«-oo t—oo 

Proof. This theorem can be derived from Theorem 2.1 since (cH) can be 
put into a 1-1 norm preserving correspondence with a subset of {CH), The 
correspondence is U* ! to f{t) where /(I /z) = ,/(0) = lim {iand/(0 is linear 

<-CO 

elsewhere.® 


6. The space {JPH), y ^ 1. Consider the set of all sequences {f,} of real 
numbers such that | . Let any element Xn be designated by { f„,}, 

and let II (a-i , • • • , x„) II = ET-i I a" 1”]*^'’, where a" = inf (| {h |, • • • , Uni |). 
Then the set is an i/-normed space and it will be designated by {V*H), p ^ 1. 

Theorem 5.1. A necessary and sufficient condition that Xn — x in (V'H) is 
that lim ini == {</or i = 1, 2, • • . 

Proof. This theorem can be derived from statement (1) of Theorem 3.1 
since {V'H)f p ^ 1, can be put into a 1-1 norm preserving correspondence mth 
a subset of {VH), p ^ 1. The correspondence is {{<} to /(f), where /(O = 
%{% + l)f< for 1/(1 + z) < < < 1/z and/(0 = 0 elsewhere. 

• The proofs of Theorems 4.1 and 5.1 were suggested by the referee. They are used here 
because they are much simpler than those originally given by the author. 
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6. Weak sequential convergence. In the last four sections certain concrete 
sets of elements have been considered as i^-normed spaces by giving definite 
meanings to the norms of finite subsets of elements. Each of these sets may 
also be considered as a Banach space by proper definition of the norm for single 
elements. Banach has given necessarj’' and sufficient conditions for weak 
sequential convergence^ in each case considered (Banach, pp. 134-137). An 
examination of our Theorems 2.1, 3.1, 4.1, and 5.1 will readily show that the 
necessary and sufficient conditions for Xn —^h x arc in each case weaker than the 
necessary and sufficient conditions for weak sequential convergence. That is 
to say, Xn X for the sets considered has been made weaker than weak se- 
quential convergence by the interpretations given the norms of finite com- 
plexes. In this section difTerent interpretations of th(‘ norms of finite complexes 
on the same sets considered in the previous sections will be given, and the 
resulting /^-convergence notions will be found to be equivalent to weak se- 
quential convergences 

To this end it is advisable to prove first a general theorem on Banach spaces 
and then to give appropriate interpretations to the norms of finite complexes in 
the different cases to be considered. Let E be a Banach space and let E be 
its conjugate, or the space of all linear limited functionals defined on E (Banach, 
p. 54). If {fn} is a sequence of and /is a single linear limited functional defined 
on Ey then fn~^f will always be taken to mean fn{x) f{x) for every x e E; 
i.e.,/n “^/ will mean that \fn] converges weakly to/ (Banach, p. 122). Bounded 
sets of E will be weakly compact if evc^ry sequence chosen from a bounded (in 
the norm sense) set of linear limited functionals defined on E is such that there 
is a subsequence .7n*! of l/n} and another linear limited functional /o defined 
on E such that fnt — ^ /o • It should be noted that if /„ — > / and ||/ 1| ^ M, 
where M is independent of n, then ||/|| ^ lim ||/„ || ^ M (Banach, p. 123). 

In the Banach space E let || (xi , • • , Xn) || = max where /is a linear 

I I/I 1-1 

limited functional on E and where fr»(/) = inf (|/(xi) |, • • • , |/(j"«) |). Gnif) 
is a real valued function defined on E, Because of the introduction of this norm 
for a finite complex the elements which form the Bana(4i space E also form 
an /f-normed space (EH). In this .section the' notions of //-convergence will 
be in terms of this norm. 

Lemma 6.1. Iff, f then Gn(f,) GJf). 

Proof. This lemma follows readily from the fact that each Gn(/) involves 
only a finite number of elements of E and from the definition of /, /. 

I.*et F be the subset of E such that if / € F then || / || = 1. Let Fq be the 
closed extension of F in the sen.se that if fn € F and fn—^f then f CZ Fo . 

Lemma 6.2. If the Banach space E is such that in E bounded sets are weakly 

compact, then max Gn{f) is attained by some element fo d Fo • 

I I/I 1-1 

^ The sequence !««} of a space X is said to be convergent to an clement a; c X in the 
weak sequential manner if for every linear (homogeneous and additive) and continuous 
functional /(x) defined on X, lim/(xn) « /(x) (Banach, p. 133). 
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Proof, donsider any G'„,(/) and a snijnenco j/,} of (slements of F, and let 

lim = max Gn^if). Each G„^(f,) is actuallj' equal to the absolute value 

•-« I I/I 1-1 

of f, at some point of E; for by definition each G„„{f,) involves only a 
finite number of elements of E. Therefore, (?„,(/.) = \f,{x,) i, where i assumes 
one of the values 1, 2, • • • , /lo • Since th(! sequence |/,j is infinite there is 
some one and an infinite subseiiuencc! I/,^) of |/,j such that = 

I integral p. Since (‘ach |i/«p || = 1 tlune is a subsequence 

IZ-p^} of 1/api and an /o , of unit norm or Iciss, such that ->/o . By Lemma 
0.1 it follows that lim Ono{f»p ) = f^no(/o). This complet(‘s the proof. 

J-OO ^ 

Theouem 0.1. If E is a Banach space such that in E bounded sets are weakly 
compact tfwn x„ — ► uX is cquivahmt to the weak sequential convergence of {a^n} to x. 

Proof. This theorem is a consequence of Lemmas 0.1 and 0.2 and its j)roof 
follows almost word h}" word the proof of Theorem 2.1. 

It is well-known that tlui s(‘ts of elements which form tin* spacers (C//), {LfH). 
(l^II), (p ^ 1), and (cIJ) arc also ehuiKMits of separable* Banach spaces if the 
norm for single elements is properly chosen. Banach states (Banach, p. 123) 
that each separable Banach space E has a conjugate space* whose bounded sets 
are weakly com])act as sets of functionals over E. Consequently, if the norm 
of a finite complex is d(*fined as in this section for any one of the concrete Banach 
spaces just mentioned, th(*n — >// x is equivalent to the* weak se?quenitial cem- 
ve^rgence e)f to x. 

7. Comparison of limit notions. It is e)f interest to ne)te* Iiow the gap between 
the //-conve*rge*nce in //-norme'd spacers anei the A"-e*e)nverge‘nce in A-normed 
spaces may be brielged. It is first necessary to introduce a nenv limit notion. 

Definition 1^. A se*quence Jxnl of e'lememts e)f an //-ne)rmed set X will be 
said to be convergent in the* C-sense, or to be G-converge*nt , if given any 6 > 0 
and any infinite subseTiue*ne*e of |j*„j the*re exists a Kq = A(e, such 

that for k Kq there* e*xists a Po = P(c, k, such that fc ^ Ao , s ^ Ao 

and p ^ Po imply 

(1 ) II (Xn* Xn, I • • • > ““ Xn,) || < 6. 

Definition 2^ A sequence {Xn} of elements of an //-normed set A" will be 
said to be convergent to the element x € A in the (7-sense, or to have x as its 
G-limit, written Xn x or fr-lim x„ = x, if given any r > 0 and any infinite 

subsequence {Xn^j of {x„) there exists a A’o = K(e, such that for k Ko 

there exists a Po = Pic, k, {arB*)) such that k ^ A'o and p ^ Po imply 

(2 ) II (^nj, *>•••> 1 1 ^ C . 

Theorem 7.1. In a K-normed set Xn —*k x is equivalent to x„ — »<> x. 

Proof. If x« —*a x then given any e > 0 there exists an N{e) and if « ^ AT (e) 
there exists a Pie, n) such that n ^ Nie) and p ^ Pie, n) imply 



238 


moo UADDAUS, JR. 


II * * * > 1 1 ^ fiutror 8«110^ i ^ Pf j| (Xn X f • • * > Xfi-^-i X^ || ^ 

1 1 (Xn — x, • • • , Xn^p — II < e, because of Axiom D of jfiT-normed sets. Hence, 
the required inequality holds for every i ^ 0, and so Xn *^ic x. 

To prove the converse note that Xn x implies x^ — >jr x for every sub- 
sequence {a^nj of {xn\. From this fact it is immediately evident that Xn —►jc x 
implies Xn x. 

Theorem 7.2. If in a K-normed set a sequence {Xn} is K-convergent then it 
is G’-convergenty and conversely. 

In the proofs of Theorems 2.1, 3.1, 4.1, 5.1, and 6.1 wc made use of a property 
which when generalized to cover all cases may be written as 

Property 1. || (ii , • • • , x„ , x„+i) |1 g || (a:i , • • • , Xn ) 1|. 

This property is actually Axiom D of Jf-normed sets with the inequality sign 
reversed. Since the norms of the spaces {CH)y {LfH)y (p ^ 1), {cH) 

and {EH) satisfy Property 1 it is evident that they are not X-normed spaces. 

Theorem 7.3. In an H-normed space whose norm satisfies Property 1 Xn -^h ^ 
is equivalent to Xn -^o x. 

Proof. The proof of this theorem depends on Property 1 in much the 
same manner that the proof of Theorem depends on Axiom D. 

Theorem 7.4. In an H--normed space whose norm satisfies Property \ if a 
sequence is G-convergent then it is H-convergenty and conversely. 

Remark 7.1. Consequently, the G-convergence notions may be used in 
place of the /f-convergence notions and the iiT-convergence notions in the 
mutually exclusive classes of //-normed sets satisfying Property 1 and of 
X-normed sets, respectively. 

8. /f*-nonned spaces. By an ’•'-normed space will be meant an //- normed 
space whose elements also form a linear normed space and in which convergence 
of a sequence {xn} to x in the norm sense (Banach convergence), i.e., || Xn — 
X II 0 — written Xn — x — implies Xn -^h x . If an /f -normed space satisfies 
Property 1 and if it is linear normed with respect to the norm of a finite complex 
when that norm operates on single elements then it is evidently an //’•'-normed 
space. The X-normed spaces are not necessarily //-normed spaces (Vulich 1, 
p. 163) for the if-limit notion is in general stronger than the limit notion in 
the norm sense. 

Remark 8.1. The example of Remark 3.2 is an //-nonned space satisfying 
Property 1. Moreover, the set of elements of that example form a linear 

normed space when the noim || x || = max / x{u) du is used, and so it is 

an .^’•‘-normed space. However, this is not the usual norm employed to make 
the set of summable functions on (0, 1) a linear normed space — the usual norm 

II ^ II = J I I Nevertheless, it is evident that the space (LH)i is 

an //’•'-normed space when Xn — x is in accordance with the second norm just 
given and when x« x is with respect to the norm of a finite complex of (LH)i . 
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By an ^-normed space will be meant an *-normed space in which the //-limit 
is unique and satisfies the condition : Xn x and yn —^h y imply {Xn + 2/n) 

{x + y)- 

Remark 8.2. The space (L^//), p ^ 1, is an //*-normcd space which is not 
itf-normed. 

Lemma 8.1. If [a^] is a sequence of real numbers such that an ~^b d and if x 
is an element of an H-normed space whose norm satisfies Property 1, then UnX — ax. 

Theorem 8.1. If [Xn] is a sequence of elements of an H-normed space X whose 
norm satisfies Property if Xn x where x e X, and if (onl is a sequence of real 

numbers such that an — a, then UnXn —^h ax. 

Proof. anXn — ax = (anXn — Unx) + {anX — ax). From Theorem 1.5 it 
follows that the first expression on the right approaches 6 in the //-sense, and 
from Lemma 8.1 it follows that the second expression does likewise. The 
theorem follows from the fact that the space is 5-normed. 

Remark 8.3. An /7-normed space whose norm satisfies Property 1 does not 
have the property that the derived class is closed; that is to say, if x^ — Xn 
for n = 1, 2, • • • , and if Xn -^h Xy it does not follow that there exists a sub- 
sequence {Xn“!, where m\ < m^ <•< nin < — ^ such that x. For 

consider the following example from the space of all continuous functions defined 
on (0, 1) with the norm defined as in §6. It has been shown in §6 that in this 
space Xn X is equivalent to the weak sequential convergence of {Xn\ to x; 
i.c., Xn X is equivalent to Xn(t) — > x{t) for each t e (0, 1) and to the existence 
of a constant ilf > 0 such that max | x„(0 | ^ M (Banach, p. 134). Let {xn) 

be defined as follows: 

Xn{t) = XnCO) == 0 for 2/n ^ ^ ^ 1, 

■Xn{\/n) = 

Xn{t) linear elsewhere. This sequence obviously has B as its weak sequential 
limit. Let x? be such that 

Xn(0 = Xn{t) f or 0 g ^ ^ 2/n, 
a^n(0 = 9 for 2/^ + 2/m ^ t ^ 

Xn(2/7i + 1/m) = n, 

Xn(0 linear elsewhere. For each fixed value of n, Xn — > Xn in the weak sequential 
sense. But since weak sequential convergence implies boundedness of the norms 
of elements it follows that it is impossible to find a sequence of integers mi < 
m 2 < • • • < mn < • • • such that Xn" 0. 

9. Linear operations. Let X and Y be two sets of elements. If to each 
X € X there is made to correspond an element y eY then an operation y = f7(x) 
is defined. X will be called the domain and Y the range of the operation. 

Definition 3. If sy = U{x) is an operation which transforms X into all or a 
part of F, then if 
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(1) A" and Y arc //-iiormed spaces y = U{x) is said to be ^^/^-continuous at 
the point Xq if Xn Xo implies U{xn) 

(2) A" is an //-normcd space and Y is a linear normed space y = V{x) is said 
to be //B-continuous at the point x^ if a*H — Xo implies V{Xn) — f ' (^o), 

(3) X is a linear normed space* and Y is an //-normed spac(* y = I \x) is said 
to be B//7Continuous at the point Xo if Xn — >7? ^*0 implies I'ixn) —>// 

(4) X and Y are linear normed spaces y = V{x) is said to be* BB-continuous at 
the point Xq if Xn —*h xq implies V{Xn) — >» V{xo). 

If in any one of the* above eases the specified continuity condition holds for 
every point of A" tlu*n the operation is said to be continuous in that sense on A^. 

Theorem 9.1. If X is an H* -normed space, T is an H-nonned space ^ mid 
y = V{x) is HU -continuous, then it is BH-continuoxis. 

Proof. Xn~^ rX implies Xn x in an //*-normed space*, so by the ////-con- 
tinuity oiy = l\x), Xn-^ u X implies r(Xn) — >// l\x). 

Theorem 9.2. If X is a linear normed space, Y is an H*-normed space, and 
y = U{x) is BB-continuous, then it is BH -continuous. 

I’heorem 9.3. If X is an H-normed space, 1’ is an H*-nor7ned space, ami 
y = U{x) is H B-continuous then it is H II -continuous. 

Theorem 9.4. If the additive operation y = U{x) transforms an H-normed 
space X into a space 1" of the same type and is HH-continums at a sinejle point, 
then it is HH-continuous on X. 

Theorem 9.5. Statements similar to that of the previous theorem hold when 
y = V{x) is HB-, BH-, or BB-continuous at a single point, X is H-normed, linear 
normed, or linear yiormcd, respectively, and is linear normed, H-normed, or linear 
normed, respectively. 

Theorem 9.0. If y — U{x) is an HH -continuous and additive operation from 
an H-normed space X to an H-normed space Y, then it is homogeneous. 

Proof. The proof of this theorem depends eni the uniquene\ss of the //-limit 
notion in ^-normed spaces. 

Theorem 9.7. Statements similar to that of the previous theorem hold when 
y = l'{x) is additive and HB-, BH-, or BB-conlinuous, X is H-normed, linear 
normed, or linear normed, respectively, ami Y is linear normed, H-normed, or linear 
normed, respectively. 

In case the operation is from a domain X to the set e)f all real numbers, which 
set is readily see*n te) be an //-normed space when the norm of §1 is used, it will 
be called a functional and will be designated by y = f{x). Since in the B-normed 
space of real numbers (see §1) the //- and B-convergence notions are equivalent 
(see Theorem 1.1), the four types of operations of Definition 3 reduce to two 
in the case of functionals. These will be referred to as the //- and B-continuous 
functionals. 

10. General forms of //-continuous and linear fimctionals. Remark 10.1. 
Let X be an //*-normed space. By Theorem 9.1 every //-continuous functional 
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oil X is fl-coiitiuuous on X, Consequently, the general form of the //-continu- 
ous and linear functional on X must be of the same nature as but less general 
than the general form of the J5-continuous and linear functional on X, 

10.1. The space (c//). The elements of this space form a Banach space (c) 

when the norm of a finite complex operates as a norm for single elements. Then 
(cH) is an //*-normed space. The general form of the B-continuous and linear 
functional for the space (c) is/(x) = C liin (Banach, p. 60). 

t— 00 

l^EOREM 10.1. T he general form of the H -continuous and linear functional on 
(cH) is fix) = C lim . 

l— 00 

Proof. By Remark 10.1 every //-continuous and linear functional on (cH) 
is of the form of the /i-continuous and linc^ar functional on the same elements 
taken as a Banach space but witli additional r(‘strictions on the constant Cfa, 
Assume tliat/(j) is //-continuous and linear and that there is an infinite number 
of non-zero constant C/s involved in its representation. Consider the sequence 
Uni where — 0 if n i and = sgn l/Cn . This sequence is 

obviously such that Xn 6. But for an infinite number of values of n^f{Xn) = 
1, so liin/(jn) = 1. Conseciuently, J’n —♦// ^ does not imply /(jn) —>/, 0. There- 

n""oo 

fore, the possibility of th(‘ general form of th(‘ //-continuous and linear func- 
tional on (c//) involving inon^ than a finite numbiu* of non-zero constants has 
been eliminated. Consequently, we are confined to a consideration of the 
form C lim ^ functional is readily seen to be //-continuous 

imOO 

and lin(‘ar. 

10.2. The space (V'll), p ^ 1. Remarks similar to those pr(‘ceding Theorem 
10.1 apply here. 

Theorem 10.2. 77ic general form of the II -continuous and linear functional 
on (V'H), p^l, is fix) = C.l. . 

Proof. The* proof of this thc^orem is similar to the proof of Theorem 10.1. 
Remark 10.2. If K is a finite complex then by L^iK) is meant the complex 
of the images of the elements of K by y — ('{x) (Vulich 1, p. 165). Vulich has 
proved the following theorem for operations defined on iC-formed spaces: A 
necessary and sufficient condition that the additive operation y = r{x) be KK- 
continuous is that then^ exist a constant C > 0 such that for every complex K 
of the domain || (^(K) || ^ C || A" ||. A similar statement cannot be made for 
////-continuous and additiv'(* operations on //*-normed spaces. For in the 
space (r//), p ^ 1, let A be the complex (xi , X2) when' ^pi = 0 if p 9^ i and 
{pp = 1 , and let/(jr) = f $ 2 . Then || (xi , Xi) |j = 0 and il/(a-i),/(j- 2 ) || = 1. 
Hence, there exists no constant C > 0 such tliat |l/(-/v) li ^ C || if Ij. 

10.3. The space (C/i). The elements of iCH) form a Banach space (C) when 
the norm of a finite complex operat(*s on single elements only. Then iCff) is 
an H*-normed space. The general form of the J5-continuous and linear func- 
tional defined on the elements of (C//) when they are taken as the Banach space 
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(C) i8/(x) = I x{t) dg{t)y where g(t) is a function of bounded variation and 
x{t) is of (C) (Banach, p. 61). 

Theorem 10.3. The general form of the H^continuous and> linear functional 

on (CH) is f(x) == / x{t) dg(t), where g{t) is a function of hounded variation which 

Jo 

is constant except for a finite number of discontinuities. An alternate form is 

m = Er-i Cix{u). 

Proof. It will be shown first that g(t), which must be of bounded variation 
because of Remark 10.1, cannot be continuous and non-decreasing (or non- 
increasing) on (0, 1) with g(t) > g(0) (or g(t) < giO)) for t > 0. Suppose that 
g{t) is of this form. Define a sequence jxn} of continuous functions as follows: 

Xn(t) = Xn(0) = 0 for 2/n g i ^ 1, 

pljn 

Xn{l/n) = where / = / tdg{t)y^ 

Jo 

and Xn(t) linear elsewhere. Obviously, x,, B, It will be shown that lim 


r A Ain p2/n 

x,(t) dg > 0. Write / x„{t) dg= x„(t) dg+ x„(i) dg. On the 
Jo Jo 1 /n 

Ain Ain 

interval (0, l/n), Xn{t) = ntr\ Then / a-n(0 ^ \ nl~^tdg = nl'^^I = 

Jo Jo 

n. On the other hand, on the interval (l/n, 2/n), Xnit) == —nl~\t — 2/n), 

|•2/n p2ln p2/n 

whence / Xn{t)dg = —nl~^ / {I — 2ln) dg = —nl"' I tdg + 2/“* 

Jl/n Jl/n Jl/n 

p2ln /•2/n /•2/n 

/ dg. Since in (l/n, 2/n), t ^ 2/n, it follows that / tdg ^ 2/n I dg, 
Jl/n Jl/n Jl/n 

02 /n p2ln /•2/n 

and so / Xn{t) dg ^ —2/*“^ / dg + 2/”^ / dg = 0. (Consequently, 

Jun Jun Jl/n 

r 


2/n p2ln /•2/n 

Xn(t)dg ^ -2r‘ / dg + 2/“* / 

l/n •'l/n •'l/n 

Xn{t) dg ^ n, and therefore, if g{t) is of the form specified at the beginning 


of this proof, x(t) is of (CH), andf(x) == / a:(0 dg(t), then there is a sequence 

Jo 

{ain} such that Xn —►// 6 but for which {f(xn) 1 does not approach zero as n oo . 
Then f(x) is not /f-continuous. So, in general if f(x) is fl^-continuous and linear 

it may not be of the form / x{t) dg(i), where g(i) is continuous and such that 

Jo 

for some interv^al (fc , V), g{U) < g(t) (or g(U) > g(t)) iov t > U) . Since if this 
were the case the sequence \xn] used above could be constnicted on the in- 
terval (fo , f') and then a contradiction would follow. 

Therefore, g(t) must be constant except for at most a denumerable number 
of points of discontinuity of the first kind. Assume that g(t) is of this nature 


* By the integration by parts theorem for Stieltjes integrals it is readily shown that the 
denominator does not vanish. 
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and that/(x) is an /^-continuous and linear functional on {CH). Let la„J be a 
sequence of points of (0, 1) which approaches some ao from the right (or left) 
and which has the property that at each a„ the function g{t) has a discontinuity 
of measure 6n ^ 0. Each o„ may itself be the limit point of points of discon- 
tinuity of g(J). Let such points be designated by an, and let the measure of 
the discontinuity of g{t) at a„p be hn, 0. About each an choose an inter\'al 
In such that the left-hand end point of /„ is to the right of ao , such that the 
length of In ^ min (length , 1/n), and such that if an, t h then | K, \ ^ 

I bn 1/2". Define a sequence of contintious functions as follows: let x„(a„) = 
sgn l/6n ; on the complement of /„ let a-„(<) = 0, and finally let Xn(t) be linear 

elsewhere. Then Xn -+« 0. f Xn(t)dg = [^(a„p + 0) - gia,,, - 

0)]a:n(anp) + hnXn{an) = ^^^\bnpXn{anp) + 1. If oarli bnpXn(anp) < 0, then 

Xn(i) dg ^ \ 1 1 bnp II Xn(flnp) 1^1 X^P-1 I ^np |/2 1 | > 1/2. If 

each bnpXnianp) is not loss than zero then / Xn{t) dg is obviously greater than 

Jo 

1/2. Therefore, although x„ 6 it does not follow that/(Xn) -^b 0. Hence, 
if fix) is to be //-continuous and linear it is impossible that g{t) be other than 
constant except for at most a finite number of points of discontinuity of the first 

kind. In this case fix) = [ xit) dg == xiti)\giti + 0) - gi(i - 0)] = 

5])r-i CtXiU), Since only a finite number of terms are involved in this form fix) 
is obviously //-continuous and linear. 

Remark 10.3. It is evident from this theorem that there are B-continuous 
and linear functionals which are not //-continuous. Therefore, the converse of 
Theorem 9.1 is not true. 

10.4. The space (L"//), p ^ 1. Theorem 10.4. If y = I'ix) is a continuous 
transformation from iV*H), p ^ I, to a space Y in which the limit notion is unique, 
then y = Uix) is a constant,^ 

Proof. Let xeil/H), p ^ 1, and let PniO = x(/). 1/2(1 + r(0), where 
rniO is the function defined in Remark 3.1. As in Remark 3.1 it is seen that 
Vn 0 and yn -^h x. Since y = f '(x) is continuous it follows that Viyn) 
did) and Uiyn) dix). Because of the uniqueness of the limit notion in 
F, r/(x) = die). 

Corollary 10.41. If y = fix) is an H-^ontinuous and linoar functional from 
iVH)y p ^ 1, then fix) = 0. 

11. General forms of different types of linear operations. If for the set of all 

continuous functions defined on (0, 1) the norm for single elements is taken to 
be max | x(0 |, then the set is a Banach space and it will be denoted by (C). 

With respect to this norm the space iCH) is an //*-normed space. It has been 

• This theorem and its proof were supplied by the referee. It is a generalization of a 
theorem originally given by the author. 
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shown (Fichtenholz, p. 32) that the general form of the fiB-continuoiis and 
linear operation from (C) to (C) is given by 

( 1 ) y{s) = U{x) = f x{t)dtK{s,t), 

Jo 

where K{Sf t) is a function of two variables defined on 0 ^ s, ^ ^ 1 and is such 
that 

(1°) iv(s, t) is of bounded variation as a function of t for each s and var 

t) ^ C, where C is a positive constant independent of 
(2°) K(s, 0) = 0; K(Sf 1) is continuous in s, 

(3°) K(s, t) is continuous in measure^** with respect to s in the interval (0, 1) 
for each s = «o . 

If j/(s) = C(x) is /^//-continuous and linear from (CII) to (CH), then y(so) = 
V(x) is a ^-continuous and linear functional defined on (CN) and it may be 

represented by y(so) = ( (x) = / x(/) diK{sQ , t)^ and so y(s) = C‘(x) is of form 

Jo 

(1) with restrictions on K(sj t) which will now be examined. 

1"heorem 11.1. The class of all BH -continuous and linear operations from 
(CHy to {CH) is equivalent to the class of all BB-continuous and linear operations 
from (CH) to (CH). 

Proof. Because of Theorem 9.2 it is i‘vident that the class of all BB-eon- 
tinuous and linear operations from (CH) to (CH) is a sub(‘lass of the class of 
all ^//-continuous and linear operations between the same' spaces. Therefore, 
since each JS//-continuous and linear operation is of the form (1), in order that 
an operation be ^//-continuous and linear without being /i/?-con tinuous and 
linear it is necessary that some one of the conditions 1^^, 2^^, 3'^ on K{s, t) be 
weakened. But these conditions are necessary and sufficient not only for the 
JSjB-continuity and linearity of y = Cix) but also for the continuity of y(s) = 
U(x). Hence, if one of these conditions is w(‘akened y{s) will no longer be 
continuous. Therefore*, (‘very ^//-continuous and liiujar op(‘ration must satisfy 
conditions 1°, 2°, and 3*^ and our theorem is proved. 

Theorem 11.2. 7’Ac general form of the H II -continuous and linear operation 
from {CH) to (CH) is given by (1) where K{Sy t) satisfies conditions 1°, 2*^, 3® and 
also 

(4°) for s constant K{s^ t) is co7istant in t except for at most a finite number of 
points of discontinuity of the first kind. 

Proof. If y{s) = U{x) is of form (1) and if K{s, t) satisfi(?s conditions 1^-4^, 
then y{s) is continuous because of conditions l‘^-3“. Moreover, if —►// a:, then 
yn{s) y{s) for each s € (0, 1) and so yn y- For consider any = so , then 

i 2/n(«o) — 2/(®o) I ^ / [^n{t) — dtK{so , t) . Thc last expression is the 

I •'0 

K(8f t) is said to be convergent in measure with respect to « for s » on 0 ^ f ^ 1 
if K{8y t) aa a function of t approaches /CCao , /) in measure when a «o . 
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absolute value of an ^f-continuous and linear functional (sec Theorem 10.4 and 
condition 4®), and therefore, Xn -^h x implies 2/„(so) —» yiso). This prove.s our 
contention. 

If J/(s) = f '^(3’) is an ////-continuous and linear operation from (C//) to (CFI), 
then it is of form (1) and K(s, 1) satisfies l®-4". For consider any s = .so , then 
visa) = Uix) is merely an //-continuous and linear functional on (CH). Hence, 

y(si>) = / x{l) (IfKisn , 0 and K{k() , 1) must .sati.sfv 4" be rauso f)f thn restriction 
Jo ^ 

of Theorem 10.4. Then ?/(.s) = f x{i) (jttK{s, /). Since //(,s) = (^(x) is 1111- 

Jq 

continuous and linear and (CH) is an //*-normcd spac(‘, it follows from Theorem 
9.1 that y{s) is ^//-continuous and linear. By Theorem 11.1, y{s) = r(.r) is 
also ^i?-continuous and linear and so A'(.s, /) must satisfy conditions 1*^ 3'. 

Theorj:m 11.3. The general form of the HB-eonimuous and linear operation 
from {CH) to {CH) 7S given by (1) where K(s, t) satif<fies conditions 1*^-3^ and also 
{5^) there exists at most a finite number of points /i , ^ 2 , • • • , U such that for any 
value s = .So the points of discontinuity of K{so , t) are to be found among the points 
U{i = 1, 2, . . . , 7). 

Phoof. As in the proof of Theorem 1 1.2 it is readily seen that any HB-vow- 
tinuous and linear operation is of th(' form (1). If y — C{x) is //Z?-continuous 
and linear, then by Theorem 9.3 it is ////-continuous and linear, and so by 
Theorem 11.2 K{s^ t) satisfies comlitions 1^ 3‘\ Supjmse that 5^ is not satisfied 
by K{Sj t). Then there exists a sequence |8n! of points of the interval (0, 1) 
such that the points of discontinuity of the first kind which an' contributed by 
jX( 5 „ , 01 are infinite in numbe'r, that is to say, there is an infinite seqiK'iice 
I ^1 of points such that each is a point of discontinuity of some K{Sn , /). Choose 
a subsequence of |C} such that 1/,^} approaches some' /n from the right 
(or left). About each as cent(‘r and associated with (*ach /vfs,. , 0 there is 
an int('rval /(/k„ , 5 „) such that within it there is no point of discontinuity of 
/C(s.i , t) except pca-haps ty^ itself. The exisfeiici' of this intc'i val is assured by 
the ////-continuity of each ////-continuous o])eration. L(‘t /,^ bc' an intf^rval 
t{lyp I which does not contain /p and whose* right-hand end point is to the 
left of tyj^ + — /o) /2 and which is such that the measure a of the discontinuity 
of K{Sn , 0 at tyj, is not equal to zero. Define a seqiu'iice {.rj of continuous 
functions as follows: 

•rn(/pp) = sp;n lAvp . 

Xn{t) = 0 for t not o! . 

and Xn{t) linear elsewhere. Then x„ - 0. .Moreov(*r, yjs) - / xjt) d,K{s, t) 

is such that 1 yn{f>n) \ = \ Xn{U^ l-j K{s„ , -f 0) — A'(.«„ . — 0) i = | sgn 

l/a? I • i or I = 1 . Therefore. [I y„ l| = max | //„(s) | = 1 . and so 0 does 

” ' ' ' o^.si 

not imply ?/» ~^h 0. This is a eontradietion and so 5® mn.<t hold. 
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Let y{s) = U{x) be of the form (1) and be defined on (CH), and let K{s, t) 
satisfy conditions 1®, 2®, 3®, and 5®. Because of conditions l®-3®, y{s) is con- 
tinuous. Moreover, y{s) — f x(t) dtK(s, t) = << + 0) — K(s, 

Jo 

ti — 0)] = ^iii)Ci(s) by condition 5®. From 1® we know that there exists 
a constant C > 0 such that | C<(s) ] ^ C for each i and for s c (0, 1). Then 
1 2/»(s) - 2/(s) I ^ C 2i_i 1 Xn(ti) - xiU) 1. If x„ ->H X, then since only a finite 
number of points are involved in the last summation, || 2 /» — y |1 — ♦ 0. 

Philadelphia College op Pharmacy 
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CHARACTERIZATION OF COMPLEX COUPLE SPACES 

By Aristotle D. Michal and Max Wyman 
(Received February 13, 1940) 

Introduction. In considering generalisations of classical complex analysis for 
complex Banach spaces it seems desirable to consider complex couple spaces. 
For such spaces many of the classical theorems can be shown to hold.^ The 
following paper attempts to characterize such spaces. This is done by means 
of a conjugate operation. 

1. Characterization of Hermitian couple spaces. 

Definition 1.1 . Two complex Banach spaces Bi , B2 shall be called equiva- 
lent^ if there exists a single^ valued function f(z) on Bi to B2 with the properties 

(a) f(z) is liiiear** in z, and is homogeneous of degree one, 

(b) f(z) ranges over llu' whole of Bo , and is solvable in z, 

(c) 11/(2)11 = lull. 

If conditions (a), (b) are satisfied we say Bi , B2 are linearly homeomorphic. 
Let B be a real Banach space with a real inner product [x, yf From E we 
can construct a complex Banach space E{c) as follows. Let E{c) be the set of 
all couples jx, y] wluu’e y are elements of E, We define 

(1) \xi , yi] =■' Sx2 , -72! if and only if Xi - X2 , //i = y2 , 

( 2 ) \xi , yi\ + \X2 , 7/2) = \Xi + .r2 , yi + Z/2I, 

(3) (a + th){x, y\ — \ax ~ by, hx + ay} where a, h are real numbers. 

(4) II |x,//| 11 = (lUir + lUllV 

Definition 1.2. A (complex Banach space B i.s called a Hermitian couple 
space, if it is equivalent to a space of type E{c). 

Definition 1 .3. L('t B be a complex Banach space. A bilinear function 
[Z, f"] on B^ to the complex numbers is called a Hermitian inner product^ if 

(i) z], [{a + ih)z, n = (a + mz, r], 

' For work in general analysis see Taylor (3), Michal and Martin (4), and Michal, Davis 
and Wyman (6). 

* For the notion of equivalence of real Banach spaces see Banach (1), p. 180. 

* We use the term linear to mean additive and continuous. In real Banach spaces this 
is enough to ensure homogeneity of degree one. This is no longer so in complex Banach 
spaces. 

^ For postulates of a real inner product see Michal (5). In addition we make the restric- 
tion that II a: II « [x, x]^. 

* These are of course the same postulates given for an inner product in Hilbert space. 
See Stone (2) and the references to Von Neumann's papers given there. 
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(ii) [Z, Z] ^ 0 and [Z, Z] = 0 if and only if Z = 0, 

(iii) II Z II = [Z, Z]*. 

Theorem 1. A necessary and sufficient condition that an arbitrary complex 
Banach space Bbe a Hermitian couple space is that 
(a) B must possess a Hermitian inner product [Z, U] 

(fi) there exist a function Z® on B to B such that 

(ft) [Zi , Z2] = % . Z2], 

(ft) z = z. 

Proof of necessity. For a space E(c) of couples 2 = {j;, 2/I the existence of 
a Hermitian inner product^ [z, u\ was shown in JMichal, Davis and Wyman (6). 
The function z for such spaces is the “ordinary complex^^ conjugate I = [x^ — y\. 
Let Z = J(z) be the mapping function which makes B equivalent to E{c). We 
define 

(a) (Z, C] = where the inner product on the right is that of 

E{c\^ 

(b) z = m. 

By straightforward calculation [Z, T] is a Hermitian inner product for B^ 
and condition {ff) is satisfied. To prove the sufficiency we make use of the 
following lemmas. 

Lemma 1. Let B be a complex Banach space satisfying (a), (/^) of theorem 1. 
Then Z is linear in Z, and 

(1.1) (a + ib)Z = (a — ib)Zy for a, b real. 

For all Zi , Z2 , Z3 we have 

(1.2) [Zi + Z, , Z3] = IZi + Zs , ^] = [Z. , Z,] + [Zj , Z,] = [Zi + Zj , Z,]. 

Thus Zi + Z 2 = Zi + Z2 , and Z is additive in Z. From || Z || = || Z || we can 
conclude that Z is linear in Z. Similarly property (1.1) is shown. 

Lemma 2. The totality E of all elements W for which W = W is a real sub- 
Banach space of B and is such that \\W \\ is generated by a real symmetric inner 
product. 

Clearly under the operations of B, E is a real normed linear space. If {Wi\ 
is a Cauchy convergent sequence of E there is an clement W of B such that 

II TT - II < *■ . From i| Z || = || Z || we obtain || TF - 1F„ || < and 

hence 1 1 TF — TF 1 1 < *. Thus W = W and IF i.s an element of E. Thus E is 
a complete space, and hence is a real Bartach space. 

> We have used the notation Z as a function on B to B. This siiould not be confused 
with the complex conjugate notation of ordinary complex numbers. See O^i) where both 
occur. 

’ If X, Vy 1? are elements of Ey and 2 * {a^, y 1 , w =* Ii*, 17I are in E(c)y then the Hermitian 
inner product [2, u] of E(c) is given by [2, w] « [Xy f] -f [y, ^1 + t|[y, fl — [a?, i?l}, where 
[Xy y] is the inner product of E. 
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For any Wi , 1^2 of ^ wc have 
(1.3) [Wx , W,] = [Wx , Wx] = [Wx , Wx] = [Wx , Wxl 


This completes the proof of lemma 2. 

From the E of lemma 2, let us construct the Hermitian couple space E(c). 

fZ + Z - iZ\. . * , r./ ^ .pu D- 

— 2 — ^ 2 J olomont of E{c). Then B is 

equivalent to E(c) and the r(*quircd mapping; funrtion is 

jz + Z iZ - iZ\ 

2 ’ 2 / 


For any element Z of B, 


(1.4) 


m = 


The additivity and homogeneity of degree one of f(Z) are easy to verify. 
II Z 11* = [Z, Z] we readily obtain fhat 


\\m 




z + z 


+ 



From 


Finally the equation f(Z) = { W'l , TF 2 I has the unique solution Z = PFi + iWi 
for any Wi , W 2 of E. Thus B is a Hermitian couple space. 


2. Characterization of complex couple spaces. If E is an arbitrary Banach 
space, the couph* space E{c) is a complex Banach space under definitions (l)-(4) 
if and only if the norm of E is generated by a real inner product. In a previous 
paper (Michal, Davis and Wyman (0)) the authors rai.sed the question of giving 
a definition to replace (4) which would eliminate the restriction on the norm of 
E. A definition was communicated to us by E. W. Paxson which could be used 
if E WQW separable. Later on A, E. Taylor^ gave us verbally a definition which 
places no restriction on E. This result is stated in the following theorem. 

Theorem 2. Let E be an arbitrary real Banach space, and let x, y eE, The 
tofaliiy E'(c) of couples \x, y} form a complex Banach space under definitions (1), 
(2), (3) and 

(40 11 {x,y] II = sup {l‘{x) +L‘{y))\^ 

mod 

The truth of this theorem is easily verified. C^omplex spaces which are linearly 
homeomorphic to spaces of the type E'(c) are called complex couple spaces. 

Theorem 3. A necessary and sufficient condition that an arbitrary complex 
Banach space B be a complex couple space is that there exist a function Z on B to 
B with the properties: 

I Zi + Z 2 = + Z 2 , 


* Both Taylor and Paxson have seen the manuscript of Michal, Davis and Wyman (6). 
Taylor had also seen Paxson’s result. 

® l{z) means a linear functional on E to the real numbers. The superior is taken over 
all linear functionals whose modulus is one. 
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II iZ = 

III I = Z, 

IV IIZII = ||Z|1. 

The proof follows essentially the same lines as the proof of theorem 1. 2 
will now trivially satisfy lemma 1, and the first part of lemma 2 will be satisfied. 
From E we construct E'{c) and the latter will be linearly homeomorphic to B, 

The continuity of the mapping function f(Z) = 

from ||/(Z)|| g V2 || Z |1. 

California Institute of Technology 
Pasadena, California, 


-f- 2 i2 — iZ 


'} 


follows 
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SEQUENCES DEFINED BY NON-LINEAR ALGEBRAIC DIFFERENCE 

EQUATIONS' 

By Otis E. Lancasteb 
(Received March 7, 1938) 

An algebraic difference equation 

(1) i>(y(x + m), !/(x + m - 1), ■■■ , t/(x), x) = 0, 

# a polynomial with rational coefficients in its arguments x, !/(x), t/(x + 1), • • • , 
f/(x 4- w), defines a sequence^ 

y(«), 2/(a + 1), • • • , i/(a + w - 1), ?j(a + 7n), • • • 

when the values of 7/(x) are assigned at the m points a, a + 1, • • • , a + m ~ 1. 
Obviously every equation (1) defines an infinite number of sequences: one for 
each set of values 2 /(a), y(a + 1), • • • , y(a + m — 1). 

Wc propose to obtain some of the properties of such sequences by studying 
the difference equations which define them. In the study of infinite sequences 
one is mainl}^ interested in their ultimate behavior. Hence we are here in- 
terested in the behavior of the solutions of the difference equations, for integral 
values of x, in the neighborhood of infinity. Although, at present, it is not 
possible to write out explicitly the solutions of most non-linear difference equa- 
tions, it seems that it might be feasible to determine whether a given equation 
defines sequences that approach zero as x becomes infinite by considering the 
solutions of the linear difference equation formed by omitting the non-linear 
terms. (We assume that at least one linear term appears.) For when i/(x) 
approaches zero the linear terms are infinitesimals of the first order, while the 
non-linear terms are infinitesimals of higher order. Therefore, it would be 
expected that the behavior of such sequences is largely determined by the linear 
terms of the difference equation. With this idea in mind, we attempt to gain 
information about the sequences defined by a non-linear difference equation by 
considering the solution of the difference equation formed from its linear terms.* 

It is clear that once we have criteria for determining when a difference equa- 
tion defines sequences which approach zero we can easily determine whether 
one defines sequences that approach a constant limit a. For, if after the applica- 
tion of the transformation y(x) = ff(x) + a, the transformed difference equa- 

^ The author’s thanks are due to Professor G. D. Birkhoff for his counsel during the 
preparation of this paper. 

* When the equation (1) is non-linear in the variable p(x + m) some convention must 
be made as to the one of the values of p(x 4 that is to be taken at each step. 

3 The investigations of Lattes (1), Horn (2) and Perron (3) have also had as their basis 
the same idea. 
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tion defines sequences that approach zero, then the original equation defines 
sequences that approach a. 

Besides determining conditions suflScient to insure that the sequences of a 
difference equation converge to a definite limit, we study the effect of the degree 
of the equation, of the order of the equation, and of variable coefficients upon 
the rate of convergence of the sequences. Lastly" we determine difference equa- 
tions whose rational sequences converge most rapidly to irrational numbers of 
the form where p is an integer and is a rational number. 

For the discussion we write (1) in the form 

where /Sn+t denotes the value of y{n + i) when n is an integral value of x. Tlu* 
sequences are then denoted by | >Sn! . Of course, when we speak of the solutions 
of the equation (2) it is understood that n is a continuous real variable, and 
y{n) = Sn . 


1. Sequences that approach zero. 

Definition. The phrase ^Hhc difference equation of the linear tenna^^ shall 
denote the difference equation formed from the given equation by omitting all 
terms that are of higher than the first degree in the arguments Sn , Sn+i , • • • , 
Sn+tn , where it is understood that the linear equation is to be of the same order 
as that of the non-linear equation. 

For example, the difference equation of the linear terms of tlu* non-linear 
equation, 

Sn-^-2SnSn+l + nSnSn+2 + Sn + uSn+l + = 0 

is 

0*<Sn+2 + nSn-{-l + = —n^. 

The characteristic equation of this linear equation is 

O.p' + Ip + 0 = 0. 

It follows from the above definition that besides the usual possibilities for 
infinite and zero roots of the characteristic equation, the characteristic equation 
of the equation of the linear terms always has an infinite root if iSn+m does not 
appear linearly in the non-linear equation and a zero root if Sn does not appear 
linearly. 

Theorem 1. If in a non-linear algebraic difference equation a coefficient of a 
linear term is of as high degree in n as the coefficients of the non-Hnear terms, and 
if there are solutions of the difference equation of linear terms which approach zero 
as n becomes infinite, and if the characteristic equation of the difference equation 
of linear terms has finite, non-zero roots not equal to one in absolute value, then there 
are sequences defined by the given equation that approach zero as n becomes posi- 
tively infinite. 
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The truth of this theorem follows immediately from the following theorem 
of Horn^^\ “In the system of non-linear difference equations 

(3) y^(x + 1) = Gi(x, yi{x), , y^x)), (i = 1, 2, • • • , w) 

let Gi be a function of x, yi{x), • • • , y„{x), which vanishes at the point a; = «, 
yi = 0, . . . ,ym = 0 and is analytic in a neighborhood of it: 

Gi{x, yi(x), ... , y„(x)) = + onyi -1 + + . . . (t = 1, . . . , m). 

X 

If s — ai , • • • , s — Om are the elementary divisors of the determinant 

1 dij — sStj I, 

let the system be transformed to the system 

(4) yi(x + 1) = a.-2/.(x) + /»(l/x, t/i(x), • • . , ?/,,(x)) (z = 1, . • . , m) 
where 

Ml/x, 2/1 , • • • , ym) = 2 Ai\\.x,..:.\Ji/x)^yi‘ ... ytr 

(X = 1, Xi = Xj = • • • = Xm = 0; X + Xi + • • • + Xm ^ 2) 

and 


0<lai|gla2l^ ••• <1 a^+i | g • • • g 1 a„ |. 

If it is possible to choose h so small and J'u so large that 

ift(l/x, yi, ■■■ ,ym) i <hq 

and 

y'x, ,y'm) - /.(i/j-, yi , • • • , ym) I 

(5) ^ y(| yi - yi I + ••• + I y« - ym 1) for j: > a-o , I y, I ^ A, I yl 1 g A 

(f = 1, 2, ■ • • , m), 

where q % ^ | a< 1^(1 — | a,- 1*), (i = 1, 2, • • • , m); 7 ^ I «.• 1*(! «< — 1) 

(i — II . ,m), g < q/m and if ri, ^ h/2, then there exists a unique solu- 

tion* yx{x), {i = 1, • • • , m) of the system for which | y, | ^ A for a: > a:o , 
Viixn) = rii(i = 1,2, ... ,ii) and lim y.(x) = 0.”‘ 

»-*oo 

* In order to obtain a unique solution Horn admitted only constants for the arbitrary 
periodic functions of period one. The theorem holds when any periodic functions are 
admitted if the ly. are defined over the interval (jo , Xo -h 1). 

« Although the theorem above is ^'translated'’ directly from Horn's paper (2), we see 
that if two or more of the a’s are equal then the system (3) cannot in general be brought 
to the form (4). Since, however, an obvious extension of his work shows that the theorem 
holds for the case of equal o's, we assume the theorem for the general case. If some of 
the a’s are equal the equations (4) are of the form 

yi{x 4* 1) - + ky^^l{x) + /(1/x, 2/i , • • • , 2/m) 

when Oi — a».i . 
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We prove Theorem 1 by showing that the conditions of Hornes theorem are 
all fulfilled. Since, by hypothesis, a solution of the equation of the linear 
terms approaches zero as n x , , • • • , , n) vanishes at the point 

n = X, = 0, • • • , Sn+m = 0. Hence (2) may be written in the form 

+ • ■ • + OaSn 

“H , • * • y f “f" ““ 0, 

where 4>i is a polynomial whose terms are of higher than first degree in the 
arguments 1/n, Sn , • • • , . It follows from the assumption that the roots 

of the characteristic equation of the equation of the linear terms are finite^ 
that Urn 7 ^ 0. And when am 7 ^ 0, (2) treated as an algebraic equation in Sn+m 
has a solution 

(7) » * ’ * > > n) 


which vanishes at the point = 0, • • , Sn = 0, n = x . That is, the 

expansion of / in terms of 1/n, S„ , • • • , does not contain a con- 

stant term. 

We show that equation (7) defines sequences that approach zero, from which 
it follows that equation (2) defines sequences which approach zero. Replacing 
Sn+m in 4>i by/, we have (7) in the form 


Sw+m = [aoSt, + aiSn^l + » • • + am-\Sn-^ni-\ 

( 8 ) ^ 


“f” ^l(/> 1 » • • • j > a) "1" U—l fl ] | 


where the terms in the expansion of <I>i are of higher than first degree in l/a, 
, . • • , Sn+m-i . Upon setting Ui(7i) = Sn , U 2 {n) = , • • • , Umin) = 

<Sn+m-i , we obtain from the equation (8) tlu* system of difference' e*quations 

Ui(n + 1) = a,+i(n) (f = 1, 2, . . . , m - l) 

( 9 ) Ufn{n + 1) = [oouiin) + ... + am^iUm{n) 

0>m 

+ ^i(/, Mm («), • • • , Ml (n), n) + a_in~']. 


The auxiliary equation of this system. 


(10a) 


-p 1 0 0 

0 -p 1 0 

0 0 0 0 


Oo 

Om 


Gi a>2 as 

a>m 0,m 0/m 


0 

0 


0 

0 


ain-2 Otn—l , 

— 1- p 

Om Om 


= 0 , 
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is equivalent to the characteristic equation of the equation of the linear terms, 
viz. 

(10) Ufiip”* + ^ + • • • + Uo = 0. 

When the roots of (10) are distinct, we transform the system (9) into the 
canonical form 

(11) Zi{n + 1) = PiZi(n) + ^i(l//t, Zi(n), • . • , z„,(n)) (i = 1, 2, • • • , m) 

and when (10) has equal roots, into om^ of the same form, except that when 
Uj == a,_i the equation is 

Zj(n + 1) = p,2;(n) + 2,..i(n) + Zi(n), . . . , Zm{n)). 

The (i = 1, • • • , m) satisfy the condition (5), since the terms in their ex- 
pansions, except the one a_i/n, are of higher than first degree in the variables 
1/n, 2 i(n), • • • , Zm{n). Therefore, there are sequences Zt{n) which approach 
zero as n , and consequently, sequences |^S„1 defined by (7), that approach 
zero. Q.E.D. 

It follows from the proof of Horn\s theorem that an algebraic difference equa- 
tion (linear or non-linear) cannot have more than one solution that approaches 
zero as n « if the roots of the characteristic equation of the difference equa- 
tion of the linear terms are greater than one in absolute value. Hence if there 
is only one solution of the difference equation of the linear terms that approaches 
zero as n becomes infinite there is at most one solution of the non-linear differ- 
ence equation that approaches zero. However, if there are an infinite number 
of solutions of tlu* difference equation of the lineai- terms whi(‘h approach zero 
and if the roots of the characteristic equation are not (*qual to one in absolute 
value, then there are an infinite number of seepunKa's of (7) that approach zero. 
Of course, it is clear that if a secpience is to approach zero the initial conditions 
<Sno-f» (i = 0, • • • , m — 1), which determine it, must be chosen sufficiently 
small. Moreover, if only one of the roots of the eharacteristic equation (10) is less 
than one in absolute value^ then only one of these initial comiitions is arbitrary. 
If two roots arc less than one in absolute value then two conditions are arbitrary, 
etc. If all the roots are less than one in ab^solute value, then all sequences 
defined by (7) converge to zero, for an arbitrary choici^ of initial conditions in 
the region | <Sno-f< | ^ h/2, (f = 1, ♦ . • , m — 1). W(‘ call such a region a region 

of strong convergence. 

When there is only one sequence defined by a non-linear difference equation 
that has a zero limit, it may be the trivial one = 0 for all n. In fact, it is 
always such a sequence unless the equation has a term of zero**' degree in the 
arguments Sn , Sn-^i , • • • , Sn+m . In the future we exclude sueh sequences. 

The hypotheses of Theorem 1 exclude all the difference equations which do 
Tint contain both the linear terms OoSn and amSn-^m , (ao 0, a,n 0). We 
have the following result concerning those in which Oo = 0. 
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Theorem 2. If in a non-linear algebraic difference equation a coefficient of a 
linear term is of higher degree in n than the coefficients of the non-linear terms, and 
all solutions of the difference equation of the linear terms approach zero as n becomes 
infinite, then there are sequences defined by the given equation that approach zero 
as n — ► 00 . 

Proof. When all solutions of the difference equation of the linear terms 
approach zero all roots of the characteristic equation must be less than one in 
absolute value, hence a^ ^ 0. Some or all of the other a,^s may be zero. If 
Oq 9 ^ 0, this theorem is just a special case of Theorem 1 : hence we assume that 
Oo = 0. That is, we assume that the difference equation has the form 

atnSn+m “I” Om— l^n-f m— 1 + • * • + akSn+k + , • • • , Sn , n) 

(12) 

+ a_in ^ = 0, A: > 0. 

We replace Sn+m in by one of its values 

^n+m ~ y*(^n+m— 1 > ‘ f 

w’hich vanishes at the point 1/n = 0, Sn-hm-i = 0, • - , Sn = 0, and then set 
Ui(n) = Sn , • • • , Um(n) This gives the system of equations 

Ui (n + 1) = Ui+i(n) (i + 1, 2, . . . . OT — 1) 

(13) u„ (n + 1) = — - [o*w*+i (n) + . . . + 

Um 

+ (/, Ui{n), ••• Um (n), n) + 

When the non-zero roots of the characteristic equation of the equation of the 
linear terms of (12) are distinct, we apply the linear transformation 

Ui(n) = Zi(n) (i = 1, 2, . . . , A) 

(14) Ui{n) = Ui ,k-^i^k+i(,n^ "i* Ui^k-\'2^k-\-2(ri) “h * • • “b 

(i = A) + 1, . . . , w) 

where the an (i, j = A; + 1, • • • , m) are so determined that the transformed 
system of difference equations has the form 

Zi{n + 1) = 2i+,(n) (i = 1, 2, ... , A;) 

(15) 

Ziin + 1) = piZx{n) + ^i{zx{n), . . . , Zm{n), n) (i = A; + 1, • • • , m). 

In order to clarify the proof we divide it into two parts. First we assume 
that the do not involve n explicitly. Under this assumption, for a j^iven 
5 > 0, however small, it is possible to choose h so small that 

I '*'.(2i(n), • ■ • , Z„(n)) 1 < «{1 2i I + • • ■ + I 2m II (f = A: + 1, • • • ,m) 
when I 2 < I ^ (t = 1, 2, • • • , m). Therefore 
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I Zi{n +1)1 < 1 Pi 11 Zi(n) 1 + 6{ I Zi(n) | + • • • + 1 Zm{n) | } g (| P» | + rnb)h 


(z = A; + 1, . . . , w). 

If 1 p, 1 ^ I Pi I, 0* 9^ i), wc set 1 p, I + m5 = (Ti and choose b so small that 
(Ti < 1. Then, 


I z,(n 1) \ < Gih < h 
It follows from the equations (15) that 

I z,{n + 1) 1 g A 

and 

I Zkin + 2) I < (Ti/i, 

lienee 


(i = A; + 1, . . . , m). 
a = 1,2, , A;), 


1 Zx{n + 2) I < Gih (i = kj • ■ • j m) 

I 2.(n + 2) \ < h («: = 1, 2, . . . , A ~ 1), 


and so on until 


In general 


1 2,(n + A: + 1) I < (T-i/i (i = ^ rri), 

I 2,(n + Z^• + 1) I < o-{ft (^ = 1, . . . ^ 7^). 


Hence th(‘ 2 ,(n + /A:) (t - 1, • • • , ni) approach zero as I becomes infinite, conse- 
quently, there are se(|uences of (12) which ap])roach zcto as n becomes infinite. 

Now if n appears explicitly in the , for a given 6 > 0, we may choose h so 
small and no so large that 


(1(5) I I ^(1 Zi{n) \ ’ -h \ Zm \) -\- M / n (f = + 1, . . . , m) 

for I I < /? (f = 1, . . . , m) and n ^ n<, . Hence for the initial conditions 


1 2 , (no) 1 < /i, 

1 2 »(no + 1) 1 < 1 p, II 2 , (no) I + 5(1 2 i(n<,) | + . . . + | z„,{fh) |) + M/rio 

^ (I P» i + n?5)A + ilf/no (i = A' + 1, . . . , rn). 

If I Py I ^ I Pi I for i 9 ^ j, wo set | p J + mb = cri and choose 5 so small that 

(Ti < 1 . After 7io and h have been determined so that (16) is satisfied, we in- 

crease no until (Ti + MJhriQ = <70 < 1 . Then 

I 2 , (no + 1) I < <riA + M/rh < < It (i = + 1, . . . , rn) 

I Zi(rk + 1) I < /i (f = 1, . . . , A;) 

and 

1 2i(no + /c + 1) 1 <C ffih + Af/no <C (T 2 h (i = 1, * . • , 7n). 
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The z/s may never exceed h in absolute value, and when I is so large that 

h<T2 (no + 1) 

we have 

I 2 , (no + 2fc + i + 1) I < I p,- 1 I 2 , 1 + 5 ( I 2 , 1 + . . . + 1 2m I ) 

+ ~ j < <T\h (i = 1 , • • • , m) . 

(Continuing step by step we s(‘e that the Zt (i = 1, • • • , fn) arc bounded by an 
expression which slowly ap])roaches zero as n becomes infinite: hence they 
approach zero. 

When the characteristic equation has ecpial roots, we employ a transforma- 
tion (14) in which the Qu (i, j = k 1, • • • , m) are so determined that when 

Pi = pt^x the equation of the transformed systc'm is of the form 

(17) zi(n + 1) = piZi(n) + €2/_i(n) + , 20 , • • • , Zm , w), 

where e is chosen so small that | p; j + e < 1, | pj ^ \ Pt \, i 7 ^ j, and the 

remaining equations an' of the form (11), Treating this new system by a 
method analogous to the one used above, in which | p; | + € plays the role 
corresponding to that of 1 P; |, w(' see that it has solutions which approach zero. 
Hence our proof is complete. 

Theorems 1 and 2 exclude differ(*nce equations in which the degree' of n in the 
coefReient of the non-linear terms is higher than the dc'greo of n in the coeffi- 
cients of the linear terms. In regard to such equations we have the following 
theorem. 

Theorem 3. An algebraic difference equation^ whose terms are of at least first 
degree in the Sn+i , defines sequences which approach zero as n becomes infinite ^ 
if all roots of the characteristic equation of the equation of the linear terms arc less 
than one in absolute value 

Proof. As in the proof of Theon'ins 1 and 2, wo replace Sn+w by one of its 
values that vanishes at the point *S„ = 0, • • • , 1 = 0, and then we apply 

a linear transformation which transforms this ik'W eejuation into a system of 
equations of the form (11), (15) or (17). 

C^ASE I. The coefficients of the linear terms in the are constants. 
When all roots of the characteristic equation are distinct and different from 
zero, the system has the form 

Zi(n + 1) = PiZi(n) + ^i(zi(n), • • • , 2m(n), n) (i = 1, . . . , m), 

where all terms of the (i == 1 , • • , m) are of at least second degree in the z,- . 
Hence there exists an h such that 

I ^ 1 ( 21 , • • • , Zm , ri) 1 < Mn^(\ zi I -f • • . -f I Zm 1)^ (t = 1, . . . , m) 
when 1 z* I < A (t = 1, • • • ., rw), where M and I arc constants. If | py 1 ^ | Pi | 
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for all iy wc choose a number a such that | p, j < <t < 1 , and then choose no 
so large that 

I m^Mrioa”^ I + I P; I = o-- 

Such a choice of is possible since lim = 0, if | a j < 1. Now for Zi in 

n-*«o 

the region | 2 ; | g /i ^ <r"“ (t = 1, • • • , m) 

I 2i(no + 1)1 ^ I p< II 2< I + 

g (I Pi I + MnUV'’«)<r"» g (i = 1, 2, . . . , m) 

I 2 ,(nfl + 2) I ^ I p, || 2 ,(no +1)1+ M{n« + 

g (Ip.- I + Af(«o + l)'m-(r''»‘V''“" 

< (1 Pi I + (i = 1, • • • , m), 

and in general 


i 2 ,(nn + p) I < (i = 1, 2, • • • , m). 

Hence the 2,{7io + p) approach zero as p becomes inlinite, and consequently 
|)S„( — » 0 as n — * 

When some of the p, ecpial zero the transformed system of equations is of the 
form (15). Again we choose a such that j p, | < a < 1, hut now we take no 
so large that 

n^M iptii,)’ a”'' + I p, i ^ where p is the maximum of k and 2. 


Then for | 2, (no) | ^ <r''° {i — 1. • • • , >n) 

I 2.(no + 1) I ^ I P. li 2,- ! + MnWo"" 

g (I pj + M»Wo''’‘)a'"‘ g (t""" 

I 2Kno + 1) I g a"" 

I 2,(?}o + 2) I ^ I P; II 2, j + A/(no + l)*nfV"°'‘ 

g <r"»(|pj + MwV»o)'< 7"”) g cr"”" 
i 2.(no + 2) I ^ a'"‘ 
and 

I 2,(no + A: + 1) 1 g I P; II 2 < I + JHfno + A-)VnV‘''“''‘'' 
^ (|p, | + il/n''‘(pno)V”»)<r"'> ^ 


(i = A' + 1, • • • , m) 
(t = 1,2, , A): 

{i = A, . . . , w.) 
(;• = 1,2, ... ,A - 1): 

{i = , m). 


Consequently, 

I 2 , (no + A + 2) I g I p/ II 2 , 1 + M(no + A + l)'mV‘’'»^‘'+'’ g 


(t = A + 1, . • • , m) 
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1 2.(n« + 2A -h 1) 1 g 

(» = 1, . 


Continuing step by step we have 



1 z*(no + pA: + 1) 1 g 

(i = 1, • 

. . , m). 

Hence the Zi{nQ + pA + 1) approach zero as p 

, and the corresponding 


sequence { S«} — » 0 as n « . 

As in the proof of Theorem 2, the above treatment, with suitable modifica- 
tions, applies to the case where the characteristic equation has multiple roots. 

Case II. The coefficients of the linear terms in /S„+,- are polynomials in n. 
The transformed system of equations may be written in the form 

2.(n + 1) = z,+i(n) (t = 1, ■ • • , fc) 

(18) Zi{n + 1) = P.z<(n) + 6.1(1 /n)2i(n) + • • • + 6,m(l/n)2„(n) 

-t- ^,(2i(n), • • • , 2m(n), n) {i = k + I, ■■■ , m), 

where the 6,, arc convergent series in 1/n, whose constant terms are zero, and 
all terms of the St', (f = A: -f 1, • ■ • , m) are of at least second degree in the 
arguments 2,- (i = 1, • • • , wi). We first choose % so large that 

1 p,- 1 4- »i6 = p < 1 

where 6 ^ | 6<,(l/n) 1 {i, j = 1, • • • , m) for n > ni . Then the argument in 
case I holds where | p,- \ is replaced by p and no is cho.sen greater than ni . Hence 
our proof is complete. 

2. Sequences with finite limits. The only possible finite limits for the se- 
quences defined by an algebraic difference equation, with constant coefificients, 

(190 , S 

are the roots of the algebraic equation 

(200 -S, • • • , S) = 0, 

where the latter is obtained from the former by replacing /S„+i (i — 1, • • • , m) 
by S. Likewise, the only possible finite limits for the sequences defined by an 
algebraic difference equation 

(19) #i(/S,,+» , • • • , iS„ , n) = 0 
are the roots of the equation 

(20) 4'I(-S, . . . , iS) = 0, 

where = lim n”* #i(5fl +», , • • • , Sn , n) and q is the highest power of n 

n-^oo 

appearing in #1 . 

If iS = a is a root of the equation (20), and if the difference equation 

(21) f(Sn+», ••• , Sn,n) = 0, 
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obtained from (19) by the transformation 5„ = S„ + a, satisfies the hypothesis 
of theorems 1, 2 or 3, then (19) defines sequences which approach a. For the 
sake of brevity, we shall call the difference equation (21) the ^Hransformed 
equation,*^ 

Theorem 4. If a is an algebraic number ^ then there exist algebraic difference 
equations that define sequences which approach a.® 

To construct one: it is sufficient to take an algebraic difference equation, 
involving arbitrary parameters in such a manner that the equation (20) has a 
root a, and then to choose values for the parameters so that there are sequences 
defined by the transformed equation (21) which approach zero. 

To illustrate the method, we construct a difference equation of second order 
that defines sequences which approach where is a rational number. The 
difference equation 

(22) aSnSni-l + bSn-i-lSn-^2 ~ cS^n+l (6 + — c)^ = 0 

may define sequences which approach or — since its limit as n — > x is 
S* = /3. Applying the transformation Sn = Sn + we obtain for the equation 
of the linear terms of the transformed equation 

(23) bSn +2 + (6 + a “* 2c) + aSn = 0. 

If we ohoosc a, h and c such that the roots of the characteristic equation of (23) 
are less than one in absolute value, there are sequences of (22) which converge 
to jS*. For example when o = 1, 6 = 0, c = 6, the roots of the characteristic 
equation (23) are 1/2 and 1/3, hence some sequences of (21) will converge to /3^ 
In particular, the difference equation 

(24) )S„)Sn+l + aSn+lSn+i ~ 6S*+i — 2 = 0 

defines sequences which approach \/2. For the initial values So = 1, Si = 2 
and So = 1.4, Si = 1.4 the sequences arc 


and 


1, 2, 7/6, 9/7, 1021/756, • • • ; 


1.4, 1.4, 59/42 = 1.404+, 34908/24780 

= 1.4087+, 4804998967/3395410200 = 1.4122+, . • . 

respectively. If instead of the above values we take a = 1, 5 = 54, c = 35, 
/3 = 2, we obtain the difference equation 

(25) 54S»+iSn+j — 35Si+i + Sn+iS» — 40 = 0. 


• The truth of this theorem follows immediately from the work of Schroder (4) on the 
approximation of the roots of an algebraic equation by the iteration of rational functions. 
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For the initial conditions So = 1, Si = 2 and So = 1.4, Si = 1.4 the sequences are 
1, 2, 23/38, 30647/22356 = 1.326+, 1.4052+, • • • 

and 

1.4, 1.4, 1333/985 = 1.4105+, 48074279/34011495 = 1.4134+, • • • 
respectively. 

The sequences defined by (25) converge more rapidly to the \/2 than the 
corresponding sequences defined by (24). The question arises, is there a differ- 
ence equation whose sequences approach a given algebraic number more rapidly 
than those defined by all other difference equations? Under the conditions for 
which the generalized Poincare theorem^®^ holds, the smaller the absolute values 
of the roots - all greater than zero— of the characteristic equation of the equation 
of the linear terms the more rapid the convergence to zero of the solution of 
the difference equation. Hence we were led to predict the following theorem. 

Theorem 5. Of the family of mn-linear difference equations of the form 

ain(^)>8n-f m *4“ am—l(n)Sn-{-m—l 4“ * * * “f” Uo(^)^n 

(26) 

”1“ 4^(/S'n+w > * * * > ) n-) — - 0{n ) , 

where 4> is a fixed polynomial whose terms are of at least second degree in the , 
the a,(n) (t = 0, 1, • • • , w) and d(n) are polynomials in n, amin) ^ 0, and the 
coefficients of am{n) are fixed while those of the a,(n) (t = 0, 1, • ♦ • , m — 1) and 
6(n) are arbitrary; the one that defines sequences which converge most rapidly to 
zerOj for arbitrary initial conditions from a sufficiently small region surrounding 
the origin^ is the one in which the a^in), (i = 0, 1, • • , t?? — 1) and d(7i) are 
identically equal to zero. 

Proof, (a) First, d{n) must vanish. When Q[n) fk 0 the sequences cannot 
approach zero more rapidly than n~^, where k is an integer. For if this were 
true, the left member of (26) would approach zero more rapidly than the right 
member which is impossible. The proof of Theorem 3 reveals that there are 
equations of form (26) which define sequences that approach zero as rapidly 
as AfnV”. Therefore if the sequences have the maximum rate of convergence, 
e{n) s 0. 

(b) Second, the degree of n in am{n) must be greater than or equal to the 
degree of n in all the other a\s. Otherwise, there is no region of strong con- 
vergence. 

(c) Third, if the coefficients of the terms of highest degree in n of ao(n), • • • , 
a«(n) are ooo , uio , • • • , Omo , respectively, then the difference equation of the 
family whose sequences converge most rapidly to zero is the one for which 
Omo 0 and aio = 0, (i = 0, 1, • • • , w — 1). 

To prove this we refer back to the notation and the statements in the proof 
of Theorem 3. When there is one Oio that is different from zero there is at least 
one pi that is not equal to zero. It is only necessary to consider the case where 
all of the pi are less than one in absolute value. For it is possible to show, by 
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a slight alteration of the inequalities in the proof of Theorem 3, that of the 
sequences defined by two difference equations, identical except for the pi of 
maximum absolute value, those defined by the difference equation with the 
smaller p» converge more rapidly than some of those defined by the other equation. 

So we assume that 1 > | p; ‘| > [ pi [ (i 9 ^ j), and consider the equations (18). 
We choose no so large that 

m*M(Mn)'a" < Kl P/I/3)”''* 

< €/2 when pi = p/^i , 

where € is the € of equation (17); 

m i lain) \ ^ mb ^ i(l 9i 


and 


p y + mb = p < 1 ; 


niM{pnya^ + p<(r<l, n ^ Uq , 


When the initial conditions are | 2 , (no) | ^ <r”®, the last two conditions are 
sufficient to insure that the sequences approach zero such that 

I Zi(no + pA + 1) 1 < 

When 2y(no) = o-'*® and | 2 , (no) | ^ <r"®, (f = 1, 2, • • • , m) we have in succession: 

m — 1 P m— 1 

i z,(no + 1) I ^ 1 2 , (no) 1 1 p, 1 -6^1 2 r(no) 1 - ^/(no)' 1 2r(no) 

r-l Lr-l 



^ 1 2/(no) I II Pj - (I P/ 1/3)"+’] ^ z,(no)(2| p, |/3), 

I z,(no + 2) 1 ^ 1 Zy(no + 1) 1 1 Py | 

- 6 2 1 2 r(no + 1) I - M(no + D' [E I ^r(no + 1) 0* 

^ U,(n. + 1) |[|p/| - ^ !•(%-)- 

|zy(no + l)\^ |2y(no) I (I = 2, 3, . . . , m + 1) 

Under the above restrictions, 


I g<(w) I 
I */(") I 



n ^ no 
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Thus, 

1 2, (no + ni + 2) I 

^ 1 2, (no + m + 1) 1 1^1 p, I 


^ 1 2, (no + « + 1) 1 1^1 P, 1 - 

^ 1 2, (no + m + 1) 1 

^ 2,(no)(2|p, |/3)"+l 

Continuing, we obtain 

I 2, (no + m + l)\^ 2,(no)(2| p,- 1/3)'+" / = 0, 1, • • • . 

Therefore, if some pi is different from zero, some sequences defined by the 
difference equation converge to zero more slowly than the sequence (2 | p; |/3)”. 
While if p< = 0, t = 1, 2, ,m, all sequences, with initial conditions 

I Zi(no) I g a”®, converge to zero more rapidly than the sequence (| p, |/3). 
Thus for the most rapid convergence of all sequences, with arbitrary initial 
conditions, a,o = 0 (i = 0, 1, • • • , m — 1). 

(d) Fourth, the a,(l/n) = 0 (i = 0, 1, • • • , m — 1). For assume this state- 
ment is false and set Sn = n^'Tn , where X is so determined that in the new 
equation one other linear term is of the same degree in n as am(w). The quan- 
tity X will be negative. Remove the common factor Now, although this 
new equation is not an algebraic equation, the inequalities arc stronger than 
they were for the proof of (c) above. Therefore the argument of (c) applies. 
Hence by a repetition of the argument if the sequences have the maximum rate 
of convergence a,(l/n) s 0 (i = 0, 1, • • • , w — 1). q.e.d. 

Let us again consider the example. According to Theorem 5 there is a 
difference equation of the form (22) that defines sequences which converge more 
rapidly io y/2 than those defined by (25). It is the one for which a = 0, 
6 + a — 2c = 0. That is, the equation 

2Sn^lSn+t, — 2 = 0 , 

or 

(27) 25»-S„+i - 5* - 2 = 0. 

For. the initial values /So = 1 and /So = 1.4 the sequences are 

1, 1.6, 1.4166+, 577/408 = 1.414215+, 666857/470832 = 1.414213562376+ • • • 
886731088897/627013666048 = 1.4142135623730950 ...+,... 


{6 — Af (no + wi + l)* 23 1 2,(no + wi + 1) | j 

21 1 2,(no + m + l) |~l 
|2i(no + m + l)| J 

(|p/l/3)”*'''(?i|^')'"] 
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an 

7/5 = 1.4,99/70 = 1.41428-I-, 19601/13800 = 1.414213564, 

768398401/543338720 = 1.4142135623730950499+ 

respectively. The asterisk indicates the 6rst incorrect decimal of the terms. 
The sequences defined by this equation converge to the limit very rapidly. If 
we assume the error of the n**" term is « and set (S„ = 2* + «, then 

= 2‘ + 2-‘t* - 2-%* + . . . . 

Hence, when Sn is sufficiently close to the limit the error is approximately 
squared with each successive term of the sequence. We say that the order of 
rate of convergence of the sequences is 2. 

The difference equation (27) is of first order, and we know from the work of 
Schroder^^^ on iteration of rational functions that it is possible to set up a first 
order difference equation with constant coefficients, whose sequences approach a 
given algebraic number a with an order of rate of convergence fc, where k is any 
integer. That is, there exists a first order difference equation with the property 
that when Sn i« replaced by a + €, then 

Sn+-1 = a + Ci€* + + • • • , 

where Ci is a constant independent of €. (If fc = 1, | Ci 1 < 1). 

Is this true for difference equations of higher than first order? 

Theorem G. For a given integer k and an algebraic number a, there exist alge- 
braic difference equations of the order that define rational sequences which 
approach a with an order of rate of convergence k. 

Proof. Let 

(28) Sn+m = , • * * , Sn+m-l , R) 

be an algebraic difference equation, where 4>, a rational function in its arguments 
Sn t • • ' f Sn+m^i , R, has tlic Taylor^s expansion 

^ = Oo + aio(Sn — a) + an{Sn+i ■“«) + '••+ aim-~i{Sn+m~\ — a) 

(29) 2 

+ (hOo{Sn Of)* + a^loiSn+l — Ol){Sn “«) + ••• 

which converges in some neighborhood of the point Sn = a, • • , Sn+w-i = a, 
n = oo. (The a^s are rational functions of n.) 

There are sequences defined by (28) which converge to a with an order of 
rate of convergence kj if, when Sn = a + «, S„+i = a + di€\ • • • , Sn+m-i = 
a + ^ where the (f = 1, • • • , m — 1) are constants independent of e, 

then Sn+m = a + + 026 *"*^^ + • • * . Tliis is true, when Oo = a and 

® 0 values of I for which 

(30) < r 


(fi , , • • • , ij < m) 
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and when ojj , ^ 0 for some values of n , • • • , ii such that + A:’* + • • • + 
A** = A". Hence, if there exists a rational function # such that 4>(a, • • • ,a,n)m 
a and 

^i+rt+...+y«^ 



for all /s such that 

ji + Ay'a + + • • • + A;"* Vw < 


then the theorem is true. 

We state that if a is a simple root of an algebraic equation f{z) == 0, then 
i{Sn , <Sn+l , • • • , iSn^m-l > 

■ s[*- + 1 {<-■> T ifk) AT rk^ +/*•«*.(«.. 0] 

4- 1 fs + ‘”y ‘ (-1— -i- V’ JL_1 

+ »»L h V Ji \/'(Sn+t) dS„J /'(SnH)j 

+ /*" ’ (Sii+l)4>l ^Sn+l , J 

v i ( / 1 ^ Y~^ 

ii \/'(-s„+„-i)d5„+„_,/ 


mL 


+ • • • H I Sn-Hn-i + 

m' 


is a function^ satisfying the above conditions, where the<^, (i = 0, 1 , • • • , rw — 1) 
are arbitrary polynomials which are finite at the point Sn+i = a (z = 
1, • • • , m — 1) and n = qo, /' is the first derivative of / with respect to its 
variable, f is the power of /, and ((l//'(z)) djdzy is a symbolic operator 
which subjects lITiz) to the operation of differentiation and multiplication j 
times. For example 

/i lYi = i ^(}t ^ /i ^ i (^W\ 

\f' dz) f !' dz \/' dz If dz [/' dz\J')\\)‘ 

First, #(a, a, ,a, n) = a, for when )S„+,- = a, (i = 1, • • • , m — 1), all 
terms, except the first in each of the brackets, contain a factor /(«) and hence 
vanish. Second, the A" — 1 partial derivatives with respect to /S„ vanish at 
the point S„+< = a, (f = 1, • • • , m — 1), since the derivatives of the expressions 
in the last m — 1 brackets are zero and SchrSder has proved that the A" — 1 
derivatives of the expression in the first bracket vanish when Sn = a. Simi- 
larly, the A"*”’ — 1 partial derivatives of with respect to /S„+< vanish when 


This is a generalisation of a formula developed by SchrSder. 



NON-LINEAR DIFFERENCE EQUATIONS 


267 


Sn^i = a. And lastly, all second partial derivatives with respect to two different 
vanish identically. q.e.d. 

Assumption. In order to assure that the sequences under consideration are 
rational we shall assume, in the future, that enters the equation only in 
the first degree. 

3. The effect of the order of a difference equation and the degree of n in the 
coefficients upon the order of rate of convergence of the sequences. It follows 
from the work of Schroder, and from the above theorem, that it is possible to 
increase the order of rate of convergence of sequences, defined by difference 
equations, by increasing the degree of the equations. Now we ask the ques- 
tions: When the degree is held constant, how does a change in the order of the 
difference equation affect the order of the convergence of the sequences? What 
is the relation between the degree of n in the coefficients of a difference equation 
and the order of convergence of the sequences? 

As a partial answer to the last question we have the following: 

Theorem 7. The order of rate of convergence, r, of rational sequences defined 
by a first order difference equation whose coefficients are polynomials in n, cannot 
exceed the order of convergence of rational sequences defined by some first order 
difference equation of the same degree with constant coefficients, provided r ^ 2. 

Proof. Again without loss in generality, we consider only sequences which 
approach zero. Thus reducing our problem to that of showing that, “if Sn is a 
null sequence defined by a difference equation of order one and degree q, then 
the order of rate of conv(‘rgence r of is <q + 1 and it is ecjual to q for some 
equations of this type which have constant coefficients.^^ 

When the coefficients are constants, the maximum rate of convergence of the 
sequences defined by first order difference equations of the degree is q. If 
the sequences do converge to zero with this maximum rate of convergence then 
the Taylor’s expansion of the left member of the equation 

Sn+l = HSrd. 

gives 

<Sn+l = CLqSn + + • * • 

W'herc a, ^ 0. If the coefficients of ^ w^re polynomials in n then the a, would 
be rational functions of w. In order for the sequences of such an equation to 
have the maximum rate of convergence o,- s 0, (f = 1, • • • , ^ — l);aq{n) 0, 
and Uqin) must be a rational function of n in which the degree of the numerator 
is less than the degree of the denominator, viz. 

ag{n) = axn~^ + a^+in '^"^ + • • • (X > 0), 

and the equation may be wTitten in the form 

(31) 5n+i = + ax+in“‘ +•••) + n ^ a ^ xin ) S „ + +■■■]. 
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Hence if the order of rate of convergence of the sequences may be increased by 
allowing the coeflScients to be polynomials in n, the order of convergence of the 
sequences of (31) must be greater than that of the sequences defined by the 
equation 

Sn-hl = ClxSn • 

That is, the order of rate of convergence must equal or exceed the order of con- 
vergence of the sequences of 

(32) r„H.i = 

Now when the sequences converge with an order of rate ^ 2, we may choose w© 
so large and then Sn^ so small that 

ax^ I ax-i-in ^ + ax-f2W ^ + • * • | < t/2 < i, n > n© , 

I ag+i(n)-S„ + ag+ 2 (n)S’ + • • • | < «/2 < §, « > n<i , 


with such a choice the sequences defined by (31) are term by term greater in 
absolute value than the sequences defined by the difference equation 

(310 S„+i = n-"ax(l - e) Si. 

The solution of this equation for Sno = Sno is 

Bno+P = - *)'*'-“'*(? + n« - l)-\p + rto - 2)-"’ ■ . . (no)-"*'”' 

and the solution of (32) is 


T — o(«+l)P 

^ no+P ““ l^no 


But 

lim = lim - e)<”’-»'’(p + n„ -1)^ 

p-»00 \^*»o+p/ p-*00 

• (p + no + 2)"’ . . . (no)'*'"‘ = 0. 


Therefore the sequences of (31'), and consequently those of (31), do not converge 
to zero as rapidly as those of (32), so they cannot have an order of rate of con- 
vergence ^ + 1. Q.E.D. 

Although we have been unable to generalize Theorem 7 we should like to 
conjecture that it holds for m*** order equations. 

Now let us concentrate upon the relation between the order of difference 
equations and the order of the rate of convergence of their sequences. 

Theorem 8. There exist algebraic difference equations of higher than first order ^ 
that define rational sequences which converge to certain algebraic numbers with a 
higher order of convergence than the sequences defined by any first order difference 
equations of the same degree. 

Proof. Take the general equation of the m^^ order and q^^ degree with con- 
stant coeflBicients, 


o m—l m— 1 

e 

y-1 ti-o 


• • • Sn^f) + C© = 0, 
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or 

(Co»ii2...»y/Sn-f*i<Sn+t2 • • • £ln+ty) 4" Co 


(Co»i»2**-», Sn-H'i<Sn4.»2 * * * Sn+ii) “4* Com 

y-1 ii-o 

and demand that it define sequences whicli approach the number with an 
order of rate of convergence A, where k is an integer to be determined, is a 
rational number, and is irrational (i = 1, • • • , g — 1). That is, set Sn+i = 
0 + (j = 0, 1, • • • , m — 1), expand the right member of (33) in powers 
of € and demand that the constant term equal and that the coefficients of 6* 
vanish for ^ = 1,2, • • • , ~ 1. These demands impose kT linear homogeneous 

relations upon the coefficicTits of the given equation (33) ; as can readily be seen 
by dividing the numerator by th(‘ denominator. The k”" linear relations may 
contain some of the (z = 0, • ■ • , w — 1) and s()m(‘ fractional powers of 
In order to insure that the coefficients of the diflferenc(‘ eejuation (33) be rational, 
the coefficients of 6, and th(‘ fractional power of in these linear relations must 
vanish. 

The maximum value for k is determined by the number of the relations that 
the coefficients of (33) may satisfy, that is, by the number of coefficients. This 
number* is 

^ m(m + 1) ••• jm +j — 2) {m + 2j — 1) ^ ^ 

Q 

Since, when v\ = 1 it is [2] + 1 = 2(/ + 1, the coefficients of a first order 

j-i 

difference equation may be chosen so as to satisfy at least 2q linear homogeneous 
relations. Therefore k may be at least 2, for when A = 2 the coefficients are 
only restricted by 2q relations, q relations which insure that the constant term 
in the power series in e equal and q relations which insure that the coefficient 
of € equal zero. Hence if a difference equation of higher than first order defines 
sequences whose order of rate of convergence, k, is greater than that of sequences 
defined by a firet order difference equation, k must be at least 3. 


(33) 


t m—i m— 1 w— j 

L S ... E 




i-i <1-0 

g fn — 1 wii— if 




m— 1 


Z S E ••• E 


* In order to see this, write 


m— 1 

E 

< 1-0 


E 


E 

< 1—0 


E + E 


The number of terms in the first sum on the right is m(m + 1) 
fore, the total number of terms of j*** degree is 


m(fn + 1) 


•• (m+j - 1) m (m -f 1) 

jt . ^ 


(m -tj - 2) 

m(m + 1) 


E 

• • (m -f j — l)/il. There- 


(m -hi — 2)(w + ?; — 1) 


j! 
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Now consider difference equation of the second order. When m ^ 2 the 
number of terms in (33) is 

i (2,- + l) + 1 = + 5 + 1 = (5 + !)■ . 

»-l i 

If a sequence converges to with an order of rate of convergence 3, the coeffi- 
cients must satisfy ISy relations — q relations to make the first term of the series 
in c equal 2q to make the coefficients of t and t vanish; fig to make the 
coefficients of «*, t, t vanish (twice as many here since di may be irrational and 
may appear in each of these relations); and 9g to make the coefficients of «*, 
e and e* vanish (di and d\ may enter in each of these three relations). Since 
there are (g -h 1)* coefficients in the difference equation, if g ^ 17 these 18g 
relations may be satisfied, for then the number of homogeneous linear equations 
is less than the number of undetermined coefficients. Hence, for g ^ 17 there 
exists a second order difference equation which defines sequences that approach 
with an order of rate of convergence 3. 

Now if we can prove that no first order difference equation of 17th degree 
may define sequences which approach with an order of rate of convergence 
3 our proof is complete. It follows from Theorem 7, that there is no loss in 
generality if we only consider equations with constant coefficients. The general 
first order difference equation of 17th degree is 

Q _ z-*® 

^’*+1 16 

£ biSi 

J-0 

If this equation defines sequences which converge to with an order of con- 
vergence 3, when we set Sn = + € and expand the right member in powers 

of €, the constant term will be equal to and the coefficients of € and t equal 
to zero, viz. 

Oo + (ai + + (^2 + + • • • + (ai7 + bit)fi = 0 

ai + (2aj + + (Sus + ^ ^ (17ai7 + = 0 

Os + (Sas + + (Oci + Zbz)^^^^ -j- . . . (I36ai7 + 1206i6)j8**^^^ = 0 

If the a's and 6's are to have rational values they must satisfy the following 
equations 

ai + bo == 0, Ui + bi = 0, • • • , Uie + = 0, a© + (on + bit)P 0 

tti = 0, 2as 4* bi ** 0, 3ai H- 26i = 0, • • • , 17ai7 + Ifibia 0 

Oi = 0, Zqz + bj = 0, Qdi 4* Sbs = 0, • • • , ISBoir 4" 120bi6 *= 0, 
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which have the unique solution o,- = 0, 6,- = 0 (z = 0, 1, • • • , 17) (j = 0, 1- 
• • • , 16). Therefore no such equation exists. q.e.d. 

Next we show that the sequences defined by a first order difference equation 
may converge to an algebraic number more rapidly than those defined by all 
other difference equation of higher order and of the same degree. 

Theorem 9. Tfw difference equation of second degree that defines sequences 
which converge most rapidly to the irrational number where 0 is rational, is the 
one of first order. 

Proof. Consider the general second degree difference equation of the m*** 
order 

I pm— 1 m m “1 

(34) E E Z CHfn-'Sn+iSn+i + E CriU-^Sn+i + n-' Cr = 0. 

r-0 J 

When it defines sequences that approach 

(35) 


-1 m 


2 ^ ^ + Co = 0. 

7-0 


»-0 


and the transformed equation is 


(36) 


I p m— 1 m m * 

E«- E E Crij (^n-f ’ 5n-f 1 + Sn-k-j + /3^Sn+») + Xrf I 

r-0 LZ-O t-0 


+ 


I pm— I m m “ 

23 W 23 + 2 ^n/3* + Cr =0 

r — 1 L ?"0 »'—0 ^ 


If a difference equation of the form (36) defines sequences which converge 
to zero with the maximum rate, then, according to Theorem 5 


(350 

and 


E E + E + Cr = 0 

J-O iSJ >-0 


(r = l,2, ...,1) 


(37) 

where 


m 

E e.;Cr;<d* + Cr; = 0 (j = 0, 1, • • • , W - l)(r = 0, 1, • • • , i) 



Therefore when /3* is an irrational number and the coefficients of the difference 
equation are rational numbers, Cr/ = 0, (j = 0, 1, • • • m — 1) (r = 0, 1, • • • , 1) 

m 

And since from (35) and (350 E = 0 (r = 0, 1. ■ • • . 1), Crm = 0 (r = 0, 1, 

>-o 

Now assume our theorem is false, then there is a difference equation of the 
form (34) of higher than first order that defines sequences which approach 
with an order of convergence 2. Writing (36) in the form 
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Xrf 2 2 Crij(Sn+iSn+i + Sn-^j f Sh-h) 

n “WT -• A .• .* 


S r-0 Tir 9-0 <a;/ 

n+m ““ "• f 


2 ^ 22 Cm,(Sn+< + 
r-O n i-0 

we can see that if S„+« = when /S«+i = da^' (i = 0, 1, •••,»»— 1) 

Crij = 0 (i, j = 0, 1, • • • , - 2)(r = 0, * • • , Z) 

Cf.m— 2,m— I ~ 0 (r = 0, 1, 2, • • • , Z) , 

These results combined with the equation (37) and (35) give 

^rm, = 0 (j = 0, 1, • • . , m - 2)(r = 0, 1, • • . , Z) 

and 

(Cr,m--l,m “f" Cr.m—l.m— l)^ Cr ~ 0 (r = 0, 1 , • • • , Z) 

2Cr,«-l.m-l + Cr.m-l.m = 0 (r = 0, 1, • • • , Z). 

Therefore the unique equation of the form (34) which defines sequences that 
approach with an order of convergence 2 is 

2jSn4-m#S«+m-.l *Sn+w-X — = 0 

but this equation is equivalent to the first order difference equation 


- S* - /3 = 0 


Q.E.D. 


In summarizing we can only say that, in general, there is no direct relation 
between the order of a difference equation and the order of rate of convergence 
of its sequences. 

4. Minimum degree for a first order difference equation whose sequences 
approach with a given order of convergence. 

Theorem 10. There exists a first order difference equation of g*** degree, q = 
kp, that define sequences which converge to where P is rational and P^^^ is 
irrational (j = 1, 2, • • • , p — 1), with an order of rate of convergence 2k, and no 
first order difference equation of degree kp may define sequences which converge to 
p^^^ with an order of convergence greater than 2k, 

Proof. The transformed equation of the first order difference equation of 
q^^ degree, 


( 38 ) 


-^ajSn 

<9—1 

E h8\ 

y -0 
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is 

(39) s,+i *= 

E biiSn - 

j-O 

If the coefficients , 6, (j = 0, 1, • m) (i = 0, 1, • • • , m — 1) may be 
determined so that the coefficients of Sn in the iiumberator of the left member 
of (39) vanish (< = 0, 1, • • ■ , r), then (38) defines sequences which approach 
with an order of convergence r + 1. Setting the coefficients of Sn {t = 
0, 1, • • • , r) equal to zero we obtain the following linear homogeneous equation 
in the a^s and 

E = 0 

i-0 

(40) % = 0 

Z (j) + 6,/3''“'^‘'"') + (j) = 0. 

Since by hypothesis is irrational (j = 1, 2, • • • , p — 1), and since the a’s 
and 6^s are to be rational each of the equation (40) divide into p equations. 
Therefore, the demand that the sequences approach with an order of con- 
vergence 2k imposes 2kp linear homogeneous relations upon the 2kp + 1 coeffi- 
cients of (38). Hence there is alw^ays a solution. 

Assume that the second part of the theorem is false, then the a’s and 6^s will 
satisfy the relations (40) when r = 2k, that is to say, they will satisfy {2k + 
l)p linear homogeneous equations. These {2k + l)p equations divide into p 
systems of equation. One with 2ifc + 1 unknowns. 

Oo + /36p-.i + fiap + i3^62p-i + + • • • + = 0 

(” 7 ') + (7) sa. + ("'' + ■*) + ... 

+ (*^7y6.^,+(')^a. = 0 

(’’ n *) + (»j + C^’sit 0 + ( 2 O ■ 

(^21 ') + (4) “ 
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and (p — 1) of the form 

bf + Oj+i + /36,+p + + . - . + ^"■^6y+(ik-i)p + ^ ay+(jb-i)p4.i = 0 

(0 + C T + C t ")'*'*’+ C ^ *) 

1 /i + ~ l)p — n 

(42) 1 

(4>- + C i ‘) + C + C ^ ') 

+ {’ + + ’) tf*a»«-.>«. - 0 

(j == 0, 1, 2, • • • , p — 2). When j = 0 the last equation of the system may 
not appear but in all cases there will be at least 2k equations in each of the last 
p — 1 systems. Therefore, since all of the systems of equations have at least 
as many equations as unknowns there are no non-trivial solutions unless a 
determinant of one of the systems is zero. The determinants of the coefficients 


are all of the form 





(j) Cr) ' 

O' + p\ 

< 0 ) 


/y + mp\ 

■ \ 0 ) 

(j + mp + l 
\ 0 

(0 C'i') ' 

f J + p\ 

< 1 ) 

+ p + 

^ J + mp^ 

fj + mp + 1 

V 1 

(0 Ct') i 

0 + p'\ 

< r J 

(i+.+i) 

+ mp^ 

^y + mp + i 


Such a determinant is equal to 



1 

1 

1 

1 


i 

y + 1 

y + p 

y + TOP + 1 

rl 

/ 

(j + 1)“ 

(j + p)* ••• 

(y + TOP + 1 )* 


/ 

(y + 1 )' 

(y + pY ■■■ 

(y + TOP 4- 1 )' 


which is different from zero, for it is a Vandermonde determinant. Therefore, 
we have a contradiction. q.e.d. 

It is not difficult to see that the equation of degree, q = kp, which de- 
fines sequences that converge to with an order of convergence 2k is unique. 
The solutions of the first 2k equations of the last p — 1 systems (42) are all zero 
and the solutions of the first 2k equations are of the form cik. Hence, when the 
factor k is removed from the numerator and the denominator, we obtain the 
equation. 
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Theorem 11. There is a first order difference eqxmiion of degree kp + \ that 
defines sequences which converge to where is rational and is irrational 
0* = 1, 2, . . . , p — 1), more rapidly than those defined by any first order difference 
equation of degree q, where (k + l)p > q > kp + 1. 

Proof. Consider the difference equation (38) for q = {k + l)p ~ 1. First, 
assume that the sequences defined by this equation approach with an order 
of convergence 2k + 2. Then the coefficients satisfy 2A: + 2 relations (40). 
These 2A; + 2 relations give (2k + 2)p homogeneous linear equations in the 
a^s and Vs, And the linear equations divide into p systems ol2k + 2 equations 
each. One of the systems contains 2A; + 1 unknowns and the other p — 1 
systems each contain 2k 2 unknowns. None of these systems have non- 
trivial solutions for the determinants of the coefficients are composed of columns 
of binomial coefficients which we proved, in the proof of Theorem 10 to be non- 
vanishing. Hence our assumption is false. 

Second, assume that the sequences have an order of rate of convergence 
2A; + 1, then the* a's and the Vs must satisfy 2A; + 1 relations (40). These 
2k \ relations give p systems of homogeneous linear equations (41) and (42). 
One system contains 2A; + 1 unknowns and the other p ~ 1 systems contain 
2/: + 2 unknowns each. The solutions of the first system must all be zero, 
while each of the other p — 1 systems may be solved for 2A: 1 of their un- 

knowns in terms of on<» of the others, for again, all determinants of the coefficients 
arc different from zero. 

We construct a matrix of 2(^' + 1) columns and (2k + l)(p — 1) rows, from 
the coefficients of the p ~ 1 systems of equations, where the coefficients of a^\ 
lie in the same column (i = 1, p + 1, • • • , A;p + 1) and 


the coefficients • • • , bi+p-i0^ lie 


in the same column (I = 0, p, 2p, 


• • • , kp). That is, the matrix 


1 1 

1 1 

1 

1 

» (!; 

(0 Ct') - 

CO 


0 0 

fe) (’’i') •• 

ik) 

■) 

1 1 

1 1 • • • 

1 

1 

c) c: 

erocto- 

+ 1 

) 

0 il) (%t‘) - 

(kp + 1 

V 2k 

) (‘'aO 

1 1 

1 1 

1 

1 

CtOCt 


+ l)p - 

- 2^ + l)p — 

/p-2\/p- 

\ 2k J\ 2k 


(ik + l)p - 

C 2k 

1 

+ 

1 
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Since the binomial coefficients obey the law 

any one of the rows of this matrix is linearly dependent upon the first 2A; + 1 
rows. Hence the rank of the matrix is 2A; + 1. 

This tells us that if we solve the first system of equations for 2A; + 1 of the 
unknowns in terms of a* that the second set of equations has the same solutions 
where the subscripts are increased by one, and so on. If we solve p — 1 sys- 
tems of equations in terms of ajbp+i , akp +2 , • • • , ack+Dp-i respectively, then the 
given equation (38) takes the form 

Q 

P_1 

<hiSn) Clkp+iSn ^ 


nr 


(43) 


_ <t>i(Sn) 

<h{Sny 


where <t>i(Sn) and <A 2 (Sn) are of degrees kp + I and kp respectively. Since the 
equation (43) is unique, our proof is complete. q.e.d. 

The two previous theorems have dealt only with difference equations with 
constant coefficients. In the following theorem we assume that the coefficients 
are polynomials in n. 

Theorem 12. There exists some first order difference equations with constant 
coefficients that define rational sequences which converge to where is irra- 
tional ( j = 1, 2, • • , p — 1) more rapidly than the sequences defined by any first 
order difference equation whose coefficients are polynomials in n. 

Proof. If the difference equation 

23 53 0,i,S’n 

(44) 

En*E biiS’n 

i -0 ;-0 

defines sequences which converge to witli an order of convergence X, then 

2 =0 (t * 0, 1, • • • , i) 

S H- = 0 (i = 0, 1, . . . , 0 

jm,0 

(45) — 

%{r- 

+ (r - l) “0, (*• » 0, 1, • • • , i). 
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When Z = 0 we know' from the previous theorems that there is a maximum order 
X for the rate of convergence for the sequences. That is, the number of rela- 
tions for the determination of Ooy and 6o; cannot exceed X. The relations (45) 
are similar for all values of i. Hence when Z > 0, the number of such relations 
cannot exceed X, without all a*, and 6,/ vanishing. 

When g = A:p we know, after Theorem 10 that X = 2k, Each of these 2k 
relations (45) gives, for each i, q linear homogeneous equations on the coeffi- 
cients. Since the relations are the sam(5 for all z, when the last system of equa- 
tions are solved in terms of a.v (^ = 0, 1 , • • • , Z) (45) reduces to 

i 

(^n) ^ ^ dir 

Cl »— 0 

= 1 

<f>2 (^n) ^ ^ n ' dir 
<-0 


or 


iSn+l = 


01 (Sn) 


02 (Sn) * 

where 0 i and 02 are polynomials Ls Sn with constant coefficients. 

When g = (A; 4- l)p — 1, then as in the proof of Theorem 11 for Z = 0 

p_i 

03 (5n) ClOkjH-j 

o /— 0 

*»+l —1 

MSn) Z ao*p+,sir‘ 

7-0 


are similar for all i 

<t>As.) E Z 

_ t-O 7-0 

-A4(-s,)Z Zo.*^,s’r* 

7-0 

or 

where ^ and <tn arc polynomials with constant coefficients. q.£.d. 

Example;: When k = I, the first order difference equation of p*** degree w'hose 
sequences converge most rapidly to 0'^", wheiv 0 is rational and 0^'’’ is irrational 
(i = 1, 2, • . . , p - 1), is 

(46) pSn+iSr* - (P - O-S: -0 = 0 
and the one of (p + 1)** degree is 

(47) (p + l)Sn+iS!; - (p - l)sr‘ + (P - l)/3-S»+. - (P + l)Sw3 = 0. 


and since the relations (45) 
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The sequences defined by (46) have an order of convergence 2 and those 
defined by (47) have an order of convergence 3. 

It is interesting to note that equation (46) is Newton* s algorithm for the ap- 
proximation of 

6. Approximation of In practical work it is often valuable to know an 

upper bound for the error of a given term of a sequence, i.o., an upper bound 
for the difference between a term and the limit of the sequence, or in other 
words, if the terms of the sequence are written in decimal form it is important 
to know a means of asserting that a given term of the sequence is correct to at 
least R decimal places. 

Theorem 13. If a sequence approaches the real number such that when 
I Sn — I = € then I Sn-fi — I ^ Cc*, where C is a constant independent of e, 
(i.e. the sequence has an order of convergence k) and ifj e is so small that 
2Ct < €, and if the. first i decimal places of the two consecutive terms of the sequence 
are the same, (i > 0) ; then, the second of the terms cannot differ from P^^^ by as 
much as 2*(10)"’*’C. And when C < (10)*^ the second of the terms is correct to 
ki — y — k/3 decimal places. 

Proof. Let €n denote the error of Sn . Since Cct”* < 

< 2€n I 1 — | 

= 2 1 €n - C€* I ^ 2 1 1 Sn - P^^^ 1 - I Sn+1 - P^^^ \ \ ^ 2 \ Sn ^ Sn+1 |. 

Now 

I Sn - Sn^l I < il0r\ 

hence 

€n+l ^ < C2*(10)-"\ 

And when 

C < 10' 

*„+, < 2*(10)^*’’ < 

Therefore, 5n+i is correct to at least ki — j — k/3 decimal places. 

Example: Consider the sequences defined by (27). For this equation A; = 2, 
I C I < 1 therefore i = 0. For the sequence with initial condition So = 1, Ss 
and Si differ only in the sixth decimal place, hence Si is correct to 9 decimal 
places. By the same method of calculation Ss is correct to 21 decimal places. 

Although it is possible to set up a difference equation whose sequences con- 
verge as rapidly as one desired, there seems to be less calculation in the approxi- 
mation of an irrational number P^'^ if the sequences are defined by the simple 
difference equation (46) Newton* s algorithm, which may be written in the form 


( 48 ) 


o -- c _i. ^ 

On+l — On i -j— j . 

V pSl 
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We know that the order of rate of convergence of its sequences is 2. Now let 
us determine its region of strong convergence. 

Theorem 14. If > 0, the sequences defined by (48) converge to for 
all positive initial values So . Moreover, they approach monotonically when 
the initial values are > 

Proof. The transformation equation is 

p(Sn+l + (Sn + - (P ~ 1 (Sn + ~ ^ = 0 


or 



- 0l 

pSniSn + 1 


For positive values of Sn the expression in the brackets is > 0 and <1 — 1 /p. 
Therefore, the sequences Sn decrease monotonically to zero for initial values 
So > 0. This is equivalent to the statement that all sequences {Sn} of (48) 
determined by initial conditions > converge monotonically to Hence 

the second part of the theorem is true. 

IfO < -S„ < iS’"’, then ,S„+, - = (1/p) { -S„ + > 0, so that Sn+i > 

Sn . Hence, either the sequence { Sn } is monotone increasing tending to a limit 
g or some term of the sequence is greater than and from this term on the 
sequence decreases monotonically to In the first case the sequence cannot 
approach a limit K, 0 < K < for the only finite limits for the sequence are 
13^^^ and — since the limit of the difference equation is So = p. Hence our 
proof is complete. q.e.d. 

Since irrational numbers of the form are usually accurately computed by 
means of a binomial series, it is interesting to compare the rate of convergence 
of the sequence of partial sums of a binomial series with that of a sequence 
defined by a diflf(n’ence equation. 

Theorem 15. A sequence of partial sums of a binomial series cannot con^ 
verge to with a order of convergence 2. 

Proof. Case I. Positive term series, (1 — 1/a)^ = l+6i + 52+** + 
i>n + • • • . Assume that the theorem is false, then the sequence of partial sums 
has an order of rate of convergence 2; i.e. if 

- Sn == €n and — iS„+i = €„+i then < Cc* , 


where C is a constant independent of €n . For a rapidly convergent series 
hfi+i/hn < r < 1 for n > no . The error €„ of the partial sum Sn is less than 


bn 



and is greater than 6„+i . 


Therefore 
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Therefore, if the theorem is false, 


or 


(40(^r<«cy.-(r~)‘ 


a - n) 1 
(n + 1) a 


< C 


?a- 1) q - n + 1) 
n\ 


ii(. 



This last inequality cannot hold for all n, if a > 1. But, since the series is 
convergent, a > 1. Hence we have a contradiction. 

Case II. Alternating series. (1 + l/o)^ = 1 — + 62 — fcs + • • • • 

Again assume the theorem is false. The error €« is less than and is greater 
than 6n+i — hn +2 • So 

Kn + z)®" “ (. + 3)0^1 ~ ^ 

Therefore if the theroem is false 



< C 


' Y(-~y 

,n + 1/ Vo”^V 




This last inequality cannot hold for all n, for the left member approaches a 
constant greater than zero, (a 9 ^ 1), and the right member approaches zero 
since it is a term of the series. Therefore we have a contradiction. q.e.d. 

Corollary: There are sequences defined by the difference equation (48) which 
converge more rapidly to than the sequence of partial sums of any binomial 
series. 


University of Maryland 
College Park, Maryland 


REFERENCES 

(1) S. Lattes, *^Sur les suites r^currentes non Iin6aire8 et sur Ics fonctions generatrices 

de ces suites,'' Ann, Fac, Sc. Toulouse (3), 3 (1911), pp. 73-124. 

(2) J. Horn, “Zur Theorie der nicht linearen Differential- und Differenzengleichungen," 

J, far Math. 141, (1912), pp. 182-216. ‘ 

(3) O. Perron, ‘‘Uber Stabilitat und asymptotisches Verhalten der Losungen eines Systems 

endlicher Differenzengleichungen," J. fur Math, 161, (1929), pp. 41-64. 

(4) E. Schrdder, "Dber unendlich viele Algorithmen zur Aufl5sung der Gleichungen," 

Maih. Ann, 2, (1870), pp. 317-366. 



Annals of Hathnhatics 
Vol. 42, No. 1, January, 1041 


SOME GENERAL APPROXIMATION THEOREMS 


By Lawrence M. Graves 
(Received February 3, 1940) 

1. Introduction. In this paper comparatively simple proofs are given for 
some general theorems on the approximation of a given function by ‘‘smoother” 
functions. Well known theorems on approximation by polynomials, by trigo- 
nometric sums, and by integral means are special cases. The proofs, given in 
Section 3, are so formulated that there is little more complication in the case 
of functions of m variables than in the case of functions of one variable. 
Theorems on the term-by-term integration and differentiation of the approximat- 
ing sequence are included. In Section 4 certain cases of iteration of the ap- 
proximating transformations are considered. In Section 5 it is shown that 
when the given function is continuous and vanishes on a closed point set 
certain types of approximating functions may be required to vanish on a neigh- 
borhood of E while possessing as many continuous derivatives as may be derived. 

Let A denote the interval 0 g g a»* , (i == 1, • • , m), of m-dimensional 
space, and let B denote the interval —a» ^ x» g Ui . Let {Qn(x)} be an in- 
finite sequence of bounded measurable functions defined on B and let (kn) be 
an infinite sequence of positive numbers. Then if f(x) is a function defined 
and integrable on we may set 


( 1 : 1 ) 


Pn(.x;f) = kn jj{z)Qn{z - x) dz 

= kn / f(z)Qn{z — x)dz„- • dzi. 

Jo Jo 


It is observed at once that if the function Qn{x) is of class on B then Pn is 
of class on A , and if Qn(x) is a polynomial so is Pn . For the most part 
we shall wish to assume that the numbers kn are related to the functions 
by the formula 


(A) 


\/kn = f Qn(x)dx = f ... [ QndXyn ••• dXi . 

Jb J—ai J-Om 


Interesting examples of sequences Qn(x) are: 

(i) QnCa:) = [1 - L with 2 o! ^ 1 ; 




(ii) Qn(x) = n (1 “ **)"> with Of S 1 ; 

% 

(iii) Qn{x) = ! with o, g t/ 2; 
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(iv) Qn(z) =* 1 for 1*<1 ^ 1/n, Qn(x) =» 0 elsewhere; 

(v) Qn(x) = ^ (1/n* — X*)* for |*il ^ 1/n, Q»(x) ** 0 elsewhere. 

In examples (i) and (ii) the polynomials Pn(x) related to a function /by formula 
(1:1) are frequently called Stieltjes polynomials. In example (iii) we obtain 
trigonometric polynomials P»(x). In example (iv) the functions Pn(x) are 
integral means of f(x) over hyper-cubes. 

We shall wish to consider the following properties which sequences (0») 
and (k„) may possess. We let S, denote the interior of the sphere with center 
at the origin and radius c. 

(B) Each Qn(x) is bounded and measurable and non-negative on the domain B, 
and positive on a subset of B of positive measure. 

(C) For every « > 0, lim* knQn(x) = 0 uniformly on B — S, . 

(D) Each Q„ is of class on B. 

(E) //«„ denotes a partial derivative of Q„ , of total order less than r, then for 
every e > 0, limn knRn(x) = 0 uniformly on B — S*. 

When the numbers kn are given by formula (A), examples (i), (ii) and (iii) 
possess all these properties, and so does example {v) for n > Ur sufficiently great. 
Example (iv) has properties (B) and (C). To verify property (E) for example 
(i), we notice that if Rn is a derivative of Qn of order M) then Rn is 0[n'‘(l — 
€^1 uniformly on B — Also, with 8 = 

l/kn ^ f [1 ~ Yix]Ydx ^ f [1 - l/nTdx = 6n"^''[l - l/nf, 

where b is a properly chosen constant, so that kn is 0(n"*''^). 

In case the function /is originally defined only on a subset Ao of A, its domain 
of definition may be extended to be the whole of A in a variety of ways. If 
Ao is the interval b,- ^ a*, ^ c, , we may set 


( 1 : 2 ) 


f(xi , X 2 , • • • , a;^.) = /(b, , Xj , • • • , x«.), 

(0 ^ Xi < bi , hi ^ Xi S Ci , 2 = 2, • . . , m), 


and so on until the extension is completed. With this extension the properties 
of continuity, of m-tuple absolute continuity, and of satisfying a Lipschitz con- 
dition are all preserved. In place of (1:2) we might use 

(1 *3) fi^l 9 1 * ’ * y Xm) ~ /*(2bl Xi , X 2 , • • • , Xm)- 

This extension preserves also the property of absolute continuity in the sense 
on Tonelli. If / is integrable on a measurable subset Ao of A, we may set 
/ = 0 on the complement of Ao . For an extension preserving uniform con- 
tinuity or a Lipschitz condition when Ao is an arbitrary subset of A, the reader 
is referred to McShane^ [10] or Whitney [11, p. 63, footnote). When / is of 


^ Numbers in brackets refer to the bibliography at the end. 



SOME GENERAL APPROXIMATION THEOREMS 


283 


class C*'* (in a suitable sense) on a closed set , an extension preserving this 
property has been given by Whitney [11], A simpler method of extension 
applicable in special cases has been devised by Hestenes, but is not yet published. 

We shall find it convenient throughout the proofs to set / = 0 outside the 
interval A. Then by making the change of variables 2 ,- == a:,- + e, we find that 
for x in A the formula (1:1) may be written 

(1 :4) P»(x; /) = fc« / /(x + e)Q.(e) dv. 

2. Preliminary lemmas. The class of all measurable functions / such that 
I /I** is integrable on A is denoted as usual by for 1 ^ p < oo. For this 
class set 

( 2 : 1 ) = 

We make the convention that denotes the class of essentially bounded and 
measurable functions, and for this class denote by H/IL the essential upper 
bound of \f(x) | on ^4. Then if p + Q = pq (q — ^ when p = 1) we have 
the Holder inequality 

(2:2) \j f(x)g(x)dx ^ H/IU-H gll, 

I Ja 

holding when / is in and g is in and the triangle inequality^ 

(2:3) \\f + 9\\p^\\f\\p+\\g\\. 

holding when / and g are both in 
We shall have need for two lemmas, which are readily proved. 

Lemma 1. Letf{x) be in //, (1 ^ p < oo), and setfk{x) = f{x + h). Then 
II A / Up approaches zero with h. 

To prove this note that by the triangle inequality (2:3), H A — / l|p ^ li /i* “** 
A Up + ll/u - A lIpWhon/ = A + A>and HA “/Up ^ 2 \\f\\p. From these 
inequalities it follows that the class E of functions / for which the conclusion 
of the lemma holds is linear and closed in V. The class E obviously contains 
the characteristic functions of sub-intervals of A. The class of all linear 
combinations of such characteristic functions is dense’ on U, and hence E = U. 

Lemma 2. If f{x) is in (1 ^ p ^ oo), on A, then f{x + v) as a function 
of 2m variables^ x in A and v in Bj is also in 
To prove this we note first that if a set E is closed in Ay then the set E* of 
points (x, v) of the product space AB for which x + v is in ^ is likewise closed 

* See, e.g., Hobson [8], vol. I, p. 588. 

• See, e.g., Hobson [8], vol. II, p. 251. 

^ Compare Cinquini [6], pp. 59-62. 
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in AB. Consequently if is open in A, .E* is open in AB. If is an interval 
with measure itE, then E* has measui*e 

(2:4) = 

Since every open set may be represented as a sum of non-overlapping closed 
intervals, it follows that (2:4) holds for sets E open in A, and hence for sets 
E closed in A. By applying the criterion that a set E is measurable if and 
only if for every € > 0 there exists a closed set Ei and an open set ^2 such that 
EiC E CZ Ez and n{Ei — Ei) < e, we see that when E is measurable E* is also 
measurable, and (2:4) still holds. Hence /(a; -t- v) is measurable on AB. Let 
jir(*) = I f(^) I where | f(z) | ^ N, fnix) = N where | f(x) | > N. Then 

f f l//f(x + v)rdvdx = f f lfn(v)Vdvdx 
Ja Jb ^a •'a 

= / [^(«^)rdt;.n«*^ f imi^dv-Uoi. 

•'A ft Ja 

This with Fubini’s theorem® implies the desired conclusion. 

3. The general approximation theorems. For the sake of completeness, we 
include the following theorem, whose proof is an immediate extension of that 
given by Landau [1]. 

Theorem 1. Suppose the sequences (Q») and (kn) have properties (^4), (fi), and 
(C), Let Ao be a closed set interior to A, and suppose that f(x) is bounded and 
measurable on A, and continuous at the points of .4o . Then Pn{^) converges 
uniformly to f(x) on Ao . 

Let a > 0 be the minimum distance from Ao to the boundary of A, For an 
arbitrary 5 > 0 there exists a positive e < a such that 

(3:1) l/(x + v) -/(*) i < « 

whenever a: is in do and < e*. Now from formula (1:4) and property 

(d) we have 

I Pn(x) - fix) I = fcn I f [fix + V)- fix)] Q„iv) dv 

(3:2) ^ kn f [fix + v) - fix) 1 Qniv) dv 

Ja, 

+ kn f {[fix + «) I + l/(x) |]Q«(t') dv. 

The first term on the right is less than d for x in Ao by (3:1) and properties 
(A) and (J5), and the second term approaches zero with 1/n uniformly in x, 
by property (C). 

‘ Saks [9], p. 77, Hobson [8], vol. 1, p. 677. 
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Theorem 2. Suppose the sequences (Q,) and (A:„) have properties {A), (B), 
and (C). Letf(x) be in L”, (1 ^ p < «). Then 

(a) lim„ f I Pn(x) - fix) = 0; 

(b) a subsequence Pniix) converges to f{x) almost everywhere on A ] 

(c) the integrals / ] Pn{x) dx are equi-absolutely continuous] 

(d) if M is the esseritial upper bound of \f{x) j, then | Pn(a:) | ^ M on A] 

(e) if g{x) is in + g = 1 S P S '^)y 

limn [ I g(x) 1 1 Pn(x) - fix) \dx = 0. 

By the use of the first equality in (3:2) and the Holder inequality we have 

I Pnix) - fix) 1" = fcd / [fix + v) - fix)]Q„iv) dv ! 

I •'fl I 

g K I \fix + - fix )\ " QM dv [ £ Q„iv) 

= k„ f [fix + v) - fix) |’’Q«(») dv. 

From this by I^emma 2 and Fubini^s theorem on interchange of order of integra- 
tion w^e obtain 

f I Pnix) ~ fix) l^dx^kn f f Ifix + v) -- fix) l^QM dxdv 
Ja Jb Ja 

= fcn f f \fix + v) - fix) dxQniv)dv 
J'a, Ja ■' 'I ' - 

+ f f Ifix + v) - fix) l^dxQniv) dv. 

•'if 

The first term on the right converges to zero with €, uniformly with respect to n, 
by Lemma 1 and properties (A) and (B). The second term converges to zero 
wdth 1/n for each €, by property (C). This proves part (a) of the conclusion. 
Part (b) is a consequence of (a)/ Part (c) follow\s by simple arguments from 
the triangle inequality 

[ £ I p„ix) l^dxj" ^ [/j PnM - m I'rfa:]*"’ + [/^ [fix) I'dxJ", 
part (a), and the absolute continuity of j lP„(x)|’’dx and j |/(x)l’’dx. 


• See Hobson [81, vol. II, pp. 239-45. 
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Part (d) is an immediate consequence of (1:4). In case p is finite, part (e) 
follows at once from the Hdlder inequality and part (a). In case / is bounded 
and g merely integrablc, we may make an indirect proof, supposing that 

lim sup I g{x) 1 1 Pnix) — f(x) | dx = j8 > 0. 

Then for a properly selected subsequence (Pn/) we have 

lim f I g(x) 1 1 P«,(x) - f(x) 1 dx = /9, 

lim Pnfix) = f{x) almost everywhere, 

I g(x) ||Pn/(^) — f{x) I ^ 2M I g{x) | almost everywhere. 

This leads to a contradiction with the theorem on term-by-term integration for 
Lebesgue integrals. 

Lemma 3. Suppose that the sequences (Qn) und {kn) have properties (C) and (D) 
vrith r ^ 1. Let f(x) be absolutely continuous in Xi for almost all (x 2 , ' • • , Xm), 
and let f and the partial derivative u be integrable on A. Suppose also that 
/(O, x,,...,x„) is integrable. Let Ao be a closed set interior to A, Then 
lim. I Pn(x‘,fx^) - Pmi(x;f) 1 = 0 uniformly in At , . 

Since the functions are of class C', differentiation under the integral sign 
is permissible in formula (1 : 1), and we have 

Pmiix’jf) = -kn f /(2)Qn.,(2 “ x) dz. 


Hence by Fubini’s theorem and the absolute continuity of / in Xi we have 
P«(*;/„) - Pnziix;/) = kn j [f*i{z)Qn(.z - x) +fiz)Qn,i{z - x)] <k 


(3:3) 


Also 


= k, r‘ • • . f" [/(2 )q»( 2 - x)]:i:s‘ d2» . . • dz,. 

Jo Jo 


f f*,(x)dx = [ . • . [/(x)]*{i;* dx„ dxt, 

^A Jo Jo 

so that the integrability of /(O, x* , • • • , Xm) implies that of /(oi , X 2 , • • • , Xm). 
Thus (3:3) with property (C) justifies the desired conclusion. 

Let us recall that a function /(xi • • • Xm) of several variables is absolutely con- 
tinuous on A in the sense of Tonelli in case it is continuous in (xi , • • • , x„), 
absolutely continuous in each x,- for almost all values of the remaining variables, 
and each partial derivative /*,. is integrable on A . 

Theorem 3. Suppose the sequences (Q„) and {k„) have properties (A), (B), (C), 
and (D) for r ^ 1. Letf{x) be absolutely continuous in the sense of Tonelli, and 
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Ui the 'partial derivative Jxi he in L**, (1 ^ p < <»). Lei i4o he a closed set interior 
to A. Then 

(a) limn [ I Pn»i(x) - fxi(x) = 0; 

•'^0 

(b) a subsequence of (Pnxi) converges tofz. almost everywhere on A ; 

(c) for E CZ Ao , the integrals I [ Pnxi(x) dx are equi-ahsolutely continuous; 

Jb 

(d) if f satisfies a Lipschitz condition on A, the partial derivatives Pn»< are uni- 
formly hounded on Aq ; 

(e) if fxi is continuous at the points of Aq , the sequence (Pnxi) converges to /*< 
uniformly on Aq \ 

(f) if g{x) is in L^{p + q pq,\ ^ p S <»), 


limn f I g(x) 1 I Pnxi(x) - fxi(x) | dx = 0. 


To prove part (a) we use the triangle inequality 


[ L ' -\_lj r dxY 

+ [/^JPn,.(x;/) - P.{x;U) 


The first term on the right approaches zero by Theorem 2 with / replaced by/,. , 
and the second term approaches zero by Lemma 3. To prove (b) we may con- 
sider a sequence of closed intervals Aq interior to A but with boundaries ap- 
proaching the boundary of A. The existence of the desired subsequence 
converging almost everywhere on A is then secured by the well-known diagonal 
method. Parts (c) and (f) follow from (a) as in the proof of Theorem 2. Part 
(d) follows from Theorem 2 and Lemma 3, and part (e) from Theorem 1 and 
Lemma 3. 

Theorem 4. Let the sequences (Qn) and (kn) have properties (A), (B), (C), and 
(D) and (E) for r ^ m. Suppose thatf{x) is absolutely continuous in the set of 
variables (xi , • • • , Xm), and in addition that when one or more of the variables Xi 
is set equal to zero f(x) is absolutely continuous in tlu' remaining set of variables. 
Let t{x) denote a partial derivative of f{x) in which the derivative with respect to 
any one variable Xi occurs to at most the first orders and let Tn(x) denote the corre- 
sponding partial derivative of Pn{x). Let tix) be in //, (1 ^ p < «>), and let 
Ao be a closed set interior to A . Then 

(a) limn [ I Tn(x) - t(x) l^dx == 0; 

Jaq 

(b) a subsequence of (Tn) converges to t almost everywhere on A ; 

(c) for E d Aq the integrals / | Tn{x) f dx are equi-absolutely continuous; 


^ That is, m-tuply absolutely continuous. 
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(d) if t is hounded on A, the sequence (Tn) is uniformly bounded on Ao ; 

(e) if t is continuous at the points of 4© , the sequence (Tn) converges to t uni- 
formly on Ao . 

(f) the functions Pn{x) are equi-absolutely continuous in the set of variables 
(xi , • • • , Xnd on Ao , 

We shall carry through the proof for the case of two independent variables. 
The method of extending the proof to other cases and of obtaining various 
modifications of Theorem 4 will then be apparent. The hypothesis on the 
function f{xi , 0 : 2 ) implies that it may be represented in the form 

f(xi, Xi) = /(O, 0) + ( /,,(*!, 0) dxi 
Jo 

pXf 4*X2 pXi 

+ / Xi) dXi+ I dXi dxi. 

Jo Jo Jo 

It is easily seen that the hypotheses of Theorem 3 are verified, so that the 
desired properties of Pnxi and Pnx, follow from that theorem. Now the hypothe- 
ses of Lemma 3 are verified with / replaced by , so that 

(3:4) lim [ P„(x;/x,„) - P„x,(x,7x,) | = 0 

n 

uniformly on /4o • Also the hypotheses of Lemma 3 are verified with Qn replaced 
by R„ - Qn ., . Now 

Pn*,(x;/*,) = fCn fjxtiz)Rn(e - x) dz 

so that by Lemma 3, 

(3:5) lim | P»x,(x;/„) - P,«,,,(x;/) 1 = 0 

n 

uniformly on Ao . Combining (3:4) and (3:5) we have 
lim I Pn(^j/r 2 *i) ^ n»i»j(^j/) | ~ 0 

n 

uniformly on Ao . From this and Theorems 2 and 1 the conclusions of the 
theorem for t{x) = then follow as in the proof of Theorem 3. The final 
conclusion (f) follows at once from (c) with p = 1 and Tnix) = P.*,*, . 

4. Iteration of the approximating transformations. In the preceding dis- 
cussion we have considered the linear transformations PnCf) given by formula 
(1:1), which transform certain normed linear spaces 7 = [)] into subsets of 
themselves. In certain cases these transformations are also equi-continuous, 
that is, there e:id8t8 a constant M such that 

II P,(/) li ll/ll 


( 4 : 1 ) 
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for every n and every / in 5F. They may also have the property that 
(4:2) limllP„(/) -/II =0 

for every / in tf. When the sequence (P») has the properties (4:1) and (4:2) 
and (Kn) is another sequence of transformations, not necessarily linear, but 
having at least property (4:2) it follows that 

(4:3) limllP,Knf-fll = 0. 

Thus when the transformations K,, are also linear and have property (4: 1), the 
composite transformations KnPn have the same properties (4:1) and (4:2) as 
the factors have. In particular the iterates P* , (,v = 2, 3, • • • ), have prop- 
erties (4:1) and (4:2). 

We now proceed to discuss some cases to which the argument of the preceding 
paragraph is applicable. 

C^asc I. The space fF consists of all functions / continuous on a closed rec- 
tangular region interior to and 1|/|| is the maximum of |/(a*) | on .lo . 
We extend the definition of / over the remainder of A ks indicated by (1:2). 
Then by properties (A) and (B) and the formula (1:4), \[Pn(f) |i ^ 
that (4:i) holds true with ilf = 1. The condition (4:2) holds by Theorem 1. 
Note that before another transformation Kn of the same kind is applied the 
functions Pn(x; /) are to be regarded at first as defined only for j in Ao , and 
then the same extension of definition over the remainder of A is to be used as 
was used for / itself. This procedure seems to be necessary in order that the 
preceding arguments may be validly applied. In examples (iv) and (v) it is 
easily seen that this precaution is unnece.ssary for many applications of the pre- 
ceding result. - 

The iteration of the transformations Pn seems to be of special interest when 
the Pn(/) are the integral means of /, that is, they are defined by the Qn of 
example (iv). For in this case when the function / is of class on the region 
Ao , the transformed function Pn(/) is of class on an arbitrary closed sub- 
region A I interior to Ao , for n sufficiently large, and hence F\{f) is of clasa 
(7^’’^*^ on an arbitrary closed subregion A* interior to Ao , for n sufficiently lai^e. 

Case II. The space JF consists of all functions / defined and of class V, 
(1 g p < Qo), on a fixed measurable subset Ao of ^1* and 

\\f\\=[fjf\rdxT. 

In this case we agree to set / = 0 on the complement of Ao . Then by the 
same argument as that used at the beginning of the proof of Theorem 2, we find 

f \Pn(x)rdX^knf [ \f(x+v)rdxQn(v)dv^Kf \\ f \\^ Qn{v) dv ^ \\ f , 

Ja •'b Ja Jr 

so that (4:1) holds, again with 3f = 1. Theorem 2 yields the property (4-^3). 
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If we take Ao to be the whole of A and the transformations P»{f) to be the 
integral means of /, the iterated transformations P\ yield approximating func- 
tions of class at least on an arbitrary closed subregion Ai interior to A, 
for n sufficiently large. 

Case III. The space 7 consists of all functions / absolutely continuous in 
the sense of Tonelli on a closed interval At> interior to ^4, and 

II / II = maximum (j /(x) |, / | /., 1 dx} • 

i*«l, • • • , m 

We extend the definition of / over A as indicated by (1:3), and let M denote a 
constant sufficiently large to satisfy all the conditions imposed on it. As in 
case I we find | P»(x; /) | ^ ||/ 1|, and as in the proof of Lemma 3 we obtain 


/ |Pn.,(x;/) -P„(x;/..)|dx 

= knf \ r . . f" [/(2)Q„(2 - d2, . . . d22 

(4:4) •'aoIJ# Jo 


dx 


^ kn 11/11 f r*- • • r - *) 1“"“' + I'*"*! 

Jq Jq 


/»<*! /•<*!» 

•^A Jq Jq 
^2||/|l.a,...o«gMll/ll/2. 
By case II we have 


/ 1 p«(*;/.,) I dx ^ / I /,, I dx g iif II / 11/2, 

•'Xo ■'x 

and combining this inequality with (4:4) (with xi replaced by x,), yields 

/ |Pn*,(x;/)ldxgM||/l|, 

Ja, 

SO that (4:1) holds. The condition (4:2) follows from Theorems 1 and 3. We 
note that in this case example (iv) must be ruled out, since it does not satisfy 
the hypotheses of Theorem 3. 

In case the function / satisfies a Lipschitz condition, and L{f) denotes the 
minimum Lipschitz constant for / on the interv'al Ao , it follows from the proofs 
of Lemma 3 and Theorem 3 that there is a constant M such that 


(4:5) L{P„(J)) ^ M[L(f) 4- max l/(x) 1]. 

If (Kn) is another sequence of transformations having property (4:5) and such 
that I Kn(x;f) | ^ M-max |/(x) |, then 

L(PJC^ ^ M%(f) + 2 max I /(x) |], 

so that the double sequence of functions PqKnf satisfies for each / a uniform 
Lipschitz condition. 
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0. Appr oximating functioiis vanishi n g where / vanishes.* In this section we 
suppose that the function /is continuous on the closed interval Ao interior to A, 
and vanishes on the closed set Aiin Ao. We may agree to extend the domain 
of definition of / to be the whole of A by the method indicated in (1:2) or by 
that indicated in (1:3). Consider the sequence of transformations Kn defined 
as follows: 


Kn{x;f) = fix) - 1/n where /(x) 1 1/n, 

= fix) + l/» where /(x) g —1/n, 

= 0 where —1/n ^ fix) ^ 1/n. 

Let the transformations Pn correspond to the Q» of example (v). Then for each 
n there is an integer g„ sufficiently great so that the function PqJC,f vanishes 
on a neighborhood of the set Ai , and is of class C*'* on A. 

In case I of Section 4 we find that the Kn satisfy (4:2) so that 

(5:1) \\m\\PqKnf-f\\=0, 

ft 

(5:2) limllP,.Ji:j-/ll =0. 

n 

In case III, where the function / is supposed to be absolutely continuous in 
the sense of Tonelli, we consider first the case when / ^ 0. Then each partial 
derivative /.i vanishes wherever it exists on the set where / vanishes. Thus 
Knxi = fxi almost everywhere on the set where/ = 0 and almost everywhere on 
the set where / > 1/n, and 1 Knxi 1 ^ l/r< 1, limn Knxi = /x. almost ever^^where. 
Since each function absolutely continuous in the sense of Tonelli is representable 
in a standard way as the difference of two non-negative functions having the 
same property, we find 

lim f I Knxi(x;f) - fxi(x) | rfj = 0, 

n •'Ao 

so that (4:2) holds in this case also. Consequently we obtain (5:1) and (5:2) 
for this case, by the results of Section 4. 

When the function / satisfies a Lipschitz condition, the transformed functions 
Knf obviously satisfy the same Lipschitz condition, and hence by the last para- 
graph of Section 4 the functions P^„/ satisfy a uniform Lipschitz condition. 
The results of this section show that the following theorem is valid. 
Theorem 5. Let f{x) be continmus on a bounded closed set .4o , and vanish 
on a set Ai d *4o . Then there exists a sequence of functions ^„( j), each of class 
on the whole space and vanishing on a neighborhood of the set Ai , such that 
limn <pn{^) = /(^) uniformly on Aq . In case the set .4o is an interval and the 


* Cf. Reid [12], p. 859. 
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function f u absolutely continuQus in the sense of Tonelli, the sequence {tp^ may 
he required^ to satisfy also the condition that 

lim / I <l>nxi - fx, I dx = 0. 

n •'An 

) 

When the function f satisfies a Lipschitz condition on the set -4o , the functions 
may be required to satisfy also a uniform Lipschitz condition on Aq , 

Note that the last statement is valid when the set ilo is an arbitrary bounded 
set, since a Lipschitz function may have its domain of definition extended over 
the whole of space without losing that property. 

The University op Chicago. 
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1. Introduction. It is the object of this paper to introduce several new 
Tauberian classes and to discuss their relations to each other and to various 
Tauberian classes which have been previously considered. 

As the title indicates, our interest lies in Tauberian conditions themselves 
rather than in Tauberian theorems involving them. In order that our discus- 
sion of Tauberian theorems may be as free as possible from complications which 
would draw attention from the Tauberian conditions, we consider in this paper 
only Tauberian theorems for the Ci (CVsItro of order 1, or arithmetic mean) 
method of summability. That the fundamental Fourier transform method of 
Wiener^ can be applied to give general Tauberian theorems for the classes 
T, T*j Tp , and T* which we shall define is shown by a paper of H. R. Pitt to 
which we refer in §10. It is probable? that the methods of Wiener and Pitt 
appl}" also to the more general classes Tg of §11. Each of the classic Ci Tau- 
berian theorems to which we refer in §2 is a corollary of Theorem 9.1. 

2. Classic Tauberian theorems. Let wi + + • • • be a series (convergent 

or divergent) of complex terms, and let 

n ^ n 

~ > O’ n ~ Sjk n ~ l-;^^ * * * 

n fc-1 

be respectively the sequence of partial sums and the Ci transform of Wn . 
An elementary Abelian theorem states that if Sn — ^ s, then <Tn—^s; in other words, 
that Cl is a regular method of summability. That On — > (t docs not imply <r 
is illustrated by the series 22 (*“1)”^* which or„ — ^ Tf, however, an <r 

and the terms of 22 satisfy certain auxiliary Tauberian conditions^ then Sn 
<r. The following, in which T denotes a class of series, is a typical Tauberian 
theorem. 

2.1 // <Tn O’ fl/ld € Ty then Sn ^ a. 

The essential part of the conclusion is that Sn converges; for if it is known 
that Sn converges, then regularity of Ci implies that Sn — > a. 

If T is the class Tc of convergent series, then 2.1 is true but trivial since the 
class T is too small to make 2.1 significant. If T is the union of the class Tc 
and the class Tp of all divergent (non-convergent) series not summable Ci , 
then again 2.1 is obviously tnie; but again the theorem is tribal since the defini- 


‘ Presented to the American Mathematical Society, February 24, 1940. 

* N. Wiener, Tauberian Theorems, Annals of Math., vol. 33 (1932), pp. 1-100. 
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tion of f requires that one know whether «« converges before one can decide 
whether Un satisfies the hypothesis of 2.1. If 2,1 is to be useful, there must 
naturally be some series for which it is easier to determine that ^Un than 
it is to determine whether ^ Un converges. For application to a given series 
2 belonging to some Tauberian class the bt'st theorems are those involving 
r for which it is easiest to show that ^Unef, Those considerations indicate 
that there probably is no single “best^^ Tauberian class which will eventually 
supplant all others. 

A simple Tauberian theorem states that if (r„ — > a and 22 satisfies the 
condition nUn — ► 0 of Tauber^ then Sn <r. A more general Tauberian theorem 
asserts that if an (t and 22 satisfies the condition 7i \un\ < K of Hardy^ 
then Sn cr. A unilateral Tauberian theorem states that if an —> a and 22 
is a real series satisfying the condition nUn < K (or the condition nUn > —K) 
of Landau^ then Sn a. The last theorem was extended by Lukacs® to cover 
complex series, by the next theorem in which S' denotes the set of points in 
the complex plane which lie in a sector with vertical angle less than t. If 
a„ — ♦ a and nUn e S', then Sn a. The conditions min 0, n | Wn | < Ky 
nUn < Ky and nw„ t S' (as well as some conditions of Schmidt w hich we discuss 
in §7) are known as order comiitions. The Tauberian condition of the next 
theorem is know n as a gap condition? If a„ a and Wn = 0 when n 9 ^ n\ y 
n 2 , • • • , where ni < ?i 2 < • • is a sequence of indices for wdiich lim 
infp^gonp+i/np > 1, then > a, ^‘Gap Tauberian theorems^^ such as the 
above have been called® remarkable since there is no order condition on the 
terms . 


* A. Tauber. Ein Satz aus der Theorie der unendlichen Reihen, Monatshefte ftir Mathe- 
matik und Physik, vol. 8 (1897), pp. 273-277. 

^G. H. Hardy, Theorems relating to the summability and convergence of slowly 
oscillating series, Proceedings of the London Mathematical Society, Series 2, vol. 8 (1909), 
pp, 301-320. 

® E. Landau, Uber die Bedeutung einiger neuerer Grenzwertsatze der Herren Hardy 
und Axer, Prace Matematyezno-Fizyezne, vol. 21 (1910), pp. 97-177. See also E. Landau, 
Darstellung und Begrundung einiger neuerer Ergebnisse der Funktionen theorie, 2nd Edi- 
tion, Berlin, 1929. 

* F. Lukacs, Bemerkung zu einem Konvergenzsatze des Herrn Landau, Arch. d. Math, 
u. Phys. (3) 23 (1915), pp. 367-378. For further results and references, see L. S. Bosqnquet 
and M. L. Cartwright, Mathematische Zeitschrift, vol, 37 (1933), pp. 416-423; and N. 
Wiener, ibid., vol. 36 (1933), pp. 787-789. 

^ See Hardy and Littlewood, A further note on the converse of Abel’s theorem, Pro- 
ceedings of the London Mathematical Society, Series 2, vol. 25 (1926), pp. 219-236. This 
fundamental paper removes order conditions from the hypotheses of Tauberian theorems 
due to Landau (1907) and Littlewood (1910). For a recent and brief proof and discussion 
of gap theorems, see A. E. Ingham, On the high-indices theorem of Hardy and Littlewood, 
Quarterly Journal of Math., Oxford Series, vol. 8 (1937), pp. 1-7. 

* For a recent example, see N. Levinson, General Gap Tauberian Theorems I, Proceed- 
ings of the London Mathematical Society, Series 2, vol. 44 (1938), pp. 289-306, p. 289. 
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3. The class T. Let iC be a positive constant, and let 6 be an angle for 

which 0 < < ir/2. Corresponding to each real angle iff, let S(iff) = S(K, 0, iff) 

denote the “sector with vertical angle < t” consisting of all points z of the 
complex plane representable in the form 

■ 2 = - Ke* + 

where p ^ 0 and —O^ip^d. The sector S{iff) has its vertex at the point 
—Ke'*\ the angle at the vertex of the sector is 20-, the half-line bisecting the 
sector passes through the origin and makes an angle iff with the positive real 
axis; and each sector S{iff) may be obtained by rotating the particular sector 
5(0) about the origin. The sectors S{iff) arc special sectors in that the bisectors 
pass through the origin; however if .S' is any sector with vertical angle < t, 
then it is easy to determine K, 0, and if/ so that S' is a subset of S{K, 0, if/). 

Definition 3.1. A series 52 sor'd to belong to class T if K, 0, X, 

and ih , if^t , if/» , • • • exist snrh that K > 0, 0 < 0 < ir/2, X > 1, and, for each 
sufficiently great index k, 

(3.11) nun t Siif/k) = S{K, 0,if/k) k ^ n < Xk. 

The Tauberian condition ni/n t S' of §2 implies that there is a fixed sector 
S' which contains all elements of the sequence nUn ; hence the condition nUn t S' 
may be termed a fixed-sector condition. On the other hand the Tauberian 
condition ^ < T allows diffikrent sectors S to contain different aggregates of 

consecutive elements of the sequence nM„ ; hence the condition ^UntT may 
be termed a variable-sector condition. 

A real .series 52 O" satisfies the fixed-sector condition «(/„ < .S' if and only if 
it satisfies at least one of the two unilateral conditions w«„ < K and nM„ > —K. 
The condition 52 ^ does not imply either of these unilateral conditions. 

In fact it is easy to show that a real series ^ w„ is in class T if and only if X > 0 
and X > 1 exi.st such that for each sufficient!}' great k. say k > ko, either 

(3.12) nv„ < K k ^ n < Xk 

or 

(3.13) nUn > —K k ^ n <Xk. 

The essential point here is that (3.12) may hold for a certain set of values of 
k > ko while (3.13) holds for the remaining values of k > ko . 

4. Some special series in class T. The next two theorems show that if 
^ Un satisfies one of the Tauberian conditions of §2, then ^ m„ e T. 

Theorem 4.1. If nM„ « S', where S' is some sector of the complex plane with 
vertical angle < r, then ^ 

This is obvious since we can choose a sector S(K, 0, if/) such that S' C SiK, 
0, if/) and then take if/k = if/ for each A: = 1, 2, • • • to show that ^UntT. It 
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follows that if ^ u„ satisfies one of the other order conditions of §2, then 
£ «» « 7 ’. 

Theorem 4.2. If th < ih < ■ ■ • is a gap sequence such that 

lini inf Up+i/Up > 1, 

p-*QO 

afid Un = 0 when n 9 ^ fh ^ ti 2 . then ^Un e T. 

Choose X > 1 such that lim inf n^ifup > X, and then choose an index P 
such that 

Mp+i > \np p ^ 

For each k ^ tip there is at most one index n in tlie interval k ^ n < \k for 
which Un 5 ^ 0. We can assume that Un 9 ^ 0 for an infinite set of n for other- 
wise certainly ^ Un € T, For each k == 1,2, .. let yj/k be the amplitude tpn 
of Un = Pn exp iipn wliorc p« > 0, —ir < g tt, and n is the least index such 
that n ^ k and 5^ 0. Then, however K > 0 and 0 < ^ < w/2 are deter- 
mined, the relation 

nun € S(Kj e, tkk) k ^ m < \k 

holds when k ^ kp and accordingly ^ ^ series satisfying the hy- 

pothesis of Theorem 4.2 are gap series with no condition whatever on Un when 
n has one of the values n\ , rn , fh , • • . 

It is possible to generalize Theorem 4.2 in various ways; for example, the 
following theorem is an immediate consequence of Theorems 4.2 and 6.1. 
Theorem 4.3. If ni < ^ is a gap sequence as in Theorem 4.2 and 

n \ Un \ < K 71 7 ^ ni f 712 • 

then T, 

Each series ^ Un satisfying the hypothesis of Theorem 4.3 is representable 
in the form 2^ {Un + Vn) where each one of the sc^ries ^ and 2^ Vn satisfies 
a classic Tauberian condition of §2. That T contains important classes of 
series not so representable is illustrated by the fact that T contains each ordinary 
Dirichlet series with non-negative coefficients. 

Theorem 4.4. If an ^ 0 then 23 e T for each complex z. 

Setting Un = and 2 = x + ip where x and p an? real, we find that nUn = 

An exp i(pn where An = 7ian7r'' S 0 and v?n = —p log n. If 0 < 0 < 7r/2, and 
X > 1 is chosen such that | p | log \ < B, then 

i ~ 1 ^ I P I log X < 0 k ^ n < \k 

and it follows that 23 ^ argunuuit z in the Dirichlet series 

23 is pure imaginary say z = ip, the hypothesis a,, g 0 can be relaxed 
(see Theorem 6.2) to give 

Theorem 4.5. // 23 ^ 53 € T for each real p. 

In pariicular, if a„ is real and < K (or an > --K), then 23 € T for 

each z on the line fRe = 1. 
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It would be possible to mention other interesting subclasses of T; we have 
merely given enough to indicate that Tauberian theorems which are proved 
for the class T have diverse applications. 

6. Characterizations of 2\ The following two quite trivial theorems give 
characterizations of T which are useful in proofs of Tauberian theorems in- 
volving T. 

Theorem 5.1. hi order that ^Un e it in necessary and sufficient that 
K > Oj 0 < 0 < 7r/2, a < 1 < /3, and , ^2 , • • • exist such that for each suffi- 
ciently great index k 

(5.11) nUn € S{yl//c) s S{K, 6^ ^a) ak < n < 0k. 

SuiBScieiicy is obvious. To prove necessity, let ^UneT and choose > 0, 
0 < 0 < ir/2, X > 1, and , ^2 , • •• such that for each sufficiently great k 

(5.12) nUn € S{K, 6y\l/k) k ^ n < }Jc. 

If in (5.12) w^c replace k by k^ — [k\~^^^] and choose a and 0 such that 

(5.13) < a < i < 0 < X"'" 
we find that, for k sufficiently great, 

(5.14) nUn t aS(X, dj ^1*) ak < n < 0k. 

Thus (5.11) holds when ^a is and the theorem is proved. 

Theorem 5.2. In order that ^Un € 2\ it is necessary and sufficient that 
jfiC > 0, 0 < ^ < 7r/2, M < 1 , and , ^2 . • • • exist such that for each sufficiently 
great index k 

(5.21) na„ € S{rl^,) = S{K, 6, ^a) uk < n ^ k. 

Necessity is implied by Theorem 5.1. Proof that (5.21) implies (5.11), and 
hence Wn € T, differs very little from our proof that (5.12) implies (5.11). 

6. Properties of T. The definition 3.1 of T obviously implies that if ^UncT 
and Un = Un for all sufficiently great n, then ^ Un t T. In particular if Wi + 
W2 + wa + • € T, then {ui — A) + th + + • - e T for each complex 

number A . 

It is easy to show’ that if 9iun c T and Aun c T, then ^Un tT; that is, 
that X) belongs to class T if the series of real parts and the series of pure 
imaginary parts belong to the class. However simple examples show’ that 
^Un^T implies neither ^ fHun e T nor ^ Aun € T. The class T is not linear. 
For example, if u'n = ( — 1)'' + 1 and = ( — 1)"* — 1, then X) e T and 
53 n'n € T; but 5Z (wl + Un) t T fails. 

Theorem 6.1. If ^Un^T and n | t’n | < Ki, then X) (wn + Vn) e T. 
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Choose £ > 0, 0 < 9 < x/2, X > 1, and •• • , and an index kft such 

that when k > ko 

(6.11) nun 1 8 (K, 6,yl^k) k ^ n < \k. 

Elementary computation shows that 

(6.12) n(u„ + «;») « S(K + Ki esc 6, ^*) k ^ n < \k, 

and hence that (u* + Vn) « T. 

Theorem 6.2. If ^UntT and , fit , • ■ ■ is a real sequence such that 

(6.21) lim lim sup max | jS* — j3« | =0 

X-^l+ *-*00 ib^fi<X* 

then 2 iPn « T, 

Obtaining (6.11) as above, we have, when k > ko and k ^ n < \k 

(6.22) 

where Pn ^ 0 and \<Pn \ ^ 0 < t/ 2. Choose ^' > 0 such that 0*' ^ 6 + 6* < ir/2. 
Let X be decreased and let ko be increased if necessary so that, when k > ko 
and k ^ n < \ky (6.22) holds and also \fin — Pk\ < If we set = ^* + Pk 
and + /3n — ffk (our notation does not take into account the fact that 

<Pn as well as pn and ipn depend on k) we obtain 

(6.23) 

where Pn S 0 and j 1 ^ \<Pn \ + \ Pn -- Pk\ ^ 0". It can be shown that 
nUn exp iPn e S{K esc 0", ikk) when k > ko and k ^ n < \k and Theorem 
6.2 is proved. 

Theorem 6.3. If ^Un ^ T and ai , 02 , • •• is a hounded sequence of real 
non-negative constants, then ^ anUn c T. 

Obtaining (6.22) as above, we find that 

na„u„ = -Kane**- + anPnC*'**-*"' . 

U K' is the least upper bound of the non-negative numbers Kan , then 

nanUn = -K’e**^ + pU"'^*"'’-) 

where p» ^ 0 and hence 2 « T- 

Theorem 6.3 can be used to show that if 52 w» e T, then each series obtained 
by adjoining or removing a finite set of terms at the beginning of the series is 
also in class 7; if g is a positive integer and one of the two series 

«1 + «4 + «» + • • • 

is in class T, so also is the other 
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7. The class T*. The developments of this section are largely extensions 
of the ideas of “langsam oszillierend” and “langsam abfallende” sequences 
introduced by Schmidt.* 

It is well known that if «„ satisfies the Tauberian condition n | «„ | < K 
then the simple estimate, 

l«. - «p| ^ E 1««| ^ if Z n~‘ 

n-p+1 

^ K (log 9 - log p + 0*) ^ K log (P/a) + o*, 

in which cJc < p < q < and o* — » 0 as A: — ♦ « , shows that the partial sums 
«» of 52 satisfy the Tauberian condition 

(7.01) lim lim sup maximum | s, — Sp | =0. 

Since 

maximum 1 s, — s* | g maximum | s* — «p 1 

k^n<fik cik<p<g<0k 

when a < 1 < d, the condition (7.01) implies that 
(7.011) lim lim sup maximum | «« — s* | =0; 

X-»14- fc-*oo k^n<Xk 

and it is easy to show that (7.011) implies (7.01). 

It is likewise well known that if ^ is a real series satisf3nng the unilateral 
condition nw„ > —K, then a similar computation shows that 

(7.02) lim lim inf minimum (», — s,) ^ 0. 

fc-*oo ak<p<q<,0k 

If (7.02) holds, then obviously 

(7.021) lim lim inf minimum (»„ — s*) ^ 0. 

X-*l+ ifc-^co k^n<Xk 

If (7.021) holds, then corresponding to each c > 0 there exists Ao > 1 such that 
when 1 < X < Xo there exists ko = Ao(X) such that («, — s*) > — e when k > kt 
and A ^ n < X*. If 1 < X < Xo and X~’'* < a < 1 < P < X‘'* and oA: < 
p ^ r ^ q < pk then, for k suflBiciently great, (s, — Sp) > — « and (», — «p) > 
— e so that («j — 8p) > — 2e; and hence we can obtain (7.02). Thus the Tau- 
berian conditions (7.02) and (7.021) are equivalent. Schmidt (loc. cit., p. 136) 
has called a real series ‘‘langsam abfallend” when its partial sums Sn have the 
following property: If g = q(p) is a sequence of indices such that g ^ p for each 
p = 1, 2, • • • and g/p — » 1 as p — ♦ <», then lim infp_»«,(8, — Sp) ^ 0. Using 
this definition, it is easy to show that the class of “langsam abfallend” series is 
identical with the class of series satisfying (7.021), and hence also identical 
with the class of series satisf3dng (7.02). 

' Robert Schmidt, tlber divergente Folgen und lineare Mittelbildungen, Msthematisehe 
Zeitschrift, vol. 22 (1925), pp. 89-152; p. 132 and p. 136. 
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In a similar manner, it can be shown that if a real series ^ Un satisfies the 
Tauberian condition nUn < K, then ^ Un satisfies the equivalent Tauberian 
conditions 

(7.03) lim lim sup maximmn (s, — Sp) ^ 0. 

fc-*oo ak<p<q<fik 

and 

(7.031) lim lim sup maximum (a« — s*) ^ 0. 

X-*l+ k—» tS»<X* 

That (7.02) and (7.03) are essentially different conditions is evidenced by the 
fact that the sequence Sn = n satisfies (7.02) but not (7.03), and the sequence 
Sn = — n satisfies (7.03) but not (7.02). 

Numerous Tauberian theorems involving series satisfying such conditions 
as (7.01) • • • (7.031) can be found in a paper of Szasz,*“ a monograph of Kara- 
mata,“ and references given by these authors. A double series analogue of 
(7.02) has been used by Knopp'* to obtain Tauberian theorems for double 
series. 

We proceed to show that if 22 w„ e T, then the partial sums of 22 satisfy 
a condition more general than (7.01), (7.02), and (7.03). Let ^ e T. Then 
JK > 0, 0 < d < ir/2, ao < 1 < i8o , aud — , —ft , • • • exist such that for 
each sufiSciently great k 

(7;04) nu„ = -Ke-'*” + aoA <n < pok 

where pn ^ 0 and | ^„ j ^ 0. If ao < a < 1 < /3 < /So , then for each real 6 a, 
(7.05) = -Xc"* + 

when ok < n < fik. Let 


(7.06) 


A = t/2 - e. 


If I -6* 1. g A, then (7.05) and the inequalities p» ^ 0 and j v>n + 6* | g 0 + 
A =- t/ 2 imply that 

(7.07) ■ ■ ^ -K ak < n < pk. 

H^ce, when | 8* j ^ A and ak < p < q < 0k, 


(7,08) 


a(«, - sp)c*‘’^*‘”*’ = E ^ -X 22 - 

n—p-fl n— p+1 U 


^ — iC log (/S/a) + Ok 

. Oa Ssaazi .Converse theorems of summability for Dirichlet’s series, Trans. American 
Math. Soc., 39 (1936), pp. 117-130. 

J. Karamata, Sur les theoremes inverses des precedes de sommabilite, Hermann and 
Cie, Paris (1937), 47 pp. 

K. Knopp, Limitierungs — ^Umkehrs&tze fllr Doppelfolgen, Math. Zeit., vol. 46 (1939), 
pp. 673-689. 
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where o* denotes a quantity which, when a and |8 are fixed, converges to 0 

aa k —* ». 

Setting 

(7.09) = mimimum9l(8j — Sp) c****"*"'*’ 

ak<p<q<fik 

we see that when | £« | ^ A 

(7.10) ^i(«> 0, k, 5k , ^fk) ^ — K log (/3/a) + o* . 

Setting 

(7.11) Ftia, /3, k) = max min Fi(a, /S, k, «* , ^t) 

— 1** * 1 ;g A 

we see that 

(7.12) . />’*(«, /3, A:) S -K log (fi/ot) + o, ; 
hence 

(7.13) lim inf Ftia, /3, k) ^ log (/3/a) 

and finally, since the left member of (7.13) is monotone increasing as a — > 1 — , 

/S-> 1+, 

(7.14) lim lim inf Ftia, /3, k) ^ 0. 

a-*l— , ^-♦1-t' k-*oo 

Definition 7.2. Let T* denote the class of series ^ Un whose partial sums 
satisfy the condition: a constant A exists such that^^ 0 < A < 7r/2 and 


(7.21) 


lim lim inf maximum 

a-*l — ,^-♦1-4- k-*90 — «o<\^jfc<oo 

minimum minimum 9i{sq — ^ 0. 

1**1 ak<p<q<$k 


Since (7.21) is merely the result of substituting for /•' 2 (a, /S, k) in (7.14), and 
we have shown that (7.14) is implied by the hypothesis that ^UneT, we have 
proved 

Theorem 7.3. If ^ Un e then Wn e T*. 

The condition (7.21) would be unchanged in meaning if the subscript k were 
removed from \l/k and 6k ; we retain the subscript because it ser^Ts to emphasize 
the meaning of (7.21). It is the ‘Variable sector^’ feature of the class T which 
accounts for the presence of the ^’s in (7.21), and it is the presence of the in 
(7.21) which gives the class T its generality. It should of course be observed 
that, in the parade of limits and extrema in (7.12), the operation of taking 
the maximum over — oo < yj/k < is the only one which strives to make the 
inequality sign in (7.12) run the right way. The condition that Un c T* 
(as well as the condition Wn € T) may be stated roughly as follows: in the 


** The left member of (7.21) is a monotone increasing function of A; hence if (7.21) holds 

for some A > 0, we can suppose 0 < A < ir/2. 
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infinite succession of ^^jumps” in the complex plane from to ss to Ss to * * • , 
jumps which are advanced in the sequence and too close together must not 
be both too large and in directions too nearly opposite. 


8. Properties of T*. It is easy to show that if satisfies one of the con- 
ditions (7.01), (7.02), and (7.03), then ^Un e T*, That T* includes series 
Un for which (7.01), (7.02), and (7.03) all fail is illustrated by large classes 
of series and in particular by many real gap series. That 7'* contains series 
not in T is illustrated by the fact that T* contains each convergent series while 
T does not. For example, if Sn = (--l)'*/(n + 1)^^*, then 2^ 
class T. It is apparent from (7.21) that ii Ui + it 2 + • • • is a series in T*, then 
(wi — il) + t42 + • • • is a series in T* for each complex constant A. 

It is possible to characterize T* by conditions similar to but different from 

(7.21) . If we replace \l/k hy \l/k + t in (7.21) and remove the factor c*' = — 1, 
we see that ^ Un € T* if and only if A > 0 exists such that 

lim lim sup minimum 

*-*00 -oo<^*<oo 

( 8 . 01 ) 

maximum maximum 9i{8q — Sp)e ^ 0. 

|a*|^A ak<p<q<0k 

It thus appears that, while (7.02) and (7.03) are essentially different conditions, 

(7.21) and (8.01) differ only in appearance. 

Theorem 8.1. In order that ^ Wn € T*, it is necessary and sufficient that 
A > 0 exist such that 


( 8 . 11 ) 


lim lim inf maximum 

X-*l+ *-*00 — «e<fib<w 

minimum minimum 9l(sn — »*)c*^’^*'*'**^ ^ 0. 


Necessity is a consequence of the fact that if a < 1 < jS = X, and Rn,k is a 
real double sequence, then 

( 8 . 12 ) minimum Rn,k ^ minimum Rp^q . 

k^n<\k ak<v<q<0k 

To prove suflSciency, suppose (7.21) fails. Then, when A > 0, a constant 
H = H{^ > 0 exists such that the left member of (7.21) is less than —H. 
Hence oo < 1 < |3o exist such that, when a and 0 are fixed numbers satisfying 
the inequality a))<a<l</3</9o, the inequality 

(8.13) maximum minimum minimum 01(8, — 8,)c*‘**'‘'**' < —H 

1**1 5 A ak<p<q<0k 

holds for an infinite set of values of the index k, say ki < kt < ••• . When k 
has a fixed one of the values ki, kt, ' • • there exist indices pk and qk such that 

(8.14) ak < Pk < qk < pk 
and 

(8.15) maximinn minimum 0l(8„ — 8p*)e*^'^’ < —H. 

|I|<A 
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Since (8.14) implies that Pk ^ Qk < Xp* where X = p/a > 1, we can show that 
(8.16) contradicts (8.11) and Theorem 8.1 is proved. 

The condition (8.11) is more convenient than (7.21) when one wishes to show 
that X) € r*; but the condition (7.21) which we have featured in the defini- 
tion of T* is more convenient than (8.11) when the condition is used 

as a part of the hypothesis of a Tauberian theorem. 

Our definition and discussion of T* naturally applies to series Un whose 
terms are real. Since much of the existing Tauberian theory applies only to 
series with real terms (though in many cases there is an immediate application 
to scries of complex terms of which the real and imaginary parts separately 
satisfy the Tauberian conditions involved) it may be of interest to see that 
the condition (7.21) can be thrown into a form somewhat simpler when ^ Un 
is real. Using the definition 7.2 of 7'*, we can prove 

Theorem 8.2. If the terms of ^ ^ 

(8.21) lim lim sup max minimum ( — 1)^*(8^ — Sp) ^ 0. 

a-*l— , k-*co 71:— 1.2 <*k<ip<q<ifik 

It can also be shown that (8.21) may be replaced in Theorem 8.2 by the 
condition 

(8.22) lim lim sup max minimum ( — l)^*(,Sn — Sk) ^ 0. 

X-*H- k-*«o 7*-«1,2 k^n<,Xk 

When the conditions (8.21) and (8.22) are made more restrictive by removal of 
the expressions involving they reduce to the characterizations (7.02) and 

(7.021) of the ‘‘langsam abfallend'' series of Schmidt. 

9. Tauberian theorems for Ci summability. We now prove the two follow- 
ing theorems of which the first is a Tauberian convergence theorem and the 
second is a Tauberian oscillation theorem. 

Theorem 9.1. // an a and Un € T*, then s,, — > a. 

Theorem 9.2. // 0 < A < t/ 2, €>0, 0<a< 1 < P < oo,A;o>0, and 
^ 1 , ^ 2 , • • • (ire such that when k > ko y 

(9.21) minimum 91(5^ — ^ ~c |5^*| S A, 

ak<p<q<$k 

then for each complex number A , 

(9.22) lim sup 1 Sn — A j g U + C lim sup | an — A 1] cosec A 

n-*oo n-*oo 

where C is the greater of tlw numbers (1 + «)/(! — ot) and (P + 1)/{P — 1). 

The first theorem is obviously a corollary of the second, for if Un € T* and 
an — ► we can set ^4 = a and choose e as near 0 as we please. We give a 
direct proof of Theorem 9.2 which is similar to (and not essentially more difiSicult 
than) standard proofs of Tauberian theorems for classes smaller than T*. Let 
ik' s [aik] and A;" = [pk]. Then for each sufficiently great k the identity 

(9.23) Si + «2 + • • • + «ifc = (si + S2 + • • • + Sk*) + («jbHi +••*+«*) 
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can be written in the form 

hffk = le'vk’ + (* - A:0«* - 53 («* - «i>). 

and division by k — k' gives 

(9.25) s* = t/^ + V'k 
where 

( 9 . 26 ) Ui - v: - 

If we set L = lim sup | |, then 

lim sup I [/i I ^ lim ^sup [(A; | <rjb | 4-A:' ] <rk» \)/(k — A:')] 

^ L lim [(A; + *')(* ~ *')! = 1^(1 + «)/(! - a) ^ CL. 
Using (9.21) gives for k > ko and | ^a, | ^ A 


- fc^' p JSli ^ ~ *• 


Hence 

(9.27) 


lim inf ^ - CL, 


Starting with the identity obtained by replacing k by k" and A' by A in (9.23), 
a similar argument shows that 

„«#*+**) + 


Hence 


lim sup SRstc’ 

)fc-*0P 


lim sup 1 9(8* e’***'''**’ | ^ € + CL. 

Is -♦00 


If we set ^ib = arg Sk so that Sk = | «ib | exp upk , this becomes 
lim sup I 5* 1 1 cos (ipk + + ^ib) I ^ + CL. 


fc-*oo 


As i* ranges over the interval — A ^ 5* ^ A, the angle (^* + i^'* + 5*) must 
assume a value which differs from each odd multiple of ir/2 by at least A; hence 


lim sup I 8* I cos (t/2 — A) ^ « + CL 

k-*co 


and 


(9.28) lim sup | 8„ | S [« + C lim sup ( <r» |] cosec A. 

If Sn is replaced by 8, — A, then (9.21) still holds and <r» is replaced by «•» — A ; 
therefore (9.28) holds when 8„ and <r» are replaced by 8* — A and a* — A re- 
spectively, and Theorem 9.2 is proved. 
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10. The Tauberian class of Pitt. In §9 we gave what is perhaps the simplest 
“direct” proof of Ci Tauberian theorems for the class T*. A more indirect 
proof of Cl Tauberian theorems for the class T* leads naturally to the general 
Tauberian classes of Pitt** and to generalizations of them. 

Let 2 Un « T* and let « > 0. Then there exist 0<a<l </3, a sequence 
4>i,^i, ■ ■■ , and an index fco such that when k > ka and 1 5* | ^ A 

■*■**’ > — « ak < p < q < ffk. 

In particular, when k > ka and | 3* 1 ^ A, 

(10.01) > -* k<p < 0 k 

and 

(10.02) > -e ak < p < k. 

Our next step is to let A denote an arbitrary complex number; to replace Sp by 
and su by sa — A in (10.01) and (10.02) ; and then to set (pk = arg(sjt — ^4) 
(our notation does not take into account the fact that (pk depends on A) so that 
(10.01) and (10.02) become respectively 

(sp “ ^ _l_ I ^4 I k < p < fik 

and 

(sp — ^ _ I 4 I (.Qv. + ^Ar) ak <, p <. k. 

As dk ranges over the interval — A g 5 a g A, the angle {(pk + \kk + h) must 
assume a value «a differing in absolute value from each odd multiple of t/ 2 
by at least A; if possible, choose 6 k such that 1 5ib | ^ A and w* lies in the first 
or fourth quadrants, and then set Sk = + 5a ; otherwise choose 5* such that 

I 5* I ^ A and oja lies in the second or third quadrants, and then set 6 k = \kk + 
6 k + IT. These choices of 5 a and dk give 

(10.03) 9l{8p ~ A)e*"* > -€ + I sa- - A I cos (t/2 - A) 

for each p in at least one of the two ranges k < p < pk and ak < p < k. 

Let, for eaph p in the intciwal 0 < p ^ 1, Tp denote the class of series 
whose partial sums Sn satisfy the following condition: corresponding to each 
€ > 0, there exist numbers a and p such that a < 1 < /d, a sequence 6 i , 62 , • • • , 
and an index ^'o such that when k > h , the inequality 

(10.04) 9{spc"* > -* + p|s*| 

holds for each p in at least one of the two ranges ak < p < k and k < p < pk. 
The argument leading to (10.04) establishes the following theorem in which A 
is the constant involved in the definition of T*. 

H. R. Pitt, General Tauberian Theorems, Proc. London Math. Soc. (2) vol. 44 (1938), 
pp. 243-288. We refer to this paper as G.T.T. To compare the classes of G.T.T. with 
ours, it is necessary to associate a sequence 8^ with a step function a(x) defined by s(x) «■ 
Si + «i + • • • 8[ t \ and make an exponential change of variable. 
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Theorem 10.1. If a aeries ^ Un with partial sums w olaas T*, then for 
each constant A the series (wi — -4) + + • • • with partial sums Sn -- A is in 

the class T^for which p = cos (t/2 — A). 

It is clear that if p' < p, then Tp^ 3 Tp . Let T' denote the union of the 
classes for 0 < p ^ 1. Then T* C If we modify the definition in- 
volving (10.04) by allowing p to depend on €, we obtain a class P of series which 
is identical^^ with the class of series satisfying condition T of G.T.T. pp. 
244-245. 

Definition 10.2. Let P denote the class of series ^ Un whose partial sums Sn 
satisfy the following condition: corresponding to each 6 > 0 there exist numbers 
p, a, and 0 such that p > 0 and a < 1 < a real sequence , ^ 2 , • • ; and an 
index ko such that when k > ko the inequality 

(10.21) fRsy** > -* + p|s*| 

holds for each p in at least one of the two ranges ak < p < k and k < p < Pk. 

Obviously T' C P. Hence the relations T C. T* d T' and C T' imply 
that each Tauberian oscillation theorem of G.T.T. which applies to series in P 
applies a fortiori to series in the cla.s.ses T, T*, 7'^ , and T'. 

11. The classes T'h and T". We now define still mor(‘ general Tauberian 
classes by removing the requirement that (10.21) hold for each p in a range 
having k at one of the extremes. However we maintain (by restricting the 
sequences a» and ^n) the requirement that (10.21) shall hold for each p in a 
range which is neither too short nor too remote from A\ It will be clear that 
P C T" C ri' for each P > 0. 

Definition 11.1. Corresponding to each E > 0, let Ts denote the class of 
series X) whose partial stims Sn satisfy the following condition: there exist a 
constant p > 0; sequences an and fik such that 0 < ak < ft » kak — ► « , and 

(11.11) lim sup 03* + a*)/08* - ak) = F < w ; 

k~*90 

a real sequence ft ; and an index ko such that when k > ko 

(11.12) £Rspe'** > -^ + p I 5* I kak^p ^k0k. 

Let T" denote the intersection of the classes Tg for E > 0. 

Theorem 11.2. If ^u„ t Tg then 

(11.21) lim sup I s* I ^ + F lim sup 1 <r„ |]p”' 

*-♦00 n -^00 

where Sk and are respectively the partial sums and- the C\ transform of ^Un j 
and the constants F and p > 0 arc any set for which (11.11) and (11.12) hold. 

It is easy to see that, apart from the difference in scale of the independent variable, 
the definitions differ only in appearance. 
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Using the notation of the definition of rj? , let k' = [ifeat] and k" = 

Then the identity 

(11.22) (si "I" • • • “I" 8*>») (si "I" • • • -|- Sk’) — Sk'+i "i" • • • "I" Sk" 

leads, for k sufficiently great, to 

= fJi E 

p*-ik/+l 

> E {-E + p\sk\) ^ (k" -k’)i-E + p\8k\) 

p^kf+l 

I ^7. \ ^ E + \ - kw |/(A:" - *') 

and our result follows easily by use of the erude? inequality | k"(Tk»> — k'<Tk» | ^ 
k" I (rk'» I + /c' I <7 a' |. 

This proof of Tln'orem 11.2 is so simple and straightforward as to be almost 
trivial. Indeed it may seem that the general class Tg , at which we arrived 
after several successive generalizations of the original Tauberian class of series 
for which nUn — ► 0, is one designed especially to make possible a simple and 
transparent proof. It is a significant fact that direct proofs of Ci Tauberian 
theorems for the class of series for which /m„ — ^ 0 are simple and straight- 
forward; that such proofs for intermediate classes such as the class of series for 
which n I Un I < K or the classes T or 7'* are more devious and complicated; 
and that finally such proofs for the larger classes Tg are again simple and 
straightforward. 

Several corollaries of Theorem 11.2 are easily obtained. In the first place, 
if X) ^ <r„ is bounded, then Sn must be bounded. If it is true that not 

only 2 Mn € T^g but also the scries (lo — ^) + + Wa + • • • is in class 7^ 

for each A (and, by Theorem 10.1, in particular if X) Wn « T*), then w^e can 
replace «n and a-n in (11.21) by — .4 and Cn — A respectively to obtain 

(11.25) lim sup I “ A I ^[E A" F lim sup 1 an — A |]p"’\ 

Jfc-*oo n-*oo 

If cr„ — » <r and (11.25) holds, then we can set 4 = a to obtain 

(11.26) lim sup 1 St — <r 1 ^ E/p. 

ib-*oo 

If it is also true that E ‘ ^ P chosen such that E/p 

is arbitrarily near 0 (and in particular if E “» * f®*" some p > 0), then 

(11.26) implies that E converges to <r. 

12. Conclusion. In conclusion, we use the preceding study of Tauberian 
conditions as a basis for indication that the general problem of obtaining 
Tauberian convergence and oscillation theorems may be divided naturally into 


9l(jfc'Vt.. - 


(11.23) 


so that 
(11.24) 
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four categories. Order among these categories is not significant; since each 
category is necessary for a complete theory. 

I. The first problem is that of discovery of significant classes 8 of series 
2 Wn of such a character that one may decide by inspection of the terms of 
^ w» (and preferably with no knowledge whatever concerning properties of the 
sequence «n of partial sums of ^ Un) whether y]un e S. 

II. The second problem is that of devising criteria to assist in showing that 
Wn € 5. 

III. The third problem is that of showing that S is a subclass of a general 

class G of series for which Tauberian oscillation theorems can be proved by 
straightforward methods. To provide for Tauberian convergence theorems, it 
is also desirable to prove that if X) ^ for each complex A the series 

(til — A) ri" ^2 "h Wa "h • • • is in class G. 

IV. The fourth problem is that of establishing Tauberian theorems for the 
classes G. 

Problems of type IV are the ones which depend essentially upon the particular 
method of summabilit}^ used. The attention of this paper has been centered 
almost exclusively on problems of the first three types. 

Cornell University, 

Ithaca, N. Y. 
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ON DIVERGENCE PROPERTIES OF THE LAGRANGE 
INTERPOLATION PARABOLAS 

By P. ErdOs 

(Received November 13, 1939) 

Throughout the present paper, -1 < < 4”^ < • • • < < 1 denote the 

roots of the n-th Tchcbicheff polynomial Tn{x)j and unless otherwise stated it 
is understood that the fundamental points of the Lagrange interpolation are 
the It is well known that^ there exists a continuous function whose 

interpolation parabolas diverge everywhere in ( — 1 , + 1 ). In the present paper 

we prove that for xq = cos ^tti, p ~ q = \ (mod 2 ), (pi, 7 ) = 1 there exists a con- 
tinuous function f(x) such that Lnfixa) ► 00 Tur4n and proved that this does 
not hold for any other point. In this direction Marcinkieviez^ proved that if 
the fundamental points are the roots of Unix) = Tn+iix) then for every contin- 
uous function fix) and every point Xo there exists a sequence of integers ni < 
712 < • • • such that Lm ifixo)) fixo) . We remark that in the case of the Fourier 
series it is well known that there always exists a subsequence of the partial 
sums converging to/(xo). This fact may be of interest because there is often an 
analogous behaviour of the Lagrange interpolation parabola and the Fourier 
series. 

First we proven some lemmas. 

Lemma 1. 


Am) 


4 " > i, 


form ^ n. 


Pkoof. Write 


= cos dl”", 


= 


2i - 1 

— TT. 

2m 


Then we have 




- X, 


(n) 


> 


(fit) 




in) I 


sm 


2v 


T“ q.e.d. 

4n 2mn mr 


^ For the employed notations see P. Erdos and P.Turdn, Annals of Math., Vol.38 (1937), 
p. 142-155. If there is no danger of confusion we will omit the upper index n. 

* G. Grtinwald, Annals of Math., Vol. 37 (1936), p. 908-918. 

* Ln(f(x)) denotes the Lagrange interpolation parabola of f(x). 

*This result was stated in the Annals of Math., Vol.38 (1937), p. 155 but there was a 
misprint. 

* Acta Litt ac Scient. Szeged, Tom. 8, p. 127-130. 
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Lemma 2 . Put Xo = cos - ir, p s 9 s 1 (mod 2 ); then conekmts ci and ct exist 

9 

suck that 

min I Xo - xj"’ 1 > -, | ir«(xo) | > c*. 


Proof. 


r„(xo) 1 = cos (^ ~ i^) ^ 


Put X, ’ < Xo < xy^}; then 


min I Xo — xj"’ I > min ( sin 
2nq \ 


1 . 2j + 1 \ Cl 

-'■“"TS-'P;- 


Lemma 3. 


23' 1 lk'\xt) 1 < (log n)* 


where indicates that the summation is extended only over the Xt"’ satisfying 
Proof. 

I !<»)/». \ I _ ^ (log «)* 

7h 

since | r»(x6) 1 ^ 1 and Tnixt) = !^/(j~Z~^ — which proves the Lemma. 

Without loss of generality we may assume that xo > 0. Let Xy”’ < xo < Xy+i . 
Now we prove 


Lemma 4. Suppose 0 < Xi"’ < x)"’ 


( . n 

i.e., 2 


< k <j)‘, then 


Proof. We have 


ir(*«)i= -7 


Mi-’(x,)l>^4-^. 


Tn(xo) ^ CtV (1 - x|) ^ 

V V ~ / \ ^ 


' Tn(xk)(xo - Xk) ! - ^k) n(Xf^i - Xk ) ' 

by Lenuna 2. Now xy+i — x* < (j + 1 k)- < -*--•? — ^ , which proves the 

n n 

Lemma. 

L^imma 5. 

E lS-'WI>c.5^-. 

(8Jk~l,n)-l log log n 
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Proof. By Lemma 4 we have 


L 1 1 > E" I 1 > C, E" 

where the two dashes indicate that the .summation is extended only over those 
k for which (2A: - 1, n) = 1 and ^ < A: < j. It is clear* that there are at least 
Ojw of the a;*"’ between 0 and x]’'\ thus 


E" -^1. > Z'" 

3 — k 3 — k 

where the three dashes indicate that the .summation is extended only over those 
k which satisfy (2A: — 1, n) = 1 and j — k < otn. 

Denote by p{n) the number of different odd prime factors of n. It is well 

log fi 

known that v(n) < c% (This result is an immediate consequence of 

the prime number theorem, but can also be obtained in an elementary way.) 
The number of integers k satisfying j — x < k < j, (2A: — 1, n) = 1 equals by 
the sieve of Eratosthenes 






> C9 


X 

log log n 


log log n 


since it is well known that 



Cl I 


log log n' 


Thus 


E'" — - > - E - > C6 

^ j - k log log n r,n^y/n V ‘ lOg lOg W 


q.e.d. 


Theorem 1. There exists a continuous function f{x) such that L„(f(xo)) — ► <» 
Proof. Write 


fix) = 


^ fn(x) 
n-nt VlOg n ' 


0 


n 


1 , 2 , 


denotes the number of the in the interval j — x < k < j for which 2A; — 1 is 


divisible by p. It is clear that 


DJ 


differs from - by less than 1. 
V 


• E. Landau, Vher den Verlauf der zahlentheoretischen Function. Archiv der Matht und 
Phys., Ser. 3, Vol. 6, (1903), p. 86-91. 
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fn(x) is defined as follows; 

“ signum for (21: - 1, n) = 1, 


, ± = 0 , 


in the intervals x*“' + and x*"* - /„(x) is linear and else- 

where /,(x) * 0. 

First we show that f(x) is continuous. It suffices to show that 

V /»(*) 


»-«« Vlog n 

is uniformly convergent, i.e. that 

2 ^ fn(x) ^ ^ 

\/log n 

If for a certain y, /„(y) and fmiy), m > n are both different from 0, we have for 
a certain ki and kt 


I.e. 


But by Lemma 1 


I -(h) im) I ^ 2 

1^*1 1 < 


I ^ki Xk^ 


hence 2m^ > 2**, i.e. m > n? for /i > 3. Thus 

n>n(€) \/l0g n r>r(c) \/l0g 2* 


Put 


Then 


r-no V^Og r r>n ^ 


i-(/(*o)) = Ln(<pi(x)) -b + Ln(v^(x)). 
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First we show that L„(^(a;)) = 0. It will evidently suffice to show that for 
every k, = 0 or that for r > n, /,(4"’) = 0. If for a certain 

r > n,/,(a:*“’)' 0 we have for a certain I 


which does not hold for by Lemma 1 for 2^*^ > r®. 

Next we estimate Lr,{*pi{x)). If for a certain ^ 0 then for a 

certain I 

which by Lemma 1 means that 

2^*^ < n? or r < 2 log log n for n > no . 

Thus if for a certain ^ 0 then by Lemma 2 


for r > n. 

Thus by Lemma 3 

•£/n(«»i(a^)) < CIS £ ll*"’(a:o) 1 < Cis(logn)* 

|*jk-afo|><log n)-J 

Now by Lemma 5 


LnifniXo)) 


(2fc-l,n)-l 


|ii"’(xo)l >C, 


log n 
log log n 


since for (2k — I, n) ^ 1 fn(xo) = 0. Thus finally 

Ljj(x^)) > ct - c,j (log ra)* -> oo . 

log log n 

Similarly we could prove that a continuous f(x) exists such that Ln(f(xo)) 
converges to any given value. 

Theorem 2. If xo cos ^ tt, p = g = 1 (mod 2) then there exists for every 

Q 

continuous f{x) a sequence of integers ni < n 2 < • • • such tfuit L^ifixo)) ~>/(xo). 
Proof. First we prove that there exists a sequence if integers ni < no < • • • 

such that I 7n*(xo) I < following 


Lemma 6. If Xo 9 ^ - , p ^ q ^ I (mod 2), then the inequality 
Q 


Xo - 


2r - 1 
2nk 


^4 

w* 


has an infinite number of solutions. 
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2r — 1 

Proof. If *o is rational it is of the form -^r — , thus the Lemma is trivial. 

VtUk 

Hence we may suppose that xo is irrational. It is well known that the equa- 


tion 


Xb - 


< has an infinite number of solutions. If infinitely many of 

tr 


the 6*8 are even the Lemma is proved, if not consider the least positive solution of 

2ad — 6/ = 1. 

Obviously f = 1 (mod 2) and d < b thus 

f 


•Cq 


2d 


1 + JL < 

- ¥^2bd (P 


which proves the Lemma 
2r - 1 


If 


Xo 


2nt 


< ^ we have 
nk 


r„,(xo)<cos(T-^jf)<^> 
\2 n*/ 7\ 

Consider now a sequence of integers n\ < < 

C\A 

We are going to prove that Ln*(/(xo)) — ►/(xo). 
n* 

For k 9 ^ r we have 


cu 
n * 


with 


Xo - 


2 r - 1 
rik 


I lk(xo) 1 = 


rn*(Xo) 


Cl3 

Tnk{Xk)(Xk - Xo) 


n*(xt - Xo) 


Thus 


hence from 


E 1 W»o) l< Z ^ = o(i),» 


Mr 


n* I Xi. — Xo 


E h{x) 

k^l 


• We have 


y. - T,' — - — 

Mr Xk — Xt |»*-»o|S(lo*»)-> \Xk — Xt\ 


1 


+ D' 


< n log n + cn log n -» o(n*). 


(The dash indicates that A; r is omitted.) 
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it follows that 


Irixo) « 1 — o(l). 

Thus 

/(Xr)ir(2^o) “4” 21 /(^fc)^fc(^) = (/(^) + *)[l — o(l)l + o(l) — ►/(Xo), 

Mr 

which proves Theorem 2. 

On the other hand we can prove that for every x in ( — 1, +1) there exists a 
continuous /(x) such that 

r L»(/(x.)) 

lim = oo . 

n 

The proof is very similar to that of Theorem 1. 

Pbinckton, N. J. 



AmrAui OF Matbbiiatics 
VoL 42. No. 1. January. 1941 


ADDITIVE SET FUNCTIONS AND VECTOR LATTICES 

By S. Bochnbr and R. S. Phillips 
(Received March 29, 1940) 

This paper arose out of an attempt to extend known results in the theory of 
countably additive set functions to the finitely additive case. The basic tool 
used in this investigation has been the vector lattice. We have found this 
approach helpful to the understanding of both additive set functions and vector 
lattices. 

An important link between point functions and additive set functions is the 
theorem of Lebesgue that every set function which is absolutely continuous is 
the integral of a point function. Radon and Nikodym extended the theorem 
from ordinary Lebesgue measure to countably additive measure on general sets. 
If the measure is bounded this theorem states that in the Banach space of all 
absolutely continuous functions, step-functions are dense in the norm. It was 
shown recently by one of the authors (2) that the latter theorem remains valid 
for finitely additive Jordan measure in general; however in the course of the 
proof the more general case was reduced to the previous theorem of Lebesgue- 
Nikodym. In section II of the present note a new proof will be given. It will 
not presuppose any essential facts from the Lebesgue theory projier, being based 
on simple but important facts from the theory of vector lattices. These pre- 
requisites are assembled in section I. 

In section III we discuss some analogies between vector lattices and set func- 
tions; here again the approach rather than the result is new. The positive ele- 
ments are shown to be additive set functions on the Boolean algebra of normal 
subspaces. As a consequence finitely additive set functions become completelj^ 
additive on this algebra. It is significant to observe that this extension of the 
original algebra can also be expressed in terms of the stochastic distance. We 
further show that a vector lattice may be embedded in a second vector lattice 
having the same Boolean algebra of normal subspaces and possessing a unit 
element. Finally we consider briefly the question of a generalized base. 

I. Projections in Vector Lattices 

A space L will satisfy the following five postulates: 

I: L is a linear space wdth real scalars, and a relation a; > 0 is defined on L. 
II: If X > 0 and y > 0, then x -f- y > 0. 

Ill: If X > 0 and a is a scalar, then a > 0 implies ax > 0 and conversely. 
IV: Relative to the given order relation (x > y means x — y > 0), L is a 
lattice. 

We will write: x v y for sup (x, y), xAy for inf (x, y); x"*” for x v 0, x”* for 
—x V 0, and 1 x ] for x'*’ + x"; the least upper bound (if it exists) of a set E will be 
denoted by MmX and the greatest lower bound by Ajrx. 
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V: If a set £ is bounded above (below) then \/ex(/\bx) exists. 

Proof of the following theorenms can be found in a paper by Freudenthal (3) : 
X = x'^ — X ;|a:l = a:v ’-x = v xT \ x a + x and a; — > ax (a > 0) are 
lattice automorphisms; x — x is a lattice anti-automorphism; xy y + x ^y ^ 
X + y\ X y {y ^ z) = (x y y) h {x y z)\ x \ {y y z) = {x hy) y {x ^z)\ a > 0 
implies aMsX = V^ax, Mx.yxyy = VjjxvVjr?/, Mg,yXAy = MgxAMpyy \Ib,f{x + y) = 
VjfX + (if the least upper bounds on the right side exist); and dual state- 
ments for the greatest lower bounds. 

X will be said to be disjoint from ^ if | x 1 a 1 y 1 =0. Given a subset Y of L, 
r' will be the set of all x e L disjoint from every y eY, Iterating the process, 
we define to be (7')' and similarly for 7"' etc. 

As 7" contains all elements of L disjoint from every element of 7', 7" 3 7. 
If 7 3 Z, then 7' C Z' . In particular 7"' c 7'. It follows that 7' = 7"' = 
7’’ = ... and 7" = 7" = 7"' = . . . . The sets 7 and 7' have at most the 
null vector in common. 

A subset E of L which contains along with x an element v such that 2 | x [ ^ v 
will be called a D~sel. 

A subspace of L satisfying postulates 1, II, III, IV, and V for sets bounded 
above (below) in L is called normal^ if it contains with x all y such that 

0 g I y I ^ I X |. By a direct decomposition of L is meant a choice of disjoint 
complementary normal subspaces— that is, of normal subspaces *S and T such 
that S A T = 0 (null vector) and L is the direct sum of aS and T. 

If X ^ 0 and if Y is a D-set, then we define 

Xy = My.yXAy 

to be the projection of x on 7. This is a fundamental notion for this paper. 
If 7 is a normal subspace, then Xy belongs to 7 as it is the least upper bound 
of a set of elements in Y. If x ^ 0 belongs to Y, then Xy = ^ytyX Ay = x. 
Further if x ^ 0, then x — Xr ^ 0. 

The purpose of this section will be to show that 7' and 7" define a direct 
decomposition of L and to study the case in which contains but a single 
element. 

Theorem 1. If Y is any subset of L, then 7' is a normal subspace. 

Suppose 2 / is a fixed element of 7 and the x, belong to 7'. 7' is linear because 

1 X 1 A 1 2/ 1 = 0 implies | ax | a | y | = 0 and 0 ^ | + 3 : 2 1 A | y | S 

(| 2xi I V 1 2x2 1) A 1 2 / i = (I 2xi I A 1 2 / 1) V (I 2x2 1 A 1 2 / 1) = 0. As 7' C L, II and 
III are valid in 7'. To establish IV and V let E be a subset of 7' bounded 
above by z € L. Then by a repeated application of (uy v + u av = u + v), 
we obtain 

0 g 1 V^x I A |2^| ^ (V^x-^) A I 2 /I = V^x^ + 1 2/ 1 - V,x^ y\y\ 

= V I y I + A 1 2/ 1) - Vj,x+ v | y | 

g V,(a:'^ V I J/ 1) + A | y |) - v | y |) = 0. 

‘ Garrett Birkhoff (1) calls such a subspace a complete normal subspace; F. Biesz (6) 
denotes it by famille complete. 
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The dual statement for boundedness from below can be similarly shown. 
Finally if | w | ^ | x |, then 0^ |u)|A|y| ^ |x|A|y| =0. 

Lbioca 1. // y t« a D-set and if x ^ 0 eL, then x — Xr t Y\ 

Let p ^ 0 belong to Y. Then 

0 g (x — Xr) A y ^ (x — Xr) A X A y 
^ (x — Xr) A Xr 

= — Xr + X A 2xr = — Xr + * A 2Vy,r(2 A y) 

= — Xr + V,,r(x A 2x A y) 

= — Xr ■+• 3Jr = 0. 

As an obvious consequence of the lemma we have 

(x - Xr)r * 0 

and this justifies the name “projection.” 

Theoreh 2. If Y is a normal subspace of L, then Y = Y”. 

We can restrict ourselves to positive elements since if x « F, then x* tY and 
x~ e y. If X ^ 0 « y”, then by the lemma the element x — Xy belongs to Y'. 
However, it also belongs to Y” since O^x — xr^x and Y" is normal. Our 
element must therefore be the null element, and hence x = xy . But x was an 
arbitrary element of Y", and Xy belongs to Y. 

Theorem 3. If F is a normal subspace of L, then Y and Y' define a direct 
decomposition of L, namely 

X “ (Xr ^k) ”1“ i^y' “ ^r^). 

Any decomposition x = Xi + xj where Xi * F and x* e F' is certainly unique 
because F and F'^are linear and have only the null vector in common. It is 
therefore sufficient to show that for x ^ 0, x = xr + Xr' . By lemma 1, 
X — Xy ( F'. Hence Xy' ^ (x — Xr)r' — x — Xy . Since F == F", we like- 
wise have Xr ^ X — Xr' . Therefore x = Xr + xy* . 

Fr4d4ric Riesz (6) has demonstrated theorems 1, 2, 3 for the special case 
where L is the space of linear functionals on a semi-vector lattice. 

If F consists of a single element y, then F" will be called a principal normal 
subspace and be designated by P(y). 

From the definition, P(y) = (y)”, it follows that x « P(y) if and only if 
I 2 1 A 1 y 1 = 0 implies 1 2 ] a | x | = 0. Now x c P(y) and 1 x | a | y 1 = 0 
implies |x| = 1x|a|x|=0. Hence if x •€ P(y) and \ix^Q, then [ x | a | y | > 
0. In Freudenthal’s terminology (3), | y | is a unit element of P(y). 

Theorem 4. A necessary and sufficient condition that x belong to P(y) is that 
X = VnX* A n I y I - V„x~ a n | y |. 

If X is of this form, x clearly belongs to P(y). To prove the converse we need 
only consider x ^ 0 «P(y). As the set {n 1 y [} is a D-set, it follows from 
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lemma 1 that x — V„a; a n 1 y | belongs to Piy)'. Being less than x, it also 
belongs to P{y), and is therefore the null vector. 

Theorem 4 shows that elements of P(y) are approximable by elements 
bounded in | y |. The element y being fixed, boundedness in | y | is the same 
as a Lipschitz condition in the case of point functions. If L is the space of addi- 
tive set functions on a generalized Boolean algebra, P{y) is the class of all 
functions absolutely continuous with respect to the set function y. Theorem 
3 then gives a deeompo.sition of the function into an absolutely continuous part 
and a singular part. 

II. Absolutely Continuous Set Functions 

We now consider a finitely additive Boolean algebra of subsets F of a given 
set G, and on it a (finitely additive) Jordan volume which will be denoted by 
v{E) or 1 F? |. We as.sume that | (7 | = 1. 

We consider the Banach space Vi of all set functions F{E) of bounded varia- 
tion relative to finite partitions 5 = {E,). We define F > 0 if F{E) ^ 0 for 
all E and F{E) > 0 for some E. With this definition, Vi has all properties 
I-V of a space L. The properties I-III are trivial. Let [Fa], a is an index, 
be a set of elements which are bounded from above by an element G. In order 
to show the existence of supaF* we take for any .set E any integer n, any set of 
indices a = ai , • • • , a„ (which need not be different), and any partition of E 
into disjoint .sets Ei , • • • , E„ , and we put 

(1) F(F) = .sup,.a..., (Fa.(F,) + • • • + F..(F„)). 

Since Fa,(F,) ^ G{E,) and G{E) is additive, we obtain F{E) ^ G{E) and 
therefore F(F) is finite. It is not hard to see that F(E) is additive. Also 
putting ai = • • ■ = a„ = o we obtain F{E) ^ Fa{E). Lastly if H{E) ^ 
F.(F) for all a, then //(F) = H{Ei) -H • • • + //(F„) ^ F„,(Fi) + • • • + 
FoniEn) and therefore H(E) ^ F(E). The inf. can be obtained in a dual 
fashion. Thus properties IV and V are also satisfied. 

An element F of Vi is called absolutely continuous if for any e > 0 there 
exists an ij > 0 such that [ F 1 < »; implies | F(F) 1 < «. The totality of such 
elements F will be denoted by AC. Obviously r(F) eAC. An element G of 
Vi is called singular if to any « > 0 there exists a set F, for which | F, ] < « such 
that for any F, | G(E — F.) | < «. The totality of all such elements G will 
be denoted by S. It is easily seen that AC and S are each linear spaces with 
properties I — IV. 

Now, if F « AC and G t S and F ^ 0 and G ^ 0, then 

inf (F, G) = inf,-+,--.(F(F0 -t- G(E'')) = 0. 


Therefore 


F A AC = 0 


(null function) 
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3^i0 
and 

(2) ^ S' 3 AC. 

On the dthec hand if G ^ 0, G « Fi , then 

inf (G, v) = inf,.+,»_,(G(^0 + viE")) = 0 
if and only ifGtS. Therefore S = (v)' and (v)" = S'. Thus by (2) we obtain 

(3) (t>)" 3 AC. 

Our next step is to show that 

(4) (v)" C AC 

and hence 

(v)" = AC = S'. 

Now (4) asserts that any element F ^ 0 for which 

(5) F = lim»-»M inf(F, nv) 

is absolutely continuous (theorem 4). Each element F„ = inf (F, nv) belongs 
to AC since 0 ^ Fn(E) g n | E |. Furthermore Fn(E) converges toward F(E) 
uniformly in E since 0 ^ F(E) — Fn(E) ^ F{G) — F»(G), and therefore F(E) 
also belongs to AC. By theorem 1, and S are normal subspaces. 

It is now very easy to prove the following theorem: 

Theorem 5. Step functions are dense in AC. 

Since for F ^ 0, 

li F - F, 111 = F(G) - F,(G) 

our argument shows that “bounded” functions are dense in i4C in the norm of 
Fi , and so it suflSces to prove that step functions are dense in the manifold of 
bounded functions. Introducing the space Fj (see (2)), since the norm of a 
bounded element is larger in F» than it is in Fi it is sufficient to prove the 
Lemma 2. Step functions are dense in Fj . 

If f(x) is a bounded integrable point function and if for some E we put 

then obviously 

jf \f(x) - o 1’ dt) = jf l/(x) 1* dr - 1 o I*. I E |. 


We take a partition 5 = (E,), put E = E, and sum over v. This will give 

(6) ii/-/.ir = ii/ir- ii/.ii*. 
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Now let F be an arbitrary element of F 2 , 5 a fixed partition, and 6' any parti- 
tion > 6. Since (see (2)) is a step function, and Fi = we obtain 

from (6) 


= iifvir- iiFair. 

Taking the limit with respect to 6' we obtain by the definition of the norm 

p’ - = II ^ir- iiF,ir. 

Thus 


lima II - /^a II = 0 

and therefore F is the limit in the norm of step functions Fa . 

A Banach space X will be said to possess a generalized ham if there exists a 
directed set of linear transformations Uiiic) on X to a finite dimensional sub- 
space of X such that (1) limaf ^afa-) = x for all x c X, and (2) || Vi || ^ M for 
all 6. 

If X is the space AC and 6 = (F,) is a finite partition such that v{E,) ^ 0 
for any v, then define 

W) = 

v(E,) 

It is clear from the proof of theorem 5 that limaf'a(F) = F in the norm topology. 
Further || Ui(F) ||i S || F Hi . Therefore AC possess a generalized base. 

III. The Boolean Algebra of Normal Subspaces 

The class B of all normal subspaces of a vector lattice L with properties 
I -V is a Boolean algebra. This known fact and further information concerning 
B will be derived in the present section from properties of projections. 

In B the element L is the 1 element, the normal subspace consisting of only 
the null vector is the 0 element, and for a set E = \A] of B, A*A is the set 
intersection and VgA is the smallest element of B containing all elements A of 
E. Also if A is an arbitrary element of B, then the derived clement A', as 
defined in section I, is the complement of A in B in the sen.se that A a *4' = 0, 
A V A' = 1, and A" = A. It remains only to prove that B sati.sfies the dis- 
tributive law. This will be done in theorem 8. 

In the next three theorems, a fixed cla.ss of elements [AJ of B will be con- 
sidered, and as an abbreviation we will denote by P the normal subspacc V„Aa , 
and by R the set sum of all elements of the A « . Obviously F 3 F, and there- 
fore P' C R' and P" = P D R". However since P is the smallest normal 
.subspace containing R, R" 3 P. Therefore P = R" and P' = R'. 

Theorem 6. If [A a] l'* any class of elements of B, then 

(V„A„)' = A„A.' 


( 7 ) 
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and 

(8) (AaA.y = V«Aa'. 

The relation P' = R' implies that the following statements are equivalent: 
X c (V«ila)'; I a; I A 1 Oa I = 0 for all elements of R; x ^Aa for all a; and x c Aa-A* . 
This proves (7). (8) follows from (7) by taking the complement on both sides 

and replacing Aahy Aa • 

Theorem 7. If [Aa] is any class of elements of B and i/ x ^ 0, then 


(9) 

X\/Aa ^aXAf 

and 


(10) 

~ AoX^j 


Now R is clearly a 2)-set. Therefore by lemma 1, x — Xj* € P' = P'. Hence 
xpt = X — Xf. ^ X — Xiif . But P R implies Xp ^ x* , so that Xp = x« , 
We have 


Xr = V«,^^X A Ua = V«(\/^^X A tta] = V^Xa. . 

This proves (9). (10) follows from (9) in the following way: 

= X - XVx' = X - VaXx' = X - Va(x - X4„) 

= X - (x ~ A«Xa.) - A«Xx„ . 

Theorem 8. B is a complete Boolean algebra. If [A a] and B are elements 
of B, then 

{VaAo) A P = V«(4a A B) 
and (Aa-4a) v P = A«(i4« v P). 

In fact for x ^ 0, we have by theorem 7 

XV(^^B) ~ ^ aiXA^ A Xp) ~ VaX.4^ A Xp = XVa„ A Xp ~ X(Vi4a)Aii» 

Before giving the next theorem we need a definition. The sum of any set E 
of non-negative elements of L will be defined as follows: For a given ordering 
Xa of E, suppose ^\Xa to be defined for all \ < p. Define = 

Vx<m[5Zx Xa] + Xf , . Continuing this process until the set is exhausted, obtains 
an element Xa c P. Suppose that xl is another ordering of E. We next 
show that ^Xa — ^ Xa • It is easily shown that for any finite set t = 
(ai , • • • , an), S’T Xa ^ S . Supposo now that for all \ < fjL, 23x x'a ^ 
23 ““ 23» Xa where ir is any finite set of a^s greater than or equal to p. Hence 

Vx<p[23x x'a] ^ 2) Xa — 23» • As /i could also belong to tt, this proves the 

induction. It follows that 2 xl ^ • Similarly we could show that 

23 S 23 • Our definition of sum therefore depends only on the set E. 

We will designate this sum by x. 

On the basis of the previous theorem 8 we now have the 
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Theorem 9. If x ^ 0, th^n defines a lattice homomorphism of B on L, 
In particidar if [A a] is an arbitrary class of disjoint elements of B, then 

Theorem 10. If L hxis a unit y > 0, that is L = P(y), then the homomorphism 
which is defined by y a {see theorem 9) is an isomorphism. 

Also, for each A eB, A == P{yA) und thus e = yA can be written in the form 
c = yp{€) . An element e can be written in the form yA if and only if 

(11) 0 ^ e ^ y and eAy — e = 0. 

Proof: By theorem 9, A — > is a homomorphism. Now if ^ > 0, then 

a € A, a ^ 0 implies y a a = 0. Since y is a unit this implies a — 0 and hence 
= 0. Thus A yA is an isomorphism. 

Since yA tA, we also have C A. Thus P(yA) = ip(A) is a function 

from B to B, and ip{A) is alw'ays a (proper or improper) part of A. However, 
ip{P{yA)) = PiVA), and if Ai, A^ are disjoint then so are ^(^40 and ^(/l?) . 
Therefore ip{A) == A \ that is A = P(i/^). Finally (11) is fulfilled for e — yA . 
If (11) holds then e t P{e) = A and y — c € so that c = by theorem 3. 

As a corollary to theorem 10 we have 

Theorem 11. If L has a unit y > 0, then the Boolean algebra B of normal 
subspaces A is isomorphic with the Boolean algebra E of elements e of L for which 
{W) holds. 

Consider a generalized finitely additive Boolean algebra T of elements r, a 
finitely additive positive set function i/(r) on T, and the class L of all finitely 
additive set functions on T absolutely continuous with respect to y{r). Our 
theory suggests a method of extending T modulo null sets to a sigma Boolean 
algebra on which y(r) is completely additive. Now clearly y is a unit for L = 
P{y). Each tq^T defines a function y{T-To) which in the notation of theorem 
11 belongs to E. If x > 0 e L, then it is easily shown that Xp(yfr-ro)) = ^(’'* ^o). 
All sets of ^-measure zero correspond to 0 in the Boolean algebra of normal 
subspaces. Finally it is necessary to add certain ideal elements of E which 
do not correspond to elements of T modulo null sets. By theorem 9 the set 
functions Xa are completely additive on B. In particular their values on the 
unit of T are completely additive. On sets which do correspond to ro , this 
value is precisely x(ro). It is clear that by treating x ^ and x~ in this way x(t) € L 
becomes a completely additive set function on the extended algebra E. 

Kakutani has obtained a similar result, namely, the given Boolean algebra 
can be embedded in a sigma field of point sets such that the finitely additive 
function can be extended on this new field to be completely additive. The new 
field is in this case difficult to determine. 

Now our extension modulo null sets of T to E is the smallest possible extension 
for which T/(r) becomes completely additive. For suppose T were another such 
extension. In this case the elements of J5' defined by (11) for the new lattice 
L' do correspond to elements of T\ As T' contains T modulo null sets. U is 
lattice homomoiphic with L = P{y). Therefore P' 3 E. 
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We define the stochastic distance , rj) = yin^rl) + yiri-ra). If we 
complete T in the usual manner by taking Cauchy sequences, we obtain a sigma 
field which is an extension modulo null sots of T and on which y becomes com- 
pletely additive. As the metric extension of a sigma field modulo null sets 
relative to a completely additive set function is precisely the original field modulo 
null sets, it follows that the metric extension is likewise the smallest possible 
extension modulo null sets of T. Therefore E is also the metric extension of T 
modulo null sets. 

Now if L has no unit it is possible to obtain (by means of the choice axiom) 
a set of principal normal subspaces Aa = PiVa) such that VaAo = L, Aa A = 
OU a 7 ^ P, and ya > 0. Putting Xa = — Xa„ each element a: of L can then 

be represented by the set of components [Xa], Xa e Aa . Not all possible combina- 
tions of components [Xa] will occur in the representation. 

We now define a new vector lattice L* to consist of all possible elements 
iTa € Aa . Defining the lattice operations in the obvious way, the 
new lattice satisfies postulates I-V, possesses a unit element, namely [ya], and 
the original lattice L can be embedded into it. 

The Boolean algebra B* of normal subspaces of />* is lattice isomorphic with 
the Boolean algebra B of normal subspaces of L. B* e B* is the direct product 
of the nonnal subspaces Ba Cl A « . We corres])ond B* € B* to \/aBa e B and 
A € B to [A A Aa] € B*. By theorem 8, (VaBa) A Aa == B^ and Va(A a Aa) = A . 
Hence this is a one to one correspondence. The correspondence clearly pre- 
serves order. 

We wish finally to consider the (piestion of a generalized base (see section II) 
in vector lattices which possess a norm relative to which th(‘y are complete. We 
suppose given a set of normal subspaces Aa each possessing a generalized base 
Ug where the \ \ (7 il are uniformly bounded. We suppose further that VaAa = 
L, Aa A Aff = 0 if a 7 ^ and that the norm of x rj{x) = These 

conditions are satisfied by vector lattices of type (L) (1) among which is the 
space Vi . It now follows (5) that L itself possesses a generalized base. 

Princeton University 

The Institute for Advanced Study 
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FREE LATTICES' 

By Philip M. Whitman 
(Received October 18, 1939) 

1. Introduction 

A lattice (sometimes called a structure) is a partially ordered set of elements 
each two of which have a greatest lower and a least upper bound, denoted 
A n and A U J5, read “A meet B'' and '‘A join B,'' Postulates^ for partial 
ordering are that defined between some pairs of elements, satisfy 

(1) A g A for all A ; 

(2) if A ^ B and B ^ A, then A = B] 

(3) \{ A ^ B and B ^ C, then A g C. 

A lattice is said to be generated by a set of elements A, (the ^ ^generators”) if 
it consists of the Xi and their finite combinations by fl and U- e.g., Xi U Xt , 
([A'l U Xz] n A^al U Ai sometimes known as ^^lattice polynomials.” 

However, these polynomials do not all constitute distinct elements; for in- 
stance, A^* n A^ = A'^t in any lattice by definition of D ; furthermore, in a specific 
lattice we may have additional rules of equality; e.g. A PI (i5 U C) = 

(A n fi) u (A n C). 

The free lattice generated by the A',- is*’ a lattice generated by them in which 
there are no laws of equality except those derivable from the postulates for a 
lattice. This is the most general lattice generated by the Xi , in the sense that 
every other can be obtained from it by a homomorphism- determined by the 
additional rules of equality. 

We are concerned here with the internal structure of a free lattice. Given 
two polynomials, how’ can we find which of ^ (if any) hold between 

them in the free lattice (equivalently, in all lattices)? This (luestion is answered 
in §2. In §3 we show* that given a polynomial, there is a shortest polynomial 


^ Presented to the American Mathematical Society Sept. 5, 1939. 

* Equivalently, wc may postulate for a lattice the identities LI: A U A' =» A" 0 A' « A; 

L 2 :AU r- ru A,Anr« rnx; l3:au(fuz) » (Aunu^, AfKFn^:) - 

(A n Y) n Z; L4: A U (A fl F) « A H (A U F) = A, note the theorem that A' =»• A fl F 
if and only if F - A U F, and define A ^ F as equivalent to A « A fl F or F - A U F. 
Cf. Ore, On the Foundation of Abstract Algebra /, Annals of Math., 36 (1935), p. 409. 

* Its existence is guaranteed by a theorem of universal algebra; cf. G. Birkhoff, On the 
Structure of Abstract Algebras^ Proc. Camb. Phil. Soc., 31 (1936), pp. 440-1. Compare free 
groups. 
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equal to it in the free lattice (which can be found by a definite procedure), and 
in §4 it is shown that certain elements cover others. 

The author is indebted to Prof. Garrett Birkhoff for many helpful suggestions. 

2. Conditions for ^ B in a free lattice 

Given two elements -4 and B, we should like to know: is ^4 ^ B in the free 
lattice? Sometimes this is obviously true; e.g. Xi g Xi U X 2 . Sometimes 
we can show it false, for by the abovementionod homomorphism, A ^ B in 
the free lattice implies A ^ B in every lattice with the same generators. Hence 
if we can exhibit a specific lattice where A B, then A % Bin the free lattice. 
But this is a trial and error method; we should like some definite procedure for 
settling the question. 

Theorem 1. Zn the free lattice generated by a set of elements X, , 

(4) Xi ^ Xj if and only if i = j; 

(6) recursively, A ^ B if and only if one or more of the following hold: 

(a) A = Ai U A 2 where Ai ^ B and A 2 ^ B, 

(b) A = .4i n .42 where Ai ^ B or A 2 S B, 

(c) B = Bi U B 2 where A ^ Bi or A ^ B 2 , 

(d) B = Bi n B 2 where A ^ Bi and A ^ B 2 . 

Note. In (5a) it is permissible that .li be itself a join; etc. 

We see that this is the sort of condition desired, for, given A and B, we ne(*d 
look only at B and part of .4 , and A and part of B. Since the elements are the 
finite combinations of the generators, this process will eventually end with (4). 

Proof. These conditions are obviously sufficient; to prove them necessary 
we proceed by a series of definitions and lemmas. 

Definition of C. (6) X, C Xy if and only if i = j; (7) A C B if and 
onlv if one or more of (Sa-d) are true with ^ replaced by C. 

(8) Definition. .4 D B if and only if B (Z A. 

Note. The set of definitions (6)-(8) is self-dual; i.e., if fl and U, C and 3 
are interchanged the set remains the same. In particular, (la) and (Id) are 
dual, (76) and (7c) are dual, and (6) is self-dual. This property will enable us 
to omit many cases in proofs, where we need only make these same changes 
throughout. 

(9) Definition. .1 ^ B if and only if ^4 C B and ^ 3 B. 

(10) Definition. The length of A, denoted L{A), is the total number of 
X’s appearing in A, eounting repetitions; e.g., L{Xt) = 1, L(Xi U X\) = 2, 
Li{[Xx U Xi] n Xi\ U Xi) = 4. 

With ^ as inclusion relation and = as equality the combinations of the Xi 
form the free lattice; we now show that they also form a lattice with C and ^ 
in these roles; cf. (16). 

(11) Lemma, (a) vl C A, (b) .4 C 4 U fi, (c) 41 3 A fl B for all A, B. 
Thus A U B is an upper bound to A and B under C. 

Proof by induction on L(A). (11a) is true for L{A) = 1, by (6). If (llo) 
is true for L{A) ^ m, then so are (116, c) by (7c, 6). Hence (11a) holds for 
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L{A) == TO + 1, for say A ^ AiU At (dually ii A = As H ^t); then As C A, 
C A by induction; .'.A = As U At CZ A by (7a). 

(12) Lemma, (a) Aif) A 2 Cl Xj if and only if Ai C X; or A 2 Cl Xj . 

(b) Xj C U B 2 if and only if Xj C Bi or Xj (Z B 2 . 

(c) Ai U A 2 Ci.B if arid only if Ai Cl B and A 2 C fi. 

(d) A C jBi n ^2 and only if A d Bi and A Cl B 2 • 

(e) .4i (\ A 2 Cl Bi ^ B 2 if and only if A\ Ci A 2 Cl B\ or 

Aif] A 2 CI B 2 or Ai C Bi U B 2 or yla C U Ba . 
Proof. is obviously true by (7). is proved by induction on 

m = L(A) + L{B). It is true for m ^ 2 vacuously. Assume (12) true for 
m ^ k — 1; then for m — 

(12a) Ai n Aa C Xj . Then Ai C Xj or A 2 C Xj , as desired, by (76), the 
only part of (7) which applies. 

(12c) Ai U A 2 C B. Case 1. Ai U A 2 C X, . Then Ai C Xj , A 2 C Xj 
by (7a). Case 2. Ai U A 2 C Bi U B 2 . Then by (7a, c), (i) Ai Cl B and 

A 2 Cl B or (ii) Ai U A 2 Cl Bi or (in) A\ U A 2 Cl B 2 . If (u) Ai U A 2 CZ Bi , 

then Ai C Bi and Ao C Bi by induction (12c); .’. Ai C Bi U B 2 , A 2 C Bi U Ba 
by (7c), as desired. Likewise if (Hi) holds the lemma docs, and if (i), then the 
proof is immcidiate. Case 3. Ai U Aa Cl Bi Pi Ba . Then (t) Ai C Bi fl B 2 
and A 2 C Bi n B 2 or (ii) Ai U Aa C Bi and Ai U Aa C Ba , by (7a, d). If (0, 
Q.E.D. If (w), then Ai C Bi , Aa Cl Bi y Ai C Ba , Aa C Ba by induction (12c); 
.-. Ai C Bi n Ba , Aa C Bi 0 Ba by (Id), 

(126, d) dually. 

(12c) Ai n Aa C Bi U Ba . Then Ai C Bi U Ba or A. C Bi U B 2 or Ai Pi 
Aa C Bi or Ai n Aa C Ba by (76, c). q.e.d. 

(13) Lemma. If A Cl B and B Cl C, then ACC. 

Proof by induction on m = L(A) + L(B) + L(C). True for m = 3 b^^ (6). 
Induction: 

Case 1 . Non-ineet Cl B Cl C. 

Case la. X. C Xj C C. .\i = j by (6). /.Xi = X;. .*.X, C C. 

Case 16. X C B, U Ba C C. .-.X C some B, by (126). B. C C by (12c). 

.*.X C C by induction. 

Case Ic. Xi C Bi PI Ba C X^ . Part of dual of ease 16. 

Case Id. X C Bi PI Ba C Ci U Ca . 

Bi PI Ba C some C, or some B, C Ci U Ca by (12c). 

.•.X C Ci by induction. A" C Bi by (12d). 

.-.X C Cl U Ca by (126) or (7c). .-.X C Ci U Ca by induction. 

Case le. Ai U Aa C B C C. .-.A. C B (all i) by (12c). ..A. C C (all i) by 

induction. Ai U Aa C C by (12c). 

Case 1/. X C Bi PI Ba C Cl PI Ca . Part of dual of case If. 

Case 2. Meet ClB Cl C. 

Case 2a. Ai fl Aa C B C non-join. Part of dual of case 1. 
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Case26. 04, C A' CCi UC, . .-.some 4< C A by (12a). .-.A^CCiUC, 
by induction. .'.Ai 0 A, C C, U C, by (12e). 

Case 2c. Ai 0 A, C B, U B, C Ci U C, . 

Ai n A, C some B,- or some A,- C Bi U B, by (12e). 

Bi C Cl U C, by (12c). .'.A,- C Ci U C, by induction. 

.’.Ai n A, C Cl U C, by induction. Ai fl A, C Ci U C, by (12e). 

Case 2d. Ai D A, C Bi fl B, C Ci U C, . Dual of case 2c. 

(14) Lemma. A U B is the least upper bound to A and B under C; dually 
for A n B. 

For it is an upper bound bv (11), and if A C C and B Cl C, tlien A U B C C 
by (7a). 

(16) Lemma. ^ is an equality relation,^ 

(16) Lemma. The finite combinations of the A", by fl and U form a lattice, 
generated by the A, , vrith C as inclusion relation and ^ as equality and A [J B, 
A n B as least upper, greatest lower bounds to A and B. 

Proof. (1), (2), (3) are satisfied [(11), (9), (13)], and A U B is least upper 
bound by (14). 

Proof of theorem 1. Any other lattice generated by the A\ is a homo- 
morphic image of the free lattice, hence ^ in a free lattice is sufficient for C. 
But by definition of U as least upper bound and induction, C is sufficient for ^ 
and hence ^ for =. Therefore CI and ^ arc equivalent in the free lattice. 
Theorem 1 then follows from (6) and (7). 

Now denote Ai U A 2 U • • U An by A, , Ai fl • • 0 An by JJ? A ,• , or 
simply 2 Ai , II A i if there is no confusion. 

(17) Corollary, (a) H A, C X, if afid only if some A^ C X, . 

(b) Xi C ^ Bj if and only if A, C some B , . 

(c) EAiCB if and only if every A^ Cl B. 

(d) A CI U ami only if A d every B , . 

(«) ii/i.qr B, if and only z/ JJ ^ ^ .w»ie B, or some 
Ai <zT.S,. 

(f) A. C Ay , B, r) II By all i. 

(g) Ha i is the least upper boumi to A \ , • • , An under C. 

Proof. By repetition of (12), (11). 

To answer ‘Ts A = B?,'' apply (2) and theorem 1. C<onditions (12) or (17) 
are more convenient in practise than (5). (176) is like the condition that a 

prime number divide a product. 

3. Canonical forms 

Having thus found one collection of elements equal to each other, and like- 
wise other collections, we should like to choose as canonical forms one element 
from each collection. 

* Cf. Schrdder, Algebra der Logik, vol. 1, p. 184, or MacNeille, Partially Ordered Sets, 
Trans. Am. Math. Soc., 42 (1937), pp. 416-60, or it may be readily verified directly. 
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Theorem 2. Of all the elements equal in a free lattice, there is one of shortest 
length, unique except for commuiativity and associativity. 

Proof. We show by induction on A: = L{A) + L{B) that il A A B, 
then C 3 : A ^ B ^ C, and L(C) < L{A) or else L(C) < L{B). Then if the 
theorem were false, say A and B were alleged to be both of the shortest length, 
we could find a still shorter element unless A = B\ It is true vacuously for 
k = 2. Induction; 

Case 1. 2 • Here, but not in the previous section, we assume 

Ai and B, not themselves joins. ^ A, C ^ Bt by (9). .'.Ai = H/Uy C 

5^ Bn (all i) by (17c). .'. by (17e), for any i, (i) some a), C X) Bj or (ii) 
Ai C some Br . Note that (ii) holds if i4, = X, , by (176). Similarly, for 
any t, {Hi) some bp C ^ ^4 ,■ or (iv) Bi C some Ar . 

If (t) holds for .some i, then a), Cl ^ Bj CL ^ Aj by (9). Aj C ^An, 
j ^ . . a'p Li j,^i A j d A] . Also Ai C a'p , so A , C a'p U Aj^ 

.'.Op U ^iftiA,- ^ 53 A>and the theorem holds in this case; likewise if (Hi) 
holds for .some i. 

Otherwise, (ii) and (iv) hold for all i. for all i, A, C some B/a ) , Bi Cl 
some Ag(i) [f, g need not be single-valued]. If t 3: g\f(i)] i, then Ai C 
Bf(i) C Ai (j ^ i), 53n^tA„ ^ 53 •^n , and the theorem holds; similarly if 
f\g(i)] ^ i. If not, then f[g(i)] = i, ff[/(f)] = i for all i. .‘.A,- ^ B/(o , 
Bi s Agi^i) all i. But ^A, ^ S by hypothe.sis, :.p 3: Ap ^ B/(p) or 
Bp^ A-g(p) , say the former. .•. by induction, D3: Ap^ B/ip) ^ D, L(D) < 
L(Ap) or L(D) < L(5/(„)), say the former. Then D U 53n>^p ^ A, and 

the theorem holds. 

Case 2. Hwal- 

Case 3. ••• Z^lycn B, ; hence every Ai C JJ 5,- and 

5!) A , C every B, . Also IJ fiy C ^ Ai, 

n By C .some Ap or .some Bp C ^ A,- . 

^ n ®y L>y above. E ^ < Cl Bp by above. 

= n By ^ E ••• Bp S 53 ^* = n • 9 ®-®- 

We take this unique shortest form as the canonical form. 

(18) Corollary 1. A s 5) A,- s 53< (11/ «i') ^ E<«* (-^ subset of 
1, • • • , «) is canonical if and only if (a) no oj, C 53 A„ and (6) no AyC5:,^y Ap 
and (c) every A< is canonical. Dually for A,- . 

Corollary 1 follows from the proof of theorem 2. From case 3 we might also 
require: no Ap ^ 53 -An , but this is included in (6). 

If 53 y uuf canonical, we can find the canonical element equal to it, for 
if (c) is false, then aj, U E^y-^/ = E ^ / . if (*>) is false, then 53 m. -4* s 
53 ■/In » if (c) is false then replace it by its canonical form; in any case we get a 
shorter, equal element, to which we can again apply the process. 

We can now build up a diagram of the free lattice step by step, starting with 
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the shortest elements. We could not hope to get it all at once since there are 
infinitely many distinct elements if there are more than two generators.® 

(19) Corollary 2. If 21 X) is canonical, then {a)Bi C 

2 , all i, and (6) given i, j 3: C. Bj . 

Proof, (o) follows from (12c), and if At = X, then (6) follows from (12c, b). 
Otherwise = Hj C 2 fii by (12c). .*. by (12e), either Ai C some Bi 

as desired, or some a) C 2^ ^ 52 and then by (18o) ^ i4 < is not canonical 

contrarj' to hypothesis. 


4. Covering theorems 

Definition. A covers B ii A > B and no C 3 : .4 > C > B. 

We present some scattered results on the existence of such pairs of elements. 
Denote the free lattice of n generators by F „ . In this section (but not pre- 
viously) we assume n finite. 

Theorem 3. In the free lattice of n generators, if A 
then A “ 2Ji Xx or Xt or X , . 

We first prove a 

Lemma. In Fn j A = ^ Ai> Xi if and only if given f, j 3 : Aj ^ A\ . 

Proof op lemma by induction on L(A), Obvious for L(A) ^ n. Suppose 
L{A) — k > n, obviously redundant terms having been omitted; e.g., U Xi 
contracted to Xi . Also, by (176), we may suppose no A, is itself a join. Then 
some Ai has at least two factoi*s, say Ai « IT 

T.Xi<YiAi^a,[jJ^Ai (all s). 

ij^P 

By induction, given t, j 3: term ^ Xt . If for some a this term is an At- , 

then the lemma holds; otherwise a, ^ X, for all s, and Ai ^ X» . 

Corollary 1. /n Fn , X) = ]C? Xi if and only if given f, j 3 : A y ^ X» . 
X) At = ^iftp Xi if and only if given i (i 5 ^ p), j 3 : A , ^ Xi , but no A , ^ Xp . 

Corollary 2. In Fn , X^” X, covers X^,>tp X, . 

Corollary 3. In Fn , every A 5^ Xt is g X, /or som,e p. Proved 

by induction. 

The rest of theorem 3 is now proved in much the same way. 

Corollary 4. If Fn , X^typ X» covers (HiripXi) D (J^iftqXi), any q. 

Corollary 6. In Fn , if A > Xp, then A ^ XpU 

Theorem 4. 23 “ covers ^i^pXi which in turn covers (YjipipXi) fl 

^ (II»yp covers Xp , in any lattice generated by the Xi in 
which these elements are distinct. 

For any other lattice is a homomorphic image of the free one. 

The duals of these results are of course likewise true. 

Harvard University 

* Cf. G. Birkhoff, op. ctL, p. 451. The distinctnesB of his elements in the free lattice 
can also be shown by (12). Note that, taking every sixth element, we get an infinite 
^^chain” of distinct elements. 
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CORRECTIONS TO OUR PAPER ON THE EXISTENCE OF MINIMAL 
SURFACES OF GENERAL CRITICAL TYPES 

By Marston Morse and C. Tompkins 

The following corrections should be made in our paper which appeared in 
volume 40 (1939) of these Annals. 

(1) . In equation (5.14) interchange ^(j3) and ^(a). 

(2) . The argument on page 454 following equation (5.16) should be replaced 
by the following. The case a = iS in (5.16) may be discarded. When a 
(5.16) occurs only when ^(a) is constant on some interval. In this case the 
harmonic surface defined by ^(a) is not a minimal surface (see Rad6, loc. cit., 
p. 75). The transformations used in §6 suffice in this case to prove that A(<p) 
is upper reducible at 

(3) . Replace the first two paragraphs on page 460 by the following. A 
directly conformal 1~1 transformation of the disc r ^ 1 into itself induces a 
transformation T(d) of the circle r = 1 into itself. A curve [p] of Z will be said 
to be equivalent to (p{a) if for a suitably chosen transformation T{B) of the 
above type, the transformation <p(T($)) ‘‘defines^' [p]. 

(4) . In the fourth line following Lemma 6.1 replace ‘‘the point /(p) of it** 
by a point /(p) of il equivalent to [p] and varying continuously with [p]. 

The Institute for Advanced Study, 

Princeton University. 


331 




Ann AL« OF MATRJDIIATICfl 

Vol. 42, No. 2, April, 1041 


ON THE LUSTERNIK-SCHNIRELMANN CATEGORY 

By Ralph H. Fox 
(Received A\ij 5 U 8 t 10, 1939) 

Introduction. In their study of the calculus of variations in the large [36; 37],^ 
in particular, of the existence of geodesics on a surface of the topological type 
of the sphere, Lust(‘rnik and Schnirclmann were l(‘d [38; 39; 40; 42] to introduce 
new topological invariants tlu‘ category and the comlnnatorial or homology 
(mod 2) catego^ 3 ^ The r61(‘ of the homology category" was to furnish a medium 
for the application of homology theory to th(‘ calculation of the categor}^ of 
manifolds. 

Although the categoiy occupies a unique plac(‘ in the* theory of the calculus 
of variations in the large — a placr* which invites furthr r stud\^— it is not to this 
application that this investigation is din^cted. Aly principal objective is to 
stud}^ the I’elationships between the categories and the standard topological in- 
variants (homology and homotopy groups, homotopy type, etc.). This is a 
particular!}' interesting view-point, first noted by Borsuk [14], because the 
categories seem to have a large measure of independence from these inv'ariants. 

The carr>ing out of this j)rogram is greatly facilitated by ^yimensionalization^^ 
of the categories. It is reasonable to (*xpect that such an analysis of the cate- 
gories should prove to be a useful tool. This dimensionalization is relatively 
easy to carry out in the (\ase of homolog}' category and has been implicitly 
indicated by Eilenberg [20, p. 187]; in the case of the homotopy category it is 
necessary to define an ‘^n-dimensional homotopy.’^ It is hoped that this dimen- 
sionalized homotopy will be of much wider use than in the* study of category. 
There is a strong analogy between the homotopy cat(»gori(‘s and the homotopy 
groups, and betv’<»en the homology categories and the homology groups. 

In Chapter 1, I redefiiu' the category, making use of open, instead of the 
j^reviously used closed, coverings. This is by no means a tri\'ial change. The 
old definition, as Bomuk [14] has observed, appli(\s to any topological space, 
while the new definition is not so generally applicable. A little reflection will 
convince one that those places for which the new' definition fails are of little 
interest in connection with category. Furthermore, the new’ definition is readily 
susceptible to the dimensionalization mentioned above. Chapter 1 is written 
in such a w'ay that the res\ilts are valid for the categories defined in Chapters 
2 and 3. 

In Chapter 2, 1 define homotopy in dimension n and inti oduce the corresponding 
n-dimensional category. Relations between category, n-dimensional category, 

1 The numbers in brackets refer to the bibliography at the end of the paper. 
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and various classical invariants are developed. Chapter 3 is devoted to the 
homology categories. 

In Chapter 4, I consider invariants which I call the strong categories. The 
strong homotopy category was defined implicitly Borsuk [15]. Just as in 
the case of the categories, a strong category is defined for each of the relations: 

homology in dimension n, homology 

homotopy in dimension n, homotopy. 

The strong categories exhibit a much greater degree of independence than the 
categories; for instance, they arc not dependent on either the categories, the 
homotopy type, or deformation retraction. Whether these independencies hold 
over the class of manifolds is an open and vital question. 

Finally, in Chapter 5, I indicate some extensions of the notion of category; in 
particular a connection between the categories and the multicohcrencc. 

In addition to new results on categor}'^ many of the previous n>sults have been 
extended, deepened, and recast. 

I have intended this paper to be definitive; I believe that almost all previous 
results (except applications to calculus of variations and differential geometry) 
have been included. The bibliography^ is believed to be complete. Professors 
Lefschetz and Hurewicz have made many kind suggestions and criticisms. 
Their inspiration has been invaluable. 

I. Homotopy Category 

1. Definitions. Let X and M be separable, metric spaces'* and lei fo and /i 
be mappings^ € A/^. The mappings fo and fi are said to be homotopic in Af, 
written /o in Af, if there is a mapping/ e such that/(x, 0) = fo{x) 

and /(x, 1) = /i(x) for every x tX. Such a mapping / is called a homotopy 
between fo and fi . In general it is important to know in what space a given 
homotopy occurs, because a mapping space is considered (in an obvious way) 
as a subspace of A/^ whenever K Cl M. If there is no danger of confusion the 
phrase ‘*in M” may be omitted. 

When C Af , X is said to be deformable in M into F C Af if there is a map- 
ping fo € which is homotopic in Af to /i = 1 , the identity'* mapping of X. 
A homotopy between fo and 1 is calknl a deformation of X into Y. 

If there is a point m eM such that X can be deformed in M into m then the 
set X is said to be contractible in Af. Thus X is contractible in Af when the 
identity mapping fi of is homotopic to a constant® mapping fo of A 

deformation of X into m is called a contraction of X in Af . 

A subset A of Af will be called a categorical subset of Af if there is an open 

* In this paper only separable metric spaces will be considered. 

* By a mapping of is meant a continuous function defined on X with values in M. 

* An identity mapping of X is the function defined by f(x) « x for every x tX. 

* A constant mapping /o is defined by /o(x) *■ m for every x c X. It is sometimes con- 
venient to confuse the mapping /© and the point m € Af . 
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set U oi M which contains A and is contractible in M, Since any subset of a 
set contractible in M is itself contractible in M every categorical subset of M 
is contractible in M] the converse is not true. A covering of X by categorical 
subsets of M will be called a categorical covering of X in M, We shall denote 
the collection of categorical coverings of X in M by Cm{X). 

For any covering a of som(» space let us denote by | a | the number of sets of a. 
The category^ catj^ A', of X in M is here® defined to be the smallest of the cardinal 
numbers | cr | as o- ranges over Cm{X). A categorical covering a oi X \n M 
will be said to be minimal if | <t | = catM X. 

2. The Basis for Abstraction. Alan}'' 1h(K)rems on cab^gory do not utilize 
fully the special character of the relation of homotopy. In the present chapter 
results of this type will be d('veloped. For this purpose I shall write <-> for any 
relation of equival(‘nc(» (i.e. one which is symmetric, reflexive and transitive) 
which has the following properties: 

(2.1) If /o <->/i in K then /j in M for every M which 3 K. 

(2.2) If 00 and <t>i e A'* and fo and fi e ili' are such that 0o ^ 0i and /o ^ /i , 
then fo0o ^ /i0i . 

(2.3) If A and B are mutually separated/ M arewise connected and /o and 
fi c such that /o \ A ^ /i | A and fo \ B fi \ B then /o ^ /i . 

(2.4) If fo and fi cil/' such that fo ^ fi and if Xo and Xi eX are such that 
fo{xo) and fi{xo) belong to an arc of M then fo(x\) and /i(ti) also belong to an 
arc of M. 

(2.5) If 0,- and 0, e Mf' (i = 1, 2) such that 0i 0i and 02 ^ 02 then 0 0 

where 0 = (0i , 02 ) and 0 = (0i , 02) c and A" = A'l X A 2 and M = Mi X M 2 . 

The relation h (homotopy) has these properties. Later we shall meet rela- 
tions hn (homotopy in dimension n), H (homology) and Iln (homology in dimen- 
sion 7i) which also hav(* these properties. In the remainder of this chapter 
(till §13) the definitions in §1 of deformation, contraction and category are to 
be lead in the sense that the underlying equivalenc(‘ relation is any predeter- 
mined In particular, may be /?, hn , H or //„ . 

Two consequences of (2.2) are sufficiently important to be explicitly pointed 
out: 

(2.6) If fo and fi c ili*' such that fo fi and A C A then fo | A ^ fi\ A. 

(2.7) The relation ^ is a topological invariant. 

To demonstrate (2.0) choose P = A C A" and 0u = 0i = identity mapping 
of A, Then/o0o = fo\ A and/i0i = /i I ^1- ^ proof of (2.7) is trivial. 

* This definition is applicable only to spaces A', M which have the property that every 
point of X is a categorical subset of A' in M. This restricts the range of the definition 
from the generality of the definition used by Borsuk [14). Moreover, even when they both 
apply, they need not be the same. However, as we shall see later, the definitions coincide 
in the important case that M is an absolute neighborhood retract, (see §14). 

^ Spaces A" and Y are said to be mutually separated if they are disjoint and open in their 
union X + Y. 
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From now on we assume that C{M) is not vacuous; this condition is satisfied, 
for instance, when M is locally contractible. 

3. Elementaiy Relations. The function catj# X is an increasing function of 
and a decreasing function of M in the following sense: 

(3.1) If X Cl Y then eat^f X ^ catjif Y. If M is open in N then catjif X ^ 
caty X, 

The proof is obvious. 

Let a and a' be two coverings. I shall say that a is a precise refinement of 
O'' if there is a (1, 1) correspondence between the sets of o- and a' such that 
every set of <r is contained in the corresponding set of <r\ 

(3.2) There is always a minimal covering belonging to Cm(X) which is open. 
If X is closed and catji# X is finite there is a closed minimal covering e Cm{X). If 
X is closed and M is a complex^ there is a closed minimal covering € Cm{X) whose 
sets are subcomplex of M in a certain subdivision.^ 

For every categorical covering of X in M is a precise refinement of an open 
categorical covering. Every finite open categorical crovering has a closed 
categorical precise refinement. If M is a complex it may be subdivided so fine 
that every simplex is contained in at least one of the sets of a preassigned open 
categorical covering. 

It is easy to verify that 

(3.3) If X is compacty catjir A" is finite. 

4. Further Elementary Relations. There is a ^‘triangle inequality"' for 
category: 

(4.1) For any collection of subsets of cat^ (E Xa) ^ Ecatii,X„. 
If. for each a the covering aa belongs to C M(Xa) then the covering <r of 

which consists of all the sets of all the (Ta's is a covering belonging to Cji# (E ^.). 
Clearly, 1 <7 | = S 1 I- 

(4.2) If M is arevoise connected and X and Y arc mutually separated^ then 
catj, (X + F) = max jeatj, A', cat* F|. 

Since M is completely normal, X and Y are ccmtaiiu'd in disjoint open sets 

* In this paper complexes are understood to be finite. 

• But there is no integer k such that there is always a closed minimal covering «CAf(X) 
whose sets are subcomplexes of M in the subdivision. Let X = Af be the 2>dimcnsional 
Mobius strip mod m, Mm , [2, chapters IV, V, VI, Anhaiig, 12] obtained from a triangulated 
pseudoprojective space, Pm » by removing the interior of a 2-8implex, Q. The category of 
M is clearly 2. The required number, k, of subdivisions of M must be so large that each 
l>simplex of the boundary of Q is subdivided into at least 2in/Z l-simplexes. Thus 2* 
must be ^ 2m/3 so that k must be ^ loga 2/3 -f loga m. 

This example, kindly shown to me by S. Eilenberg, was constructed by Eilenberg and 
J. H. jC. Whitehead, to answer the following question of H. Hopf: Can one find, for every 
integer a multicoherent complex which is ‘‘simplicially” unicoherent in the subdivi- 
sion? The complex Mm has this property with j the largest integer in loga 2/3 •+• logim. 

It would be interesting to investigate these problems further; especially with the added 
restriction that the complex M be a manifold. 
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U and V respectively. Let a be a categorical covering of X in M by op(‘n sets 
of U and <r' a categorical covering of Y in M by opc^n sets of F. The covering 

of X and Y whose sets arc unions of pairs of sets, one from a and one from <r', 
is open and, by (2.3), belongs to Cm{X + Y). But er" contains a subcovering 
(t'" for which | a'" | = max { | (r |, | a' | j. Thus cat a/ (X + T) g max {catj/ X, 
cat at Y]. But, by (3.1), catir (X + 7) ^ max [cat a/ A", cat at Y\. 

A space M will be said to lx> a divisor of a containing space N if for any space 
X' and mappings /and g e the homotopy of /and in X implies their homot- 

opy in M. For example a retract [G] M of N is a divisor of X, by (2.2). 

(4.3) If M is a divisor of X then cat a/ A' g catAr A'. 

For a categorical subset of A" in N, which is C M is then a categorical subset 
ofXinM. 

(4.4) If Ml and are mutually separated amt X C M\ then catAf^-fAr^ A" = 
cat A/ 1 A . 

For Ml is a retract of il/i + M^ and is open in Mi + M 2 . 

(4.5) If X = Xi + A 2 , M = 3/1 + 3/2 ami Xi d Mi , A% CZ Mn where Mi 
and M 2 are mutually separated then catAf A" = (^atAf, A"i + catifj X 2 . 

By (2.4), every categorical subset of A" in 3f is a catt^gorical subset of either Xi 
or X 2 in 3/. Hence, catAf Xi + catAf A'o ^ cat a# A". But. by (4.1), catj^ X ^ 
catjK A^ + cat A/ X 2 so that cat.v A = cat.w A"i + cat.v A" 2 . By (4.4), catAf A"i = 
catAf, Xi and catAf Xo = cat.v 2 A" 2 . 

If M is locally ai*cwise connected, so that the components of 3/ are oix^n, 
then, by an extension of (4.5), catAf X = (A" -3/,), the summation 

extended over the components 3/, of M, Thus no generality is lost in the 
investigation of cat a# X if M is supposed connected (hence, arc wise connected). 
If one is willing to restrict oneself to locally connected A", it follows in the same 
way from (4.2) that no generality is lost if A" is also assumed connectKl (hence 
arewise connected). 

5. Categorical sequences. I shall call a finite sequence [Ai , A 2 , • • • , 
Ak = Xj of closed subsets of A" a categorical sequence for X in 3/ if Ai C A 2 C 
• • • C A^. , and if Ai , A 2 — Ai , • • • , A^ -- Ak-i are categorical subsets of M. 
The length of a categorical sequence {.li , A 2 , • • • , Aa ! is k. 

l^iEOREM 5.1. If M is arewise connected and cat^v A" is finite then catA# X is 
the minimum of the lengths of the categorical sequences fur X in M, Furthermore, 
if X is finite dimensional, a categorical sequence j Ai , Ao , • • • , Aa 1 0 / minimum 
length can be chosen so that 

dim Ai < dim A 2 < • • • < dim A a . 

First we prove that if {Ai , • • • , AaI is a categorical sequence for X in M 
then catAf X ^ k. This is obvious for k — 1; suppose that it has been proved 
for A: g r — 1 and let [Ai , A 2 , • • • , Art be a categorical sequence for X in M. 
Since Ai is, by assumption, categorical in M there is an open set A"! containing 
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-4i which is contractible in M. It is easy to verify that {A 2 — Xi , As — A"i , 
• • • , .4, -- Ai} is a categorical sequence for X — in M of length r — 1. By 
the induction h^^pothesis, catjv (A" — Xi) g r ~ 1. Hence, by (4.1) catii/ X ^ r, 
completing the induction. 

Next we prove that there is a categorical sequence for A" in M of length ^ 
catAf A". This is obvious for cat at A^ = 1; suppose that it has bc(»n proved for 
cblIm X ^ r — I and let {A"i , • • • , A^} be an open minimal covering belonging 
to Cm{X). Denote by /^, the set of points of A^ which belong to A, for j g i 
but not to A'; for j > i. Thus the sets Fi are closed in A^. Since Fi and A — 
Ai are closed disjoint sets of the normal space A", there is an open set Gi of A 
such that Fi C Gi and Gi-{X — A^) = 0. If A" is finite dimensional, Gi can be 
chosen so that dim X-(Gi — Gi) < dim A^ 

Suppose we have constru(4ed i — 1, open sets , • • • , of A such that, 
for f g j — 1 , 

(5.2) 6\ D Fi ~ (Oj + . . . + and 

(5.3) «.-.(A - A.) = 0, 

and, if A" is also finite dimensional, dim X•(G^ — Gi) < dim A. 

The sets A — A'^ and F^ — closed in A^ Since ((?! + ••• + 

Cr/- 2 ) + Gj^i 3 F/_i we have 

- ZCrd-iX - X,) C (F, - F,_,)-(X - X,) CX,.(X - X,) = 0. 

i<i 

Hence there is an open set Gj of A" containing Fj — and such that 

Gj-(X — A"y) = 0. Thus we construct inductively r open sets t7i , • ♦ • , Gr 
which satisf}^ (5.2) and (5.3) for every i g r. If A" is finite dimensional, 
dim A ^i^r {Gi ~ < dim A'. 

Since f?i — Gy CZ Xy ~ /^i C A 2 + • • • + Ar , it follows, by (5.3), that 
E {Gi - Gi) ax, + ... + Xr , 

so that the category of (^^ — G») in M is ^ r — 1. Hence, by the induc- 
tion hypothesis, there is a categorical sequence [Ay , • • • , for (Gi — 
Gi) in M whose length A; — 1 is ^ r — 1. 

Since X-^t^r (Gi — f?,) is closed in A, the sets A" -.4; an^ closed in A'^. In 
order to show that { A-rii , • • • , X-Ak.~i , A"} is a categorical sequence for A in 
M it remains only to show that A — X-Ak~i ls categorical in M. But A — 
X-Ak-i = A" — (Gt — Gi) is open in A^ and every component is con- 

tained in one of the sets G^ C A, . Since each A\ is contractible in M it follows 
from (3.1) and (4.2) that A" — is categorical in M. 

If A is finite dimensional the last stab^ment of the theorem follows induc- 
tivelv from the possibility’^ of choosing the (?\s in such a way that dim A. 
T.i^r{Gi - Gi) < dim A. 

From theorem 5.1 we can cjuickly deduce the Lusternik-Schnirelmaim- 
Borsuk theorem, [14, Satz 4; 18; 40, p. 33; 42, p. 132]. 

(5.4) If M is arewise connected and catji# A is finite then catji/ A ^ 1 + dim A. 
If A is not finite dimensional there is nothing to prove. For finite dimensional 
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X this is an immediate consequence of the existence of a categorical sequence of 
minimum length whose sets are of increasing dimension. 

6. A property of minimal coverings. If M is arewise connected and the 
finite covering a of X by open sets of M is a minimal categorical covering of X in 
M then 

a) the nerve of a is a simplex and the image of X under the Alexandrojf mapping^^ 
intersects every open face of this simplex. 

b) The distributive lattice generated by the sets of a, under the operations of union 
and intersection^ is free. 

Let (T = 1 A'l , • • • , A^a } be an open minimal cat(‘gorieal covering of A" in M. 
Since A is normal there is a closed coveiing \ Wi ^ . , Wk\ with C A\ , 

(3.2). Let Ti , i = 1, • • • , A:, denote the set of points of A" which belong to at 
least A — 2 + 1 of the sets TTi , • • • , TTa . Using (4.2) it is not difficult to see 
that 1 7 2 , • • • , 7a — 7\} is a categorical sequence for A" — 7\ in M so 

that catji/ (A — 7\) g A ~ 1. Since catji/ A = A by hypothesis, 7\ 0. Hence 

A’'i‘A '2 • • • Aa 7*^ 0, i.e. the nerve of a is a simplex (of dimension A — 1). 

The inverse images of the open faces of this simplex under the Alexandroff 
mapping are the sets A,, • A,^ • • • A',, - X' yi ^ j ^ h, where the summation 
extends over i 7 ^ ii , 1 2 , • • • , ij . It is to be shown that no such set is vacuous. 
Suppose, for example, that A'l • • • A; C A' hi + . . . + Aa . Choose a closed 
covering {Wi , • • • , Wk\ which is a precise refinement of a, with Wt C A, . 

The j closed sets Wt — (A^+i + • • • + Aa), 2 = 1, • • • , j, have a vacuous 
intersection; hence we may choose open sets l \ . • • • , Ij, satisfying 

C/j. . . . U, = 0 and Wi - (A,+i + • • • + Aa) C C A, . 

Let < 7 ' = I Cl , To , • • • , C; , , • • * , A"a 1. Then \ a' \ = A = catAf A, 

so that a is a minimal covering of CV(A). On the other hand Ui- To • • • Ca == 
0, so that the nerve is not a simplex. Hence the sot A"i • • • A"^ — (A;+i + 

. • • + A"a) is not vacuous. 

To prove the second statement it is sufficient to show that a distributive lat- 
tice generated by elements A^i , • • • , Aa is free if no relation of the form 
Ax . . . A, + Ay^i + . . . + Aa = A,+x + • • • + Aa holds.^*^ 

By the Alexandroff mapping 1 mean here the one defined, say, in [30, p. 93]. 

“ For the definition of distributive lattice the reader is referred to [5]. A distributive 
lattice is free if the only relations are those implied by the axioms for a distributive lattice. 

** A relation of the lattice is of the form 

2 n “ 22 n Xn^; fTHf 9 ^ niik; 

i i it 

Let A'l • • • be any product of shortest length in this relation and let Xt+i , • • • , Xa be 
the rest of the elements. Then, adding Xi+i + • • • + Xa to both sides, Xi • • * Xi 4* 

-f • • • -f- Xk “ Xt^i + ••• + Xk f since every product, with the single exception of 
Ai • • • Ai , contains at least one of the elements Xt^i , • • • , Aa . 
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7. Deformation. Now I shall show that deformation can not lower the cate- 
gory. More precisely: 

Theorem 7.1. If X is open in M and can be deformed in M into Y then 
catir X ^ catj/ Y, 

By hypothesis there is a mapping /o t such that fo I \ X in Af . Ijet 

<r = {F,} be an open contractible covering of F in Af, so that the covering 
fo^ic) = {fo\Yi)] = \Xi] is open in X and hence in Af. Since 1 | F,- con- 
stant, 1 I Xi fo I Xi constant. Thus Xi is contractible so that fo^itr) c 
Cm{X). 

A property" is said to be inductive [2, II, Anhang, 1] if, whenever each of a 
decreasing sequence of compact sets has the property, their intersection also 
has the property. 

(7.2) The property catj/ A" = n for fixed M and compact X is iriductive. 

To prove this it is sufficient, in view of (3.1), to show that if j A,) is a sequence 
of subsets of M such that the closure of 22 compact then there is an integer 
io such that catM Xi S cat^f X for every i ^ io , whcir^ X = lim { A\}. 

Since the closure of 22 compact. A" is not vacuous. There is an open 
set (= 22 some open minimal covering e Cm{X)) containing X such 
that catjif f/ = catjn A"". Since the closure of 22 compact, contains al- 
most all At . Thus there is an integer io such that A* C I ' when i ^ I’o . Hence, 
by (3.1), cat^w A* ^ catAf f'. 

A set A C Af will be said to be essential iii Af if no neighborhood of A can be 
deformed in Af into a proper closed subset of A. 

From (7.2) quickly follows: 

(7.3) If X is compaciy there is a closed subset A of X which is essential in Af and 
whose category in M = cat^ A". 

By (7.2) and the irreducibility principle [2, II, Anhang, 1] there is a closed 
subset A of A such that caW A = cat a/ A, but entjuB < catAf A for every proper 
closed subset 5 of A. This set A is essential in Af, for, if it were not, a neigh- 
borhood U could be deformed in Af into a proper closed subset B of A. By (3.1) 
and theorem 7.1 it would follow that catM A g (tatAf ^ catjvf B which is in 
contradiction with the construction of A, since B is compact. 

A closed set A will be said to be essential in M in dimension n if A has a 
closed n-dimensional subset which is e.ssential in Af ; A will be said to be essential 
in M in exactly r + 1 dimensions if there is a seqiuaice of integers 0 = no < • • • < 
Ur such that A is essential in Af in the dimensions ^io , • • • , Rr and only these. 

We can now prove the following refinement of (5.4): 

Theorem 7.4. If Af is arcivise connected and the compact set X is essential in 
M in exactly r + 1 dimensions then cat a# A’' ^ r + 1 . 

The statement is true for r == 0 by (7.3), (3.3), and (5.4). 

Suppose the theorem has been proved for r < m and consider a compact A 

A point X €M belongs to fim |A,} if every neighborhood of x intersects an infinite 
number of the sets X i . 



ON THE LUSTEttNIK-SCTINIRELMANN CATEGORY 


341 


which is essential in M in exactly m + 1 dimensions, 0 = Wo < • • • < . 
By (7.3) there is a compact set A CL X which is essential in M and such that 
cati# A = catAf A". Since X is inessential in M in the dimensions > rtm , dim A = 
k ^ Tin. Since A is finite dimensional then* is a categorical sequence {Ai , • • • , 
Ak} for A in M of length k such that dim yli < . . . < dim Ak (theorem 5.1). 
Since dim Ak~i < dim A ^ /im , the compaetum A^-i is essential in at most m 
dimensions. Hence, by the induction hypothesis, Ak- i ^ m. By (4.1), 
we have catj# i4 g catji/ Ak~i + catAf (^'U — ^4^-0 ^ m + 1, completing the 
ind\iction. 

Further discussion of this refinement of (5.4) will follow' in §18. 

8. Absolute category. Of particular interest is the (absolute) category cat 
M = catAf of A/. From (3.1) and (4.1) follows 

(8.1) If M and N arc open in M A- N then cat(M + N) ^ cat M + cat N, 
From (3.1) and (7.1) follow's 

(8.2) If M is open in N, and N can be deformed in itself into M, then cat M ^ 
cat N. 

From (3.1) and (4.3) follows 

(8.3) If M is a divisor of N then cat M S cat N. 

For simplicity of statement I shall restrict myself in the three succeeding 
theorems to absolute categoiy. Remo\'al of this restriction is not diflScult. 

9. Product spaces. For the category of a product space the follow'ing in- 
equality has been proved by Bassi [4] : 

Theorem 9. If M = Mi X is arcmsc connected and cat Mi and cat M 2 
are finite y then 

max Icat Afi , cat ^ cat M g cat Mi + cat M 2 — 1 

The first inequality is an immediate conseqiumce of (8.3) since Mi X X 2 and 
Xi X M 2 where (j-i , X 2 )y denotes a point of il/, are retracts of M and are homeo- 
morphs of Mi and Mo respectively. 

To prove the second inequality let cat Mi == ni and cat Mo = n. There exists 
a categorical sequence |.li , ••• , .4,„1 for Mi in A/i of length m; likewise a 
categorical sequence \Bi ^ , B,,] for A /2 can be found. Sup])ose m g n and 

define 

Ck = 2 A^ X Bj ] * = 1, • • • , m + ~ 1. 

i+j-it-fi 

It remains only to show’ that the closed sets Ci , • • • , Cm+n 1 = M form a 
categorical sequence for M. One has only to verify that the sets C/t+i — Ck , 
k — ly ••• y m + T} — 2 arc categorical. But, writing /lo = 0, Bo = 0 for 
convenience, 

C*+1 - Ck = S - ^.- 1 ) X (B, - k = + 

i+;-A;+2 
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From (2.5) it follows that (Ai — i4t-i) X (B/ — By-i) is a categorical subset of 
M. Furthermore, if i < i\ j > /, 

[{Ai - - • [{Ai^ - Ai^^i) X (B,. - 

C (At — Ai-i) • (At' — At'~i) X M 2 

C Af (A,' - At) X M 2 = 0 

and symmetrically 

[(At - Af^O X (By -- By_0].[(A,^ - Ay'>0(’^-~^cr)] 

C Ml X (By - By'). By' = 0. 

Thus -- Ck is the union of mutually separated categorical subsets. Hence, 
by theorem 4.2, Ck^i — Ck is a categorical set. 

10. Homotopy type. Two arewise conned ed spaces, M and Af, are said to 
have the same homotopy type [27] if there are mappings / e and g e 
such that gf € M^ is homotopic to the identity and fg e is homotopic to the 
identity. 

(10.1) If there arc mappin/js f € and g e M‘^ such that gf e is homoiopic 
to the identity then cat M ^ cat N. 

Let (T == I F,} be an open contractible covering of N and let A"i = / ^F,) so 
that/~Vo') = \^i\ is covering of M. Since g | F, is Iiomotopic to a 

constant, gf | Xt is homotopic to a constant. But gf | A", is homotopic to the 
identity mapping of M^\ Hence (a) is contractible. 

(10.2) The absolute category is an invariant of the homotopy type] f.c. if X and Y 
have the same homotopy type cat X = cat F. 

11. A characterization of category. It has been shown that when M is a 
Hausdorff space for which C(M) is not vacuous the category has the following 
propertie.s : 

(i) If X is a point, catAf A"' = 1 

(ii) If A^ 3 F then catAf A" ^ catAf F, (3.1). 

(iii) catAf = X catAf Xa, (1.1). 

(iv) If X is open and can be deformed in M into F then catjf X ^ catAf F, 
(theorem 7.1). 

It will now be showm that these four properties characterize, in a certain sense, 
the set function catAf A^. [42; 40]. 

(11) The set of positive-iniegcr valued functions X(X), defined for subsets of M and 
satisfying 

(i) if X is a point then X(X) = 1, 

(ii) ifXZDY then X(X) ^ X(F), 

(iii) \iZ X.) ^ Z MXa), 

(iv) if X is open and can be deformed in M into Y then X(X) g X(K), 
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is partially ordered by the ruk: Xi ^ X 2 when \i(X) g X 2 (X) for every X\ the cate- 
gory, catji X, is the largest element of this partially ordered set 

Let O’ = { A^a} be an open minimal contractible covering of X in M. By (iv) 
and (i), X(Aa) = 1 for each a. By (ii) and (iii) X(A) g X(X) ^a) g ^ X(Aa) 
= j (T I = catji/ A. 

12. Minima of set functions. I conclude this chapter with a theorem which 
may be considenid as the topological part of the Lusternik-Schnirelmann 
theorem on category and calculus of variations [38; 39; 40]. Let g he a real 
valued set function defined for the subsets of M and satisfying 

(i*) if A 3 y then g{X) ^ g{Y). 

Denote by SD?” the collection of sets A for which catm X ^ n and let Cn = inf 

X t 

g(X). A set A of will be said to bo minimal (relative to 9D?" and g) if g(X) = 

Cn • 

Theorem 12. If Cm = Cn = c (m < n), if there exists at least one closed mini- 
mal set {relative to 3D?”), and if D is a closed set whose category in AI is ^ n — m 
then there exists a closed minimal set {relative to 9)?”") disjoint to D}^ 

There is an open set f " 3 D such that cat at V = catji# D. By assumption 
there is a closed minimal set A relative to 9)?”. The closed set Y = A - (Af — V) 
is, by construction, disjoint to Z). It remains only to show that K is a minimal 
set relative to 9D?”. 

Since A € SDi” the category of A in M ij^ ^ n. But A C 7 + 1/ so that, by 
(ii) and (iii) of §11, catji/ A ^ catj^ {Y + U) g catAf Y + catj# U g caty Y + 
{n — m). Hence catif Y ^ m so that Y belongs to 9D?”*. 

Since Y belongs to it follows that g{Y) ^ c. But, since Y C A, it follows 
from (z*) that g{Y) ^ g{X) = c. Therefore g{Y) = c. 

Since Y belongs to SDi*” and g{Y) = , it is a minimal set relative to 

IL The r-Dimensional Category 

13. Homotopy in dimension n. Among the absolute neighborhood retracts [7] 
the contractible spac(\s are characterized [25] by the vanishing of all their 
homotopy groups. This suggests the possibility of characterizing in an analo« 


The proof of this theorem uses only properties (li) and (iii) of §11 and the existence, 
for any X C M, of an open neighborhood of the same category ; it is therefore valid if catjif 
is replaced by a positive-integer valued set function having these proper! ics. The applica- 
tion of this theorem to the calculus of variations is the following; Let M bo a compact, 
connected, finite dimensional Reimannian manifold, / a function on M of class C". Let 
g(X) =» sup/(a;) and lot D be the set of points x of M where all the partial derivatives of 

X t X 

f vanish, i.e. D is the set of stationary points of /. A theorem of Lustcrnik and Schnirel- 
mann [36; 38; 40, p. 22] states that D intersects every closed minimal set. It follows that 
if Cm « Cn , and if there is a closed minimal set relative to SR" and g, then cat-v D > n — m. 
From this and the above mentioned theorem of Lusternik and Schnirclmann it follows, 
in particular, that every function of class C" on M has at least cat M stationary points. 



344 


RALPH H. FOX 


gous way the subsets of an absolute neighborhood retract which arc contractible 
in it. On investigation we find the rather surprising result: 

In order that a subcomplex .4 of a complex M be contractible in M it is not 
sufficient that every continuous sphere / c Af®**, for which f{Sn) C 4, be homo- 
topic in Af to a constant. 

Let 4 be a 2-dimensional torus and M a complex obtained from 4 by addi- 
tion of two 2-cells which span a meridian and an equator respectively, there 
being no other identifications. Every continuous n-sphere / e Af"^**, for which 
f{Sn) C 4, is homotopic in Af to a constant. This is clear forn = 1 because M 
has a vanishing fundamental group. For n > 1 it is a consequence of the fact 
that 4 is an aspherical [28] space. However, 4 is not contractible in Af since 
there is a 2-cycle in 4 which does not bound in Af . 

Thus the contractibility of a subset 4 of an absolute neighborhood retract 
M can not be determined by continuous spheres alone. We shall see that a 
characterization may be given in terms of continuous complexes. 

However, contractibility is homotopy of a very special kind. The charac- 
terization of contractibility by means of continuous complexes may be extended 
to a characterization of homotopy. This leads to the important notion of 
homotopy in dimension n: 

Mappings 0 and 0 of Af^ will be said to be hoinotopic in dimension or n-homo- 
topic if for every continuous n-dimensional complex / the continuous com- 
plexes 0/ and 0/ € Af ^ are homotopic. If X is of uniform class LC” then a 
necessary and sufficient condition for 0 and 0 to be n-homotopic is that 0/ 0/ 

for every n-dimensional compactum K and mapping / e The proof is along 

the lines of [27, §4] using [31, Theorem 5). I shall write h for homotopy and 
for n-homotopy. 

Observe that homotopic mappings are homotopic in every dimension and 
that homotopy in dimension n implies homotopy in every dimension ^ n. 

The characterization of homotopy mentioned above is the following: 

Theorem 13. Let A be a closed s^ihset of an absolute neighborhood retract X 
and let 0 and 0 be mappings of Af If there is a neighborhood I > of A such that 
0 I U and 0 I f/ arc homotopic in every dimension < 1 + dim X then 0 | 4 and 
0 I 4 are homotopic. 

For every c > 0 there is a continuous complex / € X^^ (wheue dim P ^ n if 
X is n dimensional) and a mapping g t such that the mapping fg t X^ is 
homotopic to the identity and d{Xj fg{x)) < e for eveiy x e X, [35]. Choose 
€ < d(4, X - U) so that fg{A) C f/. 

By hypothesis and (2.2), the mappings 0/|/ \V) and 0/|/”^(f O of f~\f^) 
into M are homotopic. Hence the mappings (hfg 1 4 and \l/fg | 4 of Af are 
homotopic. But 0/flf | 4 is homotopic to 0 | 4 and ypfg j 4 is homotopic to 
014. Hence 0 | 4 and 0 | 4 are homotopic. 

14L A subset 4 of Af will be said to be hn— deformable in Af into B if there 
is a mapping ho € AP*, with ho(A) C B, which is n-homotopic to the identity 
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mapping of I shall say that A is hn~contraciible in M if there is a point 

m € M such that A can be deformed in M in dimension n into m. 

(14.1) A closed subset A of an absolute neighborhood retract M is contractible in 
M if and only if there is a neighborhood of A which is contractible in M in every 
dimension < 1 + dim M, 

The first part is a specialization of theorem 13. The second part follows 
from 

(14.2) If M is an absolute neighborhood retract in the weak sense^^ then a closed 
subset A is a categorical subset in M if and only if A is contractible in M [ 14 , 
theorem 3]. 

If A is contractible in M there is a point m e M and a mapping h c Af 
such that h(Xf 0) = m and /i(x, 1) = x for every x € A. Define a mapping 
h' e where Q = M X [0] + A X [0, 1] + Af X [1] by 

/i'(x, 0) = m for X c Af 

/i'(x, t) = h(x, t) for (x, 0 ^A X [0, 1] 

/i'(x, 1) = X for X € M 

Since M is an absolute neighborhood retra(*t in the weak sense and Q is a 
closed subset of M X [0, 1], the mapping // may Ix^ extended [31, p. 276 remark 
3] to a mapping /i" e where G is a neighborhood of Q in A/ X [0, 1]. Let 
[I be an open neighborhood of A in M such that f' X [0, 1] C (7. It is clear 
that A'' I U X [0, 1] is a contraction of T in M. Hence A is a categorical sub- 
set of M. 


16 . A subset A of M will be called an hn-cakgorical subset of M if there is an 
open set U of M which contains A and is A, -contractible in M, Clearly every 
An-categorical subset is An-contractible in M. In contrast to (14.2), without 
local assumptions on the closed set A , its A„-contractibility in M does not imply 
that it is An-categorical in A/, (*ven with the strongest (non-trivial) assumptions 
on Af. An examples to keep in mind is the following: M is a circular ring ob- 
tained from the rectangle \ x\ ^ 2/7r, j y I ^ 1 in th(' Cartesian plane by identifying 
the points ( — 2/7r, y) and (2/7r, ?/), A is the image under this identification of 
the closure of the curve y = cos 1/x, 1 x 1 ^ 2/ tt and r = 1. In fact it is the 
existence of such examples which necessitates the introduction of the notion of 
categorical set. 

A covering of X by An-categorical subsets of M will be called an hn-cakgorical 
covering of X in A/. We shall denote the collection of such coverings by 
hnCu{X). The n-dimensional (homotopy) category^ A„ — catj# A", of X in M 
is defined to be the smallest of the cardinal numbers 1 <r j as <7 ranges over 


I call a separable metric space an absolute neighborhood retract in the weak sense if 
it is a retract of every separable metric containing space in which it is closed. Of. [31, p. 
270 footnote (1)]. 
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hnCii(X), A covering a of hnCM(X) will be said to be minimal if | o- 1 = />. 
cat A . 

The results of chapter 1 have been so worded that they apply to the n-diineri- 
sional category. One needs only to substitute homotop}^ in dimension n for 
and make the implied changes in the succeeding definitions. To see that 
this is so, it is sufficient to demonstrate that homotopy in dimension n is sym- 
metric, reflexive, and transitive, and has properties (2.1) • • • (2.5). With the 
possible exception of (2.5), these verifications arc easy. 

Let <t>\ and e il/f ‘ be homotopic in dimension n and also 02 and 0 € Mf* be 

n-homotopic. It is to be shown that 0 = (0i , 02) and 0 = (0i , ^2) € ^ where 

X = Ai X A^2 and M = Mi X M2 , are homotopic in dimension n. Let / c 
be a continuous n dimensional complex. Clearly 0/ = (0i7r/, 027r/) and 0/ == 
(0i7ri/, 027r2/), where tti and t2 denote the projections of X into Xi and X2 re- 
spectively. By hypothesis 0i7ri/ and 0i7ri/ are homotopic, likewise <t>2^2f and 
arc homotopic. Hence, by property (2.5) of homotopy, 0/ and 0/ are 
homotopic. This completes the verification of (2.5) for n-homotopy. 

16 . As analogue of (14.2) we have: 

(16.1) If M is of uniform class^^ LC then a subset A of uniform class 
is an hn-cakgorical subset of M if and only if it is hn-contractible in M, 

Since M is of uniform class LC” there^’ is an c > 0 such that continuous 
n-dimensional complexes gi j ^2 € M^* are homotopic whenever the distance 
between them is less than «. Since A is of uniform class there is an 

7j > 0 such that every partial realization of a continuous n-dimensional complex 
in A of mesh < rj can be completed in A to a full realization of mesh < c/3. 

Let U be an rj/3 neighborhood of A and let / c be a continuous n-dimen- 
sional complex. Subdivide P so fine that the image of every simplex is of 
diameter < n/S. For each vertex p of F choose a point x of A such that rf(/(p), 
z) < 17/3. Define /'(p) = z for every vertex p. Thus /' is a mapping of the 
0-dimensional framework of F into A. The mesh of this partial realization is 
< 17, hence/' can be completed to a full realization /" of mesh < e/3, Thus 

f" eA^ and d(/, /") <| + |+ |<€. Hence / and /" are honiotopic in M, 
o o o 

But, by hypothesis, /" is homotopic in M to a constant. Hence / is homotopic 
in Af to a constant. Thus U is An-contractiblc in M. 

(16.2) If M is connected and of uniform class L& and X is compact then there 
is a minimal covering of hiCM{X) whose sets are continuous curves of dimension 
g max {1, dim A}.^® 


A metric space (not necessarily compact) will be said to be of uniform class LC" if 
for every € > 0 there is a 3 > 0 such that every continuous A;-8phere (Jc ^ n) of diameter 
< 3 can be extended to a continuous {k -h l)-cell of diameter < e. For compact spaces, 
LC” is identical wdth uniform LC". 

[34, theorem !]. The assumption of compactness is unnecessary. In the statement 
Kp should be at most (p 4- 1) -dimensional. 

“ cf. [14, theorem 5]. A minimal covering of hnCuiX) whose sets are continuous of class 
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Let (T be an open minimal covering of hiCmiX) and let a' be a precise closed 
refinement. I^et I- be a set of <t and A the set of cr' contained in I . There is a 
compact set B of class LC®, which contains A-X and is contained in I such that 
dim (B — A^X) ^ 1, [14, Lemma 5; 44]. The set B has a finite number, k, 
of components, and, since M is arcwise connected, B may be enlarged to a con- 
tinuous curve by the addition of k — 1 spanning arcs. Let C denote such a 
continuous curve constructed inductively by adding spanning arcs one at a time 
in such a way that at each stage the number of components is decreased by one. 
This set C is /ii-contractible in M because every continuous 1 -dimensional (com- 
plex in a component of B is homotopic to a constant in M and such a homotopy 
h(Xf t) can be found for which h(xo , () = h(xo , 0) for a preassigned Xo of the 
antecedent and every i € [0, 1]. By its construction, dim C ^ max 1 1, dim X\, 
By (16.1), C is an /zi-categorical subset of Jlf. The collection of C^s is the re- 
quired minimal covering. 

17. Category and n-dimensional category. It is quite clear that 

(17.1) hn catji/ A" ^ catjif A" arui, if k ^ n, hk catAf X ^ hn cat^ X. 

The question: ^Tinder what conditions does equality hold?^' receives a partial 
answer in 

(17.2) If X is a chscd subset of an n-dimensional absolute neighborhood retract, 
M, then hn catji# A' = catji/ A^ 

Let 0 - be an open covering of hnCm (X) and let o-' e KCm {X) be a precise 
closed refinement (3.2). By (14.1), each set of u is contractible in M, Hence, 
by (14.2), or' Is a categorical covering of A" in M so that cat^A ^ 

I cr' I == hn catj/ A. 

Another partial answer is given by 

(17.3) Let X be a finite dimensional closed subset of an aspherical absolute neigh- 
borhood retract M. Then catj^ A^ = hx cat a/ X. 

By (16.2), there is a minimal covering a of hxCM{X) whose sets are finite dimen- 
sional continuous curves. Since each s(»t of a is /n-contractible in the aspherical 
absolute neighborhood retract M, each set is contractible in M [28, Principal 
theorem]. Since M is an absolute neighborhood retract it follows from (14.2) 
that each set of a is categorical in M, Thus catj^ A g ] (t | = hi cat,v A. 

18. An upper bound for the category. According to Borsuk [11, p. 254] a 
compact space M Is called a homotopy membrane in dimension k if every closed 
at most A:-dimensional subset is contractible hi M. From (14.2) it follows that 
a homotopy membrane in dimension k which is also an absolute neighborhood 
retract is inessential in all dimensions g k. Hence, from thc'orem 7.1 we have 


I/C* (ifc ^ n — 1) can be chosen if A is compact and M is connected and of uniform class 
Z/C" and has the following property: For every compact set A and open set U 3 A there is 
a compact set B of class LC* such that A d B <ZU. It is a little difficult to see what this 
condition means for fc > 0. 
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(18.1) If the m-dimensional absolute neighborhood retract M is a homotopy mem-- 
brane in dimension k{^ m) then cat ilf ^ m — A; + 1. 

Since the vanishing of the first k homotopy groups of a finite dimensional 
absolute neighborhood retract M implies that M is a homotopy membrane in 
dimension ky [25 Satz 5] and, since the first k homotopy groups of an absolute 
neighborhood retract M vanish if and only if M is simply connected and acyclic 
in the dimensions g ky [26], 

Theorem 18.2. If the m~dimensional absolute neighborhood retract M is simply 
connected and acyclic in the dimension ^ A;(^ w) then cat M ^ m — k + 

Theorem 18.2 diffei's from (18.1) only if M is not a complex, for a complex is 
a homotopy membrane in dimension k if and only if it is simply connected and 
acyclic in the first k dimensions [26, 3']. The simply connected absolute neigh- 
borhood retract B(fc, m), 2 g A: g m, of Borsuk [11, p. 256] is a homotopy mem- 
brane in dimension m — 1 but is acyclic only in the dimensions g A; — 1. Thus 
cat B{ky m) ^ m — ^ + 2 by theorem 18.2 but cat B{ky m) ^ 2 by (18.1). 

In the bounds given by theorem 7.4, (18.1), and theorem 18.2 the equality 
sign need not hold, even when M is a manifold. In fact let M = >Si X S2 . 
According to corollary 20.3, cat M = 3. But M is essential in dimensions 0, 1,2, 
and 3 so that cat M g 4 is the best bound obtainable from the above mentioned 
theorems. 

A similar upper bound for the category follows from an unpublished result 
of W, Hurewicz: If M is a simply connected m-dimensional complex and the 
last k Betti groups, with the real number mod. 1 for cocjfficient domain, vanish, 
then M can be deformed into its (m — k) dimensional framework. Hence from 
theorem 7.1 and (5.4) we conclude: 

(18.3) If M is a simply connected m-dimensional complex and Px{M) = 0 for 
i = 7?i — A; + 1, • • • , m {real iiumbers mod 1) then cat M ^ w — fc + 1. 

In a similar vein : 

(18.4) If M is a connected aspherical absolute neighborhood retract whose funda- 
mental group is free with a finite number of generators then cat M ^ 2. 

For, under the conditions of the theorem, there is a (’ompact at most 1 -dimen- 
sional set which is a deformation retract of M, [21]. As above, the statement 
follows from theorem 7.1 and (5.4). 

19 . We note some further results connected with the notion of homotopy type. 

(19.1) If M is a finite dimensional aspherical absolwe neighborhood retract with 
Abelian fundamental group then cat M = hi cat Af = 1 + 61 (A/), where bi{M) 
denotes the 1-dimensional Betti number of M. 

For, under the conditions of the theorem* M belongs to the homotopy type 
of the 6i(A/)-dimensional torus [28]. The result follows from (10.2) and corol- 
lary 20.3. 

(19.2) ' If M is an absolute neighborhood retract ami if for every c > 0 there is an 
e-mapping of M into a metric space A/' then cat M ^ cat Af'. 

This follows from (10.2) and a theorem of Eilenberg [22]. 
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20. Product spaces. From theorem 9 it follows that, if M = Mi X • • • X M* 
is arcwise connected, 

k 

(20.1) max {cat M,} g cat M g 1 + 2 (cat M,- - 1), and 

t-1 

k 

(20.2) max [K cat Mi] ^ An cat M g 1 + (An cat Mi — 1). 

t-1 

The simplest examples show that the lower bounds in (20.1) and (20.2) are 
not always attained; I shall now show that it is the same with the upper bounds 
in (20.1) and, for n > 1, in (20.2). 

Let A = 2, Mi = the three dimensional pseudoprojective space , i = 
1, 2, [2, VI Anhang 6, 7, 8, p. 266] wdierc nii and rrh are relatively prime. It is 
easy to show, by construction^® of a categorical covering, that cat = hi 
cat Pj»^ = 2. The complexes M = Mi X Mi and T = Xi X Mi + Mi X Xi f 
where {xi , x^ t M, are simply connected. Moreover the homology groups of 
M and T are the same in evcrj^ dimension, and for each r the natural homo- 
morphism of ffrCn into 0r{M) is an isomorphism w^hich covers l3r{M) [2, VII, 
§2, 3]. Hence, by an unpublished theorem of Hurewicz, P is a deformation 
retract of M. Since, obviously, hi cat T = cat P — 2, it follows from theorem 
7.1 that hi cat M = cat M = 2. Thus the upper bound, 3 in this case, is not 
attained. (I do not know whether the upper bound is always attained if the 
further assumption that M be essential is imposed.) 

A lower bound of a different type has been given for the homotop}" category 
by Eileiiberg [19]. 

Theorem 20.3. If M = Mi X • • • X M/, is an absoluk' neighborhood retract 
and essential then cat Mi ^ 2 for i = 1, • • • , A implies that cat M ^ k + I, 

The proof of this theorem, w hich 1 omit, d(*pends on the following lemma on 
homotopy : 

(20.4) If A is a closed subset of an absolute neighborhood retract M ami A' € 

is a deformation of A in M then there is a deformation h such that 

h\A X [0, 1] = A'. 

I do not know w’h(»th(»r th(‘ tlu'orcm or the lemma retains its validity for 
n-homotopy. 

Notice that the example above shows that the condition that M be (vssential 
in theorem 20.3 can not be removed, or even Ix' n^placed by the condition that 
each Mi be essential. 

Examination of the proof of theorem 20.3 reveals that the condition that M 
be (\ssential can b(' replaced by the apparently weaker condition that M can 


It is not difficult to verify that the category of a join AB is min |cat A, cat . The 
join A and B of two spaces A and B is the space obtained from the product A X B X [0, 1) 
by identifying (x, 2 /, 0) with x and (a?, y, 1) with y for every a; « A and y c B. The pseudo- 
projective space PJ, is the join of tlie 2-dimensional pseudo-projective space PJ. and a 
O-sphere So . 
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not be deformed into the set of points x (xi , • * • , Xk) of M which have 
at least one coordinate identical with the corresponding coordinate of a fixed 
point p = (pi , • • ' , P)t). On observing that, for k = 2, the category of is 
the maximum of cat Mx and cat (the proof is similar to the proofs of (4.2) and 
theorem 22.2), it follows from theorem 7.1 that 

// ilf = Ml X Mo is an absolute neighborhood retract then cat M = 2 and 
only if M can be deformed into and cat Mi == cat M^ = 2. 

This is illustrated by the abovci example. 

The lower bound in theorem 2.15 and the upper bound (20.1) coincide when 
the category of each component is exactly 2. Hence 

Corollary 20.5. If M = Mi X • • • X Mk is an essential absolute neighbor- 
hood retract and if cat M,- = 2 for t = !,•.•,& then cat M = k + I, 

Illustrative of this corollaiy, the product of k spheres >S„j , • • • , of various 
dimensions has category ^ + 1 • In particular the category of a A:-dimcnsional 
torus is A; + 1. 

Anent the question raised above of the existence of an essential M with 
category < 1 + (cat Mi — 1), the method of Eilenberg [19] yields the 
following characterization : 

If the absolute neighborhood retract M = Mi X • • • X M^ is essential and if 
{Bi j B 2 , • • • , } CL covering of M by closed subsets^ where cat mBi ^ cat M» — 

1; i = 1, . . . , A:, (so that cat M < cat M* — (A; ~ 1)), then for some z, 
TTi I Bi maps Bi essentially on M, . (wi denotes the proj(*ction of M into M ^ .) 

Suppose that for each i, tt, \ Bi is essential on M, so that tt, | is homotopic 
to a mapping <t>i eMf* such that </><(B,) is a proper subs(4 of Mt . By (20.2) 
there is an extension € Mf of <t>i which is homotopic to tt, . Hcric(' the iden- 
tity mapping (ti , • • • , tta-) of M is homotopic to 0 == (0i , • • • , 0 a^). But 0(M) 
is a proper subset of M, which is impossible since M is essential. Hence, for 
some i, t, | B, is essential on M» . 

It is conceivable that this situation occurs. Tlie natural mapping of a 
Aj-sphere onto a fc-dimcnsional projective space (k ^ 2) is an example of an 
essential mapping which raises the category. (That the category of a fc-dimen- 
sional projective space is A; + 1 follows from (31.1). 

21. Covering spaces. If the connected space M is of class LC® and has an 
open covering which is contractible in M in dimension 1 then, to every subgroup 
w of the fundamental group TPifM), there is defined a covering space M„ of M 
[43 chapter 8]. Denote by p a fixed point of M so that the points of M„ are 
classes [7]„ of continuous arcs with initial points p, y and 7' belong to the same 
class [y]o, if 7'7~^ defines an clement of the subgroup co of 7ri(M). 

Theorem 21.1. If is a covering space of M, where C(M) 0, and 
denotes the set which lies over X then catj^^ ^ catj/ X. 

Since a set lying over an open set of M is open in M^ , it is sufficient to show 
that the set of M« lying over a set A, which is contractible in M, is contractible 
in M« . Let A be contractible in M and h e be a deformation of A in 
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M into p, so that h{A , 0) = p and h{Xy J ) = a:. For any x e A and / € [0, 1] and 
continuous arc y in M from p to define 



for 0 ^ s ^ 
for t ^ s ^ ly 


so that yy,i is a continuous arc from p to /?fx, t). Observe that depends 

on [7]« and not on th(‘ particular arc y c [7]^, . 

Define h' e where A^^ is the* s('t lying over /i, by /i'([7]«, t) = [y'y.ilu . 

Then h'([y]u , , 1) = [7)0, and h\A^ , 0) C p^ where denotes the set of points 
lying over p. Thus h' is a deformation of A inb) po, . But, by (5.4), p„ is con- 
tractible in M, Hence ^4^, is contractible in M. 

Thp:orem 21.2. If in a covering .space of M where hnC(M) -A 0 and 
denotes the set which lies over X then hn cal^^ A"e, ^ cat^w X. 

The proof is analogous to the proof of the preceding theorem. Let A be 
/in-contractible in M and let A^ and have the same significance as above. 
T.et / € , with f{P) C A^ , be a continuous ^-dimensional complex. By 

hypothesis there is a mapping h € such that h{P, 0) = p and h{Xy 1) = 

<l>f(^)y where (p denotes the mapping of downward into Af, so that <t>f is a 
continuous n-dimensional complex. For any x € P and t e [0, 1] and continuous 
arc 7 in M from p to <t>f(x) defim* 



for 0 ^ s ^ 
for t ^ 8 ^ \y 


so that yy,t is a continuous arc from p to h{Xy t). 

Define h' € by h'(x, t) = where [7)0, = f{x). Then h'{x, 1) = 

f{x) and h'{Py 0) C p„ . As we have seen that p^ is contractible in it follows 
that / is homotopic to a constant. Hence is /in-contractible in A/. 

In the two preceding theonans the equality need not hold. This follows, for 
instance, from the example: M = torus, A/„ = its universal covering space, 
the Euclidean plane. 


22. Identifications. W e next study the effect of certain identifications on the 
category. 

Theorem 22.1. Let K\ and K2 be (closed) disjoint homeomorphic retracts of 
M where M is connected of uniform class LC^ and C{M) 9^ 0 (or hnC{M) 7^ 0). 
Lei X be the space ohlamcd from M by an identification f e of tlw corresponding 
points of K\ aiui K2 . Then cat A/ g cat N (or K cat M ^ /?„ cat N). 

Let iV denote the space obtained from a sequence jA/*l, f = , —1, 0, 

L • . • of copies of M by identifying the corresponding points of Kl and 
for each f, where A"! and Kl are the sets of M* which correspond to Ki and K2 
respectively. It is no loss of generality to suppose that M = Af®, Ki - K\y 
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Kt ^ Ki. Thus the mapping <f> of St into N defined by <t>(x) = f{x^), where is 
the point of M ® which corresponds to x € Sty is an extension of the mapping /. 
But ^ is a covering mapping— that is to say, for every point y eN there is a 
neighborhood U such that > where each Va is open in St and 

^ 1 Fa is a topological mapping of Va on U. It follows [43, chapter 8] that St 
is a covering space of N. Hence, by theorem 21.1 (or by theorem 21.2), 
cat St ^csitN (or hn cat St ^ hn cat N). But since Ko and Ki are retracts of M, 
= Af® is a retract of St. Hence, by (8.37), cat M g cat St. 

That the condition that Ki and K 2 be retracts of M cannot be dropped can be 
seen from the following example: M is the 2-dimensional torus, Ki a meridian 
of My K% a simple closed curve disjoint to K\ which can be contracted in M. 
Ki is a retract of Af and K2 is not. The category of M is 3, as we have seen 
earlier, but the category of N is 2. In fact it is not difficult to construct a 
minimal covering € C(N) with two sets, which arc images under / of cylinders 
each deformable in Af into Ki . 

Theorem 22.2. If Ki and K2 of ike preceding theorem are points and if 
1 < cat Af < 00 (or ?/ 1 < hn cat Af < qc ) then cat Af = cat N (or hn cat Af = 
hn cat N). 

Let (Xij be an open minimal categorical covering of Af. We may assume 
that Ki cfl X\ and K 2 ^ X 2 • (From the assumptions that cat M > 1 follows 
the existence of Xi and X^. For if, for example, K\ c H'-i"' , choose a 

closed neighborhood Ai of K\ such that/(.4i) is a categorical neighborhood of 
K = f{K^ in N and replace the cov^'ering jA",) by the open refinement |A,1, 
where 

Xi-Xi- Ai, 

Xi = Xi, for i > 1 . 

This operation can be performed simultaneously if necessary on both K\ and 
K2 so that we may assume that Ki cjl Xi and K2 cfi X2 . 

Let Ui and U2 be open neighborhoods of Ki and K2 respectively such that 
f{Ui) and f{U 2) are contractible in Ny and Ui’U2 = l i-Xi = U2-X2 = 0. 
Let K - f{Ki + K 2 ). 

The covering a = {/(A,) — Kyf{Ui + of N is open and categorical in N. 
Furthermore | a 1 = 1 + cat A/. But (/(X,) ~ K) . (/(X 2 ) - K) ./(f/i + U 2 ) = 0 
so that the nerve of a is not a simplex. Hence, by §6, cr is not a minimal covering 
€ C{N)y SO that cat N ^ cat Af. 

The above proof applies word for word to the 7i-dimensional category. 

Using induction it follows from theorem 22.2 that the categories are un- 
changed by a succession of point identifications. 

It would be worth while to generalize theorem 22.2, somehow, to the situa- 
tions of theorem 22.1 (and both theorems if possible, to the type of identifica- 
tion -f- considered bv Borsuk [11]. An upper bound for cat N in this direction 
/ 

is the following (Cf. [4, p. 277. (4)] for a special case); probably too generous: 
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Theorem 22.3 Lei M he an absolute neighborhood retract in the weak sense 
and Ki and K 2 be disjoint komeomorphic retracts of M. Let N be the space ob- 
tained from M by an identification f t of the corresponding points of Ki and K 2 . 

Then cat N ^ cat M + k^ where k = catM Ki = catj# K 2 . 

By (14.2), catii Ki ^ cat iCi, (for any closed covering of C(Ki) is contained 
in an open covering of Cm Ki)). By (4.3), cat Ki g catjf Ki . Thus cat Ki = 
cat K 2 = catif Ki = catii/ K 2 = k. For the same reason catjv K = cat K = k, 
where K = f(Ki) == /(X2). Since /| (M — (Ki + K 2 )) is a homeomorphism, 
cativ (N — K) ^ catj/ (M — (Ki + K 2 )) g cat M. Hence, by (4.1), cat N g 
caW (A^ — X) + catjv K ^ cat M + k. 

23. Category and the fundamental group. A generalization, due to Hurewicz, 
of a theorem of Borsuk [14] states that for the fundamental group to be free it is 
sufficient that the category be ^ 2. If category is replaced by 1-dimensional 
category the condition becomes also necessary. Precisely: 

Theorem 23.1 The \ -dimensional (homotopy) category of an LC^ -continuum 
M is = 2 if and only if the fundamental group 7ri(Jl/) is free and non-vanishing. 

Suppose, first, that hi cat M = 2. By (16.2), there is a minimal covering 
\Mi y M 2 } € h\C(M) by optMi, connected sets. Since M is an LC^ continuum, 
Ml* M 2 has a finite number of components. It follows from a theorem on the 
fundamental group of a union [43, chapter 7; 29] that tti^M) is a free group 
with a finite number of generators; iriiM) does not vanish because hi cat M > 1. 

Suppose, conversely, that ti{M) is free and non-vanishing. Since M is an 
continuum, ti{M) has a finite number of generatoi*s. Hence the number 
of generators of iri{M) is the coherence r{M) [20, p. 175, theorem 1]. Since 
7ri(Af) is non-vanishing, r{M) > 0. Hence M = Mi + Mo , where Mi and M 2 
arc open and connected and Mi* M 2 has 1 + r(M) components [20, p. 172, 
theorem 1]. Then Mi and M2 must both be Ai-contractible in M, for if an 
element of 7ri(M) different from the identity had a representative loop in Mi , 
for example, then it would follow, from the above quoted theorem on the funda- 
mental group of a union, that ti{M) had more than r(M) generatoi's. Hence 
[Ml , M2} € hiC{M) so that hi cat M ^ 2. But hi cat M ^ \ because 7ri(M) 
docs not vanish. 

It is really remarkable that hi cat A/ = 2 can be characterized by means of 
the fundamental group 7ri(A/) alone. In fact 

(23.2) The l-dimensioival homotopy category is mi an invariant of the funda- 
mental groupy even over the class of complexes. 

Let Ts denote the 3-dimensional torus obtained from the 3-dimensional cube 
Qz of Euclidean 3-space by identifying the opposite faces in the usual way, and 
let W denote the 2-dimensional subcomplex of Tz which is the image, under the 
identification, of the boundary of Q3. By (17.3) and corollary 20.3, hi cat 
Tz == 4, while from theorem 23.1 and (5.4) it follows that h cat IF = 3. Never- 
theless Tz and W have isomorphic fundamental groups. 

From theorem 23.1 it follows that if the LC^ continuum M is unicoherent, 
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its 1-dimensional category can not be 2. For if hi cat M = 2 then 7ri(ilf) is free; 
if M is unicohcrcnt it follows that 7ri(ikf) = 0 [20, p. 175, theorem 1] thus 
hi cat Af = 1 which is a contradiction. From this follows (cf. [14]): 

(23.3) Category and n-dimensional category are not invariants of the homology 
groups {arbitrary modulus) even over the class of manifolds. 

The 3-sphere S3 and a Poincare manifold L have the same homology groups 
(arbitrary modulus). It is clear that h\ cat S3 = 1, /^n cat Sa = 2 for every 
n > 1 and cat S3 = 2. Since 7ri(L) 7 ^ 0, hi cat L > 1. Since hi{L) 7 ^ 0, 7ri(L) 
is not free [39, chapter 7, §48] so that, by theorem 23.1, hi cat L ^ 3. Hence, 
by (17.1), hn cat L ^ 3, for every n, and cat 1^3. 

We can now calculate the categories of the compact, connected 2-dimensional 
manifolds. It is more or less obvious that hi cat S2 = 1, An cat S2 = cat S2 = 2 
for n > 1. From theorem 23.1 and (5.4) it follows that for any other compact, 
connected, 2-dimensional manifold A/, hn cat M = Af = 3. 

III. Homology Categories 

24. Definitions. For any coefficient domain 21 and positive integer k a map- 
ping 0 € A/^ induces a (natural) homomorphism of the t-dimensional homology 
group ^k{X) = fik{Xy 21) of X (with coefficient domain 21) into the A-dimen- 
sional homology group 0k{M) = 0 k{M, 21). (Homology groups are defined as 
Vietoris limit cycles [26, p. 521].) Mappings 0 and ^ c are said to be 
homologous (21) in dimension n ^ 1, or n-homologous (21), if, for every A, 0 ^ 
A; ^ 72, the same homomorphism of ^k{Xy 21) into ft(A/, 21) is induced by <t> 
and yf/. In other terms: <l> and ^ are n-homologous (21) if every A-cycle (21), 
0 ^ A ^ 71, of X is ^‘mapped^’ by <t) and ^ into homologous cycles of M [2, p. 21 1]. 

A subset X of M will be said to be Hn deformable (21) in M into Y if there is a 
mapping/ eAf^, with f{X) C K, which is 7i-homologous (21) to the identity 
mapping of M^, I shall say that X is Hn contractible (21) in M if there is a 
point m into which X can be Hn deformed (21) in Af. In other words A" 
is i/n-contractible (21) in M if every k cycle (21), 0 ^ k ^ 72, in X bounds in Af. 

I shall say that X is Hn categorical (21) in Af if is coiitained in an open set 
which is Hn contractible (21) in Af. A covering of X by Hn categorical (21) 
subsets of Af will be called an //„ categorical (21) covering of X in M; the collection 
of such coverings will be denoted by HnCmiX) = HnCAtiX, 21). 

For future use let us observe that 

(24.1) If M is a complex j a subcomplex X is Hn categorical in M if and only if 
it is Hn contractible in Af. 

The n-dimensional homology category^ Hn catji^ A = Hn cat (A, 21), of A in Af 
is defined to be the smallest of the cardinal numbers | o- | as o- ranges over 
HnCAiiXy 21). A covering a of HnCuiX, 21) is minimal if \ a \ — Hn catj# (A, 21). 

Mappings 0 and ^ € Af^ are homologous (21) if they are homologous (21) in 
every dimension. As above, we define H-deformable (21) in Af into 5, H-con- 
tractible (21) in Af , H-categorical (21) in Af , and the homology category ^ H cat (A, 21) 
in terms of homology (21). 
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26. Relation to previously defined categories. The results of chapter I apply 
also to the homology category. In fact, homology in dimension n and homology 
arc symmetric, ndlexivc, and transitive and satisfy (2.1), (2.2), and (2.3). 
When M is of class LC”, (2.4) is satisfied. When A" and M are absolute neigh- 
borhood retrac ts, (2.5) is satisfied. Vor then the Vietoris and singular homology 
groups are the samcn Suppose </)i and tpi e A/f * are n-homologous and also (j >2 
and ^2 are n-hoinologous. Let X == A'l X A"2 , M = Mi X A/2 , <t> = 

(01 , 02), 0 == (01 , 02). An n-cycle in A" may be repn‘S(‘nted by a continuous 
complex/ and a combinatorial 7i-cycle 7' on P. Let P' b(‘ a copy cf P, 
T a topological inai)ping of P' on P and 7' the cycle of P' correspcjiiding to 7 
on P. As in tire case? of ?i-homotof)y, 0f (0i7rj/, 027r?/) and 0/ = (01?: 1/, 027r2/). 
Since by hypothc'sis </)i7ri and 027r2 are n-hornolo'gous to 0i7ri and 027r2 respt‘ctivcly, 
there is a comi}lex Q 3 /" + P' and a chain V on Q whose boundary is 7 - 7', 
and mappings cvi e Af ? , 02 € A/? Huch that oi I P = 0i7ri/, ai [ P' = 0i7r]/T, | P = 

027r2/, 0-2 IP' = \l/zTofT. Thus «=(«!, <^2) 6 A/ siicli that a\P = <j>f and 
ajP' = 0/r. Hence 0 and 0 are R-homologous, compl(‘ting tlie proof that (2.5) 
is satisfied. In vic‘W of (24.1) it follows that §0 applies to homology, at least 
if M is a compl(»x. 

It is (|uitc clear that //„ cat a/ A' g // cat^ A', Ih- cat a/ A" g II n catu X if k g r?, 
//„catA/A" g /inCaLvA and II cat ^X ^ hcat.vA(= catAfA). Also that 
Hn catAf A = H cat^w A when M is compact and ^c-dimc'iisional. 

26. Complete homology category. Mappings <#> and 0 e arc said to be 
completely homobgous if th(*y are homologous (?1) for every choice of coefficient 
domain [2, p. 211]. I shall say that 0 and 0 arc' completely n-homologons if 
they are 7i-homologous (?() for every ?(. As in §24 we may deffino the' complete 
homology category and the compbte n-homology category. From (24.1) and [2, §4] 
of [27, Satz 1.3] it follows that the complete /i-homology category of A in a 
complex M is = //„ cat^v (A", Z) where"^ Z is the direct sum of the cyclic groups Zm 
of order m ^ 2. If M is a complex without torsion then the complete 
n-homology cat('gory of A' in A/ is = //„cat,v (A, ^)b) [2, §4, Nr. 13]; this state- 
ment may be false if M has torsion [2, §4, Nr. 13]. 

27. Covering spaces. The (luestion naturally arises as to whether the ana- 
logue of theorems 21.1 and 21.2 holds for the homology categoric.-. The fol- 
lowing example shows that it does not: 

Let M be the manifold with boundary obtained from a 2-dimensionaI torus 
by removing an open 2-cell and let A be the 1-sphere which is the boundary cf M 
[2, VII, §1, Nr. 9]. 'rh(' fundamental group of M is free with two gencratoi*s, 

a and fe, corresponditig to an equator and a meridian of the original torus. Let 
Mu bo the covering space of A/ determined by the subgroup of ttAA/) generated 
by d\ Thus M„ may be obtained from a torus by removing two open 2-cells 

I shall use, throughout, the following notation: Zo is the group of integers; Zm is the 
cyclic group of order m ^ 2; is the group of real numbers mod 1. 
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with disjoint closures. Clearly is the boundary of and consists of a pair 
of disjoint 1-spheres. It is not very difficult to see that H\ catjr X = 1 while 
Hi catjir X = 2, the coefficient domain 21 chosen arbitrarily. 

28. Homology categories and intersection cycles. A distinct advantage of 
the homology categories is the opportunity to apply the duality theorem to 
their calculation. In this number, the basis of this calculation is developed. 
Let S3 be a locally compact separable group and let 21 be the locally compact 
separable group of its characters [41, chapter V]. We require further that 93 
be a ring. We consider an orientable manifold, M, of dimension n and a sub- 
complex A. A consequence of the duality theorem is: 

If every r cycle (21) in A hounds in M then every (n — rycycle (93) in M has a 
homologous cycle in M — A, (r > 0). 

For there is a natural homomorphism 6 of 21) into mod A, 21), 

which reduces every r-cycle mod A. The hypothesis that every r-cycle in A 
bounds in M is equivalent, as an elementary argument shows, to the hypothesis 
that B is an isomorphism of /3r(Af, 21) into mod A, 21). Let 0' denote the 
homomorphism, induced by 0, of the group — A, 93) of characters of 

pr(M mod A, 21) into the group 93) of characters of 21). A 

character X of /3r(M mod A, 21) is transformed by 0' into the character X0 of 
0r(Mj 21). It is easy to verify that 0' is the natural homomorphism of 
— A, 93) into 93). Since 0 is an isomorphism, there is, for 

every y €0n--r{Mj 93), a character X' of a subgroup of fir{M mod A, 21) such 
that y = X'0. But there is a character X of pr{M mod A, 21) which is an ex- 
tension of X' [41, chapter 5, §31, theorem 35]. Since 0'X = X0 = /x we have 
shown that 0' covers the image group, i.e. 0'(/3„_r(Af — A, ^0)) = /3n-r(Af, 93). 
This last statement means precisely that every (n — r) cycle (93) in M has a 
homologue in Af — A. 

From this corollary of the duality theorem follows: 

Theorem 28.1 //, on the orientable n-dimensional manifold AT, there can he 

found k cycles 71 , • • • , 7;k(93), of dimensions g n — 1 and ^ n — r, such that 
their intersection cycle [33, p. 171] 7 == 71-72 • • • 7 *. ls not homologous to zero^ 
then Hr cat (il/, 21) ^ A: + 1. 

Suppose Hr cat (Af, 21) g k so that, by (24.1), k subcomplexes Ai, • • • , A*; 
of M can be found, which cover M and are Hr contractible (2t) in M. By the 
above argument, k homologues, , §2 , • • • of 71 , 72 , • • • ,yk respectively, 
can be found in A/ — A\ , M ~ A2 , • • • , Af — A* respectively. The inter- 
section cycle 6 = 5i • 02 • • • is homologous to 7, so that by hypothesis the 
carrier 6 of 6 is not empty; on the other hand 8 C (Af — Ai)-(Af — A2) • • • 
(M — Ax) == 0. This contradiction proves the theorem. 

The corresponding theorem for the non-oricntable manifolds has been proved 
by Schnirelmann [42; 39, p. 33; 40, p. 42] (in the case r = n) though not ex- 
plicitly formulated: 

An n-manifold is a connected complex such that the linked complex of any r-simplex 
is a homology (w — r — l)-8phere. 
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Theorem 28.2 //, on the n-dirmndonal manifold , there can be found k 
cycles 7x > 72 , • • • , 7*(^2) of dimensions ^ n — 1 and ^ n — r, such that their 
intersection cycle 7 = 7i*72 • • • 7 a ifi homologous to zero, then Hr eat (M, Z 2 ) ^ 
fc “h 1. 

The proof is along the same linos; the group Z 2 of integers mcxl 2 replaces 
both ?l and S and mod 2 characters replace the (real numb(*rs mod 1) characters. 
The extension theorem corresponding to [41, theorem 35] is trivial because sub- 
groups of homology groups (Z 2 ) arc closed with respect to both the topology 
and division. 

29. Homology categories and submanifolds. In the applications of §28 to 
the calculation of homology categories it is sometimes sufficient to use weakened 
forms of theorems 28.1 and 28.2. The weaker theorem (for the case Z 2 and 
r = n) is due to Schnirelmann [42; 39, p. 32; 40, p. 40]. It is based on a se- 
quence of manifolds with properties somi^what analogous to the categorical 
sequence of §5. 

I shall say that a sequence , Mi , • • • . Mk = M of submanifolds, of dimen- 
sion rio , ni , • • • ,nk respectively, of an n dinnaisional manifold M is an S-se- 
quence (51) if 


.1/0 C 3/1 C ... C Mk = M and 
0 ^ /io <•••<% = a and 

for every f = 1, 2, . . . , A: — 1, any — //,-i cycle (?l) in 3/, which bounds 
in M bounds also in A/, . 

(The last condition is somewhat analogous to the “dinsor” of §4.) 

The application of S-sequences to the calculation of homology category de- 
pends on the lemmas immediately below, which are consequences of the duality 
theorems. 

A cjTle 7' on a submanifold A/' of a manifold M will be said to have been 
extended to a cycle 7 on M if the intersection cycle of 7 with the funda- 
mental cycle fi' of A/' is homologous on A/ to 7'. This definition is for an 
arbitrary (coefficient domain if M and A/' an* orientahle, for coefficient domain 
Z 2 otherwise. 

Let M be an orien table /i-diinensional manifold, and ® as in §28. 

(29.1) If A/' is an orientahle m-dimcnsional submanifold of M, mth the property 
that every (m — i)-cycle (?l) of M' which hounds in M hounds also in M\ then 
every i-eycle (53) on M' can be extended to an {n — m i)~cycle (53) on M. 

The hypothesis that every (m — t)-cycle (?l) of Af' which bounds in M 
bounds also in Af' means precisely that the natural homomorphism 6 of 
91) into 31) is an isomorphism. Let 7' be an f-cycle (53) on A/'. 

According to the duality theorem, 7' is a character of /3n»-i(Af', 31). Hence 
is a character of a subgroup of 31). There is a character 7 of 

31) which is an extension of 7'®''^ [41, chapter 5, §31, theorem 35]. 



358 


RALPH H. POX 


The character 7 is an (n — m + i) cycle (®) on M and y-ji' is homologous 
to 7' on M. 

If we allow M and M' to be non-orientablo wo have in an analogous fashion 
(cf. §28): 

(29.2) If M' is an m^dimensional submanifold of the n-dirncnsional manifold M, 
with the 'property that every (m — i)~cycle {Z 2 ) of M' ivhich bounds in M bounds 
also in M\ then every i-cycle (Z2) on M' can he extended to an (a — m + iycycle 
(Z 2 ) on M, 

From (29.1) and (29.2) we derive, by parallel arguments, the following two 
theorems of which we exhibit the proof of the first only. 

Theorem 29.3 If there is an S-sequence (?I), Mo , Mi , • • • , Mk = M, of 
length A' + 1, in the orientable n-dimemional manifold M, such that the submani- 
folds Mo , Af 1 , • • • , Mk are orientable^ then Hr cat (M, ?l) ^ + 1 for any 

r ^ max {ri, — nt-i). 

• ',k 

Theorem 29.4 If there is an S-sequcnce (Z2), Mo , Mi , • • • , M^ = M of 
length A + 1, in the n-dimensio7ial manifold M then H, cat (M, Z«) ^ A: + 1 for 
any r ^ max {n,* — n;_i). 

1 — 1 ,* • ‘,k 

Proof of theorem 29.3: Let /xo , mi ; • • • . denote fundamental cycles (5i) 
of Mo, Ml, ••• , M^. respectively. Applying (29.1) to the a,^i dimensional 
cycle Ma-i of A/, , 2 = 1, 2, • • • , /:, we construct an (n — n, + a,_i)-dimensional 
cycle (®) /if_i on M which is an extension of /x,_i . It is easy to prove inductively 
that the nA_,* dimensional intersection cycle homologous to 

/Xit-i , and thus that the intersection cycle no is homologous to no , 

hence not homologous to zero. Since the dimension of each of the (*ycles 
nk-i , , • • • , /io is ^ n — 1 and ^ n — r, it follows from theorem 28.1 that 

Hr cat (M, ?I) ^ A: + 1 . 

From theorem 29.3 we deduce the interesting conseqiaMice: 

(29.5) If a manifold M has dimension ^ 2 am/ ^\{M, Z 2 ) 0 then 

H cat (M, ZO ^ 3. 

P'or there is a simple' closed curve Mi such that the sequence Mo = point of 
Ml , Afi , A/2 = M is an AS-sequence (Zo). 

30. Product manifolds. Consider cycles 71 , • • • , 7*, (S3) of dimension 
^ Uj — I and ^ Uj — Vj on the yi^-dimensional manifold M^ {j = 1, 2), where 33 
is understood to be Z2 if the manifolds are not restricted to be orientable, such 
that the intersection cycles 7* = 7i • • • 7*, and 7" = 71 • • • 7*2 arc not homol- 
ogous to zero. Then the cycles 7} X , • • • ,7^1 X n^ j n X yl , • • • , n Xyh , 
n X n on M' X M^, where n and n are fundamental cycles of M^ and M^ 
respectively, have an intei-section not homologous to zero. In fact this inter- 
section is 7^ X 7^ cf. [2, VII, §3, 5]. Thus 

(30.1)- If on the orientable nj-dimensional M,- (j = 1, 2), there can be found kj 
cycles 71 , • • • , 7*^ • (33) of dimensions ^ ni — 1 and S ni — ri such that their 
intersection cycles 7^ and 7^ are not homologous to zero then Hr cat (M^ X M^, SI) ^ 
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A;i + A:2 + 1, where r = ri + ^2 . The same statement holds about noirnecessarily- 
orientable manifolds if ?l and 33 are replaced by Z 2 . 

Similarly one can show that 

(30.2) If there is an S-sequence (?{) of orientable manifolds of length kj + I on 
the orientable manifold (j = 1, 2) then Hr cat X S3) ^ A:i + + 1 

where r = ri + r^ (cf. theorem 29.3). The same statement holds if orientability 
is dropped and and 33 are replaced by Z 2 . 

Thus, in particular, th(^ homology {Z 2 ) category of the product of k mani- 
folds is ^ + 1. This is analogous to theorem 20.3. 

31. The projective spaces. The most impressive application of theorem 29.4 
is to the projective spac(‘s. 

(31.1) For the n-dimensional projective space Pri we have Hi cat (Pn , Z 2 ) = 
cat Pn = n + ]. 

For there is an iS-seqiuaice (Z2) Po , Pi , • • • , Pn of projective spaces. It is 
sufficient to prove that every 1-cycle in P, whic^h bounds in P,+i bounds in P* 
(z = 1, • • • , n — 1). This is true for i = 1 because no 1 -cycle of Pi bounds 
in P2 . For z > 1, suppose 7 is a 1-cycle in P, which bounds a 2-chain F in 
Pi^i . CJhoose a point of P14.1 not on P» and not on the carrier f of F and project 
F from this point into I\ . The projected 2-chain has 7 for its boundary. 

Thus Hi cat (Pn ,Z 2 )^n + l. But Ih cat (/\ , Z2) g cat Pn^n+ I by §25 
and (5.4). 

L(‘t us observe that cat P„ = ^/ + 1 has, as an immediate consequence, the 
often proved"’^ 

Theorem 31.2 If the (n — \)-dime7}siofial sphere Sn-i is covered with n closed 
sets then at least one of these sets contains a pair of antipodal points. 

Let / € Pn” be the standard identification of antipodal points of the n-dimen- 
sional cell Qn and suppose that , .I2 , • • • j A k} is a closed covering of Sn-i , 
the boundary of Q„ , where no At contains any pair of antipodal points. Let a 

be the center of Qn so that [a.-li , flf.lo , • • • , aA^] is a closed covering of Q„, 

where a.4, denotes the convex join of a and .4,. Since l/(a.4i), /(a.42), • • • , 

f(aAk) I is a covering of P„ by closed sets which are contractible in Pn , it follows 
that cat Pn ^ k. Hence /? + 1 ^ A:, which proves the theorem. 

32. Complexes with homology category 2. Let ?l now denote an arbitrary 
coefficient domain, and h't K be a connected n-dimensional complex. Suppose 
that //rcat (K, ?() ^ 2 so that K == Ki + K 2 where Ki and Ko are subcomplexes 
of K (cf. 24.1) and every z-cycle (?l) in Ki or in K 2 bounds in K for 

« [39, p. 26, lemma 1 ; 8, p. 178; 16; 32; 2, XII, §4, 8, Satz XIl. Cf. also [17, 24, 23). An- 
other consequence is If the n-sphere S„ is covered with n closed sets then at least one of these 
sets contains a symmetric continuum, cf. [39, p. 26, lemma 2], where this is used as the basis 
of the calculation of the category of P» . 
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i = 0, 1, • • • , r. Under these conditions the subgroup Si{K) of Pi{K)f of these 
elements which can be represented £us cycles 7^ + 7* with C Kj 0 =1, 2), 
consists of the identity only for t = 0, 1, • • • , r [2, VII, §2, 3]. Furthermore 
the subgroup NiiKi-K^) of consisting of cycles which bound in 

either Ki or K^y is = ffi(Ki-K 2 ) for i = 0, 1, • • • , r [2, VII, §2, 4]. (The 
group ift) is meant in the sense of [2, V, §1, 5].) Hence, for every i ^ r, the 
isomorphism [2, VII, §2, 8, Satz 5] takes the form 

(32.1) ffi(Ky 31) = 0 i-i{Ki.K 2 . 31); i ^ r. 

Thus we have derived a necessaiy condition for {Ki , A'2) iIIrC{Ky 31). 

From (32.1) for ^ = 1 follows 

Theorem 32.2 If K is a connected complex and l3i(Ky 31) 7 ^ 0 and is not the 
direct sum of groups isomorphic with 31 then Hi cat (A, 31) ^ 3. 

For jSo(Ai-A2, 31) is the direct sum of t groups isomorphic with 81, where 
/ + 1 is the number of components of Ai- A2 . 

Theorem 32.2 is the analogon of theorem 23.1. The proof of the converse 
breaks dow^n, since we can no longer use the coherence, as in theorem 23.1. 
In fact the convei’se is false: Let A be the 2-dimensional torus and 81 = Zo . 
It is well know7i that i3i(A, Zo) = Zo + Zo; nevertheless Hi cat (A, Zo) = 3, 
by theorem 29.4. 

From theorems 29.3 and 32.2 follows: 

(32.3) If M is an orientable manifold of dimension ^ 2 and p is a prime such 
that fiiiMy Zp) 0, then H cat (M, Z„) ^ 3. Thus if 0i{My Zo) 7 ^ 0, the complete 
homology category of M is ^ 3. 

For if H cat (ilf, Zp) ^ 2 then, by theonm 32.2, fii(M, Zp) = Zp + • • • + Zp . 
There Ls a simple clo.sed curve a of M which carries a non-zero element z of 
/3i(M, Zp). Since /3i(a, Zp) is the cyclic group of order p generated by Zy so 
that the only possible homomorphisms of ft(a, Zp) into i3i(Af, Zp) other than 0 
are isomorphisms, the sequence {A/o = point of or, Mi = a, Af2 = A/J is an 
^S-sequence (Zp). Hence by theorem 29.3, H cat (A/, Zp) S 3. The second 
statement follows from §20 because i^i(A/, Zo) 7 ^ 0 implies that 0i{M, Zp) ^ 0 
for .some prime p [2, V, §4, 9, p. 235]. 

IV. The Strong Categories 

33. Definitions. We have considered categories associated with each of the 
relations homotopy, homotopy in dimension n, homology, and homology in 
dimension n. These relations will be denoted by hy An , A = A(3(), Hn = //n(2l). 
In this chapter I shall WTite ^ to denote an unspecified relation € the collection 
{A, An, A, An}. 

We shall now study a category-like invariant which I have called the strong 
category (abbreviated cat*). This is defined by considering coverings of X by 
sets which are ^contractible (i.e. not in M but in themselves). Roughly, this 
amounts to confusing the set A and the space M in which it is to be ^)-con- 
tracted. Hence, it seems advisable to demand not only that the sets be 
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^contractible in themselves but that they also possess the properties of M 
which were found in the preceding sections to insure a relatively complete 
theory. For this purpose local §-contractibility seems reasonable. However, 
the following definition Is slightly more convenient: Let ^C*{M) denote the 
collection^* of coverings of M by neighborhood retracts of M which are ^con- 
tractible. (Thus when M is locally ^-contractible so is every set of every 
covering of ^C*{M),) An ^^-contractible neighborhood retract of M will be 
called a strong ^categorical set of M. We define the ^strong category, 
^ cat* My of M to be the smallest of the cardinal numbers I <7 | as <r ranges over 
(There is almost no point in considering a strong category of X in M, 
as, for any decent space X, it would turn out to be independent of M.) Since 
the points of M constitute a covering of .^)C*(Af), the S-strong category is 
always defined. If M is an absolute* neighborhood retract, its strong /i-cate- 
gorical sets are absolute retracts and its strong /in-categorical sets are those 
neighborhood retracts whose first n-homotopy groups vanish [25, Satz 5]. A 
strong ^^categorical set need not, even under the most favorable circumstances, 
have an ^contractible neighborhood. In fact the 2-cell of Alexander [1] im- 
bedded in the obvious way in a solid torus is a strong Ai-categorical set, but no 
neighborhood is /n-contractibh*. 

34 . From the definition follow immediately 

(34.1) If M\ ami Mo arc neighborhood retracts of Mi + M2 then 

vS> cat* (Ml -f- M2) ^ io cat* Mi + $ cat* M2 ; 

and 

(34.2) hn cat* M g cat* M an//, if k ^ ??, hk eat* M g hn cat* M. The proofs 
an* obvious. 

From a theorem of Hurewicz [25. Satz 6] follows 

(34.3) If M is an n-dimensional absoluU^ neighborhood retract then h„ cat* M = 
cat*M. 

Similar results are e^usily obtained for the strong homology categories. Note 
that the complete a-homologv category of a complex M = II n cat* (M, Zo), 
[2, V, §4, p. 228]. 

(34.4) If M is an absolute neighborhood retracty ami A and B are strori^g ^-cate- 
gorical sets of M which have only one point in commony then A + B is a strong 
^-categorical set. Consequently if A' and are disjoint Sp-categorical sets of M 
then A ' + B' can be enlarged to a strong ^p-categorical set A' + oi + B' by the ad- 
dition of a spanning arc a. 

Since A and B are absolute neighborhood retracts so is A + B [7, p, 226]. 
For $ = A the contractibility of A + B is a consequence of a theorem of Aron- 

** That the collection ^C*{M) is a much more complicated invariant than $ cat* M is 
indicated by an example due to Borsuk [13] of a 2-dimen8ional complex, Py in S-dimensional 
Euclidean space which is ^-contractible but for which the least value of | ^ | > 1, as o* 
ranges over ^^C*(B), is 3. 

** I shall write C*(M) for kC*(M) and cat* M for h cat* (Af). 
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zajin and Borsuk [3, p. 194]. For ^ = An it follows from a theorem of Kura- 
towski [31, p. 277]. For ^ = H or Hn it is more or less trivial. 

Remark: The lemma Ls false if M does not have suitable local properties. 
Example in the Cartesian plane: 

A = {0 ^ X ^ 1, 2 / = 1} + (a: = 0, 0 ^ y ^ 11 + I* = -, 0 g j/ ^ l), 

n-l t n J 

B the set symmetric to A with respect to the origin. Every deformation of 
A + B leaves the origin fixed. 

As a consequence of (34.4) and of the theorem of Aronzajin and Borsuk quoted 
above we have 

(34.5) If M is an absolute neighborhood retract and a is a minimal covering of 
^C*(iV/), then every pair of sets of a intersects in at least two points. For ^ = A, 
the intersection of any pair of sets of a is not an absolute retract. 

36. Covering spaces. By a modification of the proof of theorem 2.19 and an 
extension of (34.4) can be proved 

(35) If M is a covering space of an absolute neighborhood retract M then cat* M ^ 
cat* M and hn cat* M ^ An cat* M. 

36. Upper bounds for the strong category. The analogue of (5.4), namely 
Theorem 36.1 If M is a connected n~dimensional complex then cat* M ^ 
n t. 

was proved by Borsuk [15], who observed that the theorem becomes false if M 
is required merely to be an ?i-dimensional absolute neighborhood retract. 

In chapters I and II, I made successive refinements of (5.4), the ultimate 
refinement being theorem (18.2). I shall now show that ovcm* the class of con- 
nected complexes the analogue of theorem (18.2) does not hold. 

(36.2) There is a connected m-dimensional complex^ which is simply connected 
and acyclic in the first k dimen^ioTij for which the strong homology (Zo) category 
is > the upper bound wi — A + 1 for the category of a complex satisfying these 
conditions. 

In our example m = 2, A; = 1 and the strong homology (Zo) category = the 
strong homotopy category = 3. 

Let denote, for m ^ 2, the 2-dimonsional pseudoprojectivc space [2, VI, 
Anhang 6, 7, 8, p. 266] obtained from the 2-cell r g 1 (written in polar coordi- 
nates (r, 6)) by identifying the m-points (1, ^), (1, 6 + 27r/m), • • • , 
(1, d + 27r(m — l)/m)) for each i) ^ 0 ^ 2iT/m. The fundamental group 
7ri(P*) of is the cyclic group of order m whose generator is carried by the 
simple closed curve am which is the image, und(T the identification, of the 
boundary, r = 1, of the 2-cell. 

Since , ^o) = ^i(Pm) [43, chapter 7, §48] it follows from theorem 32.2 
and (5.4) that Ih cat (P^ , Zo) = 3. 

Let ni and w be relatively prime integers and let X = Xm,n denote the complex 
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obtained from and P\ by identifying am and an and, for simplicity, write 
X ^ Pm -)r Pn * Since m and n are relatively prime it follows from a previously 
quoted theorem on the fundamental group of a union [43, chapter 7 §52] that X 
is simply connected (hence also acyclic in dimension 1). Since ^^{X, Zo) 0, 
X is not /7(Zo)-coiitractiblo, so that 7/ cat* (X, Zo) ^ 2. Suppose M, P] Ls a 
covering of 7/C*(X, Zo). Since Hi cat Pm = 3, one of the sets -P^ , B Pmy 
say A -Pm i carries a 1-cycle y which is homologous to qam ,1 ^ ^ ^ w — 1, 
where am is the generating cycle of i8i(Pi , Zo) carried by am . On the other 
hand, since Pn is not 7/(Zo)-contractible, A Pn is a proper closed subset of Pn , 
so that the 1-cycle y can not bound on 7^,n + ^ - Pn , hence not on A. This is a 
contradiction since A is supposed to be /7(Zo)-contractible. 

Thus we have shown that cat* — A:-f-lLs not true over the class of 

simply connected m-dimensional complexes M acyr‘lic in the first k dimensions. 
There remains a possibility that this be true if M is further restricted to range 
only over pseudomanifolds (or manifolds). 

In a very special case the validity of the inequality cat* M ^ m — k + \ 
follows from a theorem of Borsuk [12, p. 58]. The simple connectivity in this 
special case is a consequence of the ac^yclicity. 

(36.3) If the connected complex M is acyclic in dimension 1 and can he imbedded 
in ^-dimensional Euclidean space then cat* M g 2. 

37. Identification of a pair of points. The conditions under which an analogue 
of theorem 22.1 can be proved are apparently much more restrictive. 

(37) Let X be an absolute neighborhood retract and Y the absolute neighborhood 
retract obtained from X by an identification^ f^ of a pair of distinct points^ ai and 02 . 
If B is a strong Sp-caiegorical set of Y then f~^{B) is either a strung ^^categorical 
set not containing ai or 02 or is the union of disjoint strong ^-categorical sets Ai 
and Ai j Aib ai j A 2 9 ao y according as B does or does not contain b — f{ai) = /(a 2 ). 
Henccy by (34.4), cat* X ^ 6 cat* T. 

If B does not contain b then f~\B) is homeomorphic with fi, so that f~^(B) 
is an ^^-contractible absolute neighborhood retract contained in X. 

If B contains b then, since B is ^^-contractible, there is, for any x ef ''\B) an 
arc in B from f(x) to b. Hence there is an arc in f ~\B) from x to either Oi 
or 02 . Thus f~\B) has at most two components. But if f~^{B) were con- 
nected it would contain an arc from Oi to 02 which is contrary to the assumption 
that B is S)-contractible (cf. 2.4). Hence /“^(P) = + ^l 2 where ^4* is the 

component of f~\B) which contains a^ {i = 1, 2). Now f\Ai and /|*42 are 
homeomorphisms so that Ai is homeomorphic to/(yl,), i = 1, 2. Hence each 
Ai is strong vS>contractible. But f(Ai) is a retract of P; in fact the mapping 

p(y) = ?/ for y €/(.40 

6 for y€B—f{Ai) 

is a retraction of P into/(A»). It follows [7, 6] that/(i4,) and hence At is an 
absolute neighborhood retract, hence strong ^categorical. 
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38. Point Identification on an irreducibly closed complex. In direct contrast 
to theorem 22.2, point identification may raise the strong categories. We need 
the following lemma: 

(38.1) // M is an irreducdhly closed U’-dimensional complex (n ^ 2) with natural 
domain (m = 0, 2, 3, • • • ) [2, VII, §1, 3, 4, 5] and A is a closed subset which 
is Hn-i{Z ^-contractible in an open subset V of M then M — U is contained in a 
component of M — A, 

Suppose M — r intersects both A and A where M — A == Z)i + A and 
A and A are disjoint open sets. Let V be a closed neighborhood of A which 
is /fn-i(^m)-contractiblc in U. Subdivide M so fine that every simplex which 
intei’sects A is contained in V. Let /x denote an irreducible (;yclc {Z^) of M 
and let F be the /i-chain which is zero on every n-simplex which meets ^4 + A' 
and agrees with /x on every other n-simplex of M. Since the carrier y of the 
boundary y = FiX) of F is a subset of V it follows from the construction of V 
that there is an /i-chain A in ("whose boundary is y. Hence F — A is an n-cycle 
on M. Since A • (M — f ') = 0 while f 3 A * {M — U) 0, the n-cycle F — A 
is p^O. On the other hand, since F-A = 0 ai^d since A does not intersect the 
non-vacuous set D 2 • (A/ — I ') the n-cycle F — A is carried by a proper subset 
of A/. But this is impossible because M is irreducibly (*losed. Hence A/ — 
is contained in a component of Af — ^4. 

Theorem 38.2 If X is an irreducibly closed n-dimensional complex (n ^ 2) 
uhth natural domain Zm (m = 0, 2, 3, • • • ) and 1' is obtained from X by an 
identification^ /, of three distinct points ai , a-z , as , then IIn-\ cat* (F, Z„^) ^ 3. 

Since n ^ 2 and Y is obviously not acyclic in dimension 1, F is not //n~i(Zn,)- 
contractible. It is therefore sufficient to show that there do(‘s not exist a 
coveiing {Fi , F 2 } of Fby A--i(-^m)-contractibleabsoluteneighborhood retracts. 
Let b = /(ui) = f{a^ = f{az) and X, = /”*(F»). Let Fi be the set of the cov- 
ering {71 , 7il which contains h. By (37), X, = X} + X’l + X? , whore X} , 
Xi , Xi are disjoint absolute neighborhood retracts and a, t X\ for j = 1 , 2, 3. 
Since Xi + X 2 = X the sets X — Xi and X — X 2 are disjoint. By (38.1) 
X — is contained in a component of X — X 2 for every open neighborhood V 
of X 2 . Hence X — X 2 is connected, and therefore^ is contained in one of the com- 
ponents of X\ , say Xi . It follows that the connected set Xi + Xi + (X — Xi) 
is disjoint to X — X 2 , so that X\ + X? + (X — Xi) is a subset of X 2 . Thus we 
have constructed a connected subset of X 2 which contains both ao and as . 
This is a contradiction with (37). 

39. Category and strong category. Theorem 38.2 enables us to show that 
category and strong category need not be the same, even for pseudomanifolds. 
(39) The ^-category and the strong ^-category are not identical over the class of 
pseudomanifolds. In fact for every integer n ^ 2 there is an n-dimensional pseudo- 
manifold Jn for which cat Jn = 2 but Hn^i cat* {Jn , 21) == cat* Jn = 3. 

The pseudomanifold Jn is obtained by identifying three distinct points of the 
n-sphere Sn • By theorem 22.2, cat Jn — 2; by theorem 38.2, Hn-^i cat* {Jn , 21) ^ 
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3, [2, V, §4, 5 and VII, §1, 7]; by actual construction of a covering of C*(./n), 
cat* Jn ^ 3. 

From theorem 18.2 and (30.2) we see that the example of the 2-dimcnsional 
complex Xm,n of §30 shows that category and strong categoiy are not identical 
over the class of complexes. This is an essentially weaker result than (39); 
however the construction of this example is interesting in this connection for its 
own sake, as its properties seem to d(‘pend on a different idea. 

Another example* of the same type is the absolute neighborhood retract B 
constructed by Borsuk and Mazurkiewicz [ 9 ] whose category is 2 but whose 
strong //i(?I) category is infinite. Borsuk has also constructed [10] plam* curves 
of order 3 of arbitrarily larg(‘ strong category; then* is even a curve of finite 
order whose strong category is > [ 10 , p. 291]. 

40 . Homotopy type and strong category. In contrast to (10.2), I now show 
that 

(40) Th(^ strong ^yeategory is not an invariant of the homotopy type^ even over the 
class of 2~dimensional pscndonianifoMs. 

In fact I shall construct 2-diinensional pseudomanifolds, J and X, which 
belong to the same honioto})y type and such tliat S) cat* J = 3 but ^ cat* jfiC = 2 . 

The pseudomanifold J will lx* ./o of §39, obtained from the 2-sphere S 2 by 
identifying three* distinct points. According to (39) & cat* J = 3 for any of 
our relations 

Let Ui , 02 , 03 1 04 be foui* distinct jxmits of S 2 and l(‘t K be the pseudomanifold 
obtained from Si by identifying Oi with 02 and 03 with 04 . Since ?l) does 
not vanish Sp cat* A' ^ 2. But it is (*asily seen by actual construction of a strong 
^categorical cov(*ring (see figure 1 ) that Sp cat* A ^ 2 . 

In order to show that J and K belong to the same homotopy type it is con- 
venient to imbed in 3-dimensional Cartesian space (see figure 2) as follows: 

Let Wu denote the circle [x + 2)^ + 2 /^ = 4, 2 ; = n for — 2 g g 2. Let Du 
denote the circle (j + + 2/^ = z = a for ~2 ^ n ^ 0 and the circle 

(x — 2u)^ + = u\ z = u for 0 ^ ^ 2. Let Eu denote the circle 

{x + 4(?i + 1))‘ + y" = 4(?/ + z n for -2 ^ u ^ - 1, the point (0, 0, u) 
for —1 ^ R ^ 1, the circle (i* 4(a — 1))^ + 2/^ = 4(u — 1)^, z = 0 for 

] ^ u ^ 2. Let be a topological cylinder in th(* half-space ^ g — 2 joining 
the circles W -2 and D _2 = A- 2 , and let be a topological cylinder in the half- 
space 2^2 joining the circles W 2 and Do = A 2 . It is unnecessary to further 
specify T = T~ + since the mappings/, </>, gt and ht , to be described, are 
identities on T. 

It is clear that J == 7' + ^ Wu + 2 ^ ~ ^ ^ Am . 

(the summations extending over —2^u^2). In the following description 
the symbol — ^ will mean that the circle on the left-hand side of the symbol is 
transformed into the circle on the right-hand side by a translation and an 
irrotational similarity. 
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The mapping f eK'^ i& defined by : / 1 (T + Wu) is the identity, Du Eu 
for -2 ^ R g 2. The mapping 0 € is defined by : / ] T is the identity, 

Wu 1 ^ 2 («+i) for -2 ^ R g -1, 

Wo for — 1 g u g 1, 

Woiu-i) for 1 g R ^ 2, 

Eu — > J52(u+i) for — 2 ^ R ^ — 1 , 

A(u-i) for I ^ u ^ 2. 

Mappings e and ht c are defined for every t e [0, 1] as follows: 


Wu- 


for 

-2 g 

u 


-1, 


Wa^,)u 

for 

-1 g 

u 


1, 


W (14-<)u-2« 

for 

1 g 

u 


2. 

Du 

01 . n 

for 

-2 ^ 

u 


-1, 


D(i^t)u 

for 

-1 ^ 

u 


1, 


D{i^t)u^2l 

for 

1 ^ 

u 


2. 

Wu 

— ^ W {I^i)u^2t 

for 

-2 g 

u 


-1, 


Wo-ou 

for 

-1 g 

u 


1, 


W (l+0u-2< 

for 

1 g 

u 


2, 

Eu- 

— > -£^(14-Om+2< 

for 

-2 g 

u 


-1, 


E{i^t)u-2t 

for 

1 g 

u 


2. 


We observe that g t is a homotopy between 1 e J'^ and 0/ c and 

that h is a homotopy between 1 and /0 This completes 

the proof that the pseudomanifolds J and K belong to the same homotopy type. 

Another example of the non-dependence of the strong category on the ho- 
motopy type is the following: Xm.n is the 2-dimensional complex of §36 (m and n 
always relatively prime) and Y is the pseiidomanifold which is the union of 
2-spheres which have exactly one point in common. By (36.2) cat* X^.n = 3; 
by actual construction of a covering, cat* F = 2. Since Xm,n aud F are both 
simply connected and , Zq) and ff2{Yy Zo) are isomorphic, Xm.n and F 

belong to the same homotopy type [27, §7], This example is weaker than the 
preceding one since it shows the non-dependence of the strong ^-category only 
for ^ = A and only over the class of complexes. 

41. Deformation retraction and strong category. A space and a deformation 
retract of it belong to the same homotopy type. It wull now' be shown that 
the strong ^-category is not an invariant of deformation retract over the class of 
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complexes. This result which is partly weaker and partly stronger than (40) 
implies in particular that the analogue of (8.2) is false for strong category. 

Let J be as in §40 and let L = / + i lu where lu denotes the convex 
closure of Z)„ , — 1 ^ ^ 1 . It is trivial that J is a deformation retract of L. 

It remains only to show that § cat* L = 2. But a decomposition € $ — C*(L) is 
clearly {Li , L 2 I where Li = /i + + T + 2 Wu + Du 

and Li = 1 h . 


V. Miscellany 

42. Generalizations. In the preceding chapters no attempt was made to 
define the most general category. We have considered a class of categories 
which is natural and has a meaningful theory. I shall now indicate several 
generalizations which arc natural extensions. 

First: Let X be a neighborhood retract of the arewise connected space M\ 
a set A is categorical rel K in M \i there is an open set containing A which can 
be deformed in M into K] a covering a oi X belongs to Cm{X rel K) if each 
set of cr is categorical rel K in M. The minimum, catji^ {X rel if), of [ cr | as tr 
ranges over Cm{X rel K) has many properties similar to those of catj/X to 
which it reduces if if is contractible in M. 

We note several properties of catAf(X rel if): 

If M is an absolute neighborhood retract, a closed set is categorical rel K if 
and only if it can be deformed in M into if. 

If X is closed and M is an absolute neighborhood retract then cat at (X rel K) ^ 
1 + dim (X.M - if). 

By the method of theorem 20.1 it can be shown that if M = Afi X • • • X Mk 
is an absolute neighborhood retract and T denotes the set of points x = 
( 3 * 1 , • • • , of M which have at least one coordinate identical with the corre- 
sponding coordinate of a fixed point p = (pi , • • • , Pn), then k cat at {M rel T) ^ 
cat il/ + A; — 1. 

This last implies theorem 20.1 because if cat Af, ^ 2 for i = 1, • • . , A; and M 
is essential then cat a# {M rel T) ^ 2. 

Second: Let 4> be a subset of A covering cr of X by open sets of M 

belongs to Cm(X || 4>) if 0 | A is homotopic to a constant for every € 4> and 
every A c<r. As usual cat a/ (X || 4>) is the minimum of [ a | as o- ranges over 
Cm(X I! 4>). Clearly cat.v (X |1 4>) = catA# X when W = M and 4> consists of 
the single mapping 1. 

In order that a family 4> c >Si^ be ^-compatible [20, p. 158] it is necessary and 
sufficient that catir (Af || 4>) ^ k. Thus [20, p. 180] the multicoherence 
rk(M) ^ n if and only if there exist n linearly independent mappings /i , /2 , 
••• yfn€ Si such that catif (Af || {/i , • • • ,/n)) ^ k. 

Furthermore [20, p. 180, theorem 1, and p. 188, theorem 1] Hi cat (Af, ^Ri) = 
catjr (Af II /Sf), and [20, p. 188, theorem 8] catj/ (Af || Si) ^ 1 + maximum 
number of linearly independent mappings of Si . 


Princbton, Nbw Jersey. 
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ANALYTIC CURVES 

By Joachim Weyl 
(Received August 14, 1939) 

Introduction 

An algebraic curve in the complex A-dimensional space 5R: |xo , a-i , • • • , n } 
can be parametrically represented by setting up Xi/xo , X 2 /X 0 , • • • , Xk/xa as 
functions of rational character on a closed Riemann surface, the parameter 
being a point on the latter. From this viewpoint the algebraic curve appeal’s 
as the realization of an abstract Riemann surfaces 

Our inti'iition is to investigate curves (£, defined parametrically in SK by 
setting up Xi/xq , X 2 /X 0 , • • • , Xk/xo as functions of rational character on an 
arbitrary Riemann surface g. 

The methods used to accomplish this aim are based essentially upon R. 
Nevanlinna^s theory of meromorphic functions in the generalized form developed 
for the investigation of meromorphic curves: H. and J. Weyl; Ann. of Math, 
vol. 39, pg. 516 (1938). This paper, of wdiich th(' prescuit endeavour is but an 
extension, will be quoted so frequently that in future it shall be referred to as 
In the present context the meromorphic curves appear as the special 
or— as we shall say — classical case where J? is the* finite z-plane, hence Xt = Xi{z) 
are meromorphic functions of z. 

In the initial chapter we develop the first and second main theorems for the 
general case. In addition it contains a section concerned with the behaviour of 
the order of a realization of % under (Krone^cker-) multiplication with some 
other such realization, and under its projection into a lower-dimensional space. 
A final section discusses two specific examples; one where <5 /i-sheeted un- 
bounded covering surface of the finite 2 :-plane (Algebroid Curves); the second 
one where 5 is the doubly punctured ^-sphere (Ring-meromorphic Curves). 

The second chapter is devoted to the defect relations (Third Main Theorem), 
so called because they represent the generalization of that relation holding for 
meromorphic functions. Their validity is shown here, besides in the classical 
case, only for the tw^o specific examples mentioned above. The real addition 
to our theory made in this part is a modification of these relations so as to make 
their validity independent of the hypothesis that the exceptional points satisfy 
no accidental linear relations, a restriction which previously had to be imposed. 

The author wishes to express in this place his gratitude and deep indebtedness 
to Professor H. Weyl, whose benevolent ad\’ice and frequent encouragement 
were essential in the completion of this paper. 
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1. The First and Second Main Theorems 

1. Preliminary Considerations 

a. ) Concerning the space 9t: 

In connection with the A-dimensional projective space we shall make use 
of those concepts and relations between them which were developed for the 
purpose of investigating the meromorphic curves in l?ft. The notation employed 
then will be used without changes in the present treatment. To avoid repetition 
I shall refer the reader to the part entitled: ‘‘Distances and Means in Projective 
Space’’ of the paper^ mentioned previously, and to H. Weyl’s note on unitary 
metrics in projective space^. 

b. ) Concerning the surface 

Let 5 be an arbitrary Riemanii surface, l.et a compact part Go of the surface 
be designated as conductor and fixed once and for all. 

The quantities to be defined in the course of this investigation will depend 
on a region G whose closure is compact and which contains Go in its interior. 
Such a G shall be referred to as an admissible region. If ^ is compact then 5 
itself is an admissible region. Primary consideration will be given to the case 
where both G and Go are connected although the actual treatment allows appli- 
cation to other cases as well. It will be assumed that the boundaries To and P 
of Go and G, respectively, consist of a finite number of simple closed (*urvcs 
whose tangents vary continuously. 

We now think of as a condenser with Go as the inner, charged conductor and 
G = 5 ~ G as the outer, grounded one. The electrostatic potential ^*(>)), 
defined in every point p of 5, which arises if Go is kept at the potential 1 and Q 
at the potential 0, is harmonic in the intermediate dielectric G — Go and con- 
tinuous on the whole surface. It follows from the principle concerning the 
maximum and minimum of a harmonic function that 

0 g ^>*(p) g 1 

throughout g. Consequently the density of charge 



^ 2ir dn ^ 

where n designates the normal din^cted toward the interior of the condenser, 
is SO on To and ^0 on P. Strictly speaking we describe p* in the neighborhood 
of any point p on Po or P by means of a Iqcal uniformizing-parameter ^ of 55 
that p)oint. The designation d/dn, and later on ds — the element of arc-length 
of Po or P at p- , have to be understood therefore as referring to the image in 

1 M'C. pp. 516^520. 

* H. Weyl: On Unitary Metrics in Projective Space, Ann. of Math., vol. 40, no. 1, p. 141. 
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the <-plane. The operation {d/dn) ds however is independent of the choice of 
the local parameter. This applies in particular to 

ds = d(r*. 

2ir dn ^ 

which is the charge of an clement ds of arc-length on To or F. Changing the 
sign in the definition of da* for an element ds on F, we have 

da* ^0 on Fo and F. 


The quantity 


da* = e 


is the charge of the inner conductor which creates the potential Since the 
outer conductor assumes inductively the same amount of negative charge we 
also have 

f da* = e. 


The total energy E used to build up the charge e in the conductor Go is equal 
to the Dirichlet integral D(^*) of the potential ^* taken over G — Go (or the 
whole surface 5) • 


E = D{^*) 


d^* 

^ ds = e. 
, dn 


Since ^* is not constant over the whole surface, D(^*) and therefore e are 
actually greater than zero. The constant C with which the potential difference 
across G — Go has to be multiplied to obtain the charge creating it is usually 
referred to as the capacity of the condenser 5 • 

C(^o *“ ^r) = c. 

For the particular potential we have C = c > 0. Therefore we can form 

^ = C~%*, 

which is the solution of the electrostatic problem for the condenser 5 with a 
normalized charge equal to unity on the conductor Go . \\'e obtain 


da ^ f da = 1 

•'To 



on To 

II 

+ 

^1- 

on r. 


with 
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If the conductor Go consists of several connected parts we have to think of the 
latter as initially being connected with each other by thin wires which will be 
eliminated again after the total charge has reached a distribution in equilibrium. 
Let w(p) be a harmonic function on JJ. We apply Green’s formula 

( 1 . 2 ) 


to the whole surface 5. Some caution however is required because has 

a jump 


\U j- ' - Ld 


across To as well as across F. The indices — and + refer to the values of that 
function at two points lying -so to speak — on opposite banks of these curves. 
The functions w, du/dn, and itself remain continuous at these junctions. 
Application of (1.2) results in 



Next consider a function meromorphic on that is a function which in 
every admissible region is of rational character. Then w = log | F | is harmonic 
on 5 except for isolated singularities which it has at those points where F either 
possesses a pole or a zero. Before applying (1.3) we therefore cut out these 
isolated points by means of small circles surrounding them whose radii we let 
converge toward zero later on. There are only a finite number of zeros and 
poles of F in any admissible region; for the latter form a closed set of isolated 
points. The resulting equation will be 

(1.4) / log I F I dff - / log I F I d<r = 2!^,, 4>(po) - L*. 

•'r •'To 

in future referred to as the fundamental equation. The sums on the right will 
have to be extended over all zeros po , and poles poo respectively of F on g, each 
counted with its proper multiplicity. But only the finite number of them which 
are contained in G actually contribute anything to these sums. 


c.) Concerning the curve 6: 
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An analytic curve S of class g in shall be defined as follows: 

Definition: In each point p of 5 there arc given (A; + 1) function elements 

(1*5) ^t(p) = Ci + + • • • , [i = 0, 1, • • • , A], 

i being a local uniformizing parameter of % in the point p, with the properties 

!•) (^‘0 , Cl , . . . , Ck) (0, 0, • • • , 0). 

2. ) The elements in p', a point sufficiently near p, are obtained from the j:t(p) 
by direct analytic continuation on J?. 

3. ) Effecting upon the elements (1.5) the changes: 

a .) Replacement of a-,(p) by p(p)a(p), where the common factor p(p) = 
Po + Pi^ + • • • does not vanish at p: ^ = 0, 

/3.) Replacement of t by some other local uniformizing parameter r 
t = giT + + • • * , 5*^ 0, 

does not alter the point (co , ci , • • • , Ck) which they define in 9i\ 

This point shall be called the point p of the curve (S. Furthermore we assume 
that S does not lie in any linear subspace of 9f. 

This definition makes it appear natural to look at the surface 5 f'he curve 
in the abstract of which (S is a concrete realization in the A:-dimcnsional pro- 
jective space 5K. 

In order to obtain a truly geometric description of S we have to do this in 
terms of quantities and relations wdiich are invariant not only regarding the 
changes a.) and fi.) but also under 

7.) an arbitrary non-singular linear transformation of the projective 
coordinate system: 

Vi = > det 7^ 0. 

A given linear form 

(ax) = ^0 a,x*(p), (ao , ai , • • • , a^t) 7^ ( 0 , 0 , • • • , 0 ), 

will vanish to a certain finite order h = /t(p; a) ^ 0 at p if developed into a power 
series of the local ]mrameter /. We shall call h the multiplicity with which E 
cuts the plane a: {cxq , ai , • • • , a^) in the point p. It is not affected by a.) nor 
/3.), and, for that matter, neither by 7.) because the plane coordinates ai of a 
are transformed under the latter^s influence contragrediently to the point coordi- 
nates Xi . 

The determinants 


( 1 . 6 ) 


[x(p)x'(p)...x^'-^^(p)]., 



Xi,(p) 


••• 


where the prime denotes differentiation with respect to assume each the factor 
factor p^ under a.) while under /3.) they take on the factor 
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which again amounts to the multiplication with a gauge factor different from 
zero at piT = 0. It follows that the elements 

(1.7) ^ti‘**t{(p) ~ “1“ “4“ • • * j [fi ^ ^ ^ illy 

obtained from the determinants (1.6) by removing all factors corresponding to 
possible common zeros: 

[Z(p)x'(p) . . . 


possess properties 1.), 2.), and 3.); consequently they define a realization 6/ of 55 

( k + l\ 

^ j — I dimensions. (£z is the curve (S defined as 


the locus of its generating {I — l)-spreads. The multiplicities di = di(p) are 
not altered by any of the changes a.), i!3.), and 7.). A detailed local investiga- 
tion of the manifolds Sz can now be carried through along the lines followed 
in M C, pp. 521-522. 


2. The First Main Theorem 

liCt {ax) = 0 and {^x) = 0 be two planes in 9i. Into these linear forms 
substitute the function J:»(p) defining a realization tS of 3* iii Then the 
function 


F = {ax{^))/{^xm 

will be meromorphic on 55- Hence we can apply to it the fundamental equation 
(1.4). We introduce the notation 

N(G-,a) = = E Mp; 

where the first sum is to be extended over all zeros po of F, each counted with 
its proper multiplicity; the second one however over all points p of the Riemann 
surface 3- Furthermore we write 

/ log II ax ir^dff = m{G) a)y 
Jr 

[ log II aX II ^ dcr = m^iGla), 

•'ro 

Then (1.4) states that 

(2.1) T{G) = N{G; a) + m{G; a) - m\G; a) 

18 independent of the particular plane a. This is the first main theorem for 
analytic curves^ It is to be remembered that 

4> ^ 0 on 3 

dcr ^ 0 on r and To . 

• A. Dinghas: Bemerkungen zur Ahlfors’schen Methode in der Theorie der meromorphen 
Funktionen, Comp. Math. 5. pp. 107-118, 1937. Dinghas generalized R. Nevanlinna’s 
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From the latter it follows that the compensating terms m(G; a) and m^(G; a) 
are ^0. In the classical case of a meromorphic curve in{G] a) proved to be 
independent of G:| z | < r. In the general case this is no longer true, for the 
distribution of charge d<T on To will in general depend on G. may not even 
be bounded as a function of G- It will however be bounded when no inter- 
sections of £ with the plane a lie on To , and under these circumstances this is a 
consequence of its continuity as a function of ao , , • • • , aik • In any case 

the normalization (1.1) of the charge on Go brings it about that the average over 
all planes a is 

9D?am°(G; a) = 3)?«m(G; a) = const. 

independently of G. 

The part N{G; a) is invariant under a transformation y.) while the com- 
pensating terms take on under its influence an additive term l 3 dng between the 
bounds ± log K independently of G, being the (piotient of the maximum 
and minimum of the Hermitian form X)o | ]Co h.jXj- p under the restriction 
1 1^ = 1. Let us call two functions 7’i(G) and T 2 {G) equivalent: 

Ti{G) ^ T^iG) if I Ti{G) — T^iG) ] remains below a fixed bound for all ad- 
missible regions G. In the sense of this equivalence T'(G) is independent of the 
projective coordinate system. Thus it seems natural to say of two realizations 
of the curve 5 (which arc set in correspondence to each other by their co-para- 
metrization through p) that they are of the samc^ order if their 7 -functions arc 
equivalent. 

Next we apply the two averaging processes 9Wa and * to the relation (2.1). 
Its left side, being independent of a, wdll not be affected at all. We shall 
formulate the resulting relations at once for all curves £; (£i = g). Denoting 
by the subscript I that the quantities, thus marked, are to be formed in by 
means of the functions (1.7) as their prototypes were formed in by means of 
the functions (1.5), we introduce the conventions 

^MG)a) = NiiG), 

mimiG; a) = NtiG; a), 

/ log faxir^do- = mi{G; a), 

Jr 

and note the relation 

miniiiG; a) - rnimliG; a) == mfiG; a) - mT{G; a). 


characteristic T(r) of a meromorphic function by weighting, for its computation, the points 
inside the circle \ z \ < r with the values of a twice continuously differentiable, real-valued, 
but otherwise arbitrary function X(«), defined in every point of that circle. We preferred 
to generalize in the other direction, using reasonably arbitrary regions but weighting their 
points by the values of certain functions which are harmonic in their interior, thus avoiding 
the occurrence of the latter’s Laplacian when applying Green’s formula. 

♦ M C. pp. 618-520. 
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Then the first main theorem appears in the form of the following three parallel 
expressions 

Ti{G) = Nt{G] a) + m,{G\ a) - «), 

( 2 . 2 ) Ti{G) = Ni{G), 

T,{G) = Nt{G-, a) + mUG; a) - mTiG; a). 

In what respects our argument so far, as well as the proofs of future results, 

will have to be modified in order to apply also to curves S which arc contained 

in a linear subspace of is a matter which has been discussed in the appendix 

of the previous paper®. This is of importance because the assumption that S 

itself lies in no linear subspace of 3i does not imply a similar behavior on the 

part of the curves (S^ with respect to the spaces dti . 

Let there be given two permissible regions Gi and G 2 : Gi CZ G 2 ^ and let 

and ^2 be the corresponding potentials. Then ^ <I>* because the difference 
* * - * . 

$2 IS 

firstly ^ 0 in the complimentary region Qi , 
secondly = 0 in (to , 

hence thirdly ^ 0 on the boundary of the intermediate region Gi — Go , in 
the interior of which it is a regular harmonic function. 

Therefore the same inequality holds throughout Gi — Go . Consequently we 
have in each point p 



c,#,(p) ^ CiMp) 

hence 


(2.3) 

CiNiGi ; a) ^ CiN{Gt ; a) 

or 

N(Gua) N(G,;a) 

^ 0. 
cr' 


From ^ ^ 2 * it follows moreover that decreases more rapidly in passing 
from a point on To (where both of them arc equal to unity) towards the interior 
of the intermediate region. Thus 

^ ““ -TT" ocri ^ dfft 

an on 

on To , therefore ei ^ €2 or Ci ^ C 2 . This last inequality together with (2.3) 
yields 

N(Gi ; a) ^ N{G2 ; a) 

whence' follow the same inequalities for T{G) by averaging over all planes a. 

» M C. p. 537. 



ANALYTIC CURVES 


379 


(2.4) 


r((?,) nOi) 

, , ^ 0 and a forteriori 

cr‘ cr‘ 

nOi) ^ Tm. 


In the classical case, where g is the finite 2 -plane and Go and G are circles 
of radii ro and r > ro respectively around the origin, TiG) = T{r) was found 
to be an increasing convex function of log r. (A function of regular type.) 
The generalization of the first part of this description is contained in the second 
one of the inequalities (2.4). The convexity with respect to log r leads in the 
classical case to the more stringent inequality 

r(G,) no,) no,) 
cr' ct cr' ^ 0 
1 1 1 

for three circular regions Gi C G2 C (73 . An investigation of its validity in the 
general case would meet with considerable* difficulty. 

Complete analogy between the classical and the general case will be obtained 
if we exhaust 5 by means of a sequence of admissible regions Gr . This means 
that r is a real parameter and that the sequence {Gr} has the following properties: 

1. ) Gr C Gr^ if r' > r. 

2. ) If p be a point of 5 then there exists an r such that p is in Gr' for all r' > r. 
Now we define T{r) = T{Gr) as the order of the curve S. In general T{r) 
depends on the way we exhaust 55 by regions Gr . This applies in particular to 
the classical case where it might have appeared as though one studied the curve 
in a specific parametrization represented by the parameter z. But for the 
fundamental equation (1.4) the choice of parametrization proves of no im- 
portance since this relation is invariant under one-to-one conformal transforma- 
tions of the underlying Riemann surface g- 

If 55 is closed, and therefore compact, the curve (S is algebraic. No exhaustion 
is necessary, the outer conductor can be dispensed with, is identically equal 
to unity, and the first main theorem states that the number of intersections of a 
plane a with the curve S is independent of a. 

In (1.4) it is permissible to let the inner conductor Go shrink to a point. The 
resulting form of (1.4) was generally used in its stead by previous authors on 
this subject. 


3. Products and Projections 

The simple results derived in the following sections are new also for the 
classical case. To prove them at once for the case of analytic curves brings 
about no additional difficulties. They will strengthen us in the belief that the 
order T{0) which we introduced is really a natural concept and has all the prop- 
erties which we expect from an ‘‘order.'' 



380 


JOACHIM WBYL 


a. ) Products: 

The result obtained in this section is essentially a generalization of the fact 
that two algebraic curves of orders m and n respectively intersect in mn points. 

Consider two realizations S and 35 of the same abstract curve 5) one of which 
lies in a Anspace, the other one in an A-space. 

:xk = xo(p):xi(p): ••• :a:ib(p), 

S): yo:2/i: ••• = yo(p):2/i(p): ••• :yA(p). 

By Kronecker-multiplication we obtain a third realization 

2ty(p) = i*^<(p)y;(p) 

in a space of {kh + A; + A) dimensions. We shall call it the direct product 
6 X 3D of the realizations S and 35. 

Now let us compare the orders of these three curves with each other. We 
shall change our notation and for the order T(G) of S we shall write r[(S] as- 
suming that thus denoted orders of different realizations are taken with respect 
to the same admissible region. 

For the computation of r[S], r[35] and T[(^ X 35] we choose the planes 

a: (oo , ai , • • • , ofjk) in the A;-space, 

0 : (ffo f 01 y ••• f 0h) in the /i-space, 

and y: ya = ai0j in the product-space 

respectively. Calculating each order for the same region G we readily obtain 

from 

( 2^0 OiiXi)(^ ^0 0i ~ y y 

(Z ly/H = (E l«.-r)(E l^.r) = E«iT«r, 

the relations 

iv[s X = Nm + Nm, 

7n[S X 5)] = to[(S] + m[®]. 

Hence 

(3.1) T[6] + Tm - T[(S X 3)]. 

The order of a direct product of realizations of an abstract curve 5 is the sum of 
the orders of the factors. 

A similar relation does not hold for the orders of higher rank. 

b. ) Powers: 

We apply the theorem (3.1) to the n times reiterated product of the curve 
(5 with itself. Let us define this realization S" of 5 by the functions 
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(3.2) a:r(p) • • • xTKp), 

where wio , mi , • • • , m* run over all non-negative integers whose sum ^5 m, 
equals n. (The advantage of this choice over a;m,...mt(p) = a:o‘“(p) ••• xT*(p) 
will become apparent as the discussion proceeds.) We calculate the order of 
(5 for a plane (ax) = 0. On the other hand we remark that [(a*)]" = [Y!,o atxj" 
is a linear combination of the monomials (3.2) with the coefficients 


(XfnQtni - • ’mk — 


n! 


mol mil 


mk 


mo mj 
Oto oti 


ajb . 


Making use of this for the computation of r[S"] we obtain at once 


and 

since 

The result 


W[(£"] = nW[6] 
m[S"] = nm[S] 


r[(S"] = nT[€] 


permits the following interpretation: Every plane 

n^momi* • •mjt^momi* • •m* ~ 0 

in the product-space can at the same time be thought of as an algebraic surface 
of order n in the space 3? defined by 

2^ * * * ’ = 0. 

In either case the sum is to be extended over all sequences of non-negative 
integers mo , mi , • • • , twa; whose sum is n. Viewed in this light r[S”] is seen 
to describe the behaviour of (S with respect to an algebraic surface of order n 
in the same sense that T[iS] describes its behaviour with respect to a plane. 
We found that: Tfu' order of S referred to an algebraic suface of order n is equal 
to n times the order of (S {referred to a plane). This implies for instance that 
the average density of intersections of S with an algebraic surface of order n 
is n times the average density of its intersections with a plane. (Without the 
numerical factor {n!/mo!mi! • • • m^!)* the final result would have appeared less 
sharply in the form of an equivalence TfS’"] nTfS].) 


c.) Projections: 

The projection from a given (A; — 7i — l)-dimensional linear subspace 9i* 
of Si as center into a linear subspace 9i' of n dimensions which does not intersect 
91* can be described in a suitably chosen projective coordinate system by the 
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passage from the point (a:o , Xi , • • • , rcn , Xn+i , • • • , a:*) to the point {xq ,Xif • • . , 

Xn f Of • • • f 0 ). 

Under the influence of such a projection the curve S passes into a curve £' 
in SR'. If a point p of the original curve lies on SR* then the elements 

(3.3) Xo{t)f Xi(t)f . . . , Xn{t) 

will all contain a common factor = 6(p)); only after its elimination do the 
power series (3.3) define the corresponding element of the projected curve. We 
consider a plane a of the special form 

aoXo + aiXi + • • • + anXn . 

Then it follows that 


A'(p; «) = h(p; a) - 6(p), 
where h refers to (S and A' to S'. Consequently 

h'(p; a) ^ A(p; a) and also 

N\G; a) g NiG; a). 

The same inequality for the m-part follows directly from the fact that 


. /_1_Y , MY _ ElMLilfiJ 

I I* \ll ox II 7 - \ll ox \\) ~ I |- 


yielding 


r + (m® - m®'). 

With A"* = £5 1 1 .- X'^ = ^£5 I Xi \\ we have 

m® - TO®' = f log (XiX') 
Jro 

and the final result now appears in the form 


da 


(3.4) r{SR'} ^ r{SR} + / log (X:X0da 

•'ro 

which is independent of the particular choice of the plane a. The notation 
used explains itself. 

The additional term on the right side is certainly bounded as a function of G 
if none of the points which S has in common with SR* lie on To . In the classical 
case the independence of from G prevents this difficulty from arising alto- 
gether. The contents of the inequality (3.4) can be expressed with due qualifica- 
tions in the form: Projection cannot essentially increase the order of an analytic 
curve. 

The relation (3.4) has its counter-part for higher 1. For our projection fi' 
we can form the I-curves (6')* . They will lie in spaces SRJ of dimensionality 
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^ — 1, (Z g n). Wc may think of these spaces 9?/ as linear subspaces 

of the corresponding respectively. The projection of from 5R* induces 
for higher I the projection of "iRi from 5R? which is effected through replacing in 
the determinants 

[xx' ... 

all {k + l)-uples x, x', • • • by the corresponding ones with zeros after the 
(n + l)st place. This projection throws (S/ into where it is seen to coincide 
with ((S')/ • The Z-curves (Z ^ n) of the projciction are projections of the cor- 
responding (Si . 

Hence writing 

= E 1 r [ii < 22 < • • • < 2|] 

and putting Xj* equal to what arises from X] under the projection of 9?j from 
Sif , induced by the production of 9i from 9x*, we obtain also 

r{di[] ^ Tmi\ + [ \og(Xi:X{)da 

which by its very form proves to be independent not only of any particular 
plane but also — in the sense of equivalence— of the particular coordinate system 
employed to derive it. 

We are led to a kind of inverse of the above reflations when we consider the 
following situation: By projection from the centers and 9i** the total space 
5K be mapped into 9i' and 9i" respectively. By 9?' V 9?" and 9i' A 9i" let us 
denote the spaces into which 9{ turns by projection from the centers 9i* H 9?** 
(intersection of 9i* and 9?**) and 9?* U 9J** (sum, union of 9t* and 9?**) respec- 
tively. We assume in particular that 9J* fl dt** is empty, then 

9f' V 5R" = 9i and we have 

dim (9?' A 5K") + dim (9?' v Ti") = dim (91') + dim (91"). 

We shall show that the relation 

r{9{' A 9J"t + T{9?' V 9{"1 ^ T{9t'} + r{9f"}, 

holding with proper qualifications, connects the corresponding orders. Two 
projections from the centers 9i* and 9J** are called complimentary if not only 

5JJ* n 9{** = 0 

but also dim (9^ U dl**) = dim (9?) - 1. 

Then we have, since 9t' V 9?" = 9f, the relation 

dim (91) = dim (91') + dim (9t") 
rm ^ T{91'} + r{9?"} 




and 
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The order of an analytic curve does not essentially exceed the sum of orders ob- 
tained when adding (he orders of any two complimentary ones of its projections. 
To prove this choose the coordinates so that the vanishing of 

(3.5) a:o , , • • • , Xr 

defines SR* U SR**, whereas 

(3.6) xo , xi , • • • , JTr , 2/r+i , • • • , y. , 

(3.7) Xo , Xi , • • • f Xr y f • • • j y 

are the coordinates associated in the same manner with SR* and SR** respectively. 
The sequence of the x, y, and z together is under these circumstances a full co- 
ordinate system of SR. The quantities (3.5), (3.6), and (3.7) are the coordinates 
in SR® = SR' A 9?", SR', and SR" respectively. Wc choose a plane 

OLqXq *t“ Oil^l 4“ " • * “f* OtrXr == 0- 


Then in the same manner as before 

A® = hip; a) - fe®(p). A' = h(p; a) - 6'(p), A" = A(p; a) - fe"(p). 

Obviously both 6' and 6" are ^ 6°, moreover, since there is no point where all 
coordinates (3.6) and (3.7) are zero, one of the two numbers 6' or 6" is neces- 
sarily zero, e.g. 6" = 0. In combining this with 6' ^ 6® one gets the relation 
b' + 5" ^ 5® holding for both alternatives, consequently 

A' + A" ^ A + A®. 

This leads to 

N' + N" + N^. 

The corresponding relation for the m-part 

w' + m" ^ w + w® 

follow at once from the inequality 

^'2 ^ ^,,2 

where the quantities X®, X', and X" are the projections of X from the spaces 
SR* U SR**, SR*, and SR** respectively. The exact form of the desired result is 
therefore given in the formula 

riSR'l + T{SR"} ^ r{SR} + T{SR' ASR") +7° 

with 

y^= f log(X'X":XX®)d(7, 

•'ro 

which is independent of the particular plane used to derive it. 
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4. The Second Main Theorem 

We first derive the second main theorem under the hypothesis that in addition 
to our curve = a;t(p) we have a meromorphic function z(p) on 5 at our 
disposal. Then 5 may be looked upon as a covering surface of the z-plane. 
Another more appropriate interpretation would be to think of 2 (p) as a curve 
given in addition to S, — a realization of 5 in a one-dimensional space. With 
the abbreviations 

aixx' ■ • • a:''-”) = Y, , [ii < < • • • < ii\, 

we form the expressions 

p _ aixx' • . . x^‘'~^’)-y(xx' • • • a:‘'’) 

^ {|8(xx' ... x«-»)P 

interpreting the prime as signifying derivation with respect to z. This is a 
meromorphic function on 55- If we hold on to the convention that the prime 
indicates differentiation with respect to the local parameter t, then 

F = ‘ ‘ ' ••• 

{i3(xx' . . . 'rfz' 

The expansion of dz/dt in terms of t at the point p will start with a certain 
power t’ (j = i(p)). We introduce the quantity 

ZmHp) = J\G) 

and the customary 

F,(G) = E I'imCp) - 2d,{p) + 

the sums extending over all points p of g. The latter may be looked upon as 
a measure of the density of stationary {I — l)-spreads of the realization 6 
over the part G of the abstract curve. Application of the fundamental equa- 
tion (1.4) to the function fields in the same manner as in the classical case the 
second main theorem: 

(4.2) V,iG) + {r,+i(G) - 2TtiG) + TUG)] = r{G) + {%{G) - *«?((?)} 
where 

and where *0? denotes the same integral extended over To . The expression 
under the integral sign is independent of both the gauge factor and the choice 
of the local parameter. The entire left side of (4.2) does not depend on the 
particular function z. The fact that the right member also has the same value 
for two meromophic function z and f is realized by applying the fundamental 
equation (1.4) to the function d^/dz. 
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In order to obtain a formulation of the second main theorem which does not 
involve the auxiliar}'' realization 2 (p) of g we argue as follows: According to the 
theory of uniformization the surface g is one of the spatial forms which the 
Euclidean, the spherical, or the Lobatschewskian plane may assume and is 
therefore endowed with a uniquely determined Riemannian line element d^. 
By means of this line clement we can form the following expressions 

which depend neither on the gauge factor nor on the local parameter. Now 
consider two realizations (S and S) of g and form the quotient of two expressions 
(4.1) for a and We are not even forced to choose the same rank I in both 
cases. By application of the fundamental equation (1.4) to this quotient which 
does not depend on the local parameter we find that 

Vi{G) + {7Vi(G) ~ UTiiG) + Ti^iiG)} ~ {Qi{G) - il?(G)} = ,{G) 

is independent of the choice of the curve (S as well as of I and therefore deter- 
mined only by the Riemann surface g. From a theoretical standpoint this 
relation 

(4.3) Vi{G) + {Ti^,{G) - 2ri{G) + Ti.,{G)\ = ^i(G) - 12?(G) + ^(G) 

is the more satisfactory form of the second main theorem, although, for the 
purpose of our future estimates the equations (4.2) will prove the more useful 
of the two. If we apply (4.3) to S and to the one-dimensional curve defined by 
z, we are led back by subtraction to the previous form. 

In the algebraic case of a compact surface g we shall take G = g. Then 
the integrals along the boundaries vanish and we obtain the well-known Pliicker 
formulae stating that 

Vl + (Wi+l — 2/1; + n;~i) 

is a constant independent of I and the curve. 

6. Examples 

A general discussion proceeding along the lines of the previous sections, which 
now would lead naturally to an estimate of fii*st 12;(G) and then 12z(G) augmented 
by defect sums, meets with forbidding difficulties. We shall limit ourselves 
therefore to the discussion of two examples which possess the same rotational 
symmetry as the classical case and therefore allow description by polar coordi- 
nates. The regions G which are used to exhaust g will be bounded by concentric 
circles. All quantities involved in our relations will become real-valued func- 
tions of the radii of those circles. This enables us to apply the methods of esti- 
mation which were employed in the classical cavsc to derive the defect relations. 
For the moment let us specialize the results gained so far to fit the cases of the 
proposed examples. 
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a.) Algebroid Curves: 

In this case 5 is an n-sheeted covering surface over the open z-plane without 
relative boundaries. The conductor Go shall be that part of J which covers 
the circle \z \ ^ ro of the 2-plane. The parts Gr of 5 which cover the circles 
I 2 I < r make up the sequence {Gr}, used to exhaust 5. A complete treatment 
of this case has been given, though from a different viewpoint, by E. Ullrich.® 
In our case 


and 


«>(p) = - log - 
n To 


for p in Go , 


^(p) = 0 


for p in Gr (2 being its trace in 
the 2 -plane), 

for p in Gr , 


d<T = . — dtp, 

27m 


ftiirn 

Indicating by / the integration around th(‘ boundary of G, that is, writing 
Jo 

TOj(G'; a) = 2 ^ log II ax II, ‘ = OT,(r; a) 


and 


-2^1’ 


log fox}, = m*{r\ a), 


we obtain the first main theorem for algebroid curves in the form 

Ti(r) ~ Ni{r; a) + wi,(r; a) ~ Ni(r) ~ Ni(r; a) + mf(r; a) 

because 

OT®(r; a) = m(ro ; a), 


formed by integrating around To , is independent of r and therefore bounded, 
which permits us to write the customary equivalences. 

The second main theorem is best stated in the form (4.2) with 2 as the variable. 
We note immediately that is bounded for all G, . Hence (4.2) appears, 

written as an equivalence, in the form 

Vi(r) + {T,+i(r) - 2T,(r) + r,_,(r)} ~ J(r) + 


* E. Ullrich: Wertverteilung und Verzweigtheit von Algebroiden, Crelle’s Journal fiir 
die reine und angew. Mathematik, Bd. 167, p. 198. 
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For the quantity Qi(r) = *^i(Gr), we have in keeping with the previously adopted 
notation, 



while J (r) measures the density of branchpoints of 5 over the disc \z \ < r 
of the ^-plane. 

b.) Ring-meromorphic Curves: 

As a second example 'we shall consider the curves £ defined by (A; + 1 ) 
functions 

Xq == Xq{z), Xi = Xi{z), . . . , Xa = Xk{z), 

which are meromorphic on the doubly punctured ^-plane. Let us assume that 
5 is the 2-plane punctured at 2 =0 and 2 = oo . The natural choice of our region 
G is a ring bounded by two concentric circles of radii R and r, R > r, respec- 
tively. The first one excludes a neighbourhood of 2 = the second one a 
neighbourhood of 2 = 0. Inside the region G we have to fix the conductor Go 
which is to contain the charge creating the potential We take, as the most 
convenient one, another ring bounded by the concentric circles of radii /2o and 
To respectively. 

r < To < Ro < R- 

So far the ring-meromorpliic case escaped the careful treatment which has 
been given to the classical meromorphic as well as to the algebroid cases. The 
customary procedure of letting ^ be set up by a point charge destroys the rota- 
tional symmetry in the present case, thus complicating the situation 
considerably. 

The region G -7 Go consists of two parts separated by the conductor Go ; 
one is bounded by the circles of radii R and Ro , let us call it *G; the other one, 
*G, by the circles of radii r and ro . Their capacities are 



Using these designations it is found that the capacity of the condenser 5 is 

C = V + *C. (Capacities connected in parallel.) 

Therefore we find for ^(z) the following expressions 

#(2) = (V/C} log 1^* for 2 in ®G, 

#(z) = ('C/C} log for z in 'G, 

r 

= {l/C} forzia(?o, 

4>(z) = 0 eversrwhere else. 
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The charges carried by elements of arc-length on the various boundaries are 
do* = ^ {*C/C} dip on the boundary of 

do* = ^ rC/C) dip on the boundary of *(7. 

Writing down the relations (2.2) and (4.2) with these specializations it will 
be seen that all quantities involved show a characteristic pattern: They are 
the weighted averages of two quantities each having a similar significance, re- 
garding one of the regions or *(? alone, as the total terms have with regard 
to the whole region G. The weights are the capacities of the corresponding 
regions repectively. Thus 

(6.1) m = [‘/(‘G) ; */(‘G)] = 1^- 

For the compensating terms for example we have 

‘m(‘G; ^ log \\ax{Ren H" = m(i2; a), 

'mCG; ^ log llaa:(re*’") = »i(r; a), 

and similarly for and 0^. For the terms counting multiplicities let N serve 
as an example: 

‘NCG; a) = E hiz-, a) log ^ + c log f = ‘N{R; a) 

R>\z\>Ro \Z\ /To 

*NCG; a) = ^ h{z; a) log — + c' log 'N(r; a) 

*'<|*l<ro ^ ^ 

where the constants c and c' miust be chosen subject only to the condition 

c -f- c' = h{z] a). 

In other words: It is immaterial how the contributions to N, coming from 
intersections of S with a in points over the conductor Go , are divided up among 
*N and *N. The resulting arbitrariness in the functions 

*Tiir) = "Ni{r; a) + mir; a) — m?(r; a) (r > Ro) 

'Ti(r) = Wj(r; a) + mj(r; a) — nt\(r; a) (r < ro) 

coincides with the one which the very structure of any expression (5.1) allows 
its constituents */ and */. These components are not uniquely determined by 
/, for any pair 


y+cfC; 'f-c/'C 


(c = const.) 
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will perform equally well in their stead. The condition /((?) > 0 is satisfied by 
all quantities entering into the formulae of the first and second main theorems. 
We remark that under these circumstances a constant c can be found such that 
also 

y* = y + crc > 0, y* = y - crc > o. 

Disregarding the positive denominator we are given two functions /(x) and 
such that for all values of x and y for which they are explained we have /(a:) + 
9(y) > 0. We then have to find a constant c such that also 

= /(^) + c > 0; g*{y) = g(y) - c > 0. 

Denoting by / and g the greatest lower bounds of f{x) and g{y) respectively, 
we see that c = ^{g — f) certainly has the required property, for 

r(x) ^ w +g)^0, g*{y) ^ W + ( 7 ) ^ 0 , 

where never more than one of the equality signs can i)ossibly hold in any given 
case. 

The specializations r = ro and R = Ro resi>ectively show that the first two 
main theorems for ring-meromorphic curves, being originally relations between 
weighted averages, permit the following formulation for the quantities in their 
imaveraged state: The functions (5.2), defined for sufficiently great and suffi- 
ciently small values of their arguments respectively, are independent of the 
particular plane a. They define in pairs the orders 

Ti{G) - n\{R); TKr)] 

of a ring-meromorphic curve in the sense that two such pairs are equivalent: 

n\R); r{r)] - mR); r*{r)] 

if 

^T*(R) = ^T{R) + c log R + 0(1), 

^T*(r) = ^T{r) + c log r + 0(1). 

With this same convention the second main theorem appears in the form 

Tz(r) + - TKr) + •Tw(r)} = Ui{r) - fl,(«o) for r > /2o , 

(5.3) 

Tz(r) + ~ ^Tiir) + T,-i(r)} = 0,(0 - ^liro) for r < ro . 

We finally remark that, since 

a) = m{Ro ; a) ~ 0; 'm® = m(ro ; a) ~ 0 

we have also 

m®(G; a) = [m(/2o ; «); w^(ro ; a)] 0 

and similarly 


0/(0) = [0/(J?o); ilz(^o)] 0 
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allowing us to replace the equality signs in (5.2) and (5.3) respectively by 
equivalences and dropping the terms m? and ifi . 


II. The Third Main Theorem 

6. General Relations 

Some of the formulae, leading up to the estimates which finally culminate in 
the defect relations, can he derived in the general case. To do this is the aim 
of this first section. 

Again we consider the function 

r;(P) = {ax{)(i))/{0x(p)) = U? = Wi/W 2 

which is meromorphic on g. We plot its values w on the lo-sphere of diameter 
1 into which the R?-plane passes by stereographic projection. Let us denote by 


dx txi 


dwd w 

(1 + wwy 


its surface element. w(p) maps the surface g in a one-to-one fashion upon a 
Riemann surface gu, covering the ic-sphere. Consider now the integral 


( 6 . 1 ) 



(i + wwY 


dt dt 


extended over the whole surface g, where t is the local uniformizing-parameter 
and the prime indicates differentiation with respect to L The differential 
I It;' 1^ dt dt is independent of the particular choice of t. Assume that on the 
it^sphere there is a unifonn charge of density 1 and that each point on g^ carries 
the charge of its trace on the t/;-sphere. Then, if q is the image on gu, of p on g, 


^(P) 


(1 ww)^ 


dt dt 


is the work required to transport the charge of the surface element of gu, at q 
along any path on g from infinity into the point p against the potential 
The integral (6.1) is therefore l/27r times the work required to assemble the 
charge of gu, on g in such a way that each point carries the charge of its image. 
On the other hand 

4>(p)A(p; atiC2 - fitWi) dry, 

the sum extending over all points p of g is the work required to assemble in the 
proper places on g the charges carried by the elements of gu, above the surface 
element dxy, of the tc-sphere at the point w = Wi/w 2 . Hence 


2ir 



w 


(1 + 


dtdt 


2 — J* ^ ^(p)^(p> otiW2 dxxD 
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where the second integral is to be extended over the whole w-sphere. Following 
the argument previously employed’ we take the average SKou* on both sides 
and replace w and w' by their expressions in terms of the x<(p). We then 
obtain 

(6.2) 1 jf = mai>N{G-, aiVH- ft «;,) dr„ 

with 

j I* + I So ft*< 1* 

Next we normalize the homogeneous form Wi/w 2 of w so that 

+ ’WiWt = 1. 

Consequently the vectors 

{,• = aiWi - 0iWi , t}i = am + , 

form a unitary pair if a and /3 do, and in particular we have 

So I I* = + SHOW’S = 1- 

Hence replacing a and /3 in the second integral by ( and i? it becomes by Lemma 
1. M.C. pg. 519 

i / a«{Ar(G;f)dr„ = mO) 

and therefore 

~ f^mfoi.0(Q^)dtdi = mo). 

If we introduce upon the if^-sphere a charge of density > 0 in each pointi 
varying with w, then the charge carried by an element of surface will be 
jidTy , . The density m may also depend on a and but if it does we presuppose 
that it be a homogeneous function of the combinations . Under these condi- 
tions (6.2) is replaced by 

(6.3) ^ jf $(p)9»„4{QV(a)} dtdt = imm; f)iu(i)} 

where the S. arise from f,- = am — Pm if we replace wi and to* by their values 
S* a,x,{p) and ^oP,Xj(p) respectively: 

*» ~ S> (®»^>‘ ®)^>)®j(p)* 


» M C. pp. 528-530. 
• M C. p. 518. 
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The value of either integral equals again the average amount of work required 
to assemble the total charge of an on in such a way that each point carries 
the charge of its image. With the aid of 

N(G; {) g T(G) + m\G] f) 

we obtain from (6.3) 

(6.4) ^ «^(p)aW« 3 {QV( 2 ,) ]dldt^ cT(G) + c'(G) 

where 

c = c' = mm\G;Ot^a)\- 

Again the difficulty arises that in general c! will depend on G. But c' is 

c'=/ mM^)log\\^x\nd<r 

•'To 

and therefore bounded if the mean value appearing under the integral sign is a 
continuous function of Xo , , • • • , xa; . (In the cases of meromorphic, alge- 

broid, and ring-meromorphic curves this difficulty docs not exist: c' is finite 
with c.) 

Let us choose the density of charge on the te-sphere in a fashion which closely 
resembles the customary choices made in the theory of meromorphic functions. 

(6.5) M(?) = ni|a‘’'«ir^' 

where the product extends over q arbitrary points a^'^\ • • • , in 9i. The 
exponents, which are assumed to be real non-negative numbers, must be deter- 
mined such that is finite. With such a determination of the X,. the 

particular form (6.5) of /i(f) will also assure the finiteness of c'. Indeix?ndcntly 
of the curve (S we have the relation 

(6.6) arJaflUog Q' + log ,i(S.)} = const. + 2 log {AVA:i} + 2^,, K log {ax}-' 
for the choice (6.5) of /*($)•* 


7. The Conditions on the 

Let us denote by dw( the volume element of the unitary A-sphere ©* : p* = 
]Co I I* 1- Then our task is to determine the exponents or — as we shall 
call them — weights X, in such a manner that the integral 


J = 



* For a proof see: M C. pp. 630, 536. 
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converges. This convergence does not depend upon the nature of the curve E 
but merely on the linear dependence scheme of the arbitrary points in 
It can be shown by the methods employed before (M. C. pg. 536) that J is finite 
for Xk < 1, (v = 1, 2, • • • , g) if the points satisfy no accidental linear rela- 
tions, i.e. if any {k + 1) of them are linearly independent. From this restriction 
we wish to free ourselves. 

The integral whose convergence we are to investigate can be written in the 
form 

j = f d«{/n({), n(i) = li I 1*"' 

J 

where the product n({) is formed over a finite number of linear forms (a{) whose 
coefficients a* are normalized so as to satisfy the condition I 1^ == 1- 
Each of them is furthermore provided with a weight X ^ 0. 

We interprete the as components of a vector in a complex (k + l)-dimcn- 
sional vector space. The sum ^ X extended over all planes (aj) which contain 
a given i-dimensional linear submanifold Si of that vector space shall be called 
the load carried by Si . 

First we investigate the somewhat simpler space integral 

(7.1) J dV(/n(0 extended over ^ rj. 

Before proceeding any further it is necessary to express the volume element 
dV( of the real (2k + 2)-dimensional space with complex coordinates . What 
we are seeking is the generalization of the surface element dz dz employed instead 
of dxdy when the (x, 2/)-plane is described by the complex coordinate z = x + iy. 
Let our space be spanned by the 2k + 2 real basis vectors 

t t I 

eo , Co , Cl , Cl , • • . , Cjk , Cfc . 

We split our coordinates into real and imaginary parts 

i ^ X + iy (i = \/~\) 

as suggested by the two-dimensional case. An arbitrary line element 

b = (dfo , dfi > • • • > djfc) 

then has the components 

dxo , dyis , dx \ , dy\ > • • • > dxk , dyk 
with respect to the above vector basis. Let the line element 

(idfo > idJii , • • • I id^i^ 

with the corresp)onding complex components be called b'. We note that the 
transition from b to b' is invariant under an analytic coordinate transformation. 
The real components of b' are 

“"dj/o > dx^ J "^dyx , dx\ j • • • > “^dyk , dxk • 
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If we have (A; + 1) line elements 

bo = (d(o , d(i , • • • , d(k) 
, . • . , 8^k) 


linearly independent in the complex sense then bo , bo , • • • , , bi[ , are linearly 

independent in the real sense. As volume element we use the parallelepiped 
spanned by them: 

dxo dyo dxi dyi • • • 

iTr ““^2/0 dxo —diji dxi 

aV^ = 

^Xq 6yo dxi 

From their definitions it follows that 

b + ib' = dfo(co + ito) + • • » + d^k{tk + itk)j 

b — lb' = d{o(Co ico) + • • • + d^k{tk — itk)j 

hence the desired volume element appears in the form 

dVi = AA 

where 


A = 


Lemma 1. The integral (7.1) is convergent if each linear vector manifold of 
dimension (A; + 1 — 0 carries a load 

Ki<l (Z = 1, 2, . . . , A; + 1). 

The proof shall be carried through by means of an induction with respect to 
the number of dimensions. 

Let us assume that among the planes = 0 there are at least (A; + 1) 

linearly independent ones. Should this not be the case we can introduce addi- 
tional linear forms with the weights X = 0. 

The set ?l of planes a: (a{) = 0, I = L hi the {k + 1) -dimensional 
vector space (Sjb+i shall shortly be referred to as the configuration {a}. The 
intersection of any k linearly independent planes = 0 shall be called a 

vertex j. It is our intention to find corresponding to every configuration of 
this kind a cell-division of the {-space such that each vertex i is contained in a 
cell S which is cut by no other planes of 2f except those which pass through j. 
This can be accomplished inductively, for any plane a of is an (S* and its in- 


d{o • • • d^k 

% ... % 
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tersections h with all planes of 91 different from a form a configuration in this 
lower-dimensional space. Assume therefore that we have found a cell-division 
with the desired property for the configuration {6} in this (g* . Let 3* be one 
of its cells with vertex j, a flat cell, so to speak, which we have to extend into 
space. To this end we perform a unitary transformation 

(4o ) (fo , fl )••• , ft) 

such that (o|) = fo , i.e. such that the fo-axis is orthogonal to the plane (of) = 0. 
Then we define 


(fo , fi , • • • , ft) is in Sk+i if 
D 1.) (0, f, , f* , . . • , f*) is in 3* . 

D2.) Ifol ^ I (fef)!forallfcin 91. 
This inductive definition begins with 


« = 3i- 

Let us call j the center and f o = 0 the base of 3t+i • The cells thus defined 
have the following properties : 

(1) They are cones in the son.sc that (fo , fi , • • • , ft) in 3t+i implies (Xfo , 
• . • , Xft) in 3i+i for any complex constant X. 

(2) They are closed, as evidenced by the equality .sign in D 2.). 

(3) They cover the whole space: Let f^“* be any point of our space then 
there will be an | (of'*”) | such that none of the expressions | (bf**”) | {b in 
%,b^a) have a smaller value, consequently f***^ belongs to a (iell with the 
base a. 

(4) A cell contains but one vertex j, namely its center. 

If i' were in 3 then the k linearly independent planes defining j' would also have 
to go through j which is impossible unless j' = g. Finally we have 

(5) A plane b of 91 has no point other than the origin (0, 0, • • • , 0) in common 
with a cell unless it passes through its center. 

Assume this to be true for the flat cells 3* ^.nd the manifolds 8 of the 
configuration {8}. Let 8 be a plane such that for some point f*“' (0, • • • , 0) 

in 3fc+i we have (8f**”) = 0. Either b is the plane fo = 0 or it is not. In either 
case b is seen to pass through j. In the first one this is evident; in the second 
one b intersects the plane fo = 0 in an shortly denoted by 8. We remark 
that it follows from (tf****) = 0 that also fo®^ = 0 on account of D 2.). Hence 
the point f*®^ is firstly in the flat cell 3* and secondly contained in 8; therefore 
it follows from the induction hypothesis that 8 must contain j, implying the 
same for b. The contention is evidently true for A: = 1 since every (£i of our 
configuration is some cell’s center, any two of them co-inciding completely as 
soon as they have a point other than (0, 0, • • • , 0) in common. 
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For any plane 6 of 31 not passing through j wc even have the quantitative 
estimate 

(7.2) I (bf) I ^ S(£S I f, \y 

with a positive constant 6 for all points f of a cell 3 with center This follows 
at once from the fact that the function 1 f,- 1“)*; [ (bf) | is a bounded function 
of its arguments on the closed set 3- The quantity 

has the same value for all points of j (The 'Mistanco^^ of the vertex g from 
the plane b): If b does not pass through g-we have ^ > 0 and can derive the 
explicit estimate 

5 ^ (See Appendix) 

If we unite all (^ells with center ^ we obtain the star ^^4.1 . All points of g 
with exception of (0, 0, • • . , 0) will be interior points of ^^*4-1 • The estimate 
(7.2) remains true for all points of 3*+i if T choose for 5 the smallest one of all 
those 6^s which correspond to the cells combined into . 

We designate by ,3^"^ intersection of 1 f» ^ rl and = 

{ZS I ft 1^ ^ r?} ^ Sm • The region over which (7.1) is to be integrated 
consists of a finite number of such stumps 3^“^- In order to evaluate the part 
of (7.1) extending over any one of them we shall specify the coordinate system 
(fo , fi , • • • , h) more accurately than has been done so far. We choose a cell 
3*+i of the star 3^fi • l^et its base be @it . The corresponding flat cell will 
again have a base ^k-i , and so forth. Now we determine the fo , f 1 , • • • , f * 
such that 

gfc is fo = 0, 

(S*_i is fo = 0, fi = 0, 

g = (Si is fo = 0, fi = 0, • • • , fife-i = 0. 

We demand furthermore that the f » arise from the f , by a unitary transforma- 
tion. This determines them uniquely to within factors of absolute value 1. 

We refer to the system of the f .-axes as the frame work spanning the cell 3jt+i • 

The coordinate system which we introduce in the star 3*-fi is the frame work 
of any one of its cells. 

Let (6f) = 0 be some plane 6 of 9 not going through g. Then the planes, 
fo = 0, fi = 0, • • • , = 0, (bf) = 0, form a system of (k + 1) linearly inde- 

pendent planes in terms of which any plane of our configuration {a} can be 
expressed in linear fashion. We denote by Co , ci , • • • , Ck-i , the coeflicients of 
fo , fi , • • • , fjfc-i , and by Ck the coeflBcient of (bf) in this representation: 

^ + Cib(bf). 

Furthermore we have from (7.2) that 1 b* 1 ^ 5. 
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Now we perform ^e eubstitution 

(6f) =* 
fo = 1Jo2 

fl ■“ 1»J« 


f*-! = . 

The successive transformations 


do » li > • • • > ft) (fo f ‘ > f*-i > (^)) » • • • > ’fr-i) 

bring our volume element into the form 

dV( = 1 6* r* dVf = 1 6* r“(rl)* dz dz dF, 
and our integral can now be written as 

/ dFf/nd) = I6*r/ (rf)*-* dz5i.jp |criw+ ••• +cil\»»*-x-Hcr r*"'5F, 

where A total load carried by the origin. Both integrations are 

to be extended over the stump 

The linear forms in the denominator of the second factor will be divided into 
two classes—the first one containing the forms corresponding to planes that do — 
the second one those corresponding to planes that do not pass through j. For 
any one of the latter kind we have 

I + c*(6f) 1 ^ I r.- n* ^S'\zl (C* 0) 

hence 

I CqVo + • • . + Ck^irik-~i + Cfc I ^ 5' (5' = const. > 0). 


This permits us to write 

(7.3) / dFj/n{{) g c / (zf)‘-* dzdi-II 1 4"^. + ' • • + r^'-dF, 


where c > 0 is some cmistant^ and the product in denominator of the second 
term is to be extended over all those planes of fl whidi pass through ). 
Again both integrals are to be extended over 3*'^. 

Concerning the limits of integration in the new variables we note that from 
2* I I* “ 1 1 f,- 1* ^ rj follows'! z \ ^ u since 


(Wl‘ _ UP , , 

SniH'* SuT?^ 


On the other hand, we have from (7.2) 

Ula«ISlr.lTs«(2:nf,|’l* 
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finally yielding 

I ijo I* + I in I* + • • • + I i?i-i 1* ^ 8~*. 

In other words: The stump 3^*’ is contained in the region described by 
I « I ^ r« , Er* ! 1 ?/ 1* ^ r\ 

Integrating (7.3) over this region rather than .3^*^ will increase the integral. 
We introduce polar coordinates for the complex variable 

z “ pe'" (i = 

and thus obtain 


f 

Js'*) n({) 



dV, 

nin) 


where the last integral is to be extended over the sphere 


Er 


Vi 


The convergence of the first factor is guaranteed by the condition A < A: + 1. 
The convergence of the second factor is the contention of Lemma 1 with k 
replaced by (k — 1), i.e. the induction hypothesis. 

We anchor this induction at A: = 1 for which the lemma is evidently true. 
The integral J converges under the reduced assumption which arises from the 
one of Lemma 1 by dropping the restriction that the origin carries a load < A: + 1. 
This is shown by modifying the first step of our proof, integrating (7.1) over a 
spherical shell 


(7.4) 0 < ri ^ p ^ To 

rather than over a solid sphere. 

/ dFt/n({) - j 

where the first integral is extended over the shell (7.4). Concerning the limits 
of integration we note that the intersection of with the shell is contained 
in the region 

8r, g I a 1 ^ ro , EJ'^ I Vi 1“ ^ 

Therefore the part of J extending over the intersection of Sk+i with the unitary 
A-sphere will be less than or equal to 


const 


/ 


dV^/U(ri) extended 


over zr* I Vi r ^ 


Thus the proof of what we maintained is reduced to an application of Lemma 1 
for (A: — 1) instead of k. Returning to the projective way of expression and 
considering the as homogeneous plane-coordinates, the a)'’ as homogeneous 
point-coordinates, we obtain the 
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Lemma 2. The integral J converges if each (Z — l)-dimensional linear sub- 
space of the projective A-space (1 ^ Z ^ k) carries a load A/ < Z. (The load Aj 
of a given subspace is the sum of the weights of the points contained therein.) 

The proof of this lemma indicates the reason why no restriction need be made 
upon the total load carried by the whole space. It is the load of the origin in 
the {-space and of no influence upon the convergence of the integral J since the 
latter extends only over points | {,• |^ = 1. 

For the choice (6.5) of ^(f) the average S)?(/i(f) will remain finite if the weights 
\p are so chosen that any given (Z — l)-spread in (Z = 1, • • • , fc) carries a load 
ki < Z. This, as we remarked once before, will imply the fiiiiteness of 

c' = aW,(m°((?;{)M(f)l 

as well. Let us assume therefore that in the following special cases the \w 
always comply with the conditions of Lemma 2. 

8. The Third Main Theorem for Algebroid Curves 

Once more we turn to the case where 5 is an n-sheeted unbounded covering 
surface of the finite 2 -plane. We take the set of (k + 1) functions defining a 
realization of 5 and substitute them for the Xi in (6.6). The prime in 

we interpret as differentiation with respect to z. Multiplying through by 
da = (l/2ir) d<p and integrating over the boundary of G we shall obtain, if we 
make use of the concavity of the logarithmic function, 

20i(r) + 22.X«m*(r;o) + const ^ log SDl,sjQV(H<) } = e(r). 

We indicate the rotational symmetry of ttie potential by writing 

^(z) = 4>(p) when | 2 | = p. 

Then (6.3) yields for 0(p) the relation 

p dp = y ^ dp ^ cT(r) + c', 

denoted shortly by 

e(r) = u,(T(r)). 

From this it follows in customary fashion that 

0(r) < K log T(r) — 2 log r, 

an inequality holding “almost everywhere,” i.e. outside of certain intervals /, 
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whose logarithmic measure is finite: / — < w,*® « is an arbitrary constant 

Jlr T 

K > 1, a meaning which this symbol shall retain throughout this chapter. 
Formulating the resulting relations at once for higher I we have 

««(r) + Zo XamfCr; a) = ^«(7'j(r)) 

or, in the form of an inequality holding almost everywhere, 

iUr) + Z- Krrhir; a) < * log Ti{r) - log r 

with weights X® attached to the points a and so clioseri that the total load carried 
by any one {h — l)-spread (1 ^ A ^ ki) in 0?/ is less than h. 

These so-called defect relations constitute the third main theorem, holding 
in this form regardless of any accidental linear relations between the points over 
which the sum on the left is to be extended, i.e. in particular those points for 
which m* is not ^ 0. (Exceptional points) 

The methods” used for the derivation of estimates of the subsequent nature 
yield again 


12, (r) <^logr(r) 

hence 


TM < lT{r) + K log r(r) 

4 


and, introducing the symbols 

A,(r) = Viir) + Z X.»ir(r;a), 

O 


we finally obtain 


(8.1) A,(r) < 


fci- 1 


/f "f- 1 — I 


T{r) + 


k ijc + 1) 
2ik + 1 - /) 


J{r) + * 


k{k + 1) 


4(fr + 1 - /) 


log nr) 


holding almost everywhere. To complete our results we have to give an es- 
timate for the density J(r) of branchpoints of 5 over the z-pla'hc. E. Ullrich 
proves** that for the characteristic T*{r) of any algebroid function w = /(z), 
one-valued on g, 


Jir) ^ 2(n - l)r*(r). 

This characteristic T*{r), as defined by E. Ullrich, is in the sense of equivalence 
equal to the order of the algebroid curve Wi/vh — w defined in the complex 


•• M C. pp. 527-628. 
» M C. pp. 532-533. 
w 1. c. pp. 209-210. 
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one-dimensional projective space {wi , Wa} as a realization of Such a curve 
will certainly be defined by projecting our curve S from some (k — 2)-dimen- 
sional linear subspace of jR. Application of (3.5) shows us that 

T*(r) ^ T(r) + const. 

since in our case 

f log (X : X') da = const. 

•'ro 

The resulting relation 

(8.2) J(r) ^ 2(n — l)T(r) + const. 

shows that not only the level of transcendency but also the degree of ramifica- 
tion of an algebroid curve is set by the first order T(r). By means of (8.2) 
we obtain from (8.1) the relations 

Vi(r) + T,a\amt(r;a) < r(r) + S(r) 

holding almost everywhere with 

<S(r) = 0 (log r7’(r)). 

Thus the defect relation appear in the form that was given them by R. Nevan- 
linna: k = 1; n = 1, and E. Ullrich: A: = 1. 

9. The Third Main Theorem for Ring-meromorphic Curves 

Instead of the function x<(p), meromorphic on the doubly punctured plane 
which define its realization (£ we use the functions x<(z) defined for z ranging 
over that part of the z-plane which is covered by jj. For the choice of Go and 
the exhausting sequence {G*,,} made heretofore the potential $(z) is a function 
of I z I = p rather than of z: 

4'o(z) = HR, r; p). 

From (6.6) it follows that for 

0(p) = log 

wc have 

2fli(p) -f 2 23a a) + const g 0(p) 


or 


2ni(Gii.r) + 2 23a \.>ra*(G«., ; a) -1- const ^ [e(R); e(r)]. 
On the other hand (6.3) shows that 

jT" HR, r; p)e®‘'V dp ^ cT(0,,r) + d 
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with constants c and c'. To set in evidence the fact that the integral on the 
left also possesses the characteristic pattern of all quantities related to ring- 
meromorphic curves we write it as 

/* m, r; dp = V(r)] 

with 

•^{R) = £ ^ dp + log 1 dp} , 

•'J'Cr) = ^ e®''»p dp + log e®<'”p dp} . 

Thus we finally obtain 

(9.1) [MR); Mr)] ^ c[MR); Mr)] + c\ 

The arbitrariness 


''i'CfZ) + C log ^ , '^(r) -> '^(r) - c log -® 

Ho r 

finds again an immediate geometric expression in the freedom of choice of the 
intermediate circle of radius r* . 

Suppose two functions 0(r) and T{r) are defined for sufficiently large values 
of r. Then we agreed’’ to write 


0(r) * «(r(f)) 


if there exists a centrally symmetric potential V{r) due to a distribution of free 
charge of density exp 0(r): 


1 A 

r dr 



exp 0(r), 


such that 


U{r) ^ eT{r). (c * const. > 0) 

It follows that there exist constants of integration a and b such that 

U(r) = f — f exp 0(p)p dp — o log r — 6 

•'ro r Jro 

satisfies this relation, ro being an arbitrary lower bound for the integrations, 
subject only to the condition that 0(r) and T(r) are defined for r ^ ro . 

We note concerning the relation 6 = Ci>(T) that it implies: 

(1) 0(r) = u(T*(r)} for any T*(r) == T(r) -b c' log r -1- e" with constants c' 
and c", because the additional terms correspond to free charges of density zero. 

“MC. p.528. 
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(2) 0'(r) = u(T) for any 0' ^ 0, because 

U'{r) — f ~ f exp 0'(p)p dp — o log r — 6 ^ U(r). 

•'ro r Jfo 

(3) The existence of constants c' and c" such that 

T*(r) > 0 

because for 


r*(r) = T(r) + - log r + - 
c c 


we have 


cT*{r) ^ f — f exp 0(p)p dp > 0. 

•'ro r Jro 

(4) 0(r) < K log T*(r) almost everywhere if the constants c' and c" are so. 
chosen as to make T*(r) > 0. 

The additional term of the order of log r has been neglected in the presence 
of the term log T*, compared to which it is of importance only in the cases of 
lowest transcendency. 

We extend the meaning of this symbol to functions 0(r) and T{r) defined for 
suflSciently small values of r by writing 

0(r) = a,(T(r)) 

if after an inversion on the unit-circle: r Ifr = fwe have for the functions 
0(f) and f{r)^ defined by 

0(f) = 0(r), f (f) = 7’(r). 

the relation 

0(f) = a,(f(f)). 

The application to our case is evident since both '4' and ’’J' are centrally sym- 
metric potentials, each due in its region of definition {r > Rt , r < ro respec- 
tively) to a distribution of free charges of density exp 0(r). By choosing 

r = c“Vo , while R remains variable, 

or 


R = eRo , while r remains variable 
we obtain from (9.1) the inequalities 

‘MR) ^ c\‘TiR) H- const, log R + 0(1)} 
*4f(r) ^ c|*r(r) + const, log r -t- 0(1)} 



ANALYTIC CURVES 


405 


with 

c = a)?t/i({) > 0. 

Consequently 

e(r) = o»(‘7’(r)), e(r) = wCT{r)), 
and therefore almost everywhere 


0(r) < <c log T*(r) 

for r > Ro, 

e(r) < /c log *r*(r) 

for r < n, 

with constants chosen such that ‘T* and 'T* are > 0 (see Section 5). Thus the 
defect relations appear in the form 

««(»•) + ZaKm^(r;a) = ico(T,(r)) 

for r > fZo , 

iii(r) + Ea Xamr(r; a) = ia>mr)) 
or as inequalities holding almost everywhere 

for r < ro , 

Oi(r) + Ea^amUr; a) < ^ log Tffr) 

for r > Ro, 

+ EaKm*(r; a) < ^ log ’T*(r) 

Observing that 

[log r*; log r*] g log [r*; r*] 

for r < ro. 


allows us to combine each of the above pairs into a single relation : 


^i(.0) + “ 2 — G's.r) 


Again we might derive estimates of the kind 

Ti < IT + S 

climaxing in 

(9.2) V, + EaXamf < T + S. 

These relations hold for the averaged quantities as well as for the unaveraged 
ones, if in the latter case we supplement them by the conventions governing 
the pair-wise connection between the unaveraged constituents. S stands 
throughout for a term 0(log T). 
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Applying ( 9 . 2 ) to a ring-meromorphic function, for instance to one of the 
quotients x»/a:o which define the realization S, it is seen that any such function 
must assume every value with the possible exception of at most two. This is 
nothing new considering that every ring-meromorphic function f{t) is changed 
by the substitution 

z = 

into a function mcromorphic and periodic of period 2 Tn on the open f-plane. 
The validity of Picard^s theorem for / (exp f) = F(f) yields an immediate proof 
of the above statement. If we write ^ = x + iy it follows that /^(f) repeats 
its values in every infinite strip parallel to the x-axis of width 2t. Hence the 
surface on which these functions are defined presents itself as a circular 
cylinder of radius 1 around the x-axis. The order of a function on is described 
by a pair of functions ^T{x) and *T(x): 

T = [T(X); T(x)]. 

The first one is defined for X > xi , the second one for x < Xo / (xj > Xo), and 
they are subject to the condition 

mX); r(x)] - [T(X) + cZ; T(x) + ex]. 

Ring-meromorphic curves present themselves in this light as realizations in 
jfc-space of the cylindrical surface 5 in abstracto. 

Appendix 

Suppose we are given a cell-division corresponding to a configuration {a} of 
planes a:X)o|a, |^ = 1, in an {k + l)-dimensional vector space (Sjt+i : 
{fo , f 1 , • • • , 5 ifc}, of the sort described in Section 7 . Concerning it we stated 
the following estimate: If 6 is a plane not passing through the center g of a 
cdl S ttien 

(1) ^ 2-*^ 
for any point $ of Sj where 

^-KtDUIZSuri’l', 

3^®’ being any point on the vertex 3, In a conversation H. Weyl proposed to me 
the following proof of this inequality. 

As a coordinate system in S we introduce its frame work jfo , • • • , f*}. Let 
(6f) = 0 be the equation of the plane b; then we have /3 = | 6* | > 0. For any 
point f for which | f,- 1* = 1 (a restriction which does not impair the gen- 
erajyity of our ei;gument conBidering the cooicaJ shape of 3) we now write 


hence 


I To I ^ « 


on account of D 2 ). 
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Consequently 


(2) 1 feifi + • • • + bktk 1^8+1 6of« 1 ^ s(l + I 6o I). 


But from (7.2), applied to the space fo = 0 of one dimension less, it follows that 

I hifi + • • • + 1* ^ S*(l — I i>o f)(l — I fo P) 

\*j) 

^ sl(l - I bo l')(l - 8^), (h > 0). 

The factor (1 — 1 fo !■*) replaces | fi f + • • • + 1 ft f which it equals since 
2* I f» f = while (1 — I 6o !■*) makes its appearance becau.se (7.2) was derived 
under the assumption that | h,- f = 1 ; hence in the pre.sent case we have to 
multiply on the right by | hi P + • • • + | ?>* f = 1 — | ho P in order to make 
the relation completely analogous. Combining (2) and (3) we obtain 


(4) 


-L _ > Lr 

1 _s 2 - *1 + 16 „|- 


Hence, writing | ho | = cos a* , the right side of (4) will become 5* tg {at/2) and 
the inequality states that (7.2) will be .satisfied for any dt+i = S chosen such that 


sUi < 
1 ~ &l+i 



Proceeding in this fashion we put successively 

1 ho 1 1 \/(l ho I'* + • • • + 1 ht I'*) = cos at ^ 0, 

I hi I :'v/(l hi I* + • • • + I h* I") = cos «t_i ^ 0, 


1 hit-i 1 : \/(l hjt_i 1* + I ht p) = cos ai ^ 0, 
coimting the a’s in inverse order. Solving with respect to the h’s we have 

Ihol = cos a*. 


( 6 ) 


I hi j = sin at cos at-i , 


1 ht_i 1 = sin at sin a^-i • • • cos cm , 


— I h* 1 = sin a* sin at_i • • • sin ai . 

From the last equation under (6) it follows furthermore that none of the angles 
at , a*-i ,•••,<*! can be zero, and (5) completes the information to give 


0 < ^ 

Therefore writing 

0 < tg s ^ 1 

0i 
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we have the recursion formulae 

with 8i = 1, 5*+i = 5. Furthermore 5t ^ 1; hence 


5i+i 


ti 


and if we finally form the product we obtain 

n¥‘ = ¥‘ = « s 

»-l Oi Oi 

which together with (7.2) completes the proof of (1). 


Ubbana, Illinois. 
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ON ADDING RELATIONS TO HOMOTOPY GROUPS 

By J. H. C. Whitehead 

1. Let X be an arcwise connected topological space, and let irriX) (r = 
1, 2, . . ■ ) be the homotopy group^ of X, written with multiplication if r = 1 
and addition if r > 1. Let/i(.S”“*) C X (^ = 1, . . . , A:; ^ 2) be maps in X 

of an (n — l)-sphere iS” , let &i be a non-singular (open) cell bounded by 
as described below, and let 

X* = X + 61 + • • • + 6* =0 if i 9^ j). 

In a recent paper^ I described in algebraical terms the* relation between 7rn-i(X) 
and 7r„_i(X*), and also the relation between 7r„(X) and Tn(X*) in case each of 
/,(S” is homotopic to a point. H(»re we study the relation between 7rn(X) 
and 7rn(X*) when the maps /t(*S” ’) are arbitrary. There is a considerable 
difference between the ca.ses n = 2 and n > 2. In case n > 2 the relation 
between rn(X) and 7r„(X*) is expressed in terms of a product afie Tm^n-i(X), 
where aewmiX), fieTn(X). The case n = 2 is, in many w\ays, the more 
interesting of the two. Among other things a method is found for calculating® 
7r2(X) algebraically, where K is any simplicial complex. Of course K. Reide- 
mcistcr^s^ theory of homology in X, the universal covering complex of X, together 
with a theorem due to W. Hurewicz® lead to a theoretical definition of 7r2(X), 
which may be stated in purely algebraic terms. But since there is no general 
algorithm for deciding whether or no given elements pi ,•••, pn in the group 
ring, JU, of X, satisfy given equations 

Y^jV\jPj = 0 (i7xyc5R) 

this does not lead to a method of calculating 7r2(X). In fact the problem of 
calculating the algebraic structure of W2{K) by this method is equivalent to the 
problem of calculating 7ri(X) effectively, or of defining R constructively. In 
order to calculate V2{K) itself one would also need a construction for a deforma- 

1 W. Hurewicz, Ron. Wetensoh. Amsterdam, 38 (1935), 112-9; 521-8; 39 (1930), 117-25; 
215-24. 

* Proc. L. M. S., 45 (1939), 243-327, §6, This paper will be referred to as S.S. The 
argument given in S.S. obviously applies, with minor alterations, when K is any arcwise 
connected topological space. 

* I.e., given a constructive definition of R, one can enumerate (constructively) a set 
of generators and relations for 7r2(X). Moreover, given a map/(AS2) C X, with a specified 
base point, one can express the corresponding element of iri(X) as a product of the gen- 
erators, and conversely. We shall say that a group G has been calculated effectively when 
it has been calculated, and when a finite algorithm has been provided for deciding whether 
or no two given products of the generators represent the same element of G. 

^ See, among papers, K. Reidemeister, Abh. math. Sem. Hamb. 10 (1934), 211-5. 

* Loc. cit. (Paper II), p. 522. 
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tion cell, bounded by a given circuit in K. It should be said that there is no 
theoretical obstacle to calculating irr(iiC), for any r ^ 1, by constructions which 
are similar to those in a combinatorial definition of® 7ri(iv). Thus the value 
of §6, below, is technical, rather than theoretical, in that it brings now algebraicj 
machinery to bear on the study of ic^{K). 

We shall always use to denote an oriented ^.-sphere, and i?” to denote an 
oriented n-element. The corresponding uiioriented spaces will be denoted by 
I S'' I and \ E" \. Let C X be a given map, where E" is the boundary 

of E" and E" has no point in common with X, and let d>" be the interior of E". 
By X + 6” we shall mean the space consisting of the topological space X and 
the topological space f/, related by the following condition. If pi , p 2 , • • • C S"* 
is an infinite set of ixiints whose limit points all lie in the closed set/' \g) C E", 
where q is any point in /(E") C X', then the sequence Pi , P 2 , * • • C X + 6” 
converges to q. Subject to this condition wc describe as a non-singular cell 
bounded by fiE"), When describing a geometrical construction we shall use 
the term accidental iniersection to mean one which can be avoided without 

t 

restricting the conditions of the problem in hand. For example, a point common 
to &i and (i /), in the above space X*, would be an accidental intersection. 
Again, if we introduce a segment s C joining two given points pi , p 2 , 
where M" is a connected, bounded manifold, then a point, other than or po , 
which in common to s and il/”, would be an accidental intersection. 

2. In this section we recall some elementary definitions in a convenient form. 
To define irn = irn(X) we first choose a base point a*o e X. Then an clement 
a € iTn is given by a map /(5”, a) C X, such that /(a) = 0 : 0 , where a is a speci- 
fied base point in S”. In general the same map /(S”) will represent a different 
element if another point a' e is chosen as base point in S", The element 

— a is given by f( — S'\ a), where — S" is S" with the orientation reversed. Two 
maps fi(Si , a,) (f = 1, 2), where a* e Si and /»(a*) = Xo , represent the same 
element of Vn if, and only if, ft = / 2 <>, where 0(5?) = 5? is a map of degree? +1 
such that 0(ai) = 02 , and ft {Si , ai) is homotopic in X, with/i(ai) held fixed, 
to /i(5r , ai). Following Hurcwicz we may also represent a e TTn by a map 
giE") C X such that giE") = Xo , in which case we shall always take the map 
giE") = Xo as the base point. Such a map will represent the same element as 
/(5”, a) if g = /0, where 0(X") = 5"^ is a map of degree +1, treating E" as a 
cycle mod E^y such that (t>{E") * a. Let a* « trn (f = 1, 2; n > 1) be given by 
fi{Ei) C X, with fi{Et) = Xo , and either 
L I Et M 1 = I M ^2 I = 1 E"-^ I and 
Et = E"-^ +...,£?= + •• • , or 

2. \Et\^Ei\ ^ \ E^\ ^ \ E;\ and Et ^ -Ei . 

* Since neither can be calculated effectively, except in special cases, the only difference 
between the logical status of tx{K) and of irr{K) (r > 1) is that iri{K), unlike rr(X), is 
always given by a finite system of generators and relations if K is finite. 
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In either case ai + a 2 « Tn is the element given by the map f{E^ + ES)y with 
a point^ on as a base point in the second case, where / = /< in E? . 

Let Sr ^ E^ ~ E\ S; = E^ ~ £? and S* = E^ - £? , where | £? | • | ^:? | = 
[ill \ ^ \ \. Leif he a given map of i^L = \ Ei \ + \ Ei \ + \ E'' \ in X, with 

/(a) = Xo , where a € A’”, and let a< c Xn be the element given by /(S? , ct). 

Lemma 1. The map f(S^j a) represents the element ai + « 2 . 

This follows at once from the fact that J{K) is homotopic rel. a (i.c. holding 
/(a) fixed) into a map/iC^C) such that/i(£") = xq . 

We recall from S.S., §§10, 11, that Xn (n > 1) is a group with operators. 
As in S.S., §11, we shall consider the operators to be elements of the group ring 
5R = 9J(xi), rather than elements of the ring 9?n(X, xo), defined in® S,S. §10. 
If Of € Xn , f € xi the characteristic property of fa is that any of its representative 
maps can be transformed into a representative of a by a deformation in which 
the base point describes (positively) a circuit representing f. By an invariant 
sub-group (Tn C Xn , wc shall mean one such that Sfo-n = o-n , that is to say 
pa € (Tn if a € (Tn , p € 9i. Tliis is a natural generalization of the ordinary defini- 
tion in case n = 1. We shall describe the groups defined on pp. 281 and 283 
of S.S., which we shall now denote by 3J(ai , • • • , a^:) and 5R(/i , • • • ,/k) instead 
of r(ai , • • • , ait) and r(/i , • • • ,/ib), as the invariant sub-groups generated by 
ai , • • • , OJA and by /i , • • • , /* . This definition obviously applies to infinite 
sets of elements a» or maps/* , and in the same way we may define the invariant 
sub-group generated by a set of elements together with a set of maps. 

Let an element a € x„ (n > 1) be given by a map /(aS"*, a) CZX and let /(a) = 
f{h) = xo . Let s C aS” be an oriented segment beginning at h and joining it 
to a, and let { be the element of xi , with base point Xo , which is represented 
by the circuit /(s). Then it may be verified that /(S”, b) represents the ele- 
ment {a. For this purpose S. Eilenberg's definition® of fa is particularly con- 
venient. 

3. liet a €Xm =»= Tfn{X) Riid eiTn = Xn(A) (w, n ^ 1) bc given elements 
represented by maps ME"^) C X and goiE"") C A, such that /o(^”*) — 
ffo(^ '‘) = Xo , where Xo is to be taken as the base point for all the homotopy 
groups Xr(A’). We denote by fo-go the map 

Fo{E”^ X Ey = X F” + (- !)"*£”* X J§?") C X, 

given by 

F,(P X q) = g,{q) if pe£j’^,q^E’‘ 

- fo{p) if p( E”, q « E". 

^ SUloe n > If El ia connected and it is immaterial which point on is taken as base 
point (see the concluding remark in this section). 

• The distinction is that, if pia «> psa for each a c xn , then pi and p% are identical, by 
definition, if regarded as elements of 9?«(X, Xo), but they may be different elements of 

• Fund. Math., 32 (1939), 167-76. Eilenberg defines ^ in terms of the universal covering 
space of X. 



412 


J. H. C. WHITEHEAIX 


We take a point a X 6 e jS?*” X -S'* as base point on (E”* X where a is an 
arbitrary point on if w > 1, and the first point of if w = 1, and similarly 
for b € Let fi and gi be the images of /o and go in homotopic deformations 
ft and gt {0 S t S 1), such that/<(A"'") = = a:o for each t € (0, l). Then 

fi-gi =5 is the image of Fq in the deformation Ft , given by 

Ft(p X q) = gt{q) if p e € £"* 

^ft(p) if p.E^,qtE\ 

throughout which Ft{a X h) — . Therefore the element of irm+n-iC-X^) deter- 

mined by the map/o -^o depends only on the elements a e irn, , /? € Xn . We shall 
denote it by a ‘/S. If m = n = 1 it is clear that 

(3.1) i-n - (f, 1? CiTi), 

and if m = 1, n > 1, that 

(3.2) = ({ - 1)/?. 

If m + n ^ 2 we have 

(3.3) = (-!)"*”«./? 

since E^ X E”^ ^ X E\ 

Theorem 1. If n > \ the transformation fi a -ff is a homomorphism of Tn 
in iTm+n-i for each a c ttw . 

Let fi — fii + fi 2 y where fii € Tn (i = 1, 2). Let fii be represented by a map 
gi{Ei) C X, where 

= i^r M^?l = 

= E^~^ + • • • , f!? = -E^~' + • • • , 

and gi{tli) = xq . Then fi is given by g{E'')y where E'" = Ei + and g = gi 
in Ei , and since n > 1 we may take a point in E”" X i?” ^ as the base point 
on (E^ X E'^y. Then the two (m + n — l)-spheres 

= E" X E7 + (~l)"i"”* X E: 
meet in the {m + n — l)-element E"^ X and 

^^4-n-i ^ ^ X E" + (-])”‘X"‘ X E". 

Therefore a-fii + a -ft = ct-{fii + fi 2 )j by lemma 1, and the theorem is es- 
tablished. 

If m > Ij n > 1 it follows from theorem 1 and (3.3) that the function a-fi 
determines a group multiplication.^® However it may happen that a-fi — 0 
even though a 0, 5*^ 0, as it does when m = 1 and X is n-simple in the 

sense of Eilenberg.^^ 

Cf. P. Alexaftdroff and H. Hopf, TopologiCy Berlin (1935), 689-90. ' 

Loc. cit. 
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The homomorphism a*/? (n > 1) is not, in general, an operator homo- 
morphism with respect to the operators in SR. In fact if w, n > 1 it may be 
verified that 

If m = 1, n > I we have 

= 1(1? - 1)^ 

= ' - l)f/3 

for any i? € ti , and if w, = /i = 1 the relation 

Ki?-i?')r' = fi?r‘-fi?T^ 

follows from (3.1). 

The product a /3 is one among many similar ways in which elements a cTm 
and P ivn may be combined to form an element in irm+n-i . For let a and 
be given by /(E”") C X and g(E'') C X, with /(£"*) = giE"") =' Xo , where E”" 
and E"" are now the interior regions and boundaries of Euclidean metric spheres 
and in Euclidean spaces and R"". Let /> — ► rp (p c Vp e Gn) 

be a continuous map of in Gn , the group of rotations in /2" about the 
center of and let q-^T^{q ^ S'"' \ e Gm) be similarly defined. Then a-/? 

is a special case of the elenw^nts given by maps of the form h^E'^ X -B”)' C X, 
where 

E{V X q) ^ g\rp{q)\ if 

= /|r.(p)t if VeE^\qeE\ 

Let X = aS” (n ^ 2), let m = 2 let a = 0, even when n = 2, and let gf(B”) C aS”, 
with giiS"") = , be of degree 1. Then if n = 2 it may be verified, with the 

help of H. Hopf^s invariant,*'^ that the map p rp {p e S^) determines an iso- 
morphism between 711(6^) and Wn-niS"). The fact that v^iGn) and 7rn+i(S'') are 
both cyclic infinite if n = 2 and of order two^’^ if n > 2 suggests that the same 
may be true if n > 2. 

4. Let ST and aS? (1 < ?n ^ n) be m- and ri-spher(\s with a single common 
point b, and let r = ?n + n — 1 > 1. Let irn = TriST), irr 2 = Tr(SS) and 
let TTm-TTn bc thc sub-group of TT, = 7rr(AS? + S 2 ) which is generated by all 
elements of the form a /3, where a €7r,„(ST)y /3 e TniS?) and 6 is the base point 
of TTf* , TTfii’TTfi and IT r • 

Theorem 2. group Tr is the direct sum Tr(ST) + TriSi) + Vm-TTn . The 
* group Ttm-iTn is cyclic infinite, 

»* Math. Ann., 104 (1931); 637-65. 

^»L. Pontrjagin, Oslo Congress (1936): H. Freddenthal, Compositio Math., 5 (1938), 
299-314. 


(€ « ITi). 


{ft, 1j' C Ti) 
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Liet'V(^) C iSr + SJ be a map representing a given element a* tirr • We 
take ST , S? and to be recti-linear sub-divisions of the boundaries of recti- 
linear simplexes, and we assume that the map / is simplicial. Let x be an inner 
point of an n-simplex in Si . Then /’*^(x) is a polyhedron whose cells may be 
oriented to form an (m — l)-cycle C Let Z"* C be a chain bounded 
by Z”'*^ and let yi{f) be the degree with which /(Z^) covers /S? . It follows 
from his original argument/^ with trivial modifications, that yi{f) is a ‘Hopf 
invariant^ of the element a*, and it may therefore be written 7i(a*). Clearly 
a* yi{a*) is a homomorphism of Vr in the additive group of integers. 

We now prove the last part of the theorem. The groups WmiST) and Tn{Si) 
are cyclic infinite, generated by elements a and say. Therefore any element 
in Tm • Tn is of the form ka 4 fi = kl(a • /8), by theorem 1 , where k and I are integers. 
Therefore is a cyclic group generated by a /S. Obviously 

yi{ka*l 0 ) = dbklf 

whence ka lfi = 0 implies A; = 0 or J = 0 . Taking Z = 1 it follows that 
0 if A; 0, or that ir« -irn is infinite. 

We have now to prove that Vr = ir,i + x-r2 + irm - ir„ . Let hi{ST + S? ) =* /ST 
be the map given by 

hi(p) = p if ptST 
= 6 if p € S? . 

Let = Tri be the homomorphism of itr in which each element given by a 

map/(/S'') C 57 + 5 ? is transformed into the element given by the map ^ 1 /( 5 *"). 
Clearly 0i(Tr2) = 0 and 0 i(a) = a if acTri. Since a -0 = 0 , according to 
theorem 1, we have =0. If ai + a2 + a /S = 0 , where a» c tth , 

ot e Tm(ST), P € Tn( 5 «), it follows that 

ai = 0i(ai + a2 + Qf-i3) = 0. 

Similarly 02 =« 0 and hence a-ff — 0. Therefore the group consisting of all 
elements of the form ai + a2 + a- is the direct sum Wri + Wr2 + Xm-Xn , and 
it remains to show that each element in Xr is of this form. 

Let 7i(a*) = A;, where a* is a given element in Xr , and, replacing a by —a 
if necessary, let yi(a-fi) = 1 , where a-fi generates Xm-Xn . Then 71(00) *» 0 , 
where oo = a* — ka fi, Let/(S^) C 57 + S? be a map representing oo and, 
as before, let Z*” = Z*"“\ where | Z**^^ | »= /”^(x). If n > m it follows from 
a fundamental theorem due to Hopf** that /(Z"”) can be deformed into a pmnt, 
namely = x, with /(Z’”"’^) held fixed. Therefore an argument used by 

H. Freudenthal'^ shows that oo may be represented by a simplicial map fi such 
that fT\x) is a single point p. Let S'" C 5 ? and ET CZ ^ he the simplicial 

Since xi(57 + ^SiJ) « 1 we need not specify which point in/^H^) is to be taken as ^ 
base point in S'. 

H. Hopf, loc. cit.: also Fund. Math., 25 (1935), 427'^. 

Cominent. ihath. belv., 5 (1933), 39*>54. 

Loc. cit,, pp. 309-11. 
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noighborhoods of x and p, and lot = S? be a map of degree unity such 

that — E"") = bj ypiE"") = . We extend \p throughout 6? + S 2 by 

writing ^(ry) ^ y if y e S? • Clearly ^/i(/S'') is homotopie to /i , with the base- 
point, in fi\b)j held fixed. Therefore ao is also represented by the map ^/i. 
But ^/i(-6’^) C St , ^/i(£i) C and = 6, where A'l is the closure of 

— E" and 1 ^ | = \ E'" \ = \ E[\. Therefore ao = ai + a 2 and a* = 

oti + at + where ai ern is represented by ypfi{E\) C , and 02 e 7rr2 

by 4^f\{E) C 5? . Therefore the theorem is established in case m < n. 

Finally let m = n. With the same notation as before, let a* = ao + ka-ff, 
where a* is a given element in r, and 7 ifao) = 0, and let 72 (^ 0 ) be the degree 
with which /(Z'”) covers . Clearly 7 it 02 (ao)l = 0, ytlMao)] == 72 («o), 
where 02 is the homomorphism induced by the map ht , given by htiSi) = 6, 
^ 2 (p) = p if p e S)t . Therefore 7i(«o ) = 72(a2‘) = 0, where a* = ao — 02 ( 00 ), 
and it follows as when n > m that a* € + Trt . But 02 (ao) c Wrt and 

a* — ao € TTm-TTn . Thercforc a* = a^ + (ao — a?) + (a* — ao) c Xri + irr 2 + 
TTm-TTn , Riid the proof is complete. 

5. Let/,(S?' ^) CZXo(i = 1, • • • , A:) be given maps of oriented (n — l)-spheres 
• • • , Sk~^ in an arewise connected space Xo . Let 

(5.1) X* = Xo + tn” + • • . + 6? , 

where &i is a non-.singular cell bounded by /,(<S?“^) and there arc no accidental 
intersections. Let a? be an open n-simplex, oriented in agreement with 6?, 
such that Ai C 6? , where Ai = a," , the closure of a? . Then Xo is a retract 
by deformation of 

X = Xo + i: (to? - o?), 

and it follows that the homotopy groups 7rr(Xo) and Vr{X) arc the same, like- 
wise the relations between irr(Xo) and Tr(X*) and between irr(X) and Tr(X*). 
Also the identical map of A? on itself is homotopic in X to/.(S””^). Therefore 
we may replace Xo by X and /,(Sr~*) by the identical map of A? on itself. 
Since 6? may be triangulated and Ai C , we may assume, after a suitable 
deformation, that any map f{K) C X*, of a simplicial complex X, is simplicial 
in f^^iAi + • • • + Ai), From here to the last paragraph in this section 
we take n > 2. 

Let Xo c X be a base point for each Wr = ^rr(X) and let a, be the element in 
trn~i which is given by^® U + A? , where U is an oriented segment starting at Xo 
and joining It to a point x,- e A? , Let 9R be a modulus with independent basis 
elements , • • • , Cib and coefficients in 9? = 9?(iri). Then the transformation 
0, given by 

(5.2) 0(pi^i + • • • + Pkek) — Piai + • • • + Pkak {pi t 9t) 


“ Cf. S.S., p. 279. 
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is a homomorphism of 9ll on SR(«i , • • • , «*). Clearly 9J9llo = 9llo, where 
9llo = 4~^(0) is the kernel of <f>. 

Let /(/S", po) C X*, with/(po) = Xo , be given. After a suitable deformation, 
we assume that /~‘(A") is a set of oriented n-simplexes «aA"i , • • • , , 

where ok = ±1 (i = 1, • • • , k), AJx takes its orientation from S”, and/(A“x) = 
eixA” , the map / being linear in • After a suitable sub-division of S” and 
a further deformation*’ of / we assume that no two of the simplexes A"x , A"„ 
have a common point. Let s.x C S” be an oriented, polygonal segment, starting 
at Po and joining it, without accidental intersections, to the point p,x « A“x , 
such that/(p,x) = x, , and let i,x = /(s.x). Then /(s,x + ATx) = Lx + «ixA? 
and is homotopic to (Lx — L) + (L + «.xA?). Therefore the corresponding 
element in ir„_i is «,x{ixa< , where {,x t jti is given by the circuit Lx — L . Then 

(5.3) 2 <tx{txa< = 0 

t.X 

since 2 (Lx + «,xA,") = / { 2 (s.x + A,"x) } , and the singular .sphere 2 (s<x + ATx) 

i,X i,X , i,\ 

bounds the cell ^ (Stx + A a). Therefore 

t.X 

(5.4) ^Kf) = 

t*X 

Thus to the map / corresponds an element ^(/) € 9Uo . If Cl the set 
of simplexes r\Ai) being empty, we set ^(/) = 0. 

Lemma 2. The element ipif) = ^(a*) de/pends only on the element a* ert = 
Vn(X*)j which is given by f. 

In the definition of ^(/), and in proving the lemma, it is obvious that a map 
of the form /(S”) Cl X* may at any stage be replaced by one of the form 
/(£'”) C X*j with/(J?'*) = Xo . Therefore the lemma will follow if we can show 
that ^(/i) = ^(/ 2 ), where /,(£'?) (i = I, 2) are two given maps representing the 
same element a* cttJ , both of which are simplicial in f~^{Ai + • • • + -4?). 
We assume as we obviously may, that Ei and jB? are two hemispheres of an 
n-spherc S” = — JB? , where tJi == , with regard to orientation. Then 

the map/(S"', po) Cl X*, where po e E\ and / = fi in E'i , represents the element 
a* — a* = 0. Clearly ^(/) = ^(/i) — ^(/ 2 ). So we have to show that ^(/) = 0. 
Let S"" = Then the map / can be extended throughout and we 

asxsume that/(JB”^^) is simplicial^® in f~\Ai + • • • + A k), 

Cf. S.S., p. 282. 

For it is given that / is simplicial • • • 4- AJ) C S'^f and, among the proc- 
esses of sub-division and canonical displacement of vertices by which is made 

simplicial in /“HAJ -f • * • + AJ), there is obviously one which leaves unaltered. 
Alternatively we can appeal to the following theorem, which is easy to prove, though 
I have not seen it in print. Let K and L be simplicial complexes and let U(K) C L be a 
map which is simplicial in some sub-complex K* C K, Then there is a sub-division K \ , 
of which leaves K* untouched, and a deformation ft{K) C L (0 ^ i ^ 1), such that 
Ji * /o in K* and }i is simplicial with respect to Ki . 
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If /(/S’*) C X it is trivial that ^(/) = 0. Otherwise Ict/(^rx) = ^i\Ai , where 
Ai\CZ let yi be an inner point of , and let s be the segment in f~^{yi) 
which, starting at A?x , terminates at some Ai^ C Let be the chain 

of oriented (n + l)-simplexes in f~^{Ai) which contain points of s. Then 
^ + ... and also + • . • . Therefore = 

AJx + Al + . . . . Moreover /(C”"‘ ~ ^?x ~ A^) C i? . Since = 
Ai , whence is algebraically zero, we have/(.4rx) = -f{A7^)j or = 
— . Also Pi\ € A?x is joined to pi^ e Ai^ by a segment s* C C”^\ snch that 

f(s*) = Xi . Since the circuit s»x + s* — Si^ bounds a cell in and since 

/(«*) = Xi , the circuit /(s»x) — f(St^) bounds a cell in X*, and hence in A^, since 
n > 2. Therefore {,x = It/x • On repeating this argument it follows that, for 
each i = 1, • • • , A;, the simplexes A?x c: occur in pairs A?x , Ai^^y such 

that €tx = — Ci/ix {ix = {t>x • Therefore the expression (5.4) can be reduced 

to zero by cancelling terms of the form €,x(ftx + ^ivx)^* > where = ftx . 
Therefore ^(/) = 0, and the lemma is established. 

It follows from an argument in the proof of lemma 2 that a* —> ^(a*) is a 
homomorphism of tt* in Olio • 

Lemma 3. 4/ is a homomorphism on 9llo • It is an operator homomorphism y 
meaning that 4/(pa*) = p4/{a*) for any p e Its kernel is the sub-group tt® C tt* , 
which consists of elements with representative maps in X, 

Let a, given by (5.3), be a given element in J)i(ai ,•••,«*;) and let 
Si\ + ATx Cl /S’* mean the same as before. Then a is represented by a map 
/(2) C A, where 

2 = ^ (s<x + A?x), 

«.x 

such that/(i4?x) = uxAi , f(po) = 2 * 0 , /(p.x) = Xi , and the circuit /(s<x) -* U 
represents the element {,x c tti . The singular sphere 2 may be regarded as the 
boundary of the cell /S" — («tx + A a)- bet e, given by (5.4), be an arbitrary 

i.X 

element of 9lIo . Then a = 0 and the map/(S) can therefore be extended to a 
map/(/S" — S ^?x) Cl Xy where aJx is the interior of A a , and hence to a map 

i.X 

/(/S’*) C A*. Then ^(a*) = c, where a* e w* is the element given by /(/S’*, po), 
and it follows that ^ is a homomorphism of Wn on 9llo . 

Let a* € IT* be represented by a map f(E'') C A*, with /(jS”) = Xo , and let 
/ be simplicial inf~\Ai + • • • + AS), Let Afx mean the same as before, but 
now let Six be a segment which, without accidental intersections, joins a point 
Pix € iJ’* to pix , where the points pn , P 12 , • • • are distinct. Let Eo be an 
n-element such that \ S'" \ -\ES \ = | I = 1 £? |, let pj be an inner point 
of ES and let s'ix Cl ES be an oriented segment which starts at po and joins it to 
Pi'x . Let { be any element in tti , and let ? be given by a map g{b'b) C A, with 
g(b') = g(b) == Xo , where b'b is a simple segment. Let.fo(^^o) = be a map 
such that MPo) = 5', /o(i^”) = b. Then fa* e irt is given by the map 
/♦(/S^ Po) C A*, where /S’* == J?” + K , T = / m £** and f* = gfo in A? . The 
circuit /*(sa + s»x) - ti = P{si\) + /(«»x) ~ U represents the element ff<x e tti . 
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Therefore = £^(a*) and rf/ipa*) = p^(a*), for any p « since ^ is a 

homomorphism. 

Clearly ^(ir® ) = 0. Conversely, let a* e V'~’(0) be given by a map/(iS", po) Cl 
X*, which is simplicial in + • • • + AH). Then, since ei , • • • , e* are 

linearly independent, the expression (5.4) can be reduced to zero by cancelling 
pairs of terms of the form ({,x — , where . If = $.> the circuit 

fi. "h Sill) ~ fiSi\) "t" fiSin) is homotopic to a point in X. Therefore the 
circuit f(s) can be deformed into a point, where s is any segment joining pi\ 
to , without accidental intersections, l^et Ei , E% C be n-elements 
such that 

+ s + a:, C6r, E^ eg? 

and £? does not meet pa or i4,> (j, p 9 ^ i, \ or f, /i), where g? is the interior 
of Eh {h = 1, 2). Then it follows from a standard argument"^^ that /(/S”) is 
homotopic, rel. (S” — g?), to a map /i(>S”), such that fi{Ei) = Xi , 
fi(Ei — &i) C X. Therefore the lemma follows from induction on the number 
of simplexes in / + • • • + Ak), 

Let a be seny element of Vn = 7rn(x), given by a map /(>S”) C X, and let 
^(a) < T® be the element of v* which is given by the same map. Then a ^(a) 
is obviously a homomorphism of Tn on ir® . Let (r„ be the invariant sub-group 
of Tn which is generated by maps of the form f{S'') Cl A i {i = 1, • • • , A) 
together with all elements of the form where ai , • » • , a/c mean the same 
as before and 0 € X 2 (X). 

Lemma 4. an is the kernel of the homomorphism iiwn) = tt® . 

Clearly ^(an) = 0, and we have to .show that, given a map C X* 

with/(j&”^^) C X, then the class of elements dl 1 C tt^ is contained in an . 

Let yi € 0 ? and let the given map/{J5”^^) be simplicial in/~^(i4r + • • • + A k). 
Since Cl X it follows that f~\y\ + • • • + 2 /;t) is a set of ^simple, non- 
intersecting, polygonal circuits inside 1 xsay that the circuits in 

r\yi + • • • + 2/jt) bound a set of non-singular, non-intensecting 2-elements. 
This is certainly the case if n + 1 >4 since singularities and intersections 
between 2-cells can then be eliminated by slight deformations. If n + 1 = 4 
(n -f 1 ^ 4) since n > 2) let s be any circuit in f~\yi). Then s = E^, where 
E^ C is a non-singular, polyhedral 2-elcment, which does not meet 
f^^iyi + • • • + yit) ^ suitable sub-division of may be represented 

as a rectilinear sul)-di vision of a rectilinear {n + l)-simplex, and we may take 
E^ to be a star whose center is in general position relative tof~\yi + • • • + yk)- 
Let Eo^^ be a regular neighborhood^^ of E^ which does not meet or any of the 
other circuits in f~^{yi + • • • + yk)- Then may be joined to by an 
(n -h l)-element ' C - r\yi + • • • + Vk), such that | 1 • | 1 = 

1 M I - 1 K I and 1 l-l 1 = j I = 1 i?” 1- The 

** See, for example, Alexandroff and Hopf (loo. oit.), p. 603; or S. Lefschetz, Fund. 
Math., 27 (1936), 94-116 (pp. 99-100), 

»• S.8., p. 293. 
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closure of | 1 - | | meets Ei'^^ in the closure of j | | I, 

which is an n-^lement with no internal simplex in Therefore the closure 

of + l)-olement. Similarly the closure of 

I I — I £7 1 — I £^0 ^ 1 is an (n + 1 )-element and the assertion follows 

from induction on the number of circuits in r\y\ + - • + Vk). In the pre- 
ceding argument, which also applies when n + 1 > 4, we cannot be certain 
that/(£o^^) Cl X, only that/(^7^*) C X* — (t/i + • • • + ?/*). But we may 
replace A'l by a simplex 5? C , such that y, t Bi - and KEq^^) C 
X* — {Bi + • • • + J5ifc). This does not alter tth , an or TTn , or the relations 
between them. Therefore the lemma will follow from indu(‘.tion on the number 
of circuits in/"‘(yi + • • • + 2 /*) if wc can show that C , where 

is replaced by B^ in the definition of Cn . However, rather than this, we 
shall simplify the notation by starting again with/(£^"^^) C X*, C X, 
assuming that / ^{y\ + • • • + 2/it) ~ f \y\)y say, is a single circuit ff, where 
E^ C The map / is to be simplicial in while is a suI>-complex 

of some rectilinear subdivision of Therefore if the alx)ve simplex Bi is 

sufficiently small, it follows from a straightforward geometrical argument that, 
after starting again, f~\Ai) cuts E^ in a simple circuit bounding a 2-element 
El C E\ 

Let 

K^Ei+r\A^). 

I say that the identical map of on itself Ls homotopic in — /"'(fli) 
to a map C K. For the part of f~\yi) which lies in any (n + 1)- 

simplex C f~\Ai) is a linear segment, whose end points are internal to 
the two n-simplexes in which cover Ai , w^hence it is clear that f\Ai) is a 
retract by deformation of — f \yi)- Let u be a regular neighborhood 

of K in — f~\ai) and let C u + f~\ai) be a regular neighborhood 
of E^y which is internal to (even if ti meets and which contains E^ 

in its interior. Then E^^^ contracts into^^ Xo and it follows that the identical 
map = E""^^ is deformable in — f \yi) into a map = 

C w + {/~^(ar) — f^\yi)}^ The complex K is a retract by deformation 
of Uy and hence a retract by a deformation in which each point of K is held 
fixed, andf~\Ai) is a retract by a similar deformation, relative to/~^(i4r), of 
f~^(Ai) — f~\yi)» Therefore the map can be deformed, in — 

r\yi)y into a map C X, by deformations of the tw^o parts l>4ng in 

r\A\) — r^{y\) and in i/, with the common part, in/~*(i4r), held fixed. Since 
/“^(Ai) is a retract by deformation of f^{A\) — f~\yi), it follows that 
^n+i _ is a retract by deformation of E"'^^ — /~^(2/i)- Therefore the 

deformation cylinder of the deformation uo —> ua may be deformed into 
j^n+i Z^^aD, and the assertion is justified. It follows that is de- 
formable, in X, into the map C X, where g = fu^ . 

« S.S., pp. 248, 258, 260 and Theorem 23, corollary 1 (p. 293). 

S.S., p. 273. 
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Since n > 2 the circuit /(^o) C is deformable, in A" , into the point ®i . 
This deformation can be extended to a deformation, in ii" , of and 

hence to a deformation C X (0 g t ^ l;/o = /), such that/i(J&J) = Xi , 
ft{f~^(Ai)] = . Therefore /(£"’*■*) is homotopic in X to where 

gt = ftUi . Let 5* be a 2-sphere which meets A" in the single point Xi , and 
let h(&o) = <S* — a:i be a homeomorphism of S* = i^o — on S* — Xi . Let 
h*(K) = iS* -(- A" be the map given by 

h* = h in 6? 

in ra?), 

and/*(/S* + A") C X the map given by 

f*(x) = fih~\x) if xeS^ - xi 

= X \i X tAl . 

Then/, (if) = S*h*{K), and 

C X, 

where C 5* + A? . If we take X\ as the base point for 

irn(<S* + AT) it follows from theorem 2 that the element in + A?), which 
is given by g*(£!’''^'^), is of the form ft -f /3s -f a-/3, where /3i « ir„{S^), ft t ir„(Ar)» 
a*ir„-i(Ar) and ^«xs(.S*). Clearly is homotopic to a point in 

+ Ai , Therefore + 02 + a iS reduces to zero if we fill in the simplex Ai . 
Since this has the same algebraic effect as mapping /I? on Xi it follows that 

01 = <t>i(0i + 02 + = 0, 

where means the same as in theorem 2, with ST replaced by and S” by A? . 
Let us transfer the base point of irn{X) to Xi , which is permissible since an is 
an invariant sub-group,- and let <t>* { irniS^ + A?) } C 7rn(X) be the homomorphism 
induced by the map/*(>S^ + Ai) Cl X. Then it follows from the definition 
of a 0 that 0*(a-0) = 0*(a) •<^)*(/3) and hence that the element given by 
belongs to an . This completes the proof. 

Collecting these results we have the theorem: 

Theorem 3. The residue group rt — tt® is isomorphic to 9llo , “■ 0*71 

is isomorphic to tt® . The homomorphism = 9llo determines an iso- 

morphism rpiirt — Tn) = 9llo (ind i/(Tn) = TTn determines an isomorphism 

— (Tn) =* TTn • 

Notice that lemma 2 is valid, for obvious reasons, when n ^ 2, provided we 
take Ti = 7ri(A''*), which coincides with ifi{X) if n > 2. Let X* be the uni- 
versal covering space of X* and let X be the part of X* which covers X, By an 
adaption of Reidemeister^s theory, referred to in §1 above, we may interpret 
m as .the group of relative n-cycles in (mod X). Now let n = 2 and let mo 
be the sub-group of m, which consists of the absolute (singular) 2-cycles in 
Then ^(a*) C mo , and ^ is a homomorphism of rt in mo . ' If X and X* are 
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simplicial complexes it follows from Hurewicz’ theorem, referred to in §1, that 

^(ir?) =* Wo . 

6. Let r be a given group, whose elements wc denote by small greek letters, 
let H be an aggregate of individuals, which we denote by a, 6, a* , 6; , • • • , and 
let h{H) C r be a single-valued, but not necessarily (1 — 1), transformation 
of H in r. We shall use hv to stand for the group generated by all the pairs 
(a, (), which we denote by , subject to the relations 

( 6 . 1 ) d^a “ ~ > 

for each a^h Cl H and i; C r, where a = h{a) and f = P'rom the 

first of these, and induction on | 72 | (n = 0, dbl, ±2, • • • ), we have 

(6.2) , 

and it may be verified that the second implies 

(6.3) = fefCt* (6, e = dbl), 

where f with a = h(a). If x = a* • • • is any element in hr , and 

r € r, let 

dr{x) = • • • b % . 

Since T{^a) = (Tf)a and (T^a!j“^r~^)(riy) = T(fa:f \), the transformation given 
by a- ^r(x), for each product of generators, leaves the system of relations 
invariant. It therefore determines a homomorphism of hr in itself. Clearly 
Sr^idrix) = djOr-^iix) = X, wlieiice $r is an automorphism. Also drOr^ = ^tt' , 
whence t — ► is a homomorphism of T in the group of automorphisms of hr . 

Let 0(a|) = for any a^thr , where a = A(a). Since = 

and 

= 

where /3 = h(b) and f = the transformation given by 

. . • &;) = <^(o|) . • ■ 0(6;) 

is a homomorphism 0(Ar) C r. Clearly 0(6r) is the minimum invariant sub- 
group of r which contains A(H). Notice also that 0 {^t(i)1 = ‘r<j)(x)T * for any 
Xfhv, T er, whence C 0“'(1). I say that 0“‘(1) is contained in 

the centrum of hr . For let x and y be any elements in hr , given by 

X = <l*{, • • • > y ~ " 

It follows from (6.3) and induction on m 4- n that xy = zx, where 

(6.4) 6iJ, . ..• 6‘.>, , 
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with** f,- = . Therefore <l>(x) — 1 implies f< = , whence t y. Let 

us now write the Abelian group ^“*(1) with addition, and let us write #,(*) = 
TX for any x e^~‘(l). Then px 6 0~‘(1) may be defined in the usual way, where 
p is any elenent in the integral group ring 9i(r). Therefore ^“‘(1) is a group 
with operators in iR(r). 

Returning to the point in §5 at which we required n > 2, we now take n * 2. 
Let a* e Tt be given by /(<S*, po) C X*, which we assume to be simplicial in 
f~\A\). We shall simplify our notation by rewriting sa , pa , *a and A<\ C S* 
(i = 1, • • . , A:; X = 1, • • ■ , g<) as sx , px , «x and Ax (X = 1, • • • , g = 
?i + • • • + g*), where /(Ax) = exA*x and the segments Si , • • • , s, occur in this 
cyclic order roimd their common end point po . With a notation explained in 
S.S. p. 279, let 2 = Zi + • • • + S, , where 

2x = Sx + Ax — Sx , 

and Zx does not meet Z„ except at po , and s\ is non-singular and docs not 
meet Ax except at px . The singular circuit 

/(Z) =/(Z.) -1- ... -|-/(Z,) CA, 

in which /(si) is described first, represents the element 

(6.5) I = < ’Ti , 

where a,- means the same as in §5 and (x is the element given by the circuit 
/(sx) — Ux • If ^*-1 and ^(A,,) C wi mean the same as before, with r = wi , 
H = (fli , . . . , Oft) and A(o<) = a, , we have 

f = <i>m, z)}, 

where k » given by (6.5), and 

(6.6) ^(/,S) 

As in §5, the circuit /(Z) bounds the cell /|/S* — S (sx + Ax)|. Therefore 

{ = 1 and ^(/, 2) If /(-S*) C X we set il'if, 2) = 0. 

Conversely, if x, given by the right hand side of (6.6), is an arbitrary element 
in hri , we can con.struct 2 C 5* and define a map /(2) C X, which represents 
the product { = <t>(x), given by (6.5). If { = 1 the map/(2) may be extended 
to a map/(5*) C X* and we shall have x = 2). Therefore every element 

in ^~‘(1) is of the form ^(f, 2) for a suitable choice of / and 2. 

Corresponding to lemmas 2 and 3 we have the theorem, in which t® (n = 2) 
means the same as when n > 2: 

Theorem 4. The element 4/(a*) €0~’(1), given by (6.6), depends only on the 
element a* tr* , given by f(S^, po). The transformation a* —* \^'(a*) is an operator 
homomorphism of ir* on ^"'(l), and ^"*(0) 

* Notice the general form of the relations (6.S), namely xyar* 94(,)(v). 
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In proving this we shall be concerned with 0“‘{1) as a sub-group of A,, , and 
shall therefore write it with multiplication. The first part of the theorem will 
follow from an argument used in lemma 2, when we have proved that 2) = 1 
if a* ~ 0. Therefore we assume that /S* = A’, where A* is a rectilinear 
3-simplex, and that there is a map /(A*) C X*. We also assume that f is 
simplicial in /“‘(Aj). Let y,- be an inner point of A< . Then, the trivial case 
f{S^) C X excepted, + • • • + y*) = //, say, in a linkage which consists 

of non-singular, polygonal segments joining points on A’ and, possibly, circuits 
which are internal to A*. We shall show that there is a homomorphism 
F(G) C hri , where G = vi(A’ — L), such that ^(/, 2) = F{1) = 1. 

We take po to be a vertex of A’ and assume that the projection of L from p» 
on the opposite face is regular,** as the term is used in the theory of knots. 
Replacing A? , • • • , A* by .smaller simplexe-s if necessary, we also as.sume that 
there are no accidental intersections in y^‘(A? -|- • • • -|- A*); also that 7'* = 
/~*(A? -!-••• + At) cuts the cone swept out by the linear segment poP, as p 
varies over L, in a series of non-singular segments and circuits which arc approxi- 
mately parallel to the components of L. I^et Li , ■ ■ ■ , L,„ be the segments of L 
which are 'completely visible’ from po . That is to say the projection of L, 
(p = 1, • • . , m) from po does not pass under any segment of L, and each end 
point of Lft is either on A®, or is at a crossing of which Lp is a lower branch. Let 
yi^ = f(Lp)f let p eLp , let Pp be the point at which the rectilinear segment pop 
pierces and let Pp be a near-by point on such that fipl) = e . 
Let Cp be a meridian circuit on T^y beginning and ending at p'p , which is oriented 
so that/(Cp) = A] ^ y and let lp = pop'p + PpPp\ where poPp C pop and PpPp is a 
segment on joining Pp to Pp . Then the group G is generated by , • • • , g,n , 
where gp is given by the circuit lp + Cp + lp . We write 

P(gp) = , 

where rip e iri is given by the circuit /(ip) — . It follows from the same argu- 

ment as when L is an ordinary knot or linkage that the relations determined 
by the crowssings in the projection constitute a complete set.*^ Let 

(6.7) ~ gnQp 

be such a relation (see the diagram, in which € = 1). 

The circuit ip + cCp — Ip is obviously homotopic, rel. po , to a circuit of the 
form ip + PpP\ — ix , where p^px is a segment on which joins Pp to px . Since 
/(PmPx) C A]^ (ip = ix), the circuit + f(p^P\) ~ Ux represents an element of 
the form ai ^ . Therefore /(ip + PpPx — ix), which is homotopic, rel. po , to 

Ifih) “ iip} + [Up +/(PmPx) — Uj — {/(W - i.x)> 

*• See, for example, K. ReidemeUter, Knotentheorie, Berlin (1932), 5. 

See Knotentheorie, p. 54. This fact is, so to speak, half the content of the proof. 
For it follows from an argument given below that ^(/, S) «= 1 is equivalent to the relation 
corresponding to A*y when the latter is treated a single multiple point of the graph L. 
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'lepresents the element Similarly /(I, + «c^ — 1,) represents the ele- 
ment Therefore 

( 6 . 8 ) = rii>aii,v7^n\ ■ 

From (6.3) we have 

where f = , and it follows from (6.8) and (6.2) that 

( 6 * 9 ) ^ipnp^i\n^ ~ ^ipVp^ipilp • 

On comparing (6.7) with (6.9), we see that the transformation given by 

* • * 9ft) = a*x’fx * ‘ ‘ 



is a homomorphism F(G) d • Let <I>/(G) C n be the homomorphism of G 
determined by the map / and the base point f(po) = xo . Then 0/(gfp) = 
rjpOti^Vp^, whence <^/ = <t>F. 

Let c be a meridian circuit on T^, oriented so that /(c) = .4? for some value 
of iy and let Z C 4^ — L be any segment which joins po to a point p ef~^{Xi)-c, 
Let g eGhe the element given by Z + c — Z, and let f € tti be the element given 
.by /(O “ Zi . I say that 

(6.10) F(g) = a,, . 

For let ppI be a segment on which joins p to some pi . Then g is also given 
by (Z + PpI) + Cp ~ (Z + PpI)- On the other hand 

f(i + ppI) - ti = f(l) + fippl) - U , 

which IS homotopic, rel po , to 

{/(O Z<} + {Zi + fipp'l) — ti]j 
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and since /(ppp) GZ it follows that the element of vi which is given by 
+ PVp ) ■“ U is of the form Ja? = rif say, whence a,( = at„ , in consequence 
of (6.2). Therefore we may replace c by c and Z by Z + pp'' without altering 
either g of a,{ . To simplify the notation we shall start again, assuming that 
c = Cp = p'' . Then g = ggfig~\ where g is the element given by Z — Zp , and 

F(g) = xai^^x^ {i = 

where x = F{g), It follows from (6.4) that 

P{g) = CLii y 

where { = <t>{Q)vp • But <l>{i) = <l>F{g) = 0/(^), and since g is given by Z — Zp 
the element ^(x) is given by /(Z) - /(Zp). Therefore { = <i>{x)rip is given by 
/(O - /(W + /(Zp) - U , or by /(Z) - Z< , as stated. 

It follows from the preceding paragraph that F{g*) = ^(/, 2), where g^ tG 
is given by the circuit 2. But fif* = 1, since 2 bounds a cell in Therefore 
^(/, 2) = 1, and the first part of the proof is complete. 

The fact that ^ is a homomorphism follows from the argument used to reduce 
the first part to the case where a* = 0. The argument used w hen r > 2 show's 
that ^ is an operator homomorphism. 

It follows from the definition that ^(xj) = 1, the group still being 

multiplicative. Conversely let \p{a*) = 1 and let a* be given by a map 
f(S^) C X* which is simplicial in f \aI + ••• + AI), Then the product 
(6.6), determined by the map/ and some 2 C S\ represents the identity in • 
Therefore it can be transformed into a product of the form 

(6.11) XiRVxT' • • • x„R"'x~\ 

.where each R\ is of the form 

or Q. i^d djj^ (f — fofif 17), 

by a sequence of operations which consist of cancelling, or of inserting, consecu- 
tive terms of the form d^dT^ . Each cancelling operation can be copied by 
the geometrical process described in lemma 3, w^hich can obviously be reversed 
so as to copy an insertion. Therefore wt may assume in the first place that 
the product (6.6) is of the form (6.11). Moreover we may subject the factors 
a5( of (6.6) and, at the same time, the subscripts 1, • • , ry in 2 = 2i + • • • +• 2^ , 
to any cyclic permutation. Therefore, after transferring Xi , from the beginning 
to the end of (6.11), and inserting XixT^ between Xx^ and Xx+i , for each X = 2, 
• • • , n — 1, we may further assume that Xi = 1. 

The geometrical process b}*^ which terms of the form xx ^ are removed in- 
volves an alteration of the map/. We now leave /as it is, but replace , • • • , s, 
by segments sj , • • • , io such a way as to transform ^(/, 2), given by (6.1), 
into 

lA(/, 2') = WxtRlW ■ • • 
where TF is of the form aa~^ or aa“*66“‘. 



426 


J. H. q. WHlTEmiAD 


Firpt let Hi « ai^i^aT}. Then /iir^ *= aintijiai^f whqrq hi - and replacing 
{ by fa7* if c =5 —1, we have R{ » a^ataTe. Let 

2' = «( + ~ s( + • • • + + -4^ — -si , 

where A\ ^ A\ (K ^ 1, •••, q) and 

s[ = Si - eAi (S.D.), sx = sx (X = 2, . . . , j), 

in which (S.D.) means that the segment indicated is to be slightly deformed so 
as to eliminate accidental intersections. Then, remembering that/(i4i) = A? , 
we see that f(si) — /, is homotopic, rel. po , to 

f(si) — + (ti — tA] — ti). 

Since f{si) — U represents the element {a* , it follows that the circuit /(»!) — U 
represents the element {a5a7* Therefore 

(6.12) lA(/, 20 = UitaTlxtR^xJ^ . • • xJf^x-\ 

Secondly let Ri = aita„o7{ aJti where f Then 727* = OjfaaoFw o7| , 

and if €i = —1 we replace every factor x\R\^xx^ in (6.11) by a7fXxftx‘xx‘o,f 
and cancel the first two terms 07/ o,r . This operation can be copied geometri- 
cally, and the result is to replace 727* by o,(o7,*a7{*o,r . Therefore we may take 
«= a<{0,V7t*o7r . Let 

2' = 81 + iii — Si + • • • + si + . 4 , — Sg , 

where 

s( = Si + iii - Si -H Si (S.D.), sj = Si , sx = Si , 

A[ = At, A[ = Ai, 4( = 4x (X = 3, •••,g). 

Then /(ill) ** 4* ,f(At) = 4* and/(s() — <,• is homotopic to 

{/(«i) ~ + {ti -+■ 4* — U) — {/(si) ~ <,} -h j/(si) — </}, 

and therefore represents the element = f. The circuit /(s») — U ^ 

/(si) — ti represents the element and we have 

(6.13) ^{f, SO = ajfOitaTtaJfXsRi'xt^ • • • Xn72‘*a:7‘. 

If n = 1 it follows from (6.12) or (6.13) that/(5^*) is homotopic to a map in X. 
In general, the terms preceding xj , in (6.12) or in (6.13), can be removed by 
cancelling, and it follows from iuduction on n that a* e tJ . Therefore irS is 
the kernel of \l/ and the theorem is established. 

CoBOLi^ABY. If ir»(.y) = 0, then t 2(X’'') is isomorphic to ^"’(1) under the 
tran^ormation 

As an application of this corollary, let JIT'*' be a 2-dimensional complex and 
let €* , •••,€* be all the 2-cells in X*, with the notation used at the beginning 
of §5. Then Xo is the linear graph which consists of all the 1-cells in X*. There- 
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fore = 0 and *ri(X) is a free group. Therefore, given a product o* • • • , 
of the generators of A,, , we can decide whether or no • • • hj) “ 1. Lot 

F be the free group, which is freely generated by the generators of A», , and let 
^{x) c Ti(X) have the obvious meaning if x tF, Then the (multiplicative) 
group Tt can be calculated in the form: 

Generators: all ike elements of ^"*(1) C F, 

Relations: all relations of the form x = y, where x, y CZ ^ ’(l) are of the form 
X = XiXi , y = XiRxt , in which R is of the form otaof* or ajb^j'bf^ 
(a = ^(o), f 

By this method we not only calculate »* as an abstract group but, given a map 
/(<S*, po) C X*, with /(po) = a:o , we can calculate where «* is 

the element represented by /(/S*, po). Conversely, given a:e4>~'(l) we can 
construct a map which represents e «•? , as in the preamble to theorem 4. 
Therefore, given any ami^icial complex K, we can first calculate Tt{K*) and 
then Tt(K^) = by means of S. S., theorem 18, where K" is the 

Tt-dimensional skeleton of K. 

If X* is a polyhedron the kernel of the homomorphism x(*>) — can be 
expressed in terms of Reidemeister’s** theory of homology with coefficients in 
91, or in the residue ring 91 — where 3 is any two-sided ideal in 91. For let 
X* be the universal covering space of X*, and let X =* u~^(X), where u(X*) =« 
X* is a regular covering of X* by X*. Let X be the universal covering space 
of X, and hence of X, and let u{X) = X be a regular covering of X by X. Then” 

T,(X) ^ T,(X) ^ ^ Pi{X*), 

where denotes isomorphism and /8j(F) is the second homology group of P, 
with integral coefficients. More precisely, ir 2 (X) is isomorphic to 0t(X) in the 
transformation under which a € irj , given by /(S*) C X, corresponds to the 
homology class containing the cycle /(<S*). The homomorphism xi'fi) = »■* is 
the one determined by the map u{X) C X*. It follows that the homology 
classes corresponding to the elements in x~*(0) ®^re those which reduce to zero 
in consequence of the relations oi = • • • = a* = 0. 

In case X is a finite, 2-dimcnsional complex one can also express x~*(0) 
follows. Let X = Xi = + Bf + • • . + Pj, , X* = X + + • • . + Aj , 

and let Xj = + .4* + • • • + ^* , where X‘ is a linear graph. Let us rewrite 

the group A,, , which is determined by X and X*, as A(X, X*). Then A(X*, X*) 
is generated by the generators o,f (i = 1, • • • , A) of A(X\ Xi), together with 
the generators b,„ (j — I, m) of A(X‘, X 2 ), where {, ij C P = ti(X‘). The 
relations for A(X\ X*) consist of the relations Rp \ , for A(X*, X,) (p = 1, 2; 
X = 1, 2, • • • ), together with a system of relations Rm , which are of the form 

o,{6,> = A,ro,( . 


*• Loc. cit. 

" Hurewicz Ooc* cit.), paper II, p. 622. 
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Then x~\0) is isomorphic to the sub-group of ^”^1) Cl h{K^j Xi), whose ele- 
ments reduce to 1 on the introduction of the new generators 6,, and the addi- 
tional relations Rt\ and Ri 2 \ . In particular ir 2 = tS if every relation between 
the generators is a consequence of the relations Ri\ . 

By way of application consider the question : Is any sub-complex of an aspheri- 
calf^ 2’^imensional complex itself asphericaU Ijct + -4? + ...+ 

Ak-\- B\+ • • • + be any 2-dimensional complex, let K? = + • • • + 

JSi , K\ ^ + A\ + • • • + and let us denote arbitrary elements of h{K^y 

2C?), of K\) and of h{K^y K^) by a*, by y and by z or z' respectively. Wo 
recall the general form of the relations for h{K ^ , K^) which follows from (6.4), 
namely zz'z~^ = gz{z*), where g, = . Since z 0 ( 2 ) and f 0^. (f ciri) 

are homomorphisms, it follows that 2 : gr, is a homomorphism of h{K^, K^) in 

its group of automorphisms. The group h{K^y K^) is obtained from the free 
product h{K^y,K\) O h{K^y K\) by adjoining the relations xyx~^ = yxy~^ = 

^y(x), for every x €h{K^, iC?), y €h{K}y K\), Thus the above question is part 
of a wider question, which can be stated as follows. Let Gi and G 2 be given, 
groups, and to each x eGi y y ^G^ y let there correspond automorphisms = 

f*iy)y = Qy{^)i of and Gi , such that the transformations x fx and y g^ 

are homomorphisms of Gi and G^ in the automorphic groups of G^ and G\ . 
Then the question is : Under what conditions are Gi and G ^ , regarded as subgroups 
of Gi O G 2 y unaffected by the additional relations xyx~~^ = fxiy), yxy~^ = gy{x)y^ 
in which x and y range over all the elements in Gy and G 2 ? 

Balliol College 

Oxford, England. 

•® Hurewicz (loc. cit.), paper IV. Sec also J. H. C. Whitehead, Fund. Math., 32 (1939), 
149-66. 
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I. Introduction 
The function Jm,n{x) defined by the relation 


( 1 ) 




r(m + i)r(n + i) “ * 


+ 1, n + 1; - 



was first studied by P. Humbert^ in the year 1930 and later on, among other 
results, he gave the followmg operational relations:^ 


( 2 ) 

and 

( 3 ) 


2in--n 





The function Jm,n(x) has been called by Humbert a Bessel function of the 
third kind, but in order to avoid confusion with the ordinary Bessel function of 
the third kind, I shall call it a Humbert function. 

The object of this paper is to investigate* some properties of Humbert func- 
tions so far as the convergence of infinite series involving the functions are con- 
cerned. In general we can have the following two types of infinite series in- 
volving the functions: 

00 

(A.) 21) Afn,nJ in,n(^) 

n—l 

and 


(B) 


n—l 


^ P. Humbert: Les fonctions de Bessel du troisieme ordre, Atti. Pont. Acad, della 
Scienza, Anno. LXXXIII (Sess. Ill del 16 Febbraio, 1930), 128-146. 

* P. Humbert: Nouvelles remarques sur les fonctions de Bessel du troisieme ordre, 
ibid, Anno. LXXXVII (Sess. IV del 18 Marzo, 1934), 323-331. 

*The discussion regarding the asymptotic behavior of for large z will follow 

in a separate communication to this Journal. 
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The convergence of these two types of infinite series are discussed in §§2-3. 
An operational relation between a Humbert function and a Kummer function 
iFi is deduced in §4. In the subsequent article an infinite series involving the 
product of a Humbert function and a Weber’s parabolic cylinder function 2>„(x) 
is summed up in terms of Kelvin’s function bei(x). Finally in §6 the summation 
of an infinite series involving a Humbert function and a Neumann’s polynomial 
Ob( 0 are effected by means of parabolic cylinder functions. 



should tend to zero as n tends to infinity. 

Example 1. The relation (1) can be written as 

I M = f - • ( -^V27)^ 

r(m + 1) ^ r!(m + 1, r)r(n -f r + 1) 

where 


(1, r) = 1(1 + 1)(1 + 2) • • • (1 + r — 1) 


r(l + r) 
r(i) • 
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This gives that 



n—O 


(a,n)(/3,n) 

n! 





(x/3)”* (a, n)03, (+x*/27)’’ 

r(m + 1) " n! (r!p(TO +1, r)(r + 1, n) 


(x/S)" (-xV27)^ f. 

f(m + 1) i^io (r!)*(m + !,>•) n!(r + 1, n) 


the inversion of the order of summation being justified on account of the abso- 
lute convergenee of the two series involved. 

But we know that 


'f' (a, n)(p,n) 
n-o n!(r -|- 1, n) 


= iF i(a, fi;r 1 ; 1) 


r(r + l)r(r -f- 1 - a - 0 ) 
r(r +“l'- a)rCr +T^ 0 ) 

Kir + 1 - a - 0) > 0. 


Hence 


(7) 


S (l) "j’nAx) 

(x/3)"'r(l - a-0) 


(l-a-0, r)(-xV27)' 


r(l + m)r(l - a)r(l — 0 ) r-o r!(wi -f 1, r)(l — a, r)(l — 0, r) 

(x/3rr(i - a - d) 

f(l -H m)r(l - a)r(l - /3) a /5, -f- , a, 0 ,^j 


provided that R{a + < 1. 

The series (7) is convergent, since the condition (.4i) here reduces after a 
little algebra, to which on account of the condition R{a + jS) < 1, tends 

to zero as n tends to infinity. 

The generalized h>"pergeometric series on the right of (7) reduces to Humbert 
functions when m = —a — and when jS = 0. Hence we obtain as special 
cases of (7), the following relations: 

t Bfo + » < 1 

n »0 \^/ 


„4s'n! V3/ 


Jm.nix) 



r(i - a)y*._(x) 


/2(a) < 1. 


and 
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( 8 ) 


Example 2. Another example of the series of the type (A) is the infinite series 

^ J«.,(-3xV4) ^ 


n*H) 


n! 


^ r!r( m+ r + 1) 


Jrix), 


which can be easily established by the help of the definition (1), remembering 
also that 


/,(*) = ,F,(r + 1; -i**). 

III. Series op the Type (B) 
When m = In + k, the series (1) reduces to 
(x/3)'"+"+* 


Jln+k,n(.x) = 


oFi^n + fc + 1, n + 1; 


r{ln -j- a k)T(k -f- 1) 

This with the help of the estimate (5) gives that, for large n, 


Jln+kAx) 




— In — n jin y^n+in+fc+l J* 

The series of the type (B) therefore converges throughout the x-domain in which 

(x/3)'"^’* \| 



lim 

n—*oo 

In case the series (B) is of the form 

(BO 


In+fc.n g_jn-»pn^n+Jn+*+l J 


< 1 . 


^In—n 


J in+A:,n(^) 

the necessary and suflScient condition for the convergence will be that 
(Bi') 


«4in+fc,n 


j ^—In—n Jin t^n-^ln+k 

should tend to zero as n tends to infinity. 

Example 1. Humbert^ has investigated four series of the type. Of these we 
mention here 

f J...W = J.A^</i+Tc) 

n-0 o^ni 

from which, by putting A; = —1, he has obtained the series 


z 

n"-0 


(-x/sr 

n\ 


Jn.nix) = 1. 


♦ P. Humbert: Second paper quoted above, pp. 326-327. We can easily establish the 
convergence of the series investigated by Humbert by the help of the estimate of Jm.n{x) 
given in this paper. There seems to be an omission of sign by Humbert in the series 
quoted here. 
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I propose to give now another generalization of this particular series by 
proving that 


(9) 




„-o n\ [r(i,.+ i)p 

which for r = 0 reduces to Humbert’s series just given above. 
To establish (9), consider the known series® 


ib) 


n+^p 


n -0 n\ 

In this put 2 = — 2/\/p where 

1 




_( 2 / 2 )' 

■+ !)■ 


(10) 

we then get 


pa * r(a + 1) 


R(a + 1 ) > 0 


„-o n!p*“+*'''"^''V Vp/ + !)■ 

Interpreting the left hand side by (2) and the right hand side by (10), then 
Lerch’s theorem gives that 

(-)"„Jn+i-/ . . /o _ (-x)*' 


^ * 

n -0 nl 


J„+h.n+ty(3-yyz) 


[r(i^ + 1)]* 

which can be thrown in the form (9). 

Example 2. An interesting series of the type^ (B) is given by 


E - 

^0 r!r(y + r+ 1) 


^*(*'^ 2 ’'Vv+ 2 f,F+ 2 r( 3 -^i) = t/ir,F(3\^^XCO^)t/ir,F(3-^XSin2^). 


This series is important in as much as it gives the expansion of the product 
of two Humbert functions of different arguments in an infinite series involving 
Humbert functions. 

Now if we put m = Jv and n = v, the image (2) reduces to 

yi,.,(3-^) = J,{-2/Vp)- 


If we use this and follow the method of example 1, this series can be easily 
established by interpreting both sides of the known series® 


f. (i 2 sin 2^)*^'^ 

r^rfrCy + r +Y) 


Jp+ 2 r{z) = Jy{z cos B)Jy{z sin 0), 


A special case of the series investigated above is given by putting = ir/4, when 
we get that 


00 

z 

r-0 


(— J(»+ 2 r) 

r!r(.' + r + 1) 


J t+ir,y+ir(.3\^) — [t/i».r(3'V^X/2)]*. 


‘Watson: Bessel Function, p. 526. 

* W. N. Bailey: On the product of two Legendre Polynomials with different arguments, 
Proc. Lond. Math. Soc., (2), 41 (1936), 216-220. 
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IV. An Operational Image for Humbert Functions 
A theorem’ of operational calculus Ls that if 

fix) = <t>ip) 


•»(?)*■ 


Taking 


fix) = X » 






as given by (2), we get that 


Wtt Jo 


/ te JnWat 2»+‘a»’‘-Hx+ir(n+i) 


Xii^i(i7i + ^X + 2>^ + Ij 


• - -"1 
’ 4oV’ 


R(ji -|- X 4“ 1) > 0. 


It follows that 


(12) »■ J„.„i3x^'^) = 


. (-)"(4/p’)"r(m + 
Vrfin + 1 ) 


A- iFi i ; n + 1 ; — 


Rim + i) > 0. 


Similarly if we use the relation (3) in (11), we obtain that 

x-Y-J (0:,^/3s ^ (-)"(4/p’)"r( n + j) 

x/vr(m + 1 ) 


X + J; w 4” 1 ; 


The result (13) is also a consequence of (12), since Jm.n(^) is symmetrical in 
m and n. 


^ P. Humbert: Le Calcul Symbolique (Paris, 1934), p. 28. 
* Watson: Bessel Functions, p. 393. 
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3.2. We shall now show that there exist operational relations between Humbert 
functions and the various types of confluent hypergeometric functions. 

Thus if we use Kummer’s first transformation formula, viz., 


(12) becomes 

4 m — 2 n 
X * 

(14) 


p; z) = e‘iFi(p - a; p; -z) 

, (-)”(4/p r(m + |) 

1 . V^rr(n + 1) 


X iFi - OT + I; n + 1 


Since Whittaker’s function is defined by the relation 

ih\{\ + rn — k] 2m + \]x) 

(14) gives as a particular case, that 

,2/3\ . (“")*(4/p'^)'^ ^r(,s* + r +2) If /4 / 2 




vvr(2s + 1) 


.U...(4/p^) R{s + r + I) > 0. 


Taking approf)nate values of m and n, we can similarly show that Humbert 
functions an^ operationally relatcni to Laguerre polynomials L^(j:), to Weber’s 
parabolic cylinder functions Dn(x)y Bat(‘man’s functions k 2 n(x)y and Bessel func- 
tions of the second kind In{x). 


V. An Infinite Series Involving the Product of a Humbert 
Function and a Parabolic Cylinder Function 


2\/2 

If we put 6 = — and / = yy/2 in the known series® 
V 


-1^2 


sin W . r"'- r , ft.+.(0, 


we get 

(15) 




Consider p as a symbolic operator given by the relation (10). 
71 + ^ in (12), w e get that 


(16) 


2 n-f 2 

a; * J„+».n(3x*'’) = 




If w^e now use (10) and the known operational image^° 


Putting m = 


bei (2\/ x) = sin - 


® R. S. Varma; On functions associated with the parabolic cylinder in harmonic analysis, 
Proc. Benares Math. Soc., 10 (1928), 15. 

Balth van der Pol: On the operational solution of linear differential equation and an 
investigation of the properties of these solutions, Phil. Mag. 8 (1929), 861-898. 
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and obtun the originals of both sides of (15), then Lerch’s theorem gives that 
2" 


(17) 


V 

ZZi (2n + 1)! 




V'(2t) 


z ‘"‘bei (4\/^. 


Since for large integral values” of n, 

DM = V2(Vn)"c-^" [cos {xn^ - ^r) + 
where w*{x) satisfies both the inequalities 

I Wn{x) I < - e***, I u»„(o) 1 < 

\X\y/T 

it is easy to see that the series (17) certainly converges, for all finite values of y 
within and on the circle | a* | = 1. 


VI. An Infinite Series Involving the Product of a Humbert 
Function and a Neumann's Polynomial 


We consider the expansion 

0o«) Jo(2) + 2 z 0S)JM = , — 

t — Z 


|2l < Ul. 


n-1 


Putting 2 = — 1 /\/ 2p and finding, in the manner of §5, the original of either 
side by the help of (10) and the known result” 

I V(2»)l - (l)' *(») > -1 

we get that 

m)Jo.oU\^) + 2 l; 

= (y 

If we use the relation^^ 

O-(0 = ^-fi+0-} 

where 0 as n oo , we find that the region of convergence is confined to 
the domain given by 

■ A| 




< 1 . 


Lucknow, India. 


Whittaker and Watson: Modern Analysis (Fourth Edition), p. 364. 

R. S. Varma: Summation of some infinite series of Weber’s parabolic cylinder func- 
tions, Jour. Lond. Math. Soc., 12 (1937), 26-27. 

^•Whittaker and Watson: Modern Analysis (Fourth Edition), p. 376. 
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ON TWO PROBLEMS OF SAMPLING 

By Brockway McMillan 
(Received January 29, 1940) 


I 

We consider two problems which can be stated in the following terms: we 
have an arbitrarily largo number of urns, each containing a mixture of white 
and black balls. If pk is the density of white balls in the fc*** urn (probability 
of drawing a white ball from the urn), wo suppose that the a priori proba- 
bility that pk < X is given hy fk(x), where 

Mx) =0, x^O; 


( 1 ) 


fk{x) = 1, X > 1; 
fk{x) g fk(x + /O, h ^ 0; 


A: = 1,2, ... 


lim. fk(x - h) = fk(x). 

We suppose that these probabilities for separate urns are independent. We 
seek by taking a sample drawing of one ball from each of the first N urns to 
investigate the average density 

Pi + P2 + • • • Pjv 

N 


of white balls in these' urns. Our two different problems arise from two different 
methods of treating the sample. 

For the asymptotic results which we wish to state, it will be necessary to 
think of the number of urns as being infinite, and to think of the sample as 
being taken from the whole array. The results of a drawing will be specified 
by an infinite sequenci* of indices, (Zk . k = 1. 2, • • •), defined by 

Zk = 1 if white is drawn from the urn, 

Zk = 0 otherwise, A: = 1, 2, • • • . 

First problem: We suppose that the sample {zk , k = 1, 2, • . • , iV) is known 
exactly, and ask the a posteriori probability x) that 


( 2 ) 


Pi + Ps H Vs ^ ^ 

N 


Second problem: We suppose only that the density m/N of white balls in the 
sample is known, m = Zi + Z 2 + ■ ■ ■ Zy , and ask the a poslen'ort probability 
Py(m/N, x) of (2). 
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We investigate the asymptotic behavior of QAf{(Zk)f x) and Ps{rn/Ny x) for 
large N, When the functions Sk{x) are all the same function, the analytical 
formulations of these two problems become identical. This simpler case has 
been treated by Bochner^ and v. Mises*. Their results carry over to the more 
general problems when the moments of the/it(x) are sufficiently restricted. We 
have, in fact, under conditions to be stated below, that both Qsiizk), x) and 
Psim/N, x) tend with increasing N to a function P(x) with the properties 

^ ^ P(x) = 0, X < po, 

( 3 ) 

P(x) = 1, X > po, 

where the “probable density^^ po is defined in terms of the sample and the 
moments of the /k(x). 

We suppose first that the moments 

(4) ak == f xdfkix), A: = 1, 2, ... , 

Jo 

are neither zero nor unity: 

(5) (lk{^ dk) ^ 0, & = 1, 2, • • • . 

We next state a series of definitions, each for A’ = 1, 2, • • • . 

1 r* 

gk(x) = — / pdfkip) 

CLk *' — 00 

hix) = — — f (I - p) (If kip) 

1 Qk J—fo 

b„,k = j x” (igkix) 

(7) j n = 0, 1, 2, . . . 

Cn.k = jf dhkix) 

( 8 ) bk = bi,k j Ck = C\,k 

(9) dk = 62,* {bkY 1 Ck = C2,fc — (c^y. 

We note that the functions gk(x)j hk(x) are distribution functions satisfying 
conditions of the form of (1). From this it follows that their dispersions (9) 
satisfy 

(10) 0 g difc ^ 1, . 0 ^ c, g 1, fc = 1, 2, . . . . 

We can now’ make more complete statements of the results indicated above. 
We recall that (5) is a restriction already imposed upon the/^(x). 

^ S. Bochner, ‘‘A Converse of Poisson's Theorem." Ann. Math. 57, 1936, pp. 816-822. 
* R. V. Mises, "A Modification of Bayes' Problem." Ann. Math. Stat. 9, 1938, pp. 
256-259. 
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(A) The sample (za) defines a sequence of distribution functions 

(11) ^kgk{x) + (1 — Zk)hk{x)j A; = 1, 2, • • • , 

whose means Vk and dispersions 8k are given by 

Tk = Zkbk + (1 — Zk)Ck 
8k = Zk dk {I ^ Zk)ek . 

If the series «i + ^2 + • • • diverges, and if th(^ sequence (rk) has an average, 

1 ^ 

lim. = r, 

N-*co iV Jk-1 

then Qniizii), x) tends as AT « to P{x) of (3), with po = r. 


( 12 ) 


A: = 1, 2, 


(B) Here we separate the restrictions on the sample ( 2 *) from those on the 
functions /*(x). We assume that the sample has a density: 

(13) lim. i Z 2 * = z- 

^-♦oo iV Jfc-1 

Defining 

(14) Ik = min. {dk , C/t), k = 1,2,..., 

we assume that the series /i + Z 2 + • • • diverges. We further suppose that 
the sequences {hk) and (c*) possess averages in a certain strong sense: i.e., that 
there exist constants h and c such that^ 


(15) 


lim. £ (h* - hf = 0, 

S-*Vi iy fc-1 

lim. ^ 2 (c* - cf = 0. 

AT-oo N ifc-1 


Under these hypotlieses, both Qs{{Zk)y x) and P,v(m/iV, a*) tend to P{x) of (3) 
with 

Po = zb + {I — z)c. 

The strict asymptotic form of these results, as above stated, may be proved 
by an application of the I^aplace-Liapounoff limit theorem, in the way that 
v. iVIises“ treats tlu' simpler problem. We shall us(‘ the more powerful mi'thods 
of Bochner\ sinc(' they (‘liable us to give (estimates of the errors involved in 
replacing Qjv((^a), x) and Psirn/Ny x) by P{x), We shall, in fact, state our 
results without reference' to limits as N oc , in forms which will be valid for 
finite samples. 


* Because the se^icnces in qiu'stion are bounded, these are equivalent to conditions of 
the form lim / J 6* — 6 | = 0. 
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II 

This section reproduces essentially the argument of Bochner.* We assume 
(5). We consider a fixed sequence of zeros and ones, the sample ( 2 *, k = 1, 
2, • • • , N). Nearly all quantities with which we deal will depend upon the 
sample considered, but for simplicity of notation we shall not in this section 
attempt to indicate explicitly the fact of this dependence. 

Let us assume for the moment that the sample is 


(16) 


2* = 1, fc = 1, 2, • • • , m; 

2t = 0, k = m + 1, ■ ■ ■ , N. 


By Bayes’ theorem, Q/r{(Zk), x) = Qk(x) is given by 


where J n(x) is the compound probability that simultaiiooiisly (2) shall hold 
and the drawing yield (16): 


Jn{x) = j • • * j • • • (I - Pjv) dfiipi) • • . 

Pl+?) 2 +***+PiV<A^» 

can be calculated immediately. Recalling (4), we have 
(17) J 71^(1) ~ ^1^2 * • * am(l ®m-fl) * * * (1 Ojv)* 


In terms of the Fk{x) defined by (11), J n(x) may be written 

(18) J n{x) = CLi • • • am(l flm+i) • • • (1 (In) f * ' * f dFiipi) • • • dFsipr^i 

ri+ — Vvn<n^ 

from which, by (17), we have 


(19) 


Qn^x) = / • • • / ■ • • dFApn). 


Pl+ - ••+PiV< 7 V* 


This last clearly holds independently of the temporary a^ssumption (16). 
It is known (Bochner^) that (19) may be expressed in the form 


(20) 

where 

J® 


TT JLoo W 

Z oo -00 

• • . / exp (w(p, + P2 + . . • Pat)) dFi(pi) • • • dF^ipif). 

oe •'—00 


N 


EAw) = n Gkiw) 


This becomes 
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where 

Jo 

Consider the functions exp(rtiDrk)Gjt(w), where n is defined by (12). Because 

we have the expansion 

n-0 n! 

valid for all w, with 

Gn.i = f (x - rtTdFkix), n = 0, 1, 2, . . . , A: = 1, 2, • • • . 

Jo 

In particular, referring to (12), t/o,* = 1, (n.i. = 0, (h./: = s* • Furthermore, 
since 0 ^ r* ^ 1, for n = 1, 2, • ■ • wc have 


0 S 1 Gj+n.t 



r”dF,ix) 



Tk pdFt(x) 


= = St ^ 1. 


Therefore 

(21) e-""*Gt(«)) = 1 - s* l' + R,{w) 


where for | ly | g 1 

(22) I Rk{w) I ^ I IV. 


By (10) we have then, uniformly in k 

(23) 1 Rk{w) 1 g 3 I u) p. 

Defining 

D{N) = Si + 52 + • • • + 5iv , 

we have from (21) and (22), for some Wo ^0 < Wo S 1, and all w with \ w\ ^ Wo , 
that 

log[e-‘’"''‘'^*+-'^’^;.(«;)] = -DiN)"^ + 0(ta*D(Af)). 

From this, (23), and the identity 

I {/ - 7 I = 1 1 • 1 4- . . . [ 
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follows the existence of constants A > 0, jB > 0, such that 


(24) I \ ^ AN \w 

holds for all «), I w I ^ u'o , and all N. 

Since we know only that | Es(w) | ^ 1, in place of (20) we consider the 
absolutely convergent integral 


I Ax) = f QAv)dv = - r EAw) 

•fA ^ •L-OO 


(sin ^NxwY 


The estimate (24) enables us to conclude that In(x) differs from 


2 f r itu(ri4-r2+...r^)— (siu ^Nxw) 

X loo ^ ^ Nw^ 


Defining 




r{N) = ^ (n + r* + . . . + rA, HiN) = , 


we rewrite (25) with --w/N in place of w: 

/c%a\ ^ f (sin ^xw)"" 


^ / [6’’“ 
X J-00 


This is equal to 




ixo(u—riff))—vf^HiN) 


2VAh1n)Jo 

which becomes by integration by parts 

x-r{N) / A \, 

\ mN)) 


rH(N)Jo J-t \ 4//(iV) ) 




{z - r(N)f 

m{N) 


This differs from 


X — t(N) 


( 4H(]V)) ' 
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by a term which is majorized for a: ^ 0 by 

0{VH(N)) + — -ji- f e"“‘du = 0{VWn)) = 0 

y/r •' x+r{N) \ N / 

iy/W(K) 

In terms of the error function 

^(a;) = f e~^'"^du 

2\/ TT •'—“0 

we have altogether that for a: ^ 0 


(27) 


- 1. - K.)l .. I . 0 (V-ffl) H- „ (^,) . 


We may use this to deduce result (A) stated above. By (10) we have that 
D{N) ^ N. Defining 


V{N) = 1 r - r{N) \, 


we have from (27) that for 0 ^ i g min (0, r — l’{N)) 


(29a) 



while for min (1, r + C(N)) ^ a- ^ 1, 

(29b) j [ Q,lp) dp - (X - r) j < im + 0 (^)) + 0 . 


These and (10) imply that for h > V{N) 

^ {-^n) ^ Gw))] 

(30) / \ / \T 

10.(x + « - 1 1 s ‘ [(/(« + o(^) + o(j^,)J. 

since Qn{x) is non-decreasing in x. This establishes result (A) when r = 
lim r{N). 

Using (24), with further restrictions on the fk{x), we may state an estimate 
analogous to (27) for Qit{x) itself. Essentially, all we require is that 


(31) 


/■+£ 

•'wo •*-' 


® . sm Nxw , 

Etf(w) dw I 

w I 


vanish as A' for any x, 0 ^ a: g 1, and any leo , 0 < teo ^ 1. If, for 

example, the distribution functions fk(x) have densities fl{x) of variations 
bounded uniformly in k, (31) is dominated by 0(N~^). We suppose that for 
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any wo > 0 there is a function V(N) which dominates (31) uniformly in 0 
X ^ 1, We have by (24) then that Qn(x) differs from 

(32) ~ f s iB. Nxw 

IT i-oo w 


by a term which is dominated by 


“ /*^0 ^ 

0 N + y(iV) + 0 

. X-I0Q J 


-iDiN)w* 


The integral (32) can be written 


= OiND(.N)~') + Vm. 


il>l: 


iw{u-r(.N))-H(N)w^ ^ 


VI 

If r(N) ^ € > 0 for all N, this last differs from 

r V2i\r(a:-r(iV)) ~| 

L VDiN) J 

by 

uniformly in 0 ^ a: ^ 1. Under the assumption, then, that r(N) ^ c > 0 
for large iV, we have 

(33) QAx) - f i ^ + 0(iVD(Ar)-*). 


We now turn to our second problem. Again we assume (5). For con- 
venience, we shall speak of a sequence (Zk , k = 1, 2, • • • , AT) such that Zi + Zi 
+ •••+ Zn = rn as SLU m-sequenee. We seek the probability Psim/Ny x) of 
(2) when it is knowm that an m-sequence has been drawn. By Bayes^ theorem 

PMN, x) = 

where Kfn.if(x) is the probability of the drawing of an m-sequence simultaneously 
with the occurrence of (2). That is, using* the notation of the last section, 

K„Ax) = E x) = E •^^((2*). l)Qv((z*), x) 

where the sum Is taken over all the possible wi-sequences. We have, 

"I* 

PAm/N, x) = 

E JAiek), 1) 
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which exhibits Psim/Nj x) as a weighted average over all distinct m-sequeiices 
of the functions QN{{Zk)j x) vstudied in the precccding section. The results of 
that section will carry over, then to Ps{rn/N, x) once certain uniformity re- 
quirements have been met.* 

Recalling (14), we define 

UN) = Z Zfc g min [Dm, N)] 

and 

T(JV) = max \ po - r((zt), N) |. 



We have from (30) that for h ^ T{N) 

PAm/N, p« - A) ^ J [0(iV-‘) + 0(L(iV)-‘)] 

(34) 

1 PAm/N, po + A) - 1 1 ^ J mm + 0 (JV-*) + 0 (UN)'% 


This, together with (30), will establish result (B). For any m-sequence and 
Po = 26 + (1 - z)c (see (13), (15)) 


1 r{{zk), N) - po\ = 


X) [^k(bk — 6) + (1 

iV *-1 


Zk)(Ck ~ (‘)] 


-L ^7. ^ 


0 - 5 )“- 


Po 


S ^ 2 [| A* - A I + I Ct - c j] + I ~ - 0 j (6 + c) 


= if ^ (A* — f>y + ^ Z (ck — c)''l + 2 

ik-l J la A :-1 J 


m 

N 


— z 


the last step by virtue of the Schwarz inequality. From this, we see that the 
hypotheses of (B) insure that T{N) 0; since they also insure that L(N) 00 , 
the result follows from (30) and (34). 

An estimate anlogous to (33) for Psiin/N, x) is not possible without a restric- 
tion on the rate at which the limit in (13) is approached, and consequently 
has no meaning for finite samples. In this connection, it might be pointed out 
that the use of the error function \p{x) in stating, for example, inequalities (27) 
and (33) is largely a concession to convention. The right members of these 
inequalities would remain unchanged if ^{x) were replaced by a step function 
analogous to P(x) of (3). 


Princeton University, Princeton, N. J. 


* It is, in fact, for this reason that our first problem was introduced. All our attempts 
to apply directly to Pmim/Nf x) analysis analogous to that in section II above bogged down 
in a morass of combinatory coefficients. 
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TRANSFORMATIONS OF FINITE PERIOD. Ill 
Newman’s Theorem 

By P. a. Smith 
(Received February 22, 1940) 

We shall give a new proof of a theorem of M. H. A. Newman [3] which asserts 
that periodic transformations of given period p operating in a locally euclidean 
space M can not be arbitrarily “small” (where by a small transformation is 
meant one which displaces points by a uniformly small amount). Our proof 
Is quite different from Newman ^s and in a sense more direct; for only the space 
M which is being transformed comes into consideration whereas Newman’s 
proof has for its setting the topological product of p copies of The methods 
which we shall use enable us to dispense with the locally euclidean restriction 
and to obtain a proof for far more general spaces. Mon'over we establish a 
theorem which is slightly stronger than Newman’s since it asserts, for periodic 
transformations operating in Af, that there exists an impossible degree of small- 
ness which is independent of the period. In this result, however, smallness 
must be understood in terms of orbits rather than displacements. To these 
considerations which in themselves perhaps justify a nnw proof of a known 
theorem, we add the following. The question whether or not there can exist 
any group— not merely finite, cyclic — operating effectively in a reasonably 
regular space and defining uniformly small orbits, is an outstanding problem 
in the theory of topological groups^ and new methods of treating the special 
case under consideration will perhaps not be without interest. 

A Special Case 

1. In order to make clear the nature of the theorem to be proved and to 
reveal the underlying ideas of the proof, which might other^dse remain hidden 
by the details, we shall first consider a simple example. 

Let r be a transformation operating in a space M, — that is a one-one bi- 
continuous transformation of M into itself. The totality of images of a given 
point X of M under positive and negative powers of T constitute the orbit of x 
defined by T, 

Let M 2 be an ordinary 2-sphere in euclidean 3-space. We shall call a cap of 
M 2 any closed circular region on M 2 which Is smaller than a hemisphere. The 
special theorem to be proved is the following: 

Every periodic transformation operating in M 2 defines at least one orbit which 
is not contained in any cap, 

^ For example, a negative answer to this question would establish the existence of one- 
parameter subgroups in locally euclidean topological groups. 
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Proof. Suppose on the contrary that there exists a transformation T of 
period q operating in such that every orbit defined by T is contained in a cap. 
It is easy to see that for each point x of M2 there will l)c a uniquely determined 
smallest cap u{x) containing the orbit of x defined by T and that the center 
w(x) of u{x) will be a continuous function of x. 

We shall make use of the well known fact that every periodic transformation 
operating in a sphere is topologically equivalent to a periodic orthogonal trans- 
formation. From this it follows that there can b(» introduced into M2 a tri- 
angulation which Is preserved by T and whose 2-cells can be represented without 
repetition by 

E\ TE\ , r {i = 

We may assume that each E^ is positively oriented relative to a definitely 
chosen orientation of M. Let us assume for definiteness that T preserves 
orientation. Then the chain 

A = Z + TE' + • . . + r“'£') 

t 

is, relative to every coefficient group, a fundamental 2-cycle on M2 and as such, 
can not be 0 on M 2 . In particular A can not be ^ 0 mod q. 

Let At denote the single-valued continuous mapping x — ► w(x) defined over 
M2 ; it carries A into a singular 2-cyclc A* on M. Moreover n can be obtained 
by performing a deformation: we have merely to slide x to w(x) along that 
geodesic arc which is shorter than a great semicircle, and at a suitable rate of 
speed depending on x. It follows that A ^ A* on M2 . Now from the way fi is 
defined, it is clear that /x(^) = and therefore that fiE' = ^iTE'. 

Consequently 

A* = + • • • + r"'F) = qn{:^E') = 0 mod 7 

so that A 0 mod q, which is impossible. This completes the proof for the 
case in wdiich T preserves orientation; minor modifications yield a proof for 
the orientation-revcTsing case. 

2. Suppose that the transformation T of period q operating in M2 admits at 
least one fixed point, say Jo . Then for points x near Jo , the functions u(x) 
and a)(a:) introduced above are uniqiu'ly defined and C4;(z) is continuous. Let x 
vary continuously along a path joining xo to a point say Xi different from Xo . 
Then w(x) will remain defined and continuous so long as the orbit of x is con- 
tained in a cap (the cap depending of coui’se on x). As a consequence of the 
theorem above, co(x) is not defined for all x. Suppose Xi is a point for which 
a)(x) is not defined. Then as x moves along the path .ToXi , we must come to a 
last point x w^hose orbit is contained in a cap. From elementar3^ continuity 
consideration, however, it is fairl,v clear that the orbit of x wdll be contained in 
a hemisphere // and that at least two points of the orbit of x lie on the great 
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circle boundary of /7; if there are exactl}^ two, they must be diametrically op- 
posite each other. 

Suppose again that 7" is a transformation of period q operating in . It can 
be shown without great difficulty that if the geodesic distance d(x, Tx) is uni- 
formly smaller than 27rr/g, r being the radius of , then each orbit defined by T 
would be contained in a cap. Since this is impossible, w^e conclude that there 
exists at least one point x such that d(Xj Tx) ^ 2Trr/q, In particular, if T 
admits fixed points, there exists at least one x such that d(xy Tx) = 2Trrfq, 

Although these results can be generalized to higher dimensions, a number of 
technical details enter the proof due to the fact that for spaces of higher dimen- 
sions, there is no known method of constructing invariant triangulations. It 
will be seeh in what follows how this difficulty can be met. We shall not, how- 
ever, pay further attention to transformations of spheres but merely state the 
results: 

Let Mn be an n-spherc of radius r in euclidean {n + l)-space. Every periodic 
transformation operating in Mn admits at least one orbit which is not contained in 
any cap (a cap being any closed region on Mn bounded by an {n — l)-sphcre 
which is smaller than a great (n — l)-sphere). Suppose T is a transformation 
of period q operating in Mn . If T admits fixed points, there exists at least one 
point x such that d(Xj Tx) = 2irr/q where d denotes geodesic distance. Moreover, 
there will exist at leaH one point y and integer s{2 ^ s S q) such that s points of 
the orbit of y lie on some great (s — 2)-sphere of M (a great 0-sphere being a pair 
of diametrically opposite points).^ 

‘ More General Spaces 

3. From now on the word space will mean a Hausdorff space in which every 
open set is the sum of a countable family of closed sets (Cf. [3], p. 134). 

We shall consistently use the letter M to denot(» a space, T a transformation 
operating in M, N a set of points in M and 2f a covering of M (i.e. a finite covering 
by open sets). We shall write “7' < ?l over if to each point x of N there 
can be associated a set of A* € ?I such that x + Tx C A, . We shall write 
21 over if to each r in iV there can be associated an A, c 21 which con- 
tains the orbit of x. 

Lemma 1. Suppose M is locally bicompact, N bounded.* For a given in- 
teger q and covering 21 there exists a covering 21' such that every periodic T of 
period q which satisfies the relation T < 21' over N satisfies also the relation 
T’ ^ 21 over N. 

Lemma 2. Suppose M is locally bicompact and H, K are bounded open 


* The methods suggested by the example we have considered can also be made to yield 
the theorem that the orbits of a periodic transformation operating in euclidean n-space 
cannot be uniformly bounded. 

* A set will be called bounded if its closure is bicompact. 
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sets such that R CZ H. There exists a covering 21 such that if 7' <5^ 21 over N 
(T not necessarily periodic) then 

E rRciH. 

n 

The proofs of lemmas 1 and 2 an^ elementary. 

4. Regularity. Cycles and homologies are to be understood in the s(»nse of 
Cech (see [2]). Let M be a space, a coefficient group for cycles and homologies 
ill M and n an integer ^ 0. We shall say that M possesvses property pn over 
0 at a point d if there exists a neighborhood D(d) and an n-cycle mod M — D 
with coefficients in g such that (Ij for no neighborhood D'{d) contained in D is 
12 0 mod M — D' (over g); (2) for every neighborhood B{d) C Z), there 

exists a neighborhood B\d) C B such that over g, 12 is a basis for n-cycles mod 
M — B relative to homologies mod M — B' while (3) cycles mod M — B oi 
dimension exceeding n are ^ 0 mod M — B'. A neighborhood D{d) and 
relative cycle 12 satisfying (1) (2) (3) will be said to constitute an n-dimensional 
fundamental pair (12, D) for d over g. Clearly if (12, D) is an n-dimcnsional 
fundamental pair for d over g, th(‘n so is the pair obtained by replacing D by a 
smaller neighborhood of d. 

We shall say that M possesses property qn over g at d if for every neighbor- 
hood A{d) there exists a neighborhood A\d) C A such that if C Is a non-empty 
open subset of A\ every n-cycle mod ilf — A in Af — C is 0 mod Af — A' 
(all coefficients being in g). 

It will be convenient to call M n-regular over g, if it possesses properties 
Pn and Qn at each of its points/ 

We can now state Newman's theorem for spaces of a very general type. 

Theorem I. Let M be a connected locally bicompact finite dimensional space j 
N a bounded open set in M and q an integer ^ 2. Let p be a prime factor of q 
and gp the additive group of integers reduced modulo p. If M is n-rcgular over 
gp , there exists a covering ?l of M such that no periodic transformation T of period 
q operating in M can satisfy the relation T < Jl over N. 

The covering SI necessarily depends on q as one can see from simple examples. 
But if one replaces the relation T < ?l by the relation T « SI and sharpens the 
hypothesis on AT by requiring that regularity possess a certain uniformity rela- 
tive 02 , gs , gb , • • • then there can be chosen an independent of q. We shall 
make this more precise. Suppose that there exist a neighborhood D oi d such 
that for every prime p there exist an n-dimensional fundamental pair (12^, D) 
over gp for d. We shall say that the fundamental pairs (Q^, D), p = 2, 3, 5, • • • , 
constitute u fundamental family F{Dy d, n). 

Let F(D, df n) be a fundamental family of fundamental pairs (12^, /)). For 
each p, conditions (1) (2) (3) in the definition of fundamental pair, are satisfied 

^ Properties pn and qn are slightly weaker than P„ , 0„ in our paper [4]. 
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relative to fip . We shall say that conditions (2) and (3) are satisfied uniformly 
by F{D, dy n) if B' is independent of By — that is, if for every B{d) there is a 
S'(d) C By B' independent of p, such that for every p, 12^ is a basis over gp for 
n-cycles mod M — B relative to homologies mod M — B' while cycles mod 
M — B over gp of dimensions exceeding n are 0 mod M — B\ Consider a 
neighborhood D\d) C D, Then for each p, 12'" oo 0 mod M — D' over gp (condi- 
tion (1)). Hence for each p there exists a covering U of Af such that 

(A) if(Vi) 0 mod AT — D' over gp . 

If for a given U there exists a U independent of p such that (A) is satisfied for 
each p, we shall say that F(Z), d, n) satisfies condition (1) uniformly. A funda- 
mental family which satisfies (1) (2) and (3) uniformly will be called a uniform 
family. It is easy to see that if F(Z), d, n) is a uniform family of fundamental 
pairs {ify D)y then the fundamental pairs obtained by replacing D by a smaller 
neighborhood Z>i of d constitute a uniform family F{Dx , d, n). 

If for every point d of M there exists a uniform family F(Dy d, n), D = D{d), 
we shall say that property pn is satisfied uniformly in Af. Similarly, property 
Qn is satisfied uniformly if for each point d and neighborhood .4(d), there exists 
an A' (d) such that if C is a non-null open subset of A and p an arbitrary prime, 
n-cycles mod A/ — A in Af — C with coeflScients in gp are 0, mod Af — A 
(over gp). We shall say that Af is uniformly n-regular with respect to arbitrary 
moduli if properties p^ and qn are satisfied uniformly in Af. It can be shown 
without great diflioulty that locally euclidean n-dimensional spaces are uni- 
formly n-regular. 

Theorem II. Let M he a locally bicompact finite dimensional space and N a 
bounded open set in Af. If M is uniformly n-regular urith respect to arbitrary 
moduliy there exists a covering ?! of Af such that no periodic transformation T 
operating in M can satisfy the relation T <K % over N. 

With regard to theorem I, it is sufficient to prove it for the case in which 
q ^ p =r Si prime. For suppose that q = hpy pa prime, and that Af is n-regular 
over gp . Then if T is of period g, is of period p and therefore, if ?I is suitably 
chosen, T can not satisfy the relation < ?l over N, By lemma 1 there exists 
a covering 31' such that if T < 31' over W, then T « 31 over N. Since the 
second of these relations would imply that < 3( over A, T can not satisfy 
the first. Even simpler considerations make it clear that in order to prove 
theorem II we need only show that an 31 exists such that no transformation of 
prime {period can satisfy the relation T <3C 31 over N, 

We remark further that were it not for the fact that in theorem I we assume 
regularity relative to a single group gp , theorem I would be a consequence of 
theorem II and lemma 1. But it will be seen in the proof of theorem II that 
in proving the non-existence of small transformations of any given prime period 
p, only the hypothesis of regularity over gp is used. Thus the proof of theorem 
I is contained essentially in that of theorem II and will therefore not be given 
separately. 
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5. It will simplify matters considerably if we carry out the proof of theorem 
II under the assumption that M is bicompact and then indicate th(» modifica- 
tions which will extend the proof to the locally bicompact case. I.et us assume 
then that M is a bicompact space satisfying the hypotheses of theorem TI, and 
that N is an oix^n set in M, Let m = dim M\ evidently*' m ^ n. 

Let T be a periodic transformation of prime period p operating in M. \Vc 
shall denote by 1/ the totality of points of M which are left fixed by 1\ and 
by {U^l the totality of special coverings ([3], page 13(5) of M relative to T, 
For our present purposes, the essential properties of a special covering are 
the following: (1) the componc'iit sets of are permuted among themselves 
by T so that T induc(\s a sirnplicial transformation of the complex (nerve of) 
into itself; (2) the simph'xes of which are invariant under T form a sub- 
complex Uo ; (3) the simpk'xes of Uo , and thvso only, are in® L^; (4) each 
simplex in — Uo is of dimension g m. It is evident that a necessary and 
sufficient condition that a U^'hain be in J/ (in the sense of footnote 5) is that 
it be in the subcomplex Uo . Moreover, every chain in U^ — Uo is in M — 
l/, but the converse is not necessarily true. The totality of coverings U^ is a 
complete system ([3], [). 137) and therefore can be used for defining all homology 
relations in M, 

A transformation T of prime p('riod p operating in M induces a boundary- 
preserving operation (also denoted by T) on the U^-ehains in M, Let 6 , <t 
denote the operators 1 — T and 1 + '/’+••• + We shall us(‘ the sym- 

bols p, p to stand either for 5, a or a, b r(‘spectively. When the coefficient 
group 0 is 0p , all U^-chains in l\o are annihilated by p and p. For if E is a 
Uj^-simplex, then 8E = E — E ^ {) and aE = pE = 0 (mod p). From this 
remark follows 

Lemma 3. If fl = ftp where p is the period of assumed to be prime, then 
every U^-chain of the form pX (or pX) is in U^ — Uo , hence in M — L. 

Suppose now that B is an invariant set, that is, a si4 which coincides with 
its image under T. Suppose there exists a U^-chain of tlu* form pX which is a 
cycle mod B, If pX is, modulo B, the i>oundary of a U^-chain of the same 
form, we shall write pX 0 mod B. In particular, if pX = 0 mod 6, then 
pX 0 mod B. 


* The regularity hypotheses on M imply that for each p the modulo p dimension (Alex- 
androff) of M is n. This however, so far as we know, does not imply that dim M = n. If 
it were definitely assumed that dim M equals n (not merely that it is finite), the proof of 
Theorem II would be somewhat shorter since the existence of the relative cycles in propo- 
sitions A), C), and F) could be established without the use of lemma 4. We prefer to 
consider the more general situation on account of possible connections with the problem 
mentioned in the introduction. For in this problem one is led to consider transformations 
in spaces about whose dimension nothing is as yet knowui. 

• A U-simplex (f/ot^i • • • Ih) is in the set A if LVm • • • V kA 9 ^ 0. A U-chain is in A 
if each of its simplexes is in A. A cycle is in A if each of its coordinates is in A. 
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Lemma 4. Let fl = flp and suppose that pXh , pXk^i are U^-cycles mod B 
such that 


fiXh = pXh^i mod B 

(fi being the boundary operator). If pXh 0 mod 5, then pXh-^i 0 mod B. 

Proof. Suppose in fact that there exists a relation of the form fipXh^i = 
pXh mod B, Write 

(1) »Xh^i = X, - Z. 

On operating on both sides of (1) by p we find that pZ = 0 mod B, hence by [3], 
section 3.11, we may write Z = pW + mod B with C L. Therefore, 
if we operate on both sides of (1) by ^ we obtain 

0 = P + Q mod B, P = p(Xa-i ~ /3W), Q = 

Since Q is in Uo and since, by lemma 3, P is in — Uo , the chains P and Q 
have no common simplex, hence P = Q = 0 mod P. In particular fipW = 
pXa-i mod B so that pXa~i 0 mod P. 

6. We now prove^ theorem II for the bicompact case by establishing a sequence 
of propositions concerning chains and cycles associated with transformations of 
prime period. Let M be a connected bicompact space, uniformly n-regular 
relative to arbitrary moduli. Let N be an open subset of M and let m = dim M, 
Let it be understood in propositions A) B) C) D) that T is an arbitrary but 
fixed transformation of prime period p operating in M , and that the coefficient 
group is Op . 

A) Let d be a point of M, Suppose there exists for d an /i-dimensional funda- 
mental pair (12, (?) such that G is invariant under T, Let = m — + 1 and 

suppose further that there exist invariant neighborhoods of d: 

G 3 Ao 3 Ai 3 . . . ZD Ak 

such that (1) 12 is a basis for /^-cycles mod M -- G relative to homologies mod 
Af — Ao ; (2) for z = 0, • • • , A, cycles mod M — A,_i of dimension > n are M) 
mod Af — A, . Then there exists an n-cycle A mod Af — Aa of the form 

+T\U^)}, r"(U") 

such that A il mod M — Ak • 

Proof. Since G is invariant, TU is a cycle mod M — G and hence Til a:12 
mod M — Ao where a: e Qp . Since Ao is also invariant, this homology holds if 
Til is substituted for 12. On repeated substitution, we obtain: 12 = T^il ^ 
x^il mod Af — Ao , hence = 1, a; = 1, so that 

(1) . 512 ^ 0 mod M — Ao , 

^ The proof given here is somewhat shorter and simpler than an earlier proof proposed 
by the author, thanks to valuable suggestions from Professor Norman Steenrod. 
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Assume for the moment that m > n. Let be a special covering and i an 
integer in the range 1, • • • ,k and h an integer in the range n + 1, • • • , m. 
From the Cech homology theory, there exists a special refinement of 
such that the projection into of any /i-dimcnsional 5S%ycle mod M — Ai^i 
will be the U^-coordinate of a Cech cycle mod M — Ai-i , hence will (by the 
definition of the A's) be mod M -- A i (see [2]). It is obvious that can 
be chosen to be independent of h since the range of h is finite. - Now let be 
an arbitrarily chosen special covering. From what has been said, we may 
choose special coverings 

ir = U, 3 Uk-1 3 . . . 3 Uo 

such that for i = 1, • • • , A:, the projection into SB» of a Ut_i-cycle mod M — Am 
of dimension exceeding n but not m, is ^0 mod M — Ai . Let n be a pro- 
jection Ut_i U,* which is permutable with T, \t is easy to see that such 
projections exist (see [3], p. 138). Let po , pi , • • • stand alternately for 6, cr 
beginning with po = 6. 

Putting 1] = On , it follows from (1) that poOn(llo) ^ 0 mod M — Ao • Hence 
xipoOn(Uo) 0 mod M — Ao , say (with i — 0) 

(2) i^n+» 4 -i(Ut+i) = 7r,+ip,On+*(U*) mod M - Ai, 

Now piOn-fi(Ui) is a cycle mod M — Ao since its boundary mod Af — Ao is 
PoPi(7riOn) = ^oTTFiOn which vanishes since 5a = (1 — r)(l -f •*• + = 

I — = 0. From the definition of the U^s we have 7r2PiOn4.i(Ui) 0 mod 

M — Ai , Hence there exists a relation (2) with i = \. On repeating the 
construction we obtain relations (2) corresponding to f = 0, • • • , A;. Let 

Yn^t = TTkTTk-l • • • 7rt4.iOn+t(Ut) (f = 0, • • • , A: — 1) 

( 3 ) 

y n+k = On+it(Ufc)- 

Then from (2) we have 

(4) PYn^i = p.-iFn+i-i mod M - Ai (f == 1, . . • , A:). 

Now PiYn+i is a Uit-cycle mod M Ai , hence mod M — Ak . The particular 
cycle pkYn-^-k is null. For by lemma 3, this cycle lies in U* — (U^o • But this 
is impossible unless pkYn-\.k = 0 since + A? = m + 1 whereas by the properties 
of special coverings, the simplexes of U* — (Ujfc)o are of dimension ^ n. We 
conclude therefore that PkYn^k 0 mod M — Ak • Hence by successive applica- 
tions of lemma 4, the relations (4) yield 

p,Fn+. 0 mod M — Ak (f = A:, • • • , 0). 

In particular poFn ^ 0 mod M — A k and hence there exists a relation of the form 

/3poXn+i(UAi) == poFn(lU) mod M ^ Ak* 
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Write 

(5) ^Xn^i(iU) = r„(Uii.) - H(\i,). 

On operating on both sides of (5) by po , we find that poH - dH = 0 mod 
M — Ak ^ Hence by [3], section 3.11, there exist chains r(U0, r^'(Ufc), the 
latter in L, such that 

(6) H{\h) = aTiVik) + T\\h) mod M - A,. 

From (3) with i = 0, wo have Yn iK mod M — Ah » Consequently from (5) 
and (()) we have 

lln(lU) - aFiWh) + r^(lU) mod M - /I, 

which, since is an arbitrary special covering, establishes A) under the assump- 
tion that m > n. The proof for the ease m = n is not essentially different and 
we therefore omit further details. 

B) In the cycle A of proposition A) the chains <7r(U^) and are 

U ^-cycles mod M — Ak . 

For in any case 0A equals 

(1) <r/3r(ir') + 0r\\l^) = 0 mod M - Ah . 

Now C llo'’ whereas, by lemma 3, (r^r(U') C U"’ - . Hc^nce the 

two chains in the left member of (1) have no common simplex and therefore 
vanish separately mod M — . 

C) Let d be a point in L\ There exists for d over gp an ^t-dimensional funda- 
mental pair (A, A) such that A{d) is invariant and A Is of th(' form 

For by the hypothesis of uniform n-regularity there exists for d over ftp an 
7i-dimensional fundaiiK'nlal pair (S2, D), Now since d is a point of //, any 
given neighborhood C{d) will contain an invariant lu'ighborhood of d. Such a 
neighborhood, for example, is the intersection of C, TC, • • • , T^~^C. Thus D 
can be replaced by an iin ariant neighborhood of d. Moreover, from the n-regu- 
larity of M over ftp , tlane exist neighborhoods Ao , ■ , A^ of d satisfying the 

conditions stated in A). The set A = Aa: forms together with the cycle A of A) 
the desired fundamental pair. 

D) is nowhere dense in M. 

For, let L — and let Lo be the maximal open subset of L. Assume, con- 
trary to D) that Lq 7^ 0. Then Lo — L 9^ 0, otherwise Lo would be both open 
and closed, hence identical with M so that T would be the identity. Let d be a 
point in Lo — Loand let (A, A) be the fundamental pair for d of proposition C). 
On account of the w-regularity of M over gp there exists a neighborhood 
A '(d) C A such that if C is a non-empty subset of A, n-cycles mod Af — A in 
M — C are M) mod M — A\ Suppose in particular that C — A' — A'L. 
Then by the choice of d, C 0. Moreover L CZM — C since L(A' — A'L) = 0. 
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Therefore r^(U^) C M — C for every U^. Let U be an arbitrary but fixed U^. 
If S € ( U^) is a suitably chosen refinement of and w an arbitrarily chosen 
projection SJ U, then 7rr^(SS) is the U-coordinate of a Cech cycle mod M — A 
in ilf — C (see proof of A)), hence is ^0 mod M — A\ (That is a 

cycle mod M — A follows from proposition C)). Next take for C the non- 
empty set LoA\ Then aF C M — C since in any case <tT Cl M — L by lemma 3 
and M — L Cl M — LoA' = M — C. Hence as above, for a suitable special 
refinement 3Si of U and projection tti : 35i — > U, we have 7ri<7F(95i) ^ 0 mod 
M — A\ We may assume that ® = 9Si for both coverings can be replaced by 
a common (special) refinement. If w^e then take tt = tti we have 

7r(<rF(S) + F^(®)) -- 0 mod M - A' 

and hence the U-coordinate of A is mod M — A'. Since ll is an arbitrary 
sp(K;ial covering, this implies that A 0 mod M — A' which is impossilde. 

E) Let d be a point in N and let F(D, d, n) be a uniform familj" of n-dimen- 
sional fundamental pairs D) (q = 2, 3, 5, • • • ) such that D(d) C N. There 
exists a neighborhood B{d) C D and a covering © of M such that if T is a periodic 
transformation of prinn^ period p satisfying the relation: T « 93 over N, there 
exist chains of the form (rF(U0 with coefficients in such that 

!(rF(U^)} if mod M — B. 

To prove this, choose a neighborhood D'(d) C D such that for each prime q, 
if is a basis for n-cycles mod M D relative to homologies mod M — D' 
(coefficients in g^). On replacing D' by a smaller neighborhood of d if necessary, 
we may assume that D' C D. Next, choose a neighborhood D"(d) related to 
D' in the same way that D' is related to D, Now let fc = m — n + 1 and 
choose neighborhoods B,(d), fi<(d) (i = 0, • • • , A;) contained in D such that 

3 (i = 0, . . . , fc -- 1) 

Bi 3 B: (f = 0, . . . , k) 

and such that, for each q, cycles mod M — Bi over g, of dimension > n are 
^0 mod M — Bt+i (f = 0, • • • , A: — 1). By repeated applications of lemma 2 
there exists a covering 93 such that if T « 93 over A', then D 3 o-D' and 
Bi 3 aBi , so that 

DO aD' O D" 3 Bo 3 <tBq O Bo O Bi O aB[ 3 Bi' 3 • • . 

In particular, if we write G = <tD' and A, = crBi , we will have 

(1) Z) 3G 3 Ao 3 3 ... 

(2) GOD' 0D"0 Ao . 

The sets G, Ao , Ai , • • • depend on T since cr does but the sets B', B", B, , B< 
do not. Consider Bk{d). We can choose a neighborhood B(d) C Bk such that 
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if C is a non-empty open subset of B and q a prime, then over gg , n-cycles 
mod M -- B in M — C axe M) mod M — B\ 

Now consider a definite T of prime period p such that 7" « 8 over N. Since 
G c: D, (12^, G) is a fundamental pair over gp . Moreover, it follows from (2) 
and the relation between Z)' and D" that 12^ is a basis over gp for n-cycles 
mod M — G relative to homologies mod M — Ao , Finally, cycles mod M — At 
over gp of dimension > n are M) mod M — Ai^i ; for, such cycles are cycles 
mod M — Bi since Bi C aBi = Ai and as such, they are mod M — Bi^i , 
hence mod M — Ai^i since Ai+i = C Bi+i . From these facts and the 

relations (1) it follows that the sets G, Ao , • • • , Aa, satisfy the conditions in 
proposition A) and consequently there exists a cycle A mod A/ — A* over gp 
of the form 

(3) {(rrdD + r^(ir)l 

such that A ^ S2'' mod M — A^* . 

Let 7^ denote an arbitrary n-cycle mod Af — A^. in L^, coefficients in gp . 
7^ is a cycle mod M — Bk since C <rBk = Ait . The open set Bk — l/Bk 
is non-empty since is nowhere dense (proposition D)). Hence 7^, being in 
hence in A/ — (Bk — L^Bk), is M) mod M — B by choice of B. In short, 
/i-cycles mod M — Aa, (over gp) in are ~0 mod M ~ B, Now for each 
r^(U0 is a cycle mod M — Ait in 1/ (proposition B)). If is a refinement 
of and tt a projection 8^ —► the U’^-coordinate of A can be replaced by 
the projection of its 8^-coordinate by w. But if 8^ is suitably chosen, 7rr^(8^) 
will be the U^-coordinate of a Cecil cycle mod Af ~ Ait in L^, coefficients in gp , 
hence will be '^0 mod M — B, Hence we may assume in (3) that {r^(U0 i 0 
mod M — B, Hence 12^ ^ {ar(U^)} mod M — B, This establishes P]). 

F) Let U be a covering of M and let T be a periodic transformation such that 
T « U over N, Let N* be a non-empty open set such that N* C N, There 
exists a special refinement of U and projection tt: — > U such that ttT = tt 
for all U^-simplexcs in N*. 

The component sets of a given fall into “cyclic families,” the sets in a 
given family being images of each other under powers of T. Each family con- 
tains exactly p sets or a single (invariant) set. Let cV^ denote the cyclic 
family to which f"^(€ U^) belongs. Let j'(U^) denote the totality of cyclic 
families cU^ such that at least one member of cU^ meets N*. To establish F) 
it will be sufficient to show that there exists a refinement of U such that to 
each cyclic family cU^ in j'(U^) there can be associated a set T = U(cU^) of U, 
containing all the sets in cU^. For if tt is a projection U carrying each 

set in cU^ (clJ'^ a member of i'(UO) into U(cV^) and arbitrarily defined for the 
remaining sets of it is clear that ttT = tt for U^-complexes in AT*. To show 
that U’" exists, let there be associated to each point xinN a set G, of U containing 
the orbit of x. This is possible since T <K U over N. Evidently we may asso- 
ciate to each x in N n neighborhood V(x) such that the images of V(x) under 
powers of T are contained in . Let F(a?i), • • • , V{xn) be a finite number of 
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these sets forming a covering of N* and let Y be an open set such that N* C F, 
Y C XV (Xi). Let X be the totality of sets V(xi) together with the single set 
M — Y, Evidently X is a covering of M. Now the closed sets iV* and M — Y 
are disjoint. Hence there can be chosen a U^, refinement of X, such that sets of 
which meet N* will not meet M — Y, Consider a cyclic family say cUi 
in At least one member of cU^ meets N*, That member, how'ever, 

can not meet M — Yy hence it is contained in one of the sets V(xi) say F(xi). 
Hence its images —the members of cf/f— are all contained in Uxi . If we define 
the function V{cV) to be Uxi for the cyclic family cV\ and similarly for the 
remaining cyclic families of it will possess the desired properties. 

G) There exists a covering 21 of M such that no periodic T of prime period can 
satisfy the relation T 2f over N. 

For let d be a point of N and let F(D, d, n) be a uniform family of ^i-dirnen- 
sional fundamental pairs {ify D), On replacing D by a smaller neighborhood 
of d if necessary, we may assume that D CZN. Let B(d), 83 be the neighborhood 
and covering of proposition E) and let H{d) be a neighborhood of d such that 
R CZ B, Since F(Z), d, n) uniformly satisfies condition (1) in the definition of 
fundamental pair (section 4) there exists a covering U such that for arbitrary 
prime p, 

(1) nu 0 mod M — f[. 

Let 85 be a covering such tliat if T is a periodic transformation with T <K 85 
over N, then aR C B (lemma 2). Lc^t 21 be a common refinement of 83, U, 85. 
We shall show that 21 has the required property. Suppose there exists a T of 
prime period p such that T « 21 over N, Let N* = aH. Then iV* C B C A. 
By proposition F) tlu^re exists a refinement of U and projection tt: U 

such that ttT = w for ULsimplexes in N*. Consider the relative cycle {(7r(U^) } 
of proposition E). Let A(ll^) be the subchain of r(U^) consisting of these 
simplexes which are in N*, Then r(U0 A(U^) C M — N*. Sinc(' N* is 
invariant under 7\ we hav(» also 

<rr(ir) ~ <rA(ir) C M - N*. 

This relation holds if the left member is replaced by its image under tt. But 
since the chain <rA(U^) is in N*y its image under tt is pA(U0 = 0 mod p. Hence 
7r<7r(U^) 0 mod M — N*. Since ^ o-r(U0 mod M — B, hence 

mod M — H, wc have 7ri2^(U^) 0 mod M — H. By definition of Cecil cycle, 

7rf2^(U^) fF(U) mod M — II so that iY(\X) 0 mod M — H which contra- 
dicts (1). This concludes the proof of theorem II under the hypothesis that M 
is bicompact. 

7. We conclude with a word concerning the locally bicompact case. In the 
first place, an examination of the preceding proof shows that in the bicompact 
case, it would have been sufficient to assume merely that M is uniformly n-regu- 
lar over N instead of the whole of M. Now^ suppose that A/, N satisfy the 
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conditions of the theorem but that M is not bicompact. M can be converted 
into a bicompact space Mi by the addition of a single point® say oo. In Afi , 
N has for its counterpart an open set Ni not containing oo . If Af is uniformly 
n-regular, then Mi is at least uniformly 7i-regular over Ni . Hence there is a 
covering 8li of Afi such that no periodic transformation Ti operating in Mi can 
satisfy the relation Ti 3li over Ni . Now every periodic T operating in M 
induces a periodic Ti , of same period, operating in Mi and leaving qo fixed. If 
81 is the covering of M obtained from 2li by suppressing the point oo , it is easy 
to see that the relation : ST <$C 81 over N would imply T « 8li over Ni . Hence 81 
is the required covering of M. 

The Institute for Advanced Study and Barnard College, 

Columbia University 
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This paper is concerned with some special cases of the general problem of 
determining the homotopy classes of continuous mappings of a polyhedron K 
into a space Y, The well known theorem of H. Hopf solves the problem when 
X is a finite n-dimensional polyhedron and Y = S" is the n-sphere. The solu- 
tion is given in terms of homology. In a recent paper^ the author has generalized 
Hopf’s result simultaneously in the following three directions: 

(a) The hypothesis that K is finite is removed by admitting infinite chains 
and letting cohomologies replace homologies. 

(b) The hypothesis that K is n-dimensional is replaced by a hypothesis con- 
cerning the vanishing of certain higher-dimensional cohomology groups. 

(c) S'* is replaced by a more general space Y. 

Although the use of cohomologies in this problem seems quite natural and 
justified, the results become more intuitive and easier to apply in the cases when 
the theorem has a homological interpretation. Such an interpretation is easily 
available when K is finite but does not seem to be possible generally. Section 2 
of this paper gives such an interpretation for a large class of infinite polyhedra. 
Various applications are given in sections 3-10. The results of CM which are 
being used here are collected in section 1 . 

1. Let K ho a finite or infinite cell-complex, i.e. a locally finite polyhedron 
with a given cell decomposition. K” will denote the sub-complex of K con- 
sisting of all cells of dimension ^ n. Given an abelian group G we shall consider 
infinite chains in K with coefficients in G and denote the resulting n-dimensional 
cohomology group by '^Hq{K). 

Let Y be an arewise connected topological space and let e Y, We shall 
denote by 7r,(F) the homotopy group of Y with respect to as origin.^ We 
shall assume that iri(F) = 0 for i < n. If n = 1 we replace this condition by 
the condition that iri(Y) (= the fundamental group of F) is abelian. 

The set of all continuous mappings /(JPC) C F will be denoted by F^. Given 
/o , /i € F^ we use the notation /o cjs' fi to denote that /o and fi are homotopic. 
(1.1) Given f tY^ there is an /' € F^ such that f f and /'(X”-^) = yo [CM, 
p. 241] 

* Cohomology and continuous mappings, these Annals y vol. 41 (1940), pp. 231-251. We 
shall refer to this paper as to CM. 

• This group was introduced by W. Hurewicz, Proc. Akad. Amsterdam 38 (1935), p. 113. 
The definition given in CM, p. 235, seems to suit our purposes best. 
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Given / e such that = yo we construct an n-dimensional chain 

dTif) in K with coefficients from irn(F) as follows: 

Let 0 -” be an oriented n-cell of K, Since the boundary of is carried by / 
into the point yo , the mapping /((t**) C Y determines uniquely an element 
d(/, O’”) of Tn(F). We define 

d“(/) = Z d{f, (r?)a? 

i 

We have proved that 

(1.2) d^C/) is a cocycle in K, [CM, p. 240, Horn. Th. 1] 

(1.3) If fo , /i € /o(X”"^) = = yo and fo ^ /i d\fo) and d^f,) 

are cohomologous in K. [CM, p. 242, Horn. Th. 3] 

Given an arbitrary f there is by (1.1) a mapping /' 6 F^ such that 
/ and/'(liL'‘'‘^) = yo . From (1.3) it follows that the cohomology class of 

the cocycle d”(/') is independent of the choice of We denote this cohomology 
class by d”(/). It follows from (1.3) that 

(1.4) Iffo , fi e Y^ and fo ^ fi then d”(/o) = d"(/i). 

It follows that for each homotopy class of F^ the cohomology class d”(4>) 
is uniquely defined. 

The following theorem includes all the further results of CM which will be 
needed in the sequel [CM, p. 243]. 

Theorem 1. Let K be a finite or infinite cell-complex and Y an arcwise con- 
nected topological space such that iri(F) = 0/or i < n, // n = 1 this condition 
is replaced by the condition that Y is i-simple^ for i = 1, 2, • • • , dim K. 

(1.5) If = O/or i = n + 1, w + 2, • • • then given a cocycle d^ of K 

with coefficients in 7r„(F) there is a mapping f t Y^ such that f{K^'^^) == yo 
and d”(f) = d\ 

(1.6) If *Hri(j){K) = 0 /or i = n + 1, n + 2, • . . then, given /o , /i € F^ such 
that fo(K''~^y = /i(iiC”‘‘^) = yo , we have fo ^ /i if and only if d"(/o) and 
d”(/i) are cohomologous in K, 

(1.7) If = 0 /or i = n + 1, n + 2, • • • //len 

homotopy classes ^ of Y^ are in a {l-l)-correspondence with the elements of 
the cohomology group The correspondence is determined by the 

operation 

2. Let ”3C^(iiL) be the n*** homology group of K obtained using finite chains, 
and ”!K^(F) the n**' homology group of F obtained using finite singular chains. 
In both cases the group I of integers is taken as the coefficient group. 

It is well known that every f tY^ induces a homomorphic mapping h!} of 
into a subgroup of and also that if /o, /i € F^ and fo cs^ fi then 

A7o = Vx . It follows that for every homotopy class of F^ the homomorphism 
hi is uniquely defined. 

. * See CM, p. 235.' The condition was introduced by the author (Fund, Math, 32 (1939), 
pp. 167-175) and it concerns the mutual behavior of iri(F) and t»(F). In particular F is 
f-simple if one of these groups vanishes. Y is Insimple if and only if r<(F) is abelian. 
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Let us assume that K is connected, Y is arcwise connected and that iCiiK) = 
ir*(F) = 0 for i < w. If n = 1 the last condition will be replaced by the condi- 
tion that iri{K) and iri(Y) are abelian. In this case it was proved by W. Hure- 
wicz that the groups Tn{K) and can be considered identical.^ Simi- 
larly for Tn(Y) and The homomorphism h/ induced by a mapping 

/ € Y^ becomes then a homomorphic mapping of WniK) into a subgroup of irn(y). 

Theorem 2. Let K be a connected finite or infinite cellrcomplex and Y an arc-- 
wise connected topological space such that niK) = Tri(Y) = 0 for i < n. If 
w = 1 this last condition is replaced by the condition that K is 1-simple and Y is 
i-simple for i = 1, 2, • • • , dim K. 

(2.1) If = Ofor i = n + 1, + 2, • • • then given a homomorphism 

h mapping rn{K)[— "3fC^(K)] into a subgroup of 7rn(y)[= '‘DC^(y)] there is 
anf € Y^ such that h^ — h , 

(2.2) If *jy,.(y)(JfiL) = 0/or i = n + 1, n + 2, * . . theu given f^ ,fieY^ we have 
hfo = A/j if and only if fo csifi. 

(2.3) If 'HriiY)(K) = = 0/or i = + 1, n + 2, • • • then the 

homotopy classes of Y^ are in a {l-l)-correspondence with the homomorphic 
mappings of TniK)[== "3C'(jK:)] into subgroups of Tn(Y)[^ ^dC\Y)]. The 
correspondence is determined by the operation h% . 

Proof. Let A:o€iL””'\ Consider the mapping 1 such that l(x) = x 
for every x tK. According to (1.1) there is a g such that gr 1 and 
According to (1.2) this leads to a cocycle 

dTig) = Z dig, (r?)a? 

i 

in K with coefficients in irn{K), 

Suppose now that conditions of (2.1) are satisfied and let A be a homomorphic 
mapping of irniK) into a subgroup of WniY), Consider the cocycle 

<r = Z h[d{g, aDla? 

i 

in K with coefl&cients in ir„(F). By (1.5) of Th. 1 there is an / e such that 
= yo and d"(/) = d". We are going to prove that A" = A. 

Since ir„(K) and ’^(K) are identical, every element a e 7r„(fC) can be repre- 
sented as a finite cycle 

Z <Xiffi 
% 

where o< are integers and only a finite number of them are ^ 0. Using the 
definition of dig, <r?) and of d(f, <r") it follows that 

*»(«) = Z otidig, ffi), A"(o) = Z «id(/, (r") 

< t 


* Proc. Akad, Amsterdam 38 (1935), p. 621. 
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But since d{J, at) = h{d(g, «r")] it follows that 

a;(o) = M^"(o)]. 

Since g 1 we have hg(a) = a; therefore hf(a) — h(a) and h/ = h. This 
proves (2.1). 

Let /o , /i « F* and let A", = A", . Without restricting the generality we may 
assume that /o(Ao) = Mh) = yo • Consider the mapping fjg e for j = 0, 1. 
Since fig(K”~^) = yo we may consider the cocycles d”{fjg) in K with coefficients 
in ir»(F). Given anj' n-cell <»•? of K we get, according to the meaning of A" , 

d(f,g, ^7) = h7[dig, 07 )]. 

This implies d{fog, <r*) = d(fig, <t7), since Ao = Ar . Therefore d’'{ftg) = d”(fjg). 

Now, if the hypothesis of (2.2) is satisfied, then by (1.6) of Th. 1 we have 
fog fig. Since fog a*; fo and fig o' fi this gives /o o /i . Hence (2.2) is proved. 
(2.3) follows immediately from (2.1) and (2.2). 

3. Let G be an abelian group. Given a finite cycle 

o" = 23 

i 

in K with integer coefficients and an arbitrary cocycle 

d" = E P.o7 

i 

in K with coefficients in G, we define an element o”d" of G by taking 

o" d” = E ®i/8» 

i 

It is easy to verify that if a" is the boundary of a finite {n + l)-chain or if d” 
is the coboundary of a (n — l)-chain then aV"* = 0. Consequently given two 
elements a"* € "'TfCiK) and d” e ^^HaiK) the multiplication a V* is a uniquely 
defined element of (?. For a fixed a” it gives a homomorphic mapping of ""HaiK) 
into a subgroup of G. Similarly for fixed d” it gives a homomorphic mapping of 
"DC^(jfiL) into a subgroup of G. 

Now, let Y be an arewise connected topological space such that x*(F) = 0 
for i < n. If n = 1 we assume that Y is 1-simple instead. We choose G to be 
the group irn(F) which can be considered identical with 
Let f tY^ and let = t/o . We shall consider the cocycle 

d"(/) =Ed(/,<r?)«rr 

* 

and its relation to the homomorphic mapping A" of "DC^K) into a subgroup of 
’UC'(Y) induced by/. 

Given a finite cycle 

a == 2-f 

i 
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in K with integer coefficients, we clearly have 

A“(a“) — 22 «< d(/, di) 

i 

and therefore 

= /*;(«"). 

Using (1.1) we find 

(3.1) Given any mapping f e we have a"d\f) = h^{a'‘) for all a" € 

Our hypothesis concerning Y is satisfied if F = 5” is the n-dimensional 
spherical manifold. The group WniY) = ”^(’^(7) is then isomorphic to /. 
Using Th. 2 and (3.1) we prove 

Theorem 3. Let K be a finite or infinite connected cell-complex such that 
TTiiK) = 0 for i < n. If n = \ we replace this condition by the condition that 
Tr\{K) is abelian. 

(3.2) If ‘“'''-ffxi(«»)(-K) = 0/or t = n + 1, n + 2, • • • then for every homomorphic 
mapping h of the group "rlC (K) into a subgroup of I there is a cohomology 
class d" € '^Hj{K) such that = /i(a”) for every a””3f^(X). 

(3.3) If ^Hriisn)(K) = = 0 /or t = n + 1 , 71 + 2, • • • then given 

d" e ''Hi(K) such that a d'' = 0/or all a" c ^rK'(K) we have d" = 0. 

It follows from (3.2) and (3.3) that if the hypothesis of (3.3) is satisfied then 
the homomorphisms h mapping the group ”!rX'^(JfC) into subgroups of I and the 
elements d” of ”ff/(/C) are in a (l-l)-correspondence. h and d" correspond to 
each other if and only if 

aV" = /i(a”) for all a" e "TfC'iK). 

Proof of Th. 3. If the hypothesis of (3.2) is satisfied then given the homo- 
morphism h there is by (2.1) of Th. 2 a mapping / c S'' such that hj = h. By 
(3.1) we then have a^d'^if) = /?(a”) for every a" c ”3f^(jK'). This proves (3.2). 

If the hypothesis of (3.3) is satisfied then by (2.1 ) of Th. 2 there is for every d" 
a mapping / c Y^ such that d"{f) = d\ If now a d" = 0 for all a" € "^{K) 
then it follows from (3.1) that h" = 0. By (2.2) of Th. 2 we then have / < 2^/0 
where /o(K) = 2 / 0 . This implies, by (1.6) of Th. 1, thatd”(/o) = d"(/). There- 
fore d” = 0 and (3.3) is proved. 

The following example will show that in Th. 3 the hypothesis that 7r»(/C) = 0 
for i < n cannot generally be removed if n > 1. Let S be one of D. van 
Dantzig^s solenoids^ imbedded in S^. Let be a subdivision of the open and 
connected set — S into an infinite cell-complex. It is clear that = 0 

for i == 3, 4, • • • and any abelian group G. It has been recently proved by N. E. 
Steenrod® that the 1®* homology group of K®, constructed using infinite cycles 
and integer coefficients, is not enumerable. Since is a manifold this implies 
immediately that is not enumerable. On the other hand since S is 

connected it follows from duality theorems that = 0. Hetice (3.3) 

^Fund. Math. 16 (1930), pp. 102-126. 

« These Annals, vol. 41 (1940), pp. 833-851. 
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does not hold for K = and n — 2. Naturally, the condition iri(iiL’) = 0 is 
not satisfied. 

4. Two topological spaces X and Y are said to have the same homotopy type^ 
if there are two mappings f (Y^ and g eX^ such that gf « X^ is homotopic to 
the mapping 1 « defined by the condition l(a:) = x for every x eX, and 
similarly fg t Y^ is homotopic to 1 € Y^ . 

Theorem 4. Two finite or infinite connected ceU-complexes Ki and Kt which 
satisfy the following set of conditions have the same homotopy type: 

(4.1) t<(Ki) = TiiKi) = a fori < n, 

(4.2) ir«(Xi) and irn(K^ are isomorphic, 

(4.3) •■+‘H,,(it,)(Xi) = = 0/or t = n + 1, n + 2, . . . , 

(4.4) *fr,,(«,)(iiCi) = = 0/or i = n + 1, n + 2, • .. . 

If n = I we replace (4.1) by the following 

(4.1) i Ki and K 2 are i-simple for i = 1, 2, • • • , fc, where k = max (dim Ki , 

dim Ki), 

Proof. Let h be an isomorphic mapping of WniKi) on irniKi) and let h* be 
the inverse isomorphism. Applying (2.1) of Th. 2 to we obtain a mapping 
/ € Ki^ such that h/ = h. Similarly we obtain a mapping g e iff* such that 
hg = h*. Consequently hg/ = h*h. It follows that hg/ = hi , where 1 6 iff ‘ 
is defined by l(aj) = a: for all x eKi, Applying (2.2) of Th. 2 we find that 
gf dd I, Similarly fg csi I where 1 ciff*. This proves that Ki and if 2 have 
the same homotopy type. 

5. In the following we are going to characterize complexes which have the 
same homotopy type as S'\ The cases n > 1 and n = 1 will be treated 
^separately. 

Theorem 5. A finite or infinite connected cell^mplex K has the homotopy 
type of S'" (n > 1) if aiyi only if 

(5.1) 7rx(if) = 0, 

(5.2) ’^(^(if) = 0/or 1 < i < n, 

(5.3) (if) is cyclic infinite, 

(5.4) = 0 for t = w + 1, n + 2, • ■ • , 

(5.5) 'HrfiK)(K) = 0 for f = n + 1, n + 2, • • • . 

Theorem 5i . A finite or infinite connected cell-complex K has the homotopy 
type of /S‘ if and only if 

(5.6) rriiX) is cyclic infinite, 

(6.7) K is i-simpk for t = 2, 3, • • • , dim K, 

(5.8) = 0/or * = 2, 3, • • • . 

^ W. Hurewicz, Proc, Akad, Amsterdam 39 (1936), p. 124. 
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Proofs. Sufficiency, n > 1. By a theorem of Hurewicz^ it follows from 
(5.1) and (5.2) that Tri{K) = 0 for i < n. Therefore 

(5.9) TiiK) = Ti{S^) = 0 for i < n. 

From the same theorem it follows that VniK) and are isomorphic. 

Therefore 

(6.10) rrn{K) and irn(S”) are isomorphic. 

Since S'" is n-dimensional therefore 

(5.11) 'JIo(S'') = 0 for i = n + 1, n + 2, • • • and any G. 

From (5.4), (5.5), (5.9), (5.10) and (5.11) it follows that the conditions of 
Th. 4 are satisfied. Therefore K and S'* have the same homotopy type, 
n == 1. Since ti(K) is cyclic infinite therefore we see that 

(5.12) ri(K) and ti(S^) are isomorphic. 

Since is z-simple for every i and 7ri{K) is abelian it follows from (5.7) that 

(5.13) K and are i-simple for i = 1, 2, • • • , dim K. 

Since is 1-dimensional and Vt{S^) = 0 for i > 1 it follows that 

(5.14) = 0 for i = 2, 3, • • • and any G, 

(5.15) *‘^'/f,,(«i)(iC) = 0 for i = 2, 3, . . . . 

From (5.8) and (5.12) (5.15) it follows that the conditions of Th. 4 are satis- 
fied and therefore K and have the same homotopy type. 

The necessity follows from the following tw'o lemmas: 

(5.16) If X and Y are arcwise connected and have the same homotopy type then 
Ti{X) is isomorphic with 7ri(Y), and X is i-simple if and only if Y is, 

(5.17) If the finite or infinite connected cell-complexes Ki and K 2 have the same 

homotopy type then *Ho{Ki) is isomorphic to and "3C'^(iiCi) is 

isomorphic to 

The proofs are left out. 

Since 7r<(X) = 0 implies that K is i-simple it follows that if iri{K) is cyclic 
infinite and t,(X) = 0 for i > 1, then the conditions of Th. 5i are satisfied and 
K has the homotopy type of >S\ This is a theorem of Hurewicz.® 

6 . Theorem 5 leads to the following characterization of the finite complexes 
which have the homotopy type of S'\ 

Theorem 6. A finite polyhedron K has the homotopy type of S” if and only 
if K has the same fwidamental group and the same homology groups {integer 

^ Proc, Akad, Amsterdam 39 (1936), p. 221. 

* If A; is n-dimensional, this is a theorem of Hurewicz, loc. cit. In the general case it 
also follows from some unpublished results of Hurewicz. 
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coefficients) as S'*.® // n = 1 there is an additional condition that K is to he 
i-simple for i = 2, 3, • • • , dim K. 

Proof. The necessity follows from (5.16) and (5.17). If K has the same 
integer coefficient homology groups as S'* then since K is finite it follows that 
*Ho{K) is isomorphic with ^Ho(S) for any i and any coefficient group G, This 
shows that if the conditions of Th. 6 are satisfied then the conditions of Th. 5 
(or Th. 5i) are satisfied too, and consequently K has the homotopy type of S'*. 

There is no example known to prove that the additional condition in the case 
n = 1 is really necessary in Th. 6. 

7 . Theorem 4 will be used again to prove the following theorem concerning 
homotopy groups. 

Theorem 7. Let iC*^* be an at most (n + })-dimcnsional (n > 1) finite or 
infinite connected celLcomplex such that 7rt(iiC"^^) == 0 for i < n. If the 
group TTniK''^^) is a free group with a finite number k >{) of generators then 

7rn+i(X'*^^) 0. 

Proof. Suppose that = 0, then 

(7.1) = 0. 

Since is at most (n + l)-dimensional we have 

(7.2) 'HaiK^'^') = 0 for f > w + 1 and any G. 

Let Ki be a complex obtained by taking k copies of S'* disjoint except for 
one point which is common for all of them. It is clear that 

(7.3) Ti(X'*^') = 7r»(Xr) = 0 for i < n, 

(7.4) Tn{K''^^) and Tn{Ki) are isomorphic, 

(7.5) 'Ho(Ki) = 0 for t > n and any G. 

It follows from (7.1)- (7.5) that Th. 4 can be applied to demonstrate that 
X'*’^^ and Ki have the same homotopy type. Since 7r„+i(S'*) 0 forn > 1^° 

it follows that 7rn+i(Xr) 9^ 0 and from (5.16) that 7rn+i(X'*^^) 0. 

Th. 7 can also be proved in the case when 7rn(X'*“^^) is the unrestricted direct 
product of cyclic infinite groups. 

8 . In the following we shall discuss the situation arising when 5'^“'*“^ is top- 
ologically imbedded into S^ 

Theorem 8. Let Sp'*”^ be a homeomorphic image of ,S'^”'*~^ contained in S'* 
where r > n > 0. 

7/ n > 1 then S' — ,Sp'*“^ has the homotopy type of S'* if and only if 
Ti{S' - Sp"”') = 0. 


L. Pontrjagin, C. R, Acad. Sci. URSS 19 (1938), p. 147; H. Freudenthal, Comp. Math. 
6 (1937), p. 301. 
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// n = 1 then S' hae the homotopy type of if and only if the group 

vi{S'' — SP*) is cyclic infinite and S'' — S{~^ is i-simple for i = 2, 3, • • • r. 

Proof. The necessity of the conditions follows from (5.16). In order to 
prove that they are also suiB&cient note that it follows from duality theorems 
that 

(8.1) and ‘3^^ (S”) are isomorphic for i = 0, 1, • • • and any G. 

Since S'" ~ is a manifold the group 'Ho{S'' — /SI“"~^) is isomorphic 

with the (r — i)-th homology group of S'' — obtained using infinite 

chains. Since is locally connected in all dimensions it follows from a 

recent theorem of Steenrod® that this group is isomorphic with'^“*“^3C^(>Sl“"~^). 
Therefore 

(8.2) 'HoiS'^ - Sr”“') = 0 for i = n + 1, n + 2, . . . and any G, 

Now, (8.1) and (8.2) and the conditions of Th. 8 permit us to apply Th. 5 
(or Th. 5i) and prove that S'' — Sp"' ^ has the homotopy type of S". 

9 . A set F C X is called a retract of X if there is a mapping r e (called a 
retraction) such that r(Z) = Y and r(y) = y for all y eY. U r where 
1 € X^ is defined by l(a:) = x for all x € A, then F is called a deformation retract 
of X. 

We shall consider in S" a homcomorphic image SJ of S' and a homeomorphic 
image of where r > n ^ 0 and SoS\~''' ^ = 0. Assigning orienta- 
tions to So and we obtain then a linkage coefficient whose absolute value, 

denoted by v{So , /SI is independent of the chosen orientations. We have 
proved in another paper“ that So is a retract of S'^ — Sp” * if and only if 
v(SS , /SP”~^) = 1. We shall now discuss the analogous problem obtained by 
replacing retracts by deformation retracts. 

Theorem 9. Let So and /Si '" ^ be disjoint homeomorphic images of /S” and 
^r-n-i where r > n > 0. 

If n > 1 then So is a deformation retract of S'’ — /Sp"“^ if and only if 
viSS , /SP"-') = 1 and iri{S - /SP"‘') = 0. 

If n = I then Sl is a deformation retract of S' — S[~^ if and only if 
t;(/Sj , /Sp^) = 1, iri{S' — S[~^) is cyclic infinite, and if S' — /Sp“ is i-simple 
for i = 2, 3, • • • , r. 

Proof. If So is a deformation retract of S' — Sp”“^ then by the theorem 
quoted above v{So , /Sp"~^) = 1. It also follows that So and S' — /Sp'^’”^ 
have the same homotopy type and therefore the remaining conditions of Th. 9 
are fulfilled in view of Th. 8. 

Now, let v(So , /Sp””^) = 1 and let r be a retraction mapping S' — /Sp"”^ 
into So . Let 7? be a basis-cycle for the group ”3C\/S?). We shall prove that 
7? is also a basis-cycle for "dC^S' — /Sp""^). In fact, if this is not the case 
there is a singular cycle 7" in S' •— /Sp"~^ such that 7? ky'' in S' — /Sp"~^ 

“ Fund, Math, 31 (1938), p. 192, see also K. Borsuk and S,’ Eilenberg, Fund. Math, 26 
(1936), p. 215. 
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where k 3 ^ zfcl. This implies 7 ? = kr{y'^) in Sf contradicting our 

hypothesis that 70 was a basis-cycle for "3C^(/S?). Therefore 7 ? is a basis-cycle 
for Since r( 7 y) = 7 ? it follows that hr = hi , where 1 is 

the identity mapping of S' — into itself. 

If the remaining conditions of Th. 9 are also fulfilled then, by Th. 8, S' — 
has the homotopy type of From Th. 5 (or Th. 5i) it then follows 
that (2.2) of Th. 2 can be applied to mappings of S' — into itself. Since 

A? = /if , we have r 1 so that So is a deformation retract of S' — 

10 . If we take n = 0 in Th. 8 and Th. 9 then S' — is not connected 
but consists of two connected regions Ci and C 2 . By duality theorems w’e have 
*3C^(Cy) = 0 for t = 1, 2, • • • and j = 1, 2. If we further admit that iri(C,) = 0 
then by a theorem of Hurewicz^ C, can be defoimed to a point. It follows that 
S' — S'i~^ has then the homotopy type of /S® where consists of two points. It 
is also clear that then every So CI — SI' ^ such that v(aSS , Sl~^) = 1 is a de- 
formation retract of S' — /Si~\ Hence we see that 

(10.1) The statements of Th. 8 and Th. 9 co'ncerning the case n > I hold also for 
w = 0 provided the relation 7 ri{S' — iSI~^) = 0 is interpreted as iri(Ci) == 
iri(C 2 ) = 0 where Ci and C 2 are the components of S' — 

In the case n — 1 Theorems 8 and 9 contain the condition that S' — /Si' ^ 
should be i-simple for i = 2, 3, • • • , r. In the case r = 3 (and also in the 
trivial case r — 2 ) the author has proved^^ that this condition can be dropped. 
The similar question concerning r > 3 remains unanswered and seems to be 
closely related to the following problem: 

Let be a homcomorphic image of in S' where r > w > 0. Under 

what conditions is S' — aspherical (i.e. wdS' — /Sp””^) == 0 for i > 1)? 

In particular, is S' — aspherical if n = 1 and wi(S' — /Sp^) is cyclic 

infinite? 

Again this question has been answered positively only for r = 2, 3.^^ 
Univbrsity of Michigan 

» Fund. Math. 28 (1937), p. 238. 
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ON PROJECTIVE EQUIVALENCE OF TRILINEAR FORMS 

By Robert M. Thrall 
(Received March 20, 1940) 

1. Introduction. The two fundamental problems in the projective classifica- 
tion of trilinear forms are: (I) the determination of necessary and suflScient 
conditions for the (projective) equivalence^ of two trilinear forms; (II) the de- 
termination of a set of forms which consists of one and just one representative 
form from each class of equivalent forms. 

In the form^ F(Xf y, z) = let there be pi/^s, qz*Sy and rx*8 and suppose 

that the numbers p, g, r are the two way rank invariants® of the form F, Let 
the variables be so named that p ^ q ^ r. We can measure progress in the 
solution of problems I and II in terms of the sets of invariants (p, g, r) for which 
they have been solved. 

Problems I and II have been rationally solved (i.e. for the coefficients aa/ss 
belonging to any field) for p = 1 and p = 2. For if p = 1, then g = r and is 
the only invariant of F, For p = 2 the trilinear form can be considered as a 
pencil of bilinear forms. Two such pencils are equivalent if and only if they 
have the same minimal numbers and projectively equivalent invariant factors.'* 

If p > 2 problems of rationality enter, and most of the progress here has been 
for forms with coefficients in the field, Ky of complex numbers; although in 
[13], the case (p, g, r) = (3, 3, 3) was discussed for foims belonging to a Galois 
field by rational methods applicable to any field. [14] contains the complete 
solution for forms (3, 3, 3) with coefficients in K. 

In §§2-9 of the present paper, methods similar to those used in [14] are applied 
to the next case (3, 3, 4). The coefficient field is K although many of the results 
are obviously more general. §2 is devoted to definitions and notation for de- 
terminantal manifolds associated with trilinear forms. In §3 the forms (3, 3, 4) 
are divided into generate and non-degenerate cases according to their associated 
determinantal manifolds. §§4-8 give classification theorems for the various 
non-degenerate cases. Theorem 4.3 is basic in this discussion. §5 discusses 
briefly generalization of 4.3 to forms (p, p, 2p — 2). The principal results of 
these sections are found in theorems 6.5, 6.6, 7.1, 8.6. §9 (especially theorem 

9.1) and the appendix contain the solutions of problems I and II for the degen- 

^ For definitions of equivalence and gr-equivalence, see [14] p. 678. (The numbers in 
brackets refer to the bibliography.) 

* Repeated Greek indices indicate summation. 

• This means that F is equivalent to no form with less than py's, gz*s and rx^s. For dis- 
cussion of and reference to these invariants, see [14] p. 678. 

« See [9], and [12] p. 682. < 
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erate cases. In §10 the work of T. G. Room® on determinantal manifolds is 
applied to the ‘‘generaP^ case for 3 ^ p < g ^ r and 3<p = g^rto obtain 
theorems which reduce problem I to a study of projective equivalence of mani- 
folds related to the forms. Also in the section is a discussion of dififerent inter- 
pretations of the concept ‘^generar* as applied to trilinear forms. 

2. The determinantal manifolds® associated with a trilinear form. Let 

F{x, yy z) = aaMoZfiXi = = ZfiXiy^h = yaXiZai define the elements of the 

matrices |1 Xa 0 |1, 1| y^s ||, || Za 6 1|. Denote by Vi = (| p, q L[r — 1]) the manifold 
consisting of points x in projective r -- 1 space for which 1| H is of rank s or 
less. We write the equations for Vi in the form | Xafi !• = 0. We call Vx = 
Vs''^ the principal manifold of the matrix || || and of the form FJ The mani- 
folds Vi and VI are defined analogously from the matrices || || and || 2aa ||. 

The equivalence of two trilinear forms obviously implies the projective equival- 
ence of their corresponding manifolds® 7, and in general the converse is also 
true. (See §10.) 

Since tlie derivative of an n-rowed determinant is a linear combination of its 
n — 1 rowed minors, the manifold must be multiple on F*. In general Vi 
has dimension r — 1 — (g — s)(p — s) and so will necessarily be non vacuous 
only for values of 6* for which this dimension is positive. In particular cases, 
however, the dimension may be greater than this number. 

3. TriUnear forms (3, 3, 4), general theory. In general, F* = F» (the princi- 
pal manifold), a cubic surface in 3-space, and Vl and Vl , zero dimensional 
manifolds of order six in 2-space, are the only non empty manifolds associated 
with a trilinear form (3, 3, 4). However, there are degenerate cases in which 
some of the F^^s exist, or in which Vl or V] is of dimension greater than zero. 
On this basis we divide our treatment into two i)arts : 

(A) The non-degenerate cases: Fj is empty, and Fj is of dimension zero and 
order six. 

(B) The degenerate cases: At least one of the conditions under (A) is not satisfied. 

Before treating (A) and (B) separately we study three algebraic transforma- 
tions defined by the form F, We say that y and z are images under the trans- 
formation Ti if 

(3.1) aafiiyah = 0, 5 = 1, 2, 3, 4. 

The transformations To and Tz are similarly defined by 

dafiiZfiXi = 0, a = 1, 2, 3, and aapii/aXi = 0, /S = 1, 2, 3. 

‘ [31 especially Chapter VII, or [10]. Chapter VII is based upon [10]. For a review of [3] 
see [11]. 

• The definitions and notation are those given by Room [3] Chapter I. 

^ If r' » g (r ■» g — p) F has two (three) principal manifolds, but if r > g ^ p there is 
just one principal manifold. 

> See [13] p. 386. 
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Considered as linear equations in z the number of solutions of (3.1) depends 
upon the rank of || ||, and inversely for y and || 2aa ||. Thus if y and z are 

images under Ti , then y and z eVl . If ^ e Fi it will have a whole line 
of images 5, which must all lie on Fj . If y € FJ but iVl , then it will have a 
single image z. Hence, if V\ is of dimension zero, V\ is empty; and, if further 
Fi is empty, the points of FJ and V\ will be in 1-1 correspondence. 

From this it follows that the conditions under (A) above are actually sym- 
metric in y and z although stated in terms of y only. A zero dimensional 
manifold, V\ , of order six is, in general, a set of six distinct points. However, 
these points may coincide in various ways so that the actual number of distinct 
points in FJ may be anything from one to six. The above arguments show that 
under (A) if V\ has k distinct points then V\ likewise has k distinct points. We 
shall show later that y has the same multiplicity in V\ as its image z has in V\ . 

Ti is a transformation between points of F* (the whole 2:-plane) and points 
of F* . If 5 € V\ its image under Ti is a plane, which must be a linear factor 
of F^ ; if 2 6 F^ but iV\ its image is a line on V\ ; and \{ z iV\ , its image is a 
single point of V\ . Tz is of the same general character as Ti . 

4. The non-degenerate cases. Consider the general trilinear form (3, 3, 4) 
in which the coefficients are independent indeterminants. The three rowed 
minors of t| y^z jj define a web, Wy , of cubics whose base is the six (in this case 
distinct) points of Fj . Let fh{y) denote the three rowed minor of || |1 ob- 

tained by dropping the Mh column. Then two generic members G(X, y) = 
W«(y) y) of Wy will meet in nine points of which six, say y^^\ • • • , 

have coordinates free of X and The u-resultant® of G(X, y) and y) will 
therefore split rationally into a factor 


H{U, OaBt) = n*7-l 

of degree G and free of X and and a second factor of degree 3. 

If now we give the arbitrary values in the ground field Ky for which 
H(Uy Oa&h) ^ 0, some or all of the six points, y^'^\ may coincide. If a point, 
Py of Vl arises from an 5-fold factor of H then we assign to P the multiplicity 
s in Fy , thus ensuring that Fj will have multiplicity 6 in any form for which 
// 0. On the other hand this multiplicity s assigned to P is by its definition 

the same as the multiplicity of intersection at P of two generic cubics of the 
web Wy . 

We now divide the non-degenerate cases into two sets: 

The linear non-generate cases: Wy contains a curve of genus one. 

The nodal non-degenerate cases: Wy contains no curve of genus one. In this 
section we shall treat only the linear cases. 

If C is a curve of genus one belonging to Wy , we can utilize its Puiseux cx- 


® See [61 vol. 2 p. 21. 
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pansions to characterize Vl . To obtain uniqueness we choose the particular 
expansion 

y„ = Ea(t) a = 1, 2, 3 
at a point P = (ci , Cj , c*) for which 

Ei{t) 1, Ei(t) = Cj/Ci + t, Ekit) = Ck-f 7 = 0, • • • , 00 (c*o = Ck/Ci) 

where i is the smallest index for which c< 5^ 0, and j < k unless a vertex of the 
coordinate triangle lies on the tangent to C at P, in which case Cki — 0 and it 
may be necessary to take j > k. That this is possible follows from the linearity 
of every branch of C and the general theory of Puiseux expansions.'® We shall 
call these specialized expansions the canonical expansion of C at P. 

Let the web, Wy , be given by 

G{\, y) = X»/a(y) 5 = 1, • • • , 4 

If (r(X, E{t)) = 0 mod f but ^ 0 mod then P counts s times in Vl . Let 
Pa{t) be obtained from Ea{t) by dropping all terms whose degree in i is s or 
greater. If C' is any other member of Wy (of genus one), then the first s terms 
of its canonical expansion Ea{t) will likewise be Pa{t) and so the polynomials 
Pa{t) express properties of the web and not merely of the particular curve C in 
the web. We call the Pa{t) the canonical polynomials of Wy at P. (We note 
that these polynomials are identically zero unless P c yj .) 

Let P^, M = 1, • • • , /i, count 5^ times in 7* , (si + • • • + = 6), and let 

the canonical polynomials of Wy at P^ be Pa(0* 

4.1 Definition. The curve K\g{y) = 0 is said to pass through Vl if and 
only if g{P^(t)) s 0 mod /x = 1, • • • , ft. 

4.2 Theorem. TJie cubic g(y) = 0 belongs to Wy if and only if it passes through 

y® 

For there is just one web of cubics satisfying the six conditions of definition 4.1. 
(4.2 does not hold in the nodal cases.) 

The results of this section obviously hold for the z-space as well as the 2/-space. 
The following theorem is fundamental in the solution of problem II for the linear 
case and with a slight modification applies also to linear branches of Vl in the 
non linear case. 

4.3 Theorem. Let F be a linear nonrdegenerate form and let Ti send P on 
vl into P' on V] . If a branch of Vl at P has multiplicity a, with canonical 
polynomials P,{t)y then there exists a linear, branch of V at P' of multiplicity a 
with canonical polynomials Pi(r), and a polynomial r = r(0 = bit + Iht^ + 

• • . + 61 9^ 0, such that 

(Bf): F{t, Xafi) = Pa{t)Pfi{T{i))xa 0 = 0 mod f. 


See for instance [2] pp. 213-231. 
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Proof. Wc take P = (ci , Ci, cg), P' = (c( , cj , cg) and for convenience sup- 
pose cici 7 -^ 0 . 

The four congruences, S, , can be regarded as homongeneous linear equations 
with coefficients in the ring, R, of polynomials in t reduced modulo f. The 
matrix H y^gPait) II is by hypothesis of rank 2 (in R). Hence there exists a 
solution 2(5 = Qf{t) with the following properties:” 2 i = 1, 22 = cj/ci -f Ei{(), 
2» = Cs/ci -h Ei{t) where the E^it) belong to R (i.e. arc polynomials in I of degree 
less than a). 

The polynomials Pait), not all zero divisors (Pi(t) = 1), are solutions of the 
congruences Zat{Q»{t))ya = 0. Hence the rank of || ZatiQ»{t) i| is <3 (actually 
2 since the case is non-degenerate). To complete the proof of the theorem we 
need merely to show the existence oi & r = bit • • • b,..if~^, bi 9 ^ 0 such that 

= Pfi{r{t)) where the P'^{t) are “canonical” polynomials for F* . If Et{t) 

0 mod t we take r = JE?j(<)- Otherwise take t = Eg{t). [If both Eg{t) and 
Ez{t) were divisible by ^ the whole line yu — Ckiy,- = (c* — CjCn)yi would map 
into P' under Ti contrary to the hypothesis of non-degencracJ^] 

6. Linear non-degenerate forms (p, p, 2 p - 2). The forms (3, 3, 4) belong 
to the series of forms (p, p, 2p — 2) in which the principal manifold is a deter- 
minant, and in which F'~^ and Ff~‘ are, in general, zero dimensional, of order 

N — A form (p, p, 2p —2) is said to be non-degenerate if Vy~^ is 

zero dimensional of order N, and Vy~^ is empty. A non-degenerate form (p, p, 
2p — 2) is said to be linear if Fy~* can be defined by canonical polynomials 
satisfying 4.1 with the word “curve” replaced by “hypersurface.” With these 
definitions theorem 4.3 is valid for forms (p, p, 2p — 2) if we replace V \ , F^ 
by Vl~^, Ff~‘ throughout. The proof of this generalization is stepwise parallel 
to that of 4.3. 

6. The general non-degenerate case. In the general case Fj consists of six 
distinct points • • • , p*®', not on a conic and no three on a line. This implies 
the same for Fj , since otherwise Tg and Tg could not map the y and z planes re- 
spectively into the same surface F* . Let coordinates be so chosen that = 
(1, 0, 0), y® = (0, 1, 0), p® = (0, 0, 1), p® = (1, 1, 1), p'®' = (e, a, b), p“> = 
(e, c, d); 2 ”’ = (1, 0, 0), 2 ® = (0, 1, 0), 2 "' = (0, 0, 1), z® = (1, 1, 1), 
2 ® = (e, a', b'), 2 ® = (e, c', d'); and so that 

(6.1) y^az’fi'^x^ = 0 i = 1, . . . , 6 

expresses the congruence of FJ and F* under Ty . Of these six equations, one, 
say the last, must be dependent on the other five; for otherwise there would be 

The existence theorem for linear equations in a commutative ring assures the existence 
of a solution with not all null divisors. By taking » 1 we see that Qj is not a null 
divisor (since c[ 0). But every non-null divisor in R has an inverse in R, so that 
Zfi Qfi/Qi IS also a solution and has Zi « 1. 
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only three independent Xag , whereas r = 4. This means that the coordinates 
of and z*® are rational functions of the coordinates of i < 6. 

a ^ 6, for if o = b then y'”, y^*\ are collinear. Hence we can solve the 
first five equations of 6.1 for Xn and Xu giving 

Xu = Xjt = Xj 8 = 0 , Xji = aiXu + 02X18 + atXu + 04X82 , 

*11 = ( — 1 — ai)xis + (—1 — 02 )xu + ( — 1 — Os)X 28 + ( — 1 — 04 )X 8 t 
where 

h — a’ b — b' eb — ab' (e — a')b 

a --0 a — 6 c(a — fe) ^(a — b) 

If now we set X\x — Xi , X\z — Xx , x%g — Xz ^ Xn ^ X 4 ^ and compute Vl we find 

(6.2) 1 /^® = [e{a - aO(b - bO(a' - 6'), (a “ cl'W - e){aV - a'6), 

(6 - b')(a' - e)(ab' ~ a'6)], 

and from the symmetry we obtain 2 ^® by substituting 2 , a', 6', a, 6 for y, a, 6, 
a', 6' in 6.2. 

6.3 Theorem. Given i < 6, and i < 5 there exists a unique point 
2 ^® for which y^^^ is any preassigned point (e, c, d) not on the conic or any of the 
lines determined by y^^\ i < 6. 

For proof it is sufficient to observe that the equations 

pti = (afi — efe)(6fi — etzjitx — k) 

(6.4) pti = (afi - etxXts - ti){atz - bh) 

ptz = (6fi — 6tz){t2 — h}{atz — btx) 

define an involutorial plane Cremona transformation. If now we set f' = 
and t = 6.4 reduces to 6.2, so that 6.2 has a unique solution for a', 6' in terms 

of c, a, by Cy d, (The excluded conic and lines include all of the principal curves 
of the transformation.) 

Theorem 6.3 enables us to give the complete solution of problems I and II 
in the general case. For we have at once the following theorems: 

6.5 Theorem. There exists a trilinear form with (p, g, r) = (3, 3, 4) for which 
vl is any preassignedy general set of six points in the y plane. 

6.6 Theorem. Two forms, F and F, for which Vl is general are equivalent if 
and only if Vl is projectively equivalent to Vl . 

The projective invariants of the six point plane manifold have been given 
by Coble in [7]. 

6.7 Corollary. Two non-equivalent general forms F and P are g-equivalent 
if and only if Vl is projectively equivalent to Vl . 

Hence, the g-class containing a form is identical with the class containing the 
form if and only. if Vl is projectively equivalent to Vl (not necessarily in the 



PROJECTIVE EQUIVALENCE OP TRILINEAR FORMS 


476 


order of congruence under T\). In general this is not the case, but if e, a, 6, c, d, 
satisfy certain syzygies it may happen. 

7. The non-general) non-degenerate linear cases. There are approximately 
a hundred different projective types of special zero dimensional manifolds of 
order 6. For instance, there may be six distinct points; all on a conic, three on 
a line, three on one line and the other three on a second line, five on two lines 
meeting at one of the points, the vertices of a triangle plus a point on each 
side, the vertices of a quadrilateral.^^ If two of the points coincide (become 
‘infinitely near^^) along some fixed direction, there are 11 types of ways in which 
the other four points can be placed relative to the first point and the given 
direction at it, etc. etc. We shall not consider each such case separately, but 
the following theorem enables one to determine when two such manifolds U 
and can serve as Vl and V\ for a trilinear form, thus giving the informa- 
tion needed to reduce problem II (for the forms of this section) to a matter of 
direct computation. 

7.1 Theorem. If U and [/' are two zero dimensional (non-nodal) manifolds 
of order 6 there exists a trilinear form (3, 3, 4) with Vl = U and V\ = C/' if and 
only if the following conditions are satisfied. 

a) the points and branches of U and f/' can be put into 1-1 correspondence in 
accordance with the requirements of theorem 4.3. 

b) the resulting relations considered as linear equations in the Xa^ shall have a 
matrix of rank 5. 

c) the vl thus defined is irreducible, and without a line of nodes. 

Proof: Necessity, a) is a consequence of theorem 4.3; b), there are just 
9 Xa 3 of which just 4 ( = r) are independent; c), if Vl were reducible it could not 
be the rational map of the y plane and so one of its factors would have to be the 
image of a one dimensional part of Pj or of a point of Vl , either possibility giving 
a degenerate case. If Vl has a line of nodes its plane sections are rational. 
Hence, the corresponding curves in Wy must be rational; and the case is either 
degenerate or nodal. 

SuflBciency. a) and b) are sufficient to define a form (3, 3, 4) with Vl including 
U and vl including U\ with the inclusion being equality unless the case is 
degenerate. Reference to §9 shows that Vl contains a line of nodes in the 
degenerate cases where it is irreducible. Hence c) implies that the case is non- 
degenerate (as well as non-nodal). 

This theorem is valid for the general case but is weaker than theorems 6.3 
and 6.5. The following extension of 6.6, which solves problem I for all non- 
degenerate, non-nodal cases, is an immediate consequence of 7.1. 

7.2 Theorem. Two non-degenerate, non-nodal forms F, P are equivalent if 
and only if Vl and Vl are projectively equivalent to Vl and Vl , respectively. 


If four of the points are on a line, the case is degenerate with the whole line belonging 
to vl. 
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The following two lemmas are useful in applications of 7.1. 

7.3 Lemma. If a line X cuts Vl 3 times in points whose images under Ti lie 
on a line X', then either the case is nodal; or Vl includes X, V\ includes X', and the 
V\ is reducible. (It is not necessary that X cut Fj in 3 distinct points.) 

7.4 Lemma. If Vl lies on a conic, then the case is degenerate. 

Both of the proofs follow upon direct application of 4.3 and will be omitted. 

7.1 and 7.3 enable us to prove the following theorem: 

7.6 Theorem. Not every quaternary cubic can be written as a three rowed deter- 
minant whose elements are linear forms.^^ 

More specifically and in the language of this paper the theorem is 

7.6 Theorem. Vl can be any quaternary cubic excepting one projectively 
equivalent to fix) = xl + xlxs + xlxi , characterized projectively by its unode of 
the third kind}^ 

Proof. The surface fix) = 0 contains just one line, /i. Suppose that Fj 
contains the two points Pi and P 2 both of which map into y. under Ti . Then 
each point of y has two images in the y plane and therefore all of y lies on Vl , 
i.e. /i is a line of nodes of Vl . But fix) has only one node. We have proved 
that if vl is fix) = 0 then Vl has just one point, P. P cannot be a node of Wy 
for then every plane section of Vl would be rational. 

Next suppose that P is not a point of inflexion for all members of the web, 
TFy . Then both P and the tangent at P to the curves of the web must map 
into y imder Tz , which would again require m to be a line of nodes. 

The only remaining possibility is that Vl be a single point at which the curves 
of the mapping web have a common inflexion tangent, X, and three further 
“infinitely near” intersections. Similarly, F® is a single point cut three times 
by a line X'. But now X and X' satisfy the hypotheses of 7.3, and so by 7.1 no 
determinantal representation of fix) can exist. To complete the proof we re- 
mark that representations for the other projective types can be readily 
constructed. 

We conclude this section with some applications of 7.1 which illustrate the 
general method of attack in the special, linear, non-degenerate cases. We ask 
if Wy can be a web of cubics with a common inflexion tangent at one point 
and with a triple intersection at a second point; and the same for W » . 

Choose y coordinates so that Wy has the inflexion point (1, 0, 0) with tangent 
yz = 0, and so that the second base point is (0, 0, 1) with common tangent 
yi = 0. Then the canonical polynomials will be P^^^ = (1, t, 0) and P^^^ = 
ia^, t, 1). Then choose z coordinates so that the canonical polynomials are 
= (1, n , brl) and Q® = (0, r, , 1). 

If Q® and were images under Ti , then by 7.3 the case would be degenerate. 
Hence, corresponds to Q^'\ i = 1, 2. We have two sets of equations Be , 

“ In [8] p. 176 Dickson has proved that every “sufficiently general” quaternary cubic 
can be written as a determinant, but he gives no counter example. Room ([3] p. 65) states, 
incorrectly, that any quaternary cubic is determinantal. 

w See [1] p. 61. . 
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each with o- = 3. If we can choose constants bi 9 ^ 0, 6 *; ci 5 ^ 0, c* so that n = 
bit + bit^ and t* = cyt + cjt* we will have met condition a) of 7.1. The equa- 
tions are; 


B 


(1) 

8 


B 


( 2 ) 

3 


(Xii = 0 

< ^21 + biXn = 0 
[61X22 + 62^1^12 + bbiXu = 0 
Xiz = 0 

X 28 4“ CiX82 = 0 

0X18 + C1X22 + C2X82 = 0. 


Necessary and sufficient conditions for the dependence of these equations are 
62 = C 2 = 0 , C 1616 = abi or Ci = a/bbi . This gives 


0 

Xu 

Xiz 


0 

Xi 

X2 

-biXii 

—bbiXu 

X 23 


-Xi 

— X2 

X 3 

Xti 

— (a/bbi)xit 

0 


Xi 

-X 3 

0 


Then T*:xiX 3 (x 2 + X 4 ) + X 2 X 4 = 0 is irreducible and has only three nodes so 
that condition c) of 7.1 is satisfied, and the existence of the form in question is 
proved. Incidentally, the canonical form obtained shows that there is but one 
class of forms having Vl and Vl of the above required type. 

We can show, further, that for this particular choice of Vl there can be only 
the one choice of Vl (to within projectivities). For by 7.1 Vl must have just 
two points, each of multiplicity three. By a purely geometric study of the 
surface Vl defined by Vl , it can be shown that there are just two possible kinds 
of mapping webs having two base points each of multiplicity 3. One of these 
is vl and the other has a base lying on a conic and so is excluded by 7.4. 

However, it is not always necessary that Vl and Vl be of the same projective 
type. For consider the form represented by 



0 

Xi2 

XiZ 


X 12 

^13 4” (IX\2 

Xzi 


Xzi 

XZ2 

0 


vl has canonical polynomials = ( 1 , tj — = ( 0 , tj 1 ) and Vl has 
= ( 1 , n , r? ~ ar?), = (r 2 , 0 , 1 ) where n = -< + at" - aV, rj = -t 

The members of Wy have a common inflexion tangent whereas those of Wg 
do not. We note that for a form P to have both Vl and V] projectively equiva- 
lent either to Vl or to V] would contradict 7.3. 

8. The nodal non-degenerate cases. A linear system of curves has no variable 
multiple point.^* Hence, for every member of Wy to be of genus zero there must 


Bertini's theorem. [4] p. 26. 
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be a fixed double point (cusp). This double point counts four times as a member 
of Vl but it is only three (linear) conditions on a cubic to have a fixed double 
point. For a cubic to contain the remaining two points (or branches) of V\ is at 
most two further linear conditions. Hence, there is a 10 — 5 = 5 parameter 
family of cubics on V\ of which Wy is some 4 parameter subfamily. 

We see readily that there are just five projective types of nodal cases: 

Ni : node plus two outside points. 

Ni : node with one fixed tangent plus an outside point. 

Nz : node with both tangents fixed. 

Ni : node with one tangent and a further fixed direction along that branch. 

Nz : cusp (the tangent must then be fixed). 

Let i and u be indeterminants over K and set R = Kiu)[t] mod 

8.1 Theorem. If P and P' are images under Ti , then P is a node of Wy if 
and only if there exist 'polynomials linear in t and in u such that 

(8.2) F{tj XafiDPaPfiXafi = 0 mod t^ identically in u; 

t 

furthermore, if P is a node in Wy , then P' is a node in Wt . 

Proof: Wc suppose y and z coordinates so chosen that P = (1, 0, 0) and 
P' = (1, 0, 0). If P is a node of Wy , then any line pyi = 1 = Pi , p 2/2 == < = P 2 , 
f>yz = ut — Pz , through P must meet the curves of Wy twice at P. Or stated 
analytically, if Wy is G(X, y) = hsfziy) then G{\ Pa) ^ 0 mod t^ identically in u. 

Now since |1 ysh{Pa) 1| is of rank 2 (in P), we proceed as in the proof of theorem 
4.3 to obtain solutions = P^(0 of the equations 8.2 such that Pi = 1, P 2 = 
tfziu), Pz = tfz{u) where the//? are rational functions of u with coeflScients in K, 
A short argument (which we omit) shows that the form is degenerate unless fz 
and fz are linearly independent first degree polynomials in u, say fp{u) = c^u + 
= 1, 2. The polynomials P, P' satisfy the conditions of the theorem. 
Further, since pz^ ^ P^ is by suitable choice of u, any line through P', 8.2 is 
symmetric in y and z so that P' is a node of W. This completes the proof of 
the necessity of 8.2. The sufficiency is obvious. 

The cases Ni , • • • , Ni are sufficiently alike to justify our treating only one, 
Ni , in detail and merely listing a representative of each class in the other cases. 
Suppose then that Fj consists of the points (1, 0, 0), (0, 1, 0), (0, 0, 1) of which 
the first is a node and let Ti map these points into z = (1, 0, 0), (0, 1, 0), (0, 0, 1) 
respectively. Now apply 8.2 and 4.3. We obtain 




0 

3/12 

Xvz 

( 8 . 4 ) 


dzXiz "b dsXiz 

0 

Xn 



CtXn + CzXiz 

X» 

0 


Let Xiz ^ Xi, Xiz = Xz,X2z — XifXn — X4. Then Vl is 


XiXz{CiXi + CzXz) + x^ifdzXz + d^^ = 0 . 
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Vl contains a line, In , of nodes, with the equations X 2 ^ Xs ^ 0. The members 
of the pencil of planes X 2 = axz cut Vl twice in In and in a further line 

la I Xia{aC2 + Ci) + Xiiadf + da) =0, X2 = 0X3 . 

In and la meet at ( — 0:^2 — da , 0, 0, aC 2 + aca). The point (xi , 0, 0, X 4 ) is on 
two distinct lines, la , la ^ , unless the roots a, a of 

Xi(a^C2 + olCz) + X4(ad2 + da) = 0 

coincide. This happens if 

(8.5) (caXi + d2Xif — 4 x 1 X 4 daCa = 0. 

The discriminant of 8.5 is 


IGcada 


02 Cz 
da da 


which is zero only if the case is degenerate. Hence, 8.5 defines two distinct 
points, Qi and Qa , on in . The points Ri = (1, 0, 0, 0) and Ri * (0, 0, 0, 1) 
are the only points of Vl . 

8.6 Theorem. Two forms F and F belonging to case Ni are g^quivalent if 
and only if the unordered pair of points Qi , Qa otTe projectively equivalent to the 
unordered pair Qi , ^2 under a projectivity which sends Vl into Vl . 

Proof: The ‘‘only if^^ is obvious since the points Q and R are defined purely 
in terms of Vl and Vl . The “iP^ follows by normalization of 8.4 to a form 
containing a single parameter and then computation of the cross ratio of the 
four points in terms of this parameter. Subcases may arise in which one or 
both of the Q's may lie on Vl . 

N 2 gives the single class represented by 


0 

Xi 

X2 

Xi 

Xo 

Xz 

Xi + Xi 

X4 

0 


Nz gives the single class represented b}'' 


0 

Xl 

J 2 

Xi 

X2 

Xz 

X2 

Xa 

Xl 


Ni gives a family of ^-classes with parameter a 7^ 0, — 1 




0 

Xl 

X 2 

Xl 

X2 

Xz 

X 2 

axz 

Xa 


Two forms F, F' in case Na are g-equivahnt if and only a + 1/a = a' + 1/a'. 

The argument for the cusp case is only slightly different. Necessary and 
sufficient conditions for Wy to be cuspidal can be written in the form of 4.3 and 
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8.2 utilizing Puiseux expansions. There is just one class under Nt, repre- 
sented by 

0 Xi Xi 

lla:«flll = -xi Xi Xi 

—Xi —Xi Xi 

In every nodal case the principal manifold contains a line of nodes, and it is 
also a cone in cases Nz and JVs . 

9. The degenerate cases. Consideration of the manifolds Vl yV\ ,Vl yVl , 
y\, ylj and the relations between them defined by the transformations Ti , 

, Tz is sufficient to distinguish between the classes of degenerate forms in 
all save one set of classes, whose members are identical save for different values 
of a parameter and the distinctness of these classes follows from [14], p. 687; 
case 4. 

The classes are first divided into sets of classes according to the nature of V]f 
and V\ . Then among the classes possessing equivalent Vl and equivalent V\ 
we make a second subdivision according to Vl or Vl or both, and if this is still 
not sufficient to complete the classification w^e consider Vl and V\ . In the 
appendix is a table which contains the matrix 1 1 1 1 for a representative of each 

degenerate class (3, 3, 4) and sufficient information to distinguish between the 
different classes. The proof of the completeness of the table is a normalization 
process along the lines of the similar proofs in [13] and [14] (i.e. successive dis- 
carding of forms equivalent to one retained). Because of its similarity to those 
and its length we shall omit the completeness proof. 

We note that the terminology ‘‘degenerate cases^^ is justified in that Vl is a 
reducible cubic in all of the degenerate classes except g\\ and gl2 in which it 
is a ruled cubic with a nodal line. Furthermore, it is also true that no manifolds 
can be V\ for both a degenerate and a linear non-degenerate class, so that it 
would have been possible to have defined “degenerate class” in terms of V\ 
alone, proper account being taken of classes g\\ and g\2. 

As a partial summary of the results listed in the table of classes we give the 
following theorem which solves problem I for the degenerate cases. 

9.1 1"heorem. a necessary and sufficient condition for the equivalence of two 
degenerate trilinear forms F and P with (p, q, r) = (3, 3, 4) is that V] and F? 
be simultaneously projectively equivalent to V] and F? for t ^ Xy y, z in turny 
except in the following cases: 

a) IfVly Vly V\ consist of 2, 1, 1 points respectivelyy Vl of three independent 
planesy and Tz , Tz map FJ , V\ into vi , ttz respectively^^ and the same for Py then 
F ^ P if and only if i) n = wz and tti == #2 or ii) tti 5 ^ irz and fi 9 ^ itz • 

b) If vly vly V\ consist of 1, 0, 0 points respectively and Fj is a line; and the 
same for Py then F P if and only if a A- 1/a = d + 1/d where a, d are the 
parameters of F and P in the canonical form given for the classes gi2 in the table. 

Ti , Ti being planes of Vl . 
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Of the 53 degenerate cases (the infinite family of flf-classes discussed in 9.1b 
are counted as one case, (/i 2 , but each other case includes only a single g-class) 
consideration of Fj , F1 , F* , and Vl is sufficient to Isolate 37 and to divide the 
remaining 16 into 8 pairs. In four of these pairs: ei8, eS] eSy eS; ^i 6 , eS;fi 2 j 72 
the distinctness is a consequence of different projective situations of Vl on F* . 
The distinction between 636 and eS is given in 9.1a. In the remaining three 
pairs ;/ 32 ,/ 42 ;/ 2 l;/ 3 l; gz2 consideration of Vl and V\ is sufficient, and these 
are the only degenerate cases which require consideration of Fj and V\ . 

10. Trilinear forms with 3^p<q^ror3<p = q^r. Although not 
formulated in the language of trilinear forms the work of Room^^ on the freedom 
of a projectively generated (determinantal) manifold can be rephrased to give 
the following theorems: 

10.1 Theorem. In general, two forms F and G with 3 ^ p < q ^ r are pro- 
jectively equivalent if and only if their principal manifolds are projectively 
equivalent 

10.2 Theorem. In generaly two forms F and G with 3 < p = q ^ r are 
g-equivalent if and only if their principal manifolds are projectively equivalent 

In a sense 10.1 and 10.2 solve problem I for all cases (p, g, r) not treated in 
[14] and the earlier sections of this paper. However, the qualifying ‘^in generaF^ 
leaves much to be desired and requires some clarification. 

There are at least two current interpretations of ‘‘in general.^^ The modem 
algebraist means by “generaf^ that the coefficients are independent indeter- 
minants over the base field. The traditional algebraic geometer means by 
“general ^ that the coefficients are given elements of the base field but are not 
in any special relation to each other. In this discussion we shall denote the 
first interpretation by “generic'^ and the second by “non-special.^' The above 
theorems refer to the second interpretation. 

Two completely generic trilinear forms with the same p, g, r are Isomorphic 
but the concept of projective equivalence is meaningless (unless the indeter- 
minants of the two forms are related). On the other hand, projective equiva- 
lence always has meaning for non-special forms, but the concept non-special 
is rather vague and can be made definite for objects of a given category only 
after the relevant properties of these objects are known. 

We can illustrate this by discussing several possible definitions of non-special 
forms (3, 3, 4). We consider first 

10.3 Definition. A form F(3, 3, 4) is said to be non-special if 

a) FJ is empty. 

b) vl consists of 6 distinct points not on a conic and no 3 on a line. 

c) vl is not projectively equivalent to Vl . 

With this definition of non-special the following theorem (cf. theorem 6 . 6 ) is 
valid. 


[3] Chapter VII, especially p. 124, or [10]. 
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10.4 Theorem. In generalj F ^ P if and only if Vl , Vl are projectively 
equivalent to ^ respectively. 

However, 10.4 remains true (cf. 7.2) with a much weaker definition of ‘‘in 
general.'^ We may delete 10.3c and replace 10.3b by 
f 10.3b') vl is zero dimensional of order 6 and Wy is non-nodal. 

But this modified definition could hardly have been made without the complete 
solutions of problems I and II for forms (3, 3, 4) at hand. 

The “only if’^ of 10.4 is valid for any definition of “in general.’' The “if” 
follows for any non-degenerate case in which Fj defines a unique TFy . This is 
the real reason for distinguishing between the non-nodal and nodal cases. 

The situation for (3, 3, 4) suggests that the non-special need not be of the 
strongest possible type and leads to the question: Just how special can a trilinear 
form (p, g, r) be and still be non-special with respect to theorems 10.1 or 10.2? 
It is certain that the concept “non-special” must include some generalization 
of the concepts “non-degenerate” and “nodal,” and it is possible that no further 
requirements need be made. 

Theorems 10.1 and 10.2 give no clue to the solution of p^oblem II. For 
forms with p = g, Room*® has a theorem which gives necessary and sufficient 
conditions that a hypersurface can be a principal manifold, but these conditions 
being inductive in nature are not completely satisfactory from our point of view. 
However, in any systematic attempt at solving problem II one would do well 
to take account of the numerous examples and theorems contained in Room’s 
work. 

Appendix. The cases in the table of p-classes are labeled first with a small 
letter describing Vl and V\ and then a number giving the projective nature 
of vl . When there are several cases with the same letter and number, sub- 
scripts are attached to the letter. The capital letters after the comma describe 
vl and are not a part of the label. The key to the letters and numbers used 
follows: 

Vl and V\ are 

a both lines 

6 one a line and one a point 
c both points 

d one two points and one a single point 
e both a single point 
/ one a single point and one empty 
g both empty 

Vl\s 

1 quadric and plane meeting in a conic 

2 quadric and plane meeting in two lines 

3 cone and plane meeting in a conic 

4 cone and plane meeting in two distinct lines 

5 cone and plane meeting in a single line 


« [31 p. 65. 
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6 three independent planes 

7 three coaxial planes 

8 two planes one double 

9 triple plane 

10 whole space 

11 ruled cubic with nodal line of first kind‘® 

12 ruled cubic with nodal line of second kind’^ 
In the description of Vl 

P single point 
Pt i points, t > 1 
L one line 

L 2 two intersecting lines 
L 2 two skevr lines 
C conic 
Q plane 
E empty 

(In combinations such as LPi read “line plus i points/^ 

TABLE OF DEGENERATE ^^-CLASSES 
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« See [1], p. 61. 
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HOMOMORPHISM OF GROUPS 


By J. H. M. Weddbrburn 
(Received October 18, 1940) 

As usually given homomorphism between groups is a many-one relation but 
it will be shown below that the treatment of the many-many relation is just as 
simple and in some respects clearer because of the symmetry. 

Let G and H be two groups each divided into mutually exclusive sets 

G = (?i + (?2+ ••• = H = + 

Gp /-\ Gq == 0 , Hp ^ Hq = 0 {p ^ Q) 

where the notation is not to be taken to mean that the' sets are denumerable; 
the elements of a set Gp will be denoted by grp , e/p , • • • . Then G is said to be 
homomorphic to Hj G //, if 

( 1 ) QpQq ~ Or Hptlq ^ Hr • 

If , then HpHq g //, ; but Hr ^ Ha — 0 \i r $] hence r == s, that 

is, (1) implies 

(2) GpGq g Gr . 

Again, if hah == h , let goQh = Qd ; then HaHb ^ Hd . But HaHb ^ he < He ; 
therefore He ^ Hd ^ 0 so that d = c and, since gn < Gd no matter what elements 
ga and gb are in Ga and Gb , we have 

hahb ” he — ^ GaGb Ge 


that is, the relation of homomorphism is reflexive. 

Suppose now that the identity gi is in Gi ; then 

QiQp ^ Op — OpOi ^ GiGp = Gp GpGi 

for all Pf and therefore 

(3) IIiHp ^ Hp , HpHi ^ Up, 

If the identity of H lies in Fla , it follows similarly that 

HaHp =- Hp=^ HpHa 

and in particular 

HaHi = Hi ^ HiHa . 

But from (3) HaHi ^ Ha and hence a = 1, so that the identity of H lies in Hi . 
Since G is a group, any g[ has an inverse, say gp , such that 

OiOp = ffi = • 
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Hence GiGp ^ Gi : but G\Gp = Gp and hence Gp = Gi , that is, Gi is a group. 
Since the relation is reflexive, Hi is also a group. Let gp be any element of Gp 
{p 9^ 1) and let = gq < Gq ; then GpGq ^ Gi ^ gi and therefore from (2) 
GpGq ^ Gi . But GpQq ^ GpGq so that GpQq ^ Gi . But Gj^q ^ GpGq so that 
G^q ^ Gi ; hence 

Gp = GpQqgp ^ G\gp ^ Gp 

so that 


( 4 ) Gp = Gigp 

for every element gp in Gp . Similarly Hp = Hihp and Gp = gpGi , lip = hpHi , 
so that Gi and Hi arc invariant in G and //. The final result can now be stated. 

Theorem. If G ^ Hj then also H G. If Gi contains the identity of G, then 
Hi Gi contains the identity of H. Further Gi and Hi are invariant subgroups 
of G and H, respectively j and G/Gi H /Hi . 

Let Gi be a subgroup of G minimal with respect to the property that there is 
a homomorphism with H given by G/Gi H/Hi ; and let G^ be a second such 
subgroup. If we set 

G =11 Gm = E Gtg’i , H =11 Hihi = H 
then gi ^ hi in the first homomorphism, and gl ^ h[ in the second. Let 
B = G^^Gt, Gi = HByi, Gi = H By'i 

C = Hi ^ Hi, Hi = llCrii, Hi = H Cn'i ; 

then GiGt = E 

G = E GiGtyic = E 
H =11 HiHiv" = E Cniv'iv" 

which gives a homomorphism between G and H by means of B and C, But 
B is a subgroup of Gi which is minimal and hence B = Gi and so G 2 = Gi . The 
minimal subgroup Gi is therefore unique. 


Princeton, New Jersey. 



AincAi4i OF HATBnunai 
VoL 42, No. 2. April, IMl 


AN ANALOGUE TO MINKOWSKI’S GEOMETRY OF NUMBERS IN A 

FIELD OF SERIES 

Bt Kubt Mahlbr 
(Received November 16, 1939) 

Minkowski, in his “Geometrie der Zahlen^' (Leipzig 1910), studied properties 
of a convex body in a space Rn of n dimensions with respect to the set of all 
lattice points. Let F{X) = F{x\ , • • • , Xn) be a distance function, i.e. a func- 
tion satisf 5 dng the conditions 

F(0) = 0, F(X) > 0 if Z 0; 

F{tX) = 1^1 F{X) for all real t) 

F(X - Y) ^ F(X) + F(Y), 

The inequality F(X) g 1 defines a convex body in Rn which has its centre at 
the origin X = 0. Suppose that this body has the volume V. The well known 
result of Minkowski asserts that if V ^ 2”, then the body contains at least one 
{and so at least two) lattice points different from 0. This theorem is contained 
in the following deeper result of Minkowski (G.d.Z. §§50-53): ^^There are n 
independent lattice points • • • , Z^'^^ in Rn with the following properties: 

(1) F{X^^^) = is the minimum of F{X) in all lattice points Z 0, and for 
A ^ 2, F(Z^*^) = <7^*^ is the minimum of F{X) in all lattice points X which are 
independent of Z^*\ • • • , (2) The determinant D of the points X^^\ 

• • • , Z^”^ satisfies the inequalities 

1 i |D I ^ n!. 

(3) The numbers depend only on F{X) and not on the special choice of the 
lattice points Z^*^ and they satisfy the inequalities 

0 < <r"' ^ s . . . g g :£ 2".” 

ni 

(A new simple proof for the last part of this theorem was given by H. Davenport, 
Quart. Joum. Math. (Oxford Ser.), Vol. 10 (1939), 119-121). 

From Minkowski's theorem, properties of general classes of convex bodies 
can be obtained. For instance, there is s: convex body (r(F) ^ 1 polar to F{X) ^ 
1, and to this body correspond by the theorem n minima • • • , 

I have proved (Casopis 68 (1939), 93-102), that these minima are related to the 
by the inequalities 

1 ^ g {n\Y (/i = 1, 2, . . . , n). 
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From this result, applications to inhomogeneous Diophantine inequalities can 
be made, and in particular, generalizations of Kronecker^s theorem can be 
obtained. 

The present paper does not deal with ordinary convex bodies in a real space. 
The w-dimensional space Pn with which we shall be concerned has its coordinates 
in a field ® with a non-Archimedean valuation \x\; sl distance function is any 
function satisfying 

F(0) = 0, F{X) > 0 if X 51 ^ 0, 

F(tX) = \t\ F(X) for all t in 
F{X - Y) ^ max (F(X), F{Y)). 

The inequality F(X) ^ r then defines the convex body C'(r), if r > 0. We 
show that every convex body is bounded, and that it has properties similar to 
a parallelepiped in real space. 

In particular, let be the field of all Laurent series 

X = a/s/ + ^ ^ • 

with coefficients in an arbitrary field f; the valuation | x | is defined as | 0 | =0, 
and I a; I = if a/ 0. Further let An be the modul of all points in Pn , the 
coordinates of which are polynomials in z with coefficients in f; these points we 
call lattice points. We consider only distance functions F{X) which for all 
X 0 in Pn are always as integral power of c. We shall define a certain posi- 
tive constant V as the volume of C(l); this constant is invariant under all linear 
transformations of Pn with determinant 1, and th(^ volume of C(l) and that of 
its polar reciprocal body C'(l) have the product 1. In analogy to Minkowski's 
theorem, the following theorem holds: There are n independent lattice points 
X^^\ • • • , in Pn mth the following properties: 1) F{X^^^) is the minimum of 
F{X) in all lattice points X 0, and for fc ^ 2, F{X^^^) is the minimum of F{X) 
in all lattice points X which are independent of X^^\ • • • , 2) The deter- 

minant of the points X^^\ • • • , X^”^ is 1. 3) The numbers F{X^^^) = which 
depend only on F{X) and not on the special choice of the lattice points X, satisfy 
the formulae 


Further, we have similar minima • • • , for the distance function (?(F) 
which defines the polar body C'(l) ; these are related with the <t's by the equations 


<7 T — 


(fe — 1, 2, • • • , n). 


These two results can be used to study special Diophantine problems in Pn ; 
a few of them are considered as examples. All the proofs in this paper are 
based on the methods of Minkowski, and in one final paragraph I make use of 
ideas of C. L. Siegel. 
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I. Convex Domains in Non-Archimedean Spaces 
1. Notation. In this chapter, we denote by 
an arbitrary field, 

\x\ a non-Archimedean valuation of the elemente x of 
^ the perfect extension of 9i with respect to this valuation, 

Pn the n-dimensional space of all points or vectors 

X = {X\ , * f Xn), 

where the coordinates Xi , • • • , Xn lie in Si, 

\ X \ the length of the vector X, viz. 

I X I = max (I Xi I, . . . , I Xn I). 

We apply the usual notation for vectors in Pn ; thus if 

X = (xi, ••• ,Xn) and Y == {yi , • • • , yn), 

and a belongs to S, then we write 

X + Y == ixi + yi, ,Xn + yn), 

aX = (axi, •••, oxn), 

XY^tlxHyk. 

A-l 

For instance, the length | X | of X has the properties: 

(1) 1 ^ I ^ 0, with equality if and only if Z = (0, • • • , 0) = 0; 

(2) I aZ I = 1 o II Z 1, if o is any element of 

(3) IZ + ri'-^maxdZI, 171); 

(4) izr|g|z|iyi. 

If ^ is any sub-ring of and Z”’, • • • , Z'"^^ are vectors in P* , then these 
are called 3>dependent, or ©-independent, according as there exist, or do not 
exist elements Oi , • • • , a, of © not all zero, such that 

OiZ"’ + . . . + = 0. 

A set of vectors of P„ is called a ©-modul, if with Z and Y it also contains 
oZ -f- bY, where a and b are arbitrary elements of ©; the modul has the dimen- 

^ This means that the function | x | satisfies the conditions: 

1 0 1 «» 0, but 1 x 1 > 0 for a? 0, 

I *v I - I * II y I. 

I » =F y I ^ max (I z |, | y |). 
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sion m, if there are m, but not m + 1, ©-independent elements in it. The di- 
mension of a ^-modul is at most n, while that of any other class of moduli need 
not be finite. 

2. The distance function F{X). A function F{X) of the variable point X 
in P„ is called a general distance function, if it has the properties: 

(A) : F{X) ^ 0; 

(B) : F{aX) = 1 o | F{X) for all a in hence F{0) = 0; 

(C) : Fix +Y) ^ max (f(A), F(Y)); 

it is called a special distance funetion or simply a distance function, if instead 
of (A) it satisfies the stronger condition 

(A'): f(X) > 0 for X 5^ 0. 

If T is a positive number, then the set C(t) of all points X with 

F(X) g r 

is called a convex setf if F(X) is a special distance function, then it is called a 
convex body. It is clear from the definition of F{X) that a convex set Cir) 
contains the origin 0, and that with X and T also aX + bY belong to it, if a 
and b are elements of such that la| ^ ^ 1- Further, if 

= (1, 0, . . . , 0), = (0, 1, ... ,0), ... .x'"' = (0,0, ... , 1) 

are the n unit vectors of the coordinate system, then 

X = + ■•■ + i.c. FiX) ^ max (| xh \ FiE^^)), 

and therefore 

(5) FiX) g r I X 1, 
where T is the positive constant 

r = max (F(£‘*’)). 

C(t) contains therefore all points of the cube 

We prove now that for special distance functions there is a second positive conr 
stant 7, siLch that for all points in Pn 

(6) TO^rlXl. 

* We consider only convex sets and bodies as defined; they are obviously symmetrical 
with respect to the origin. 
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Proof: We assume that (6) is not true and show that this leads to a con- 
tradiction. 

By hypothesis, there is an infinite sequence iS of points 

= (xr\ • • . , xf ) 9^0 (A = 1, 2, 3, . . .), 

such that 


Since 


lim 

^“♦oo 


F(X^>) 

|XW| 


= 0 . 


FiaX) _ Fix) 

\aX\ |Z| 

for all a 0 in we may assume that for the elements of S 

limW‘*>)=0, = 

A-^oo 


BO that in particular the n real sequences 

1 X*” 1, 1 xf’ I, 1 xi*’ 1, . • . (A = 1, 2, , n) 

are bounded. 

Hence we can replace S by an infinite sub-sequence which we again call S: 
X^’‘\ . . . , such that the n real limits 

(7) ojfc = lim 1 a:f ’ I (A = 1, 2, ... , n) 

A-*co 

exist and satisfy the equation 


max a* = 1. 

A-l,2,'*sn 


We call S a sequence of rank m, if exactly m of the limits ai , 02 , • • • , an do not 
vanish; without loss of generality, these are the m first limits ai , 02 , • • • , Un . 
Obviously 1 ^ m g n. 

If the rank m = 1, then for large h 



say, where 


lim IX***’! = 0. 


Hence by (6) 

^ max (F(X‘*'), T 1 X*^^ j), 
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and therefore for h—* <*> 

0 g ^ 0, i.e. = 0, 

which is not true. 

Hence the rank m ^ 2. Put 

vit) vUi) 

A - vST :;7*) - w 

Then from (7) for large g, h 

^ max ^ max 

N I ^tn I I ^rn { ^ 

and therefore 

Jim = 0. 


0-»OO 

fc-*oo 


Two cases are now possible: 
a: The limit 


lim I I = Um max (| 1, . . . , | |) 

jr-^ao fl^-♦oo 

h-*fO fc-*oo 

exists and is zero. Hence the n limits in |[) 

( 8 ) 

all exist, and in particular 


-(A) 

Xm 


{k = 1, 2, . . . , n) 


Xm = lim 1 = 1, 

^—*00 


so that 


A'* = (xf , . . . , x!) 0. 

By the continuity of F{X),^ 

F(A*) = lim F (^) = J- lim F(A‘*’) = 0, 
»-• \x„/ Omh-^-o 


which is not true, 
b: The limit 


lim lA^*'*’! 


g—» 

A-»oo 


• If € > Ois given, then there is a 5 > 0, such that | F(X) - F{Y) 1 < efor 1 X - F 1 < «, 
as follows easily from the properties (J5), (C), and (6). 
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either does not exist, or exists and is different from zero. That implies that at 
least one of the limits (8) does not exist. Now obviously 

lim I a:**’*’ | = 0 (A = m, to + 1, • • • , »), 

A-*oo 


since for large g, h 


_ 4 ^^ 


^ — max (1 4®’ 1, 1 xi" 1) 


(A = TO + 1, • • • , n). 

Hence the index /i of this non-existing limit (8) is g to — 1. For this index, 


Urn 4‘''*> 

g^eo 

h-*co 

either does not exist or exists and is different from zero. Hence there is an 
infinite one-dimensional sub-sequence 

(9) X^'*-**’ (i = 1, 2, 3, . . .) 

of the double sequence such that for all i 

where c is a positive constant. Further obviously 

lim = 0, 

<-♦00 

lim 1 4®”**’ 1=0 (A = TO, TO -f 1, • • . , n). 


and all TO — 1 first coordinates 




are bounded for t — > « , 

Let , for every i, be the coordinate 




(A = 1, 2, • • • , TO — 1) 


(A = 1, 2, • • • , TO — 1) 


of maximum value 1 4®’’**^ I; hence 


S c, since | {«• 1 ^ | x^'*’**’ 


Then there is an infinite subsequence 
of the sequence (9), such that, if 


(i= 1,2,3, ...) 


X'^i) ^ ^ ^ 2, 3, • • •), 
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then all n limits 

lim 1 x'k*^ \ = al (A: = 1, 2, . • • , n) 

J -*00 

exist and satisfy the equations 

max (ctl ) • • • j ^n) Ufn ~ ®m4-l = • • • = dn ~ 0, 

and 

0 ^ lim g - lim FCX*"*. **,') = 0, i.e. lim = 0, 

/-♦oo C J-*00 ;-»00 

Therefore the new sequence S' 

v/^^) Vf(^) Vf(^) 

-A ,A ,A )••• 

has the same properties as /S, but is of lower rank. Hence by induction with 
respect to the rank, a contradiction follows also in this case. — 

By the inequality (6), all points of the convex body C(t) lie in the finite cube 

a convex body is therefore bounded. Conversely, if a convex set is bounded, 
then it is a convex body. For if its distance function F{X) is not special, then 
there is at least one point 0, such that F{X^^^) = 0; hence all points of 

the straight line passing through X^^^ and the origin 0 belong to the set. 

3. The character of a convex body. Let C(r) be a convex body, F(X) its 
distance function. If X' 0 is an arbitrary vector, then the point X = aX', 
where a is an element of lies in C(r) provided that [ a | is either sufficiently 
small and positive, or 0. Hence for every index A = 1, 2, • • • , n, the set Sh 
of all points 

X = (xi , • • • , a:„) with Xi = • • • = Xh-i = 0, Xh 7 ^ 0 
of C{t) is not empty and contains an infinity of elements. By (6), 


for the points of Sh . Therefore | Xh 1 has a positive upper bound ^h in this set, 
and to every € > 0 there is a point 

xi*' = (x{« ... 

for which 

^ T, x{l^ = . . . = » 0, < ! xi" 1 g t», 
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whereas there is no point X for which 

F(X) ^ T, xi = • . • = x/k_, = 0, I X* 1 > {a . 

The system of the n points 

f * * * f 

corresponding to e is obviously ^-independent, and any point X of Pn can be 
written as 

where the w’s belong to ^ and are given explicitly by 

n 

Wjk* = £ «**•** ih= 1, 2, . . . , n) 

Jfc—1 

with a matrix 

(othlst)h,k^l,i,‘ • • ,n 

of non-vanishing determinant and elements depending on e, but not on X. 
We distinguish now whether the valuation | x | of is discrete or not. 

If I X I is discrete, then there is a constant 6 > 1, such that for all x 0 in .K * 

I X I = fc' 

^ If I ^ I is discreet, then F{X) has a similar property: The set » of its values for X in 
P« has no point of accumulation except 0. This is clear forn » 1, for then all vectors are 
multiple of the unit vector (1). Suppose that the statement has already been proved for 
all spaces of n — 1 dimensions, but that it is not true in Pn . There is therefore an infinite 
sequence 2 of points 

(k - 1,2,3, ...) 

in Pn , such that all numbers 

f (X<«), F(X<*)), F(XW), • • • 

are different from each other, and that the limit 

lim F(X<*)) - X 

ib-*co 

exists and is positive. Write 

X(*) - + XW* (jfc - 1, 2, 3, •••) 

where 

- (0, , xi*>) (k - 1, 2, 3, ..•) 

lies in the (n — l)-dimensional subspace Pn-i: xt » 0, of Pn . By (6), | | is bounded in 

2; hence, we may assume that 

lim 1 *(*> I - 
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with a rational integer g depending on In this case the set of values | j 
satisfies the equations 

I 1 = 0* (A = 1, 2, . . . , n) 

for all sufficiently small t. We assume that e is sufficiently small and omit the 
index €. Put 

= r max (| 1, • • • , 1 Wn 1) = r max (I 2 <^hkXk |Y 

M*-! 1/ 

Then obviously 

F{X) ^ r, if ^r{X) g r. 

Conversely let X be any point in C(t). Then 

1 1 ^ 

and therefore 


since, if necessary, we can replace S by an infinite subsequence. If m =* 0, then for all 
sufficiently large k 

so that the sequence • • • has the same properties as S, contrary to the 

hypothesis on . 

Hence if 


— — « then lim | | =■ 1, 

jk-»oo 


SO that for all sufficiently large k 

Obviously 


I = 1. 


lies in Pn>i , and for all large k 

F(X<«) - F(q<*>X^«) 5^ 

Hence 

F(X*<«) - max (P(X<«), P(X(*+«)). 


Therefore the sequence of positive numbers 

P(X*<«), F(X^<*>), F(X*W), ••• 

contains an infinity of different elements and has the limit X, so that again a contradiction 
is obtained. 
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Hence, if 

X' = X-«iX‘“ = (0,X2, 

then 

F(X') g max (F(X), \ m \ FiX^'^)) ^ r, 
and so X' also belongs to C(r). Therefore 

U 2 1 ^ $2 , 

SO that 



i “ ^ 

Continuing in this way, we obtain all inequalities 

1 Wi 1 ^ !,•••, 

1 Wn j ^ 1 , 

i.e. we have proved 


^r(X) ^t, if 

F{X) ^ T. 

The domain defined by 


- ^t(X) = max ( 

T VI 

VII 

1 


is called a parallelepiped; our result may therefore be expressed in the form: 
If the valuation | a: | discrete , than every convex body (7(r) is a parallelepiped. 

As we have proved, the two domains 

F{X) ^ T and 4>.(X) g 7 

are identical. In general, this does not imply the identity*" 

F{X) = MX) 

for all X, and the function ^t(X) depends on r. Suppose, however, that the 
set of values of i^(X) is the same as that of the values of j x |, and that r is also 
an element of this set.® Then 

MX) = ^(X) 

becomes independent of r, and for all X in Pn identically 

(10) F(X)=$(X), 

as follows easily from the property (B) of the distance functions. — 

• E.g., if is the p-adic field (p ^ 3), n » 2, and 

F(X) « max (\xi\,,2\x, U) . 

* It sufilces to assume that ^’(X) does not assume every positive value, and that the 
equation F{X) » V has no solution. 
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Next assume that tlw valuation | a: | is not discrete, so that its values lie every- 
where dense on the positive real axis. Now the n vectors 

X (l) y(2) 

will depend on 6, and so does the function 

= r max (| uh^ |) = r max 

Evidently 

(11) PiX) g r, if g r. 

Conversely, suppose* F{X) ^ r. Then 



and therefore 

Hence, if 
then 




|a:i| 




x[ = X - = (0, X2,, , Xu,), 


Fix:) g max (FiX), \ uu | F(X<'>)) < (1 + e)r. 

Tliere is a number a, in such that 

Fix'.) ^ |«.|t g (1 + €)t, i.e. FiaT'X',) g r. 

Hence 

I Ot* I ^ , I a^2€ I ^ (1 + c)f2 , 

and therefore 

I ^2« I 

SO that, if 

X': = x:- a 2 .xr’ = X - > = (0, 0, Xu,..., x'L), 

then 

FiX'i) ^ max iFiX',), \ \ F(Xf>)) < (1 + ifr. 

Continuing in the same way, we obtain the n inequalities 


Uh, I < (1 + e)* 


(A = 1, 2, , n), 


hence 


(12) ^r.iX) < (1 + *)V, if FiX) g r. 

From (11) and (12), since e > 0 is arbitrarily small: 
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If the valuation | x | is everywhere dense on the positive axis, then the convex 
body dr) am be approximated arbitrarily near both from the inside and outside 
by means of parallelepipeds. 

Take now, say r — \ and put 

i,(X) = = max { 2a«;,a;*|Y 

\| ib-il 1/ 

To every point X, there are two elements a and of such that 

*,(X) g 1 a I g (1 + e)<f.(X) and F(X) g | ^ | ^ (1 + e)F(X). 
Hence from (11) 

^ 1, ^’0) g 1, TO ^ 1 « 1 g (1 + MX), 

and from (12) 

^(f ) - (f ) - ^ (1 + «)” 1 /3 1 ^ (1 + «)”"■* ^’(X), 

and therefore uniformly in X 

(13) (1 + «)-<’‘+“f>.(X) g F(X) g (1 + e)<i>.(X). 

In general, these inequalities cannot be improved to an equation analogous to 
(10), e.g. if F(X) = r has no solution. 

4. The character of a convex set. If F(X) is not special, then the set M of 
all solutions of F(X) = 0 contains elements other than X = 0. From (B) and 
(C), with X and Y also aX + bY belongs to M, if a and b are elements of 
Hence M is a ®-modul, say of dimension n -- m. Obviously m < n; it is pos- 
sible that m = 0, but then F(X) vanishes identically and C(t) is the whole 
space. Suppose therefore, that 1 ^ m ^ n — 1, and let 

pim+l) pim+2) ^ pin) 

be w — m^-independent elements of M, 

pH) pH) ^ ^ ^ pint) 

m other points of Pn , so that the system of n vectors 

pil) pi2) ^ ^ ^ pin) 

is still ^-independent. Then every point X in Pn can be written as 

X = viP^" + • • • + 
with elements vi , • • • , Vn of viz. 

n 

Vh ^ H PhkXk 
M 


(A == 1, 2, . . . , n), 
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where the constant matrix in ^ 


has non-vanishing determinant. Since 


we have 


where 


!=’( E VkP^^) = 0, 

\*— m+l / 

F{X) « = HV), 

'J'(y) = Mvi, • • • , I'm) == 'i'f E PaXk, • • • , E PnkXk) 

\i-l Jfe-1 / 


is now obviously a special distance function in the m-dimensional space P« of 
all points V = (vi , • • • , v„). Every convex set with m > 0 can therefore 
be considered as a cylinder, the basis of which is a convex body of m < n di- 
mensions. 

6. The polar body of C(t). Let F(X) be the general distance function of §4, 
Y an arbitrary vector in P„ . Then we define a function G{Y) by 

(14) G{0) = 0; G{Y) = lim sup (| XY |) for aU X vnth P(X) ^l,ifY 9 ^ 0 . 

In order to determine this function, let 

be the n points in Pn , which satisfy the equations 

f 1 for A = ft, 


and write 


pih)Q0c) _ 

[0 for h ^ ky 
Y = + ••• + WnQ'"’; 


then 

n 

ia» = E 7**y* (A = 1, 2, • • • , n), 

where the determinant of the matrix m ^ 

n 

does not vanish. Then 


XY — ViWi + • • • + VnWn . 
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Hence obviously 

G(Y) = 00 , unless = • • • = u>„ = 0. 

Suppose therefore that 

(15) w^+i - Wm+i = • • • = tc, = 0, 
and put 

G(Y) = X(Tf), 

where W = (u?i , • • • , «>«) is a vector in P„ . Then from (14), 

(16) X(0) = 0; X(Tr) = limsup (| VW \) for all V vnth'^iV) ^1, ifW 9 ^ 0, 

so that the relation of X(TT) to ^(F) is the same as that of G(Y) to F(X). 
By §4, 'P(F) is a special distance function, and so is X(W), as follows easily 
from (16) and the properties (A'), (B), and (C) of ^(F). 

We call G{Y) the polar function to F(X); for m < n it is not itself a distance 
function, but becomes one in the m-dimcnsiunal space (15), where it coincides 
with X(W). The set C'(1 /t): (r(F) ^ 1/r, is further called the polar set to 
C(t); it lies entirely in (15) and here is identical with the convex body 
X(F) = 1/r. 

Suppose now that m — n, i.e. both F(X) and G{Y) are special distance func- 
tions; then the polar set C'(l/r) becomes a convex body. We shall prove that 
in this case the relation between F(X) and G(Y) is reciprocal, i.e. F(X) is the polar 
function to G(Y) and C(r) the polar body to C'(1 /t). 

This assertion is evident, if F(X) = 1 X |, for then obviously G(Y) = |F|. 
Further let 

H = (0**)A,i-I.J n ; n* = (flwk)».*-l,2 n 

be an arbitrary matrix in ^ with nonvanisliing determinant, and its comple- 
mentary matrix, so that for all X and Y the scalar product’ 

ax^a'^Y = XY. 

Then the transformed distance functions G'(Y) = (r(12’^K) and F'(X) = F{QX) 
have still the property that the first one is polar to the second, since 

G'iY) = G(a* Y) = Um sup (| X-fl* Y 1) 

r(i)Sl 

= lim sup (1 F I) = lim sup (| XY 1). 

r(0X)st 

Further, if Fi(A') and Fi(X) are two distance functions such that for all X 

Fi(X) g FiiX), 


^ The vector X' — lx[, ••• , x,[) •« fiX is defined by x( — for A — 1, 2, ••• , ». 
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then the polar distance functions GiiY) and (?j(F) satisfy the inverted in- 
equality 

Gi(F) ^ G^{Y). 

We distinguish now the same two cases as in §3. If the valuation | a: | is 
discrete, then we showed the existence of a matrix 

A = {0CUt)h,hml,i 

in ® with determinant different from zero, such that 

FiX) = #(X) = 1 AX 1 

identically in X. The polar function to F(X) is therefore 

G{Y) = I A*r I, 

and since (A*)* = A, the statement follows at once. — In this case, the definition 
of G(Y) can obviously be replaced by the simpler one: 

(17) 0(F) = max 

Secondly, let | x 1 be everywhere dense on the positive real axis. Then to 
every 5 > 0, there are two matrices 

Ai = (o!u’)A,A.i,t n and A* = (au’)A.A>ii,t <» 

in ® with non-vanishing determinants, such that if 

f,(X) = lA,X|, F*(X) = lA*Xl, 

then for all X 

Fi{X) ^ FiX) ^ F,iX) ^ (1 + S)Fi{X), 
as follows easily from (13). Hence if 

G:(F) = 1 Af F 1, GiiY) = | A?F 1 
are the polar functions to FiX) and FiX), then also 

G,(F) ^ G(F) ^ Gx{F); 

and* 

02 (F) ^ (1 + 25)Oi(F), 

• There is a number a in £ such that 

1 + i g I « I S 1 + 2«. 

Then by hypothesis 

FAX) S (1 + S)FAX) g FA«X). 

Hence 

OAY) S G. (-) g GAY), 

1+26 \a/ 

since the polar function to Ft{aX) is 0% 
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for all Y. Since b can be taken arbitrarily small, the assertion follows again for 
the same reason. — In this case, the definition of G(Y) is easily replaced by 

(170 G(Y) = lim sup . 

Xf^o 

By the proved reciprocity of F(X) and G{Y), the formulae (17) and (17') re- 
main true if G{Y) is replaced by F(X) and vice versa. 

II. ‘‘Geometry op Numbers" in a Domain op Power Series 

6. Notation. We specialize now the fields and of §1, and denote by 

t an arbitrary field j 
z an indeterminate, 

% = k[z] the ring of all polynomials in z with coejficients in t, 

5R = kiz) the quotient Jield of J, i.e. the field of all rational functions in z with 
coefficients in f, 

\x\ the special valuation of 9? defined by 

[ 0, t/ * = 0, 

er, tf X 9^ Ots of order f, 

S! the perfect extension of 9? with respect to. this vcduation, i.e, the field of 
aU formal Laurent series 

X = < Xf 2 / -|- OLf^izf ^ -f- OLf —^ Z ^ ^ “h • • • 

with coefficients in t; if a/ is the non-vanishing coefficient with highest 
index ^ 0, then | a: | = 

An the set of all ^^lattice points*^ in Pn , i.e. that of all points with coordinates 
in %. 

The valuation | x [ is by definition a power of e with integral exponent. We 
assume the same for all distance functions which we consider from now onwards, 
and we shall consider only convex sets or bodies C(t), where r Ls an exact power 
of e, say r = e\ 

7. The volume P of a convex body C(l). Let F{X) be a special distance 
function, C(e^) the convex body F{X) ^ e\ where t is an arbitrary integer. It is 
obvious that the set m(0 of all lattice points in C{e^) forms a f-modul. In the 
special case F{X) = [ X |, this set has exactly 

il/o(0 ~ ^(^ H* 1) 

f-independent elements. Hence, by the inequalities (5) and (6), m(0 has always 
a finite dimension M{t)j and this dimension is certainly positive for large t, 

* The order of a rational function is the degree of its numerator minus the degree of its 
denominator. 
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Obviously 

(18) Mi{t + 1) = Mo(<) + n. 

Suppose that t is already so large that 

^ r. 

Then a lattice point in C(e*^*) can be written as 

X = zXi , 

where Xo and Xi arc again lattice points, and the coordinates of Xo lie in f, i.e. 
|Xo|gl, F(X^)^r^e‘^\ 

Hence 

F(zX0 ^ max (F(X), F(Xo)) g e‘+‘, F(X^) ^ e‘, 

so that Xi lies in m(<). Conversely, if Xi belongs to m(<), then 
F(X) g max (F(zX,), F(Xo)) g e'"-*. 

Now the two vectors Xo and zXi , where Xo and Xj are lattice points and | Xo | ^ 
1, are f-independcnt, and the Xo form a f-modul of dimension n. Hence 

(19) Mil + 1) = M{i) + n. 

The two equations (18) and (19) show that for large t, the function M{t) — 
Afo(<) of t is independent of t. Hence the limit 

(20) F = lim 

exists; it is called the volume of the convex body (7(1).'® In particular, if F(X) = 

I X I, then obviously F = 1. 

8. The invariance of F. Let 

“ (Ufc*)A,fc»«l,2,.,.,n and 11 — (Uftfc)ft,j|f«i,2,.,.,n 

be a matrix with elements in .f and determinant D 9^ 0, and its inverse matrix. 
The linear transformation 

F = llX or X = Q’Y 
changes F(X) into the new distance function 

F'(F) = F(X) = F(12Y); 

let C'(e‘) be the corresponding convex body F'{Y) g e‘, and F' the volume 
of C"(l). • Then 

(21) F'=|2>|F. 

This definition is analogous to that of the volume of a body by means of lattice points 
in an ordinary real space. 
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Proof: We denote by m'(0 the !-modul of all lattice points in C'(c*), by 
M\t) the dimension of m'(<), and prove the statement in a number of steps. 

1 : The elements of lie in I, and D belongs to f . 

The formulae Y = QX, X = establish a (1, l)*correspondence between 
the elements X of m{t) and F of Obviously, this correspondence changes 

every linear relation 

+ • • • + arX^^^ = 0 

with coefficients in f into the identical relation in the F's, and vice versa; there- 
fore f-independent elements of m(t) or m'(0 are transformed into f-inde- 
pendent members of the other modul. Hence both moduls have the same 
dimension: M{t) = Af'(0> q.e.d. 

2: Q is a triangle matrix 

an 

Q= a» 0 

^ 0 >nl 0 >n 2 • • • Clnn ^ 

with elements in X and determinant 

D = CLiiChi • • • ann 9^ 0. 

The equation F = QX denotes that 

Vi = anXi , 

2/2 = 021X1 + 022X2 , 


2/n OnlXi “f" (ln2^2 “f" * * * “4“ Onn^n > 

hence every lattice point F can be written as^' 

F = nx* + F*, 

where X* and F* are again lattice points and F* = (yt , • • • , yt) satisfies the 
inequalities 

I y* I < 1 an I, I J/J I < I oss I, . • . , I I < I a„« |. 

Therefore 

I F* 1 ^ Cl , i.e. F'iY*) g CiF', 

where Ci is a positive constant depending only on and F' is the constant in (5) 
belonging to F'(Y), The set of all vectors Y* forms a f-modul m* of dimen- 
sion dj where 

e** = I On 11 oj* I . . . 1 a„„ I = 1 D 1. 

We use the trivial lemma: **To a and b •• 0 in X there is a q and an r in Xt that 
a ^ bq + r and | r 1 < | 6 |, 
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Let ^ be so large that 

e‘ S ciF'. 

Then for X* in m(<) 

F'{Y) = F{Q’Y) =* F(X* + Q'Y*) g max {F(X*), F'{Y*)) ^ e\ 
and conversely for Y in ni'(<) 

F{X* + n’Y*) g e‘, i.e. FiX*) ^ max (F(X* + Q'Y*), F'{Y*)) ^ e\ 

There is therefore a (1, l)-correspondence between the elements Y of m'(<) and 
the pairs {X*, Y*) of one clement X* of m(<) and one element Y* of m*. Hence 
M'(l) = M(0 + d, q.e.d. 

3: The elements of fl belong to 2!. 

The result follows immediately from the two previous steps, since fl, as is 
well known,'* can be written as , where the two factors are of the 

classes 1 and 2. 

4; The elements of fi lie in 5R. 

Now Q = ilaUb , where both fla and are of the class 3, so that the statement 
follows at once. 

5: 0 has elements in such that 

\D\ = 1, 1 1 g 1 (A, A: = 1, 2, . . . , n). 

Then the same inequalities hold for the inverse matrix so that for every 
point X 

I flX I ^ I X I, I X I = I Q’ux I ^ I nx I, 

and therefore 

|x 1 = |nx I = ifi'x |. 


Now to every lattice point X there is a second lattice point Y such that with 
a suitable point T* 

ax = y + r*, i y* | < i; 

then conversely 

a'y = X + X*, 1 X* 1 < 1, 

and 

X* = -a'y*, ax*=-y*. 


The relation between X and Y is therefore a (1, l)-correspondence which ob- 
viously leaves invariant the property of f-independence. Suppose that 

c‘ ^ r. 


^ This can be proved, e.g. by a method analogous to Minkowki’s ‘^adaptation’^ of a lat- 
tice; Geometrie der Zahlen §46. 
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Then for X in m(<) 

F{X*) < r ^ e‘, 

and therefore 

F'{Y) = F(»"r) = F{X + X*) g max {F{X), FiX*)) g e\ 

so that Y lies in ni'({); conversely, if Y belongs to m'(0. then X is an element 
of m(0. Hence M(JL) = q.e.d. 

6: Finally, let 0 have elements in Then it can be split into 

ft = Q 4 ”1* ft* 

where fti is of the class 4, while the elements of ft* lie in and have so small 
values that 

ftj = ftjft 

is of the class 5. Then the result follows at once, since ft = ftiftj . 

Two conclusions are immediate from (21). The convex body C(e‘), i.e. 
F{z~*X') ^ 1, is obtained from C(l) by the transformation X' = z‘X; hence 
it has the volume V(e‘) = e'“V. Secondly, let G(Y) be the polar distance func- 
tion to F(X), and V the volume of the convex body C'(l), i.e. G{Y) g 1. Then V 
and V are related by the equation 

(22) VV' = 1. 

For by §5, there is a matrix A with non-vanishing determinant, such that 
F(X) = I AX I and G(r) = 1 h^Y |, 

hence 

F=(|A|)-‘ and F = (| A* |)- = | A 1; 
the statement is therefore obvious. 

9. The minima of F(X). To the distance function F(X), there exist n 
independent lattice points 

X^*' = (xr, •••,4*') (& = 1 , 2 , ...,n), 

such that 

is the minimum of F{X) in all lattice points X 9 ^ 0, 
F(X^^^) = = e^* is the minimum of F(X) in all lattice points X which are 

St-independent of X^]\ etc., and finally 
= e^^ is the minimum of F(X) in all lattice points X which are 
St-independent of X^^\ X^^\ . . . , 

The numbers <r^^\ • • • , are called the n successive minima of F{X). By 

this construction, the determinant 
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lies in 2 and does not vanish; further obviously 

(23) 0 < ^ ^ ^ and flfi ^ gs ^ ^ . 

We shall prove the two equations 

(24) - 1D| = 1, 


cr (T 


in the second one, V is again the volume of C(l). Thus, in particular, D is an 
element of f, and may obviously he taken as equal to 1. 

A: Proof of (24). Every point X in P„ can be written as 

X = + ... 

where the y’s are elements of Then the coordinates Xh of X are linear func- 
tions with determinant D of the coordinates y^ of Y = (j/i , • • • , j/n). We 
dehne a new distance function n(X) by 

n(X) = I r |. 

By (21), the convex body n(X) ^ 1 has the volume | Z) |; we determine it in 
the following way: 

If X is a lattice point, then Y also has its coordinates j/* in For since 
with Y also X is obviously a lattice point, we maj' assume without loss of 
generality that 

(26) n(X) = |F|<l, 

and have to show that no lattice point X 9 ^ 0 satisfies this inequality. Let m, 
where 1 ^ m ^ n, be the greatest index for which y^ 5 ^ 0. Then 


X=^^ya^\ X“>, ... 

are 9i-indcpendent lattice points, and by (26) 

F{X) g max (1 y, \F{X^\ • • • , 1 2/m I F(X‘”>)) < 

in contradiction to the minimum property of 

Hence there are exactly Mi{t) — n{l -f- 1) f-independent lattice points such 
that n(X) g e‘, viz. all points corresponding to a basis of f-independent points 
y with 1 y I ^ c‘. Therefore 

IHl = lime"‘“>-^«“’ = 1, q.e.d. 

B: Proof of (25). Now we use the fact that every point X in P„ can be 
;fritten as 


X = j/iz-*‘X‘« -H . . . + yJ^-X^''\ 
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where the y’s belong to St. Let 2(X) be the distance function given by 

2(X) = I K |. 


obviously 


= 1 


F{X) g 1, if S(Z) g 1. 


(h = l,2. 


But the converse is also true: If 


FiX) g 1, then S(X) ^ 1, 


and therefore evidently 


FiX) = S(X) = 171, 


identically in X. 

For suppose that on the contrary for a certain point X in 
F(X) g 1, but 2(X) > 1. 

Then let m with 1 ^ m ^ n be the greatest index for which | | > 1 ; hence 

if OT < n 


Write 


Vm+l I ^ L ' • • > I yn I ^ L 


Vh = zy* + y** (A = 1, 2, , n), 

' where the yi are elements of X, the y** elements of and 

yZ ^ 0, yZ+i ^ • • • = y! = 0, | yf* I ^ 1, • • • , I y!* I ^ 1, 


= y: = 0, |yr*|^l, •••Jyri^l. 


and put 


so that 


Y*= iyt,--- ,y:), Y** = iyr,->-,y:*), 


Y = zY* + Y**. 


Obviously, Y* is a lattice point, 7** a point such that \ Y** j ^ 1. Also write 


X* = £ ytz-‘^X^^ = £ ytz-"‘X^’'\ X** = £ yZ*z-’'^X^'‘\ 

1 A-«l 


so that 


X -=zX* + X**. 


Then from 2(X**) = 1 7** 1 ^ 1, 

Fix**) ^ 1 . 
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Hence 

F(zX*) ^ max {F{X), F(X**)) g 1, F(X*) < 1, 

and 

^ FiX^) < 

where This inequality, however, is impossible, since the m lattice 

points 


A-l 


(m) 


are ^-independent, so that by the minimum property of a 

FiX^’^^) > (r‘”\ 

Therefore (27) is true, so that by the invariance theorem of 


V = 




... 

since the transformation of X into Y has the determinant 

• •+(rn) 


The equation (25) is therefore proved. 

From this equation and from (23) in particular 

^( 1 ) ^ y-Un. 

i.e. to every distance function F{X) there is a lattice point X 5 ^ 0 such that 


F{X) g 


1 


Here equality holds if and only if all minima 

^( 1 ) _ («) _ _ in) 

(T — <r — ••• — (T , 

thus certainly not, if F is not an integral power of c". 


10. The relations between the minima of FiX) and G{Y). To the n lattice 
points X*'’, X^^\ • • • , X'"’ defined in the last paragraph, we construct n points 
F“’, y"', . . . , y‘"> satisfying 


(27) 


x‘*’y 


(n-ifc+l) 


1 1 for A = A;, 
|o for h 7 ^ k; 


since \ D \ = 1, these points are lattice points. We further define n positive 
numbers 


(28) 


= 






(ft = 1, 2, • • • , n), 
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SO that 

(29) 0 < ^ T®' g g and ji S jt ^ ^ jn . 

Then F(X) and the polar function G{Y) can be written as 


(30) 

F(X) = 

max 

.n 


(31) 

G(Y) = 

max 

(r‘*’| 



A—1,2,* * '.n 


thus in an entirely S 3 nnmetrieal way. For we proved in the preceding paragraph 
that if X is written as 

(32) -S' = E 

fc — 1 

then 

^’(X) = |y|, Y = ,y.). 

But by multiplying (32) scalar witfi Y^”\ • . • , F**’, we get by (27) 

yn = 2"*. (X7‘"-*+”) (A = 1, 2, - . . , n) 

and therefore (30). The formula (31) is a consequence of (30) by the results 
in §5.“ 

From (27) and (31) 

(33) G(r'*’) = = e’\ 

We prove now that these numbers in their natural order are the n successive 
minima of G(Y) in A„ . Obviously it suffices to show that if 

j^(i) 2 ^( 2 ) ^ ^ ^ 

are any n ^-independent lattice points, such that 

G(Z<“) ^ G(Z®) ^ ^ G(Z‘">), 


We can prove (31) directly in the following way: Obviously 

where the brackets are again the scalar products. Hence from (14) 

G{Y) - max (|Xri) - max^j^ (Xr<«-*+»)(X<*>r) 

where the maximum extends over all points X of C(l), i.e. for which 

I I S (fc - 1, 2, . • • , n). 

By choosing X such that there is equality in one of these conditions, but that all other 
scalar products vanish, the assertion follows after replacing hhy n — h + I, 
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Consider the n + 1 vectors 

A ,A ,»**,A , A ,Zr j • • • j £j 

At most n of these are ^-independent; hence the scalar products 

jjrCOjgO) 


/i= 1, 2, . . . , n - fc + l\ 
\j = 1, 2, • • • , h ) 


do not all vanish simultaneously, and at least one of them, say is 

different from zero. Since it is an element of I, therefore 

I I ^ 1. 

Now by (17) 

1 XF 1 ^ F(X)GiY), 
for all points X and Y. Therefore 

1 g 1 g F(X“')G(Z‘'’) g F(X‘"~*'*-")G(Z‘‘’) = L g(Z^^), 


as was to be proved. 

From (28) and (29) in particular 


(34) 




and r»> g (v^V)''"-*, 


SO that if the minimum of F{X) in J is small, then the same is true for that of 
G{Y)j and vice versa. 


11. The relation between the homogeneous and the inhomogeneous problem. 

The reciprocity formulae of the preceding paragraph can be applied to in- 
homogeneous problems. Let P be an arbitrary point in Pn which is not neces- 
sarily a lattice point; it can be written as 


P = piX‘” + ... + PnX'"’ 


where the p’s lie in Put 


p* = -xh + r* 

li 

where x* is an element of Z and 


|r.lSj 

(h = 1, 2, ... , n). 


The minima of F(X) have the analogous property. 
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Then the lattice point X = (a:i , • • • , Xn) satisfies the inequality 

( n \ in) 

w / e 

or by (28) 

(35) F(P + X)^-1-)- 

This inequality cannot in general he improved, since 

(36) + ^ 

for all lattice points X, as follows immediately from the i?-independence of the 
n vectors 

X^^\ X^^\ . . . , + zX. 

These two inequalities (35) and (36) relate the inhomogeneous F-prohlem to the 
homogeneous G-problem, in analogy with similar relations in many parts of 
mathematics. 

As an application, consider the two polar distance functions 

F{X) = max (| aiXn - Xi • • . , | an^lXn - Xn -1 1, e~^ 1 Xn 1), 

G(Y) = max (| |, • • • , | Vn-i |> e* | aiyi + • • • + an-i2/n-i + Vn 1), 

where t is a positive integer. Assume that the numbers 1, ai , • • • , are 
9J-independent, so that for all lattice points Y = {yi ,•••, yn) 9 ^ 0 


otiyi + • • • + On~l2/n-l + 2/n 5*^ 0. 

Then, as < the first minimum of G{Y) 


Hence by (35), for every € > 0 and for every point P = (pi , • • • , Pn) there is a 
lattice point X = (xi , • • • , x«) satisfying the inequalities 

I aiXn — Xl + Pi I <€,•••, I a«-lXn — Xn-1 + Pn-1 i < €. 

Thus we have established a result analogous to KroneckeFs theorem. 

12. A property of matrices. Let 

^ == (nAfc)A,*-i,2,..,« 

be a meUrix in ^ with determinant 1 ; then there is a matrix 


U = {Uhk)h,M, 2 ,->-,n 



ANALOGUE TO MINKOWSKl’s GEOMETRY OF NUMBERS 


515 


with elements in X and determinant 1, such that the -product -matrix 

ilU = ft* = 

satisfies the equation 


n max (I ow I) = 1. 

Proof;** To the convex body (7(1) belonging to the distance function 
F(X) = max ( ^ ) » 

\| i-l 1/ 

there are n lattice points • • • , X*"’ of determinant D = I, such that 

the n minima 

(/i = 1, 2, • . . , n) 

satisfy 

o ^ ,<*> <r J'^'> <r <f <"> (') (2) (n) 1 

U<(r S<r , (T a • • * a =1. 

Let = (a:{*\ • • • , Xn^), and X be the matrix 

X = (Xr)*.»-1.2.....n 

with elements in 2: and determinant 1. We introduce new coordinates 
yi, ••• tVnhy putting 

X = yiX"’ + • . . + i.e., XH = j: xi^^x, (h = 1,2, ... ,n); 


then F(X) changes into 

F(X) = F'(Y) = max (i E aLy, |\ 
*-I.2,-”.b \l t-l 1/ 

where 


= (Ohk)h,lr-l,t,---,n = fix. 


The n points X — X**’ are transformed into — JB**’ (h = 1, 2, • . ■ , n); hence 

= (7**’ (h = 1,2, ... ,n), 

that is 

(37) max (| aU 1) = <7**’ (fc = 1, 2, • . • , n). 

*-l,2,---.n 


An analogous theorem in the real field was proved some time ago by C. L. Siegel in 
a letter to L. J. Mordell. The present proof and theorem, though not stated in SiegeFs 
paper, are obtained from it with only slight changes by making use of the results in §9. 
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Hence every minor Am of order m formed from the m first columns and m arbi- 
trary rows of fl' satisfies the inequality 

(38) I A I S 

On the other hand, any determinant A of order m can be written as 

n 

A = iC 

1 


where the an are the elements of its last column, and the 6h their cofactors; 
therefore 


max (I 5* 1) ^ I A I { max (| an |) }“ 
We apply this inequality repeatedly to the determinant 


of 12' and use (37) and (38); then it follows that there exists 
an (n — 1)*^ order minor An-i of An formed from the n — \ first columns of 12' 
and satisfying 


|An-.l| = crV ... CT' 

an (n — 2)**^ order minor An -2 of An-i formed from then ^ 2 first columns of 12' 
and satisfying 

I ^n-a I — <r • * • a , 

etc.; a second order minor A 2 of As formed from the two first columns of 12' and 


(n-l) . 


|As| = 

and finally an element A\ of A 2 lying in the first column of 12' and satisfying 

|Ax| 


Without loss of generality, we may assume that the determinants so con- 
structed are exactly the principle determinants 

Ar = jo** (r = 1, 2, • • •, n). 

We shall now construct a set of matrices of order n 


1 0 
1 




0 


0 0 
0 0 

1 0 
1 0 
1 


0 ] 

0 

0 

0 

0 


>m rows 


(»i = 1 , 2 , . . . , n), 


in — m rows 
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where the g’a lie in Z, and Ui is the unit matrix. If 

Qm = ^'UiUt • • • Um = (o»r*)A.A:-l.S,....m (wi = 1, 2, • • • , n), 

then Si = S', and iov h,k = \,2, • • • ,n 

and aj[^ = + . . . + 

The n principal determinants of : 

Ar = 1 |A.ib-i,2,....r (r = 1, 2, • • . , n) 

are therefore equal to the corresponding ones of and so of tt'. 

By construction, the elements of Qi satisfy the inequalities 

I aiiM ^ (A, A: = 1, 2, , n), 

and therefore also the inequalities 

1 ai\> I g (A = 1, 2, ... , n). 

Assume now that Ui , • • • , Um-^i were determined such that 

1 aJS?-« I ^ (A,A = 1,2, ...,n); 

(39) 

I a*? I ^ for A = 1, 2, . . . , n; A = 1, 2, • . . , m — 1. 

Then /7„ , as we shall prove now, can be constructed such that S,„ satisfies the 
stronger inequalities 

, , laiirM (A,A = 1,2, ...,n); 

(40) 

1 oa? I ^ for A = 1,2, ■■■ ,n;k — 1, 2, . . . , m. 

To this purpose put 

OAr~^*7l + • • • + OAm^i*7m-l + ©Am = ^a( 71> ' ' ’ > 7m-l) = th (A = 1, 2, • . • , u), 
and determine elements 7i , 72 , • • • , 7»-i of ^ such that 

= ^2 ~ • • • == tn— 1 ~ 0. 

This system of linear equations has the determinant A,n~i . On solving, 

Am— iTf ~ ”l”Am— l,r (r = 1, 2, • • • , ?7i 1), 

where Am-i.r is the (m — 1)*^ order minor of Am obtained by omitting the 
row and the r**' column. Hence from (37), 


Am-l.r ^ ••• <r . / (1) 

A«_i “ 




) = ^ 1 . 


Let the element of f/« now be the number in 3: satisfying the inequality 

I - 7r I < 1 (r = 1, 2, . . . , m - 1), 
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80 that 



Then from the first system of inequalities (39) ior h = 1, 2, ••• ,n 

I 1 = I , glr^) 1 = I + • • • + + aJir^ I 




max 



(i) 


(m) 

<X 



.(m) 


) 


and from the second system for A = 1, 2, • • • , m 

lain = I 

= 1 ({/{"* - 7i)air“ + • • . + (grJi - i< = <r‘*\ 


Since the remaining inequalities (40) are contained in (39), the matrix has 
the required property. Hence if 


r = X[\U 2 


then this matrix satisfies the statement of our theorcini. 


13. A property of the product of n inhomogeneous linear polynomials in n 

variables. Let il = (oAt)A,*_i, 2 ,...,„ be again a matrix with elements in 5K of 
determinant 1. We form the distance function 

F(X I/) = max (/* | OftiOJi + 0 * 20:2 + • • • + OA„a:„ |), 

*-1,2,- --.B 

where fi ,fi, • • • , /» are n integers .such that /i + •••+/„ = 0. By the theo- 
rem of last paragraph, there is a matrix U with elements in J and determinant 1, 
such that the product matrix 

= fl(7 = {at) 

satisfies the equation 

n 

n max (1 at 1) = 1. 

A-1 *-1,2.- --.n 

Let us choo.se the integers /* such that 

(41) = max (| at\) (A = 1, 2, , n) 

A;-«l,2,* • ‘.n 

and put 

o* * = 2^*0** ih,k = 1, 2, • • . , n). 

Then by the transformation X = UY, F{X) |/“) changes into a new distance 
function 

Fix I/®) = F'iY) = max (j at*yi + • • • + a**„*Pn 1), 

A«-l,2,* • •,!> 
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where now all coefficients at* satisfy the inequalities \ahk\ ^ 1 , and their 
determinant is still 1. Obviously, for all n ^-independent vectors 
• • • , the value of this function 

^,(FW) (/i = 1,2, ... ,n). 

Therefore by the equation (25), necessarily 

= ^’'(F^'^) = ... = = 1, 

and so all minima of F{X |/^), where thc/°'s arc given by (41), have the same 
value 1, and in particular, the first minimum of F(X \f^) has the exact value 

where F = 1 is the volume of F(X |/®) ^ 1. 

As an application, let ai , 02 , . • . , an be any n elements of and rji , 
V 2 1 • • • t Vnn elements of ^ satisfying the equations 

dhivi + • • • + dhnVh + a/i = 0 (A = 1, 2, • . • , n). 

W 2 / 1 ; 2 / 2 , • • • jVn arc the elements of 2: for which 

\yh- Vh \ (A = 1, 2, . . . , n), 

e 

then obviously 

1 (hiVi + • • * + a*n2/n + a/i 1 ^ e ^ (A = 1, 2, - . . , n). 
Hence the lattice point X = {x\ , • ,Xn) = V^Y satisfies the inequalities 

I ahixi + . . . + ahnX„ + a* I ^ e' •'* (h = 1, 2, • ■ • , n), 
and therefore the inequality 

n 

ri I (^hlXi + • • • + ahnXn + G* j ^ 6 

A-1 

Here the constant e " on the right-hand side is the best possible, as Is clear if, 
e.g. 12 is the unit matrix and all ah = lA- 

14. Distance functions in . The field 9i of all rational functions with 
coefficients in f has valuations different from the ‘‘infinite'^ valuation 1 x |, 
which expresses the behavior of x at the point 2 = oo . 

Let f be any element of f, and p the ‘‘finite” point 2 = f . Then we define a 
valuation | x |p by putting for a: 0 

1 a: 1 , = 

where /, is that integer, for which neither the numerator nor the denominator 
of the simplified fraction (z — are divisible by 2 — f ; we denote by if, 
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the perfect extension of with respect to this valuation; it consists of all formal 
Laurent series 


X = a/(z — + o/+i(* — + «/+*(* ~ • 

with coeflBcients in t, and if 0, then | x |» = e~^. 

Let now F(X) be any special distance function of we use it as the measure 
for the size of X. Further let F(X | p) be a general distance function of St/ . 
Since 

F((z-f/Xlp) = e-^F(X|p), 

this distance fimction may assume arbitrarily small values, if X lies in the modul 
An of all lattice points. By (5), there is a constant r, > 0 such that 

F(X I p) g r, I X I, ; 

here for X = (* 1 , • • . , z„) 

1 X I, = max (I xi 1, , • • • , I x„ |,). 

Hence 


F(X j p) ^ r, for all lattice points X. 

Let t be an integer such that 

i.e. 

and C(e~‘ | p) the convex set of all points X in P„ for which 

F(X|p) 

Then the set nt(— < | p) of all lattice points in C(e~' [ p) contains with X and F 
also oX + bV, when a and 6 lie in it is therefore an I-modul. By the 
general theory of polynomial ideals,^' this modul has a basis of n lattice points 

= •••,?!*’) (fc= l,2,...,n), 


such that every point X in A„ belongs to m(— < 1 p), if and only it can be written as 
X = 2 /iP‘” + . . . + with , . . . , y« in I. 


The determinant 

£)( — <) = I 5^ 0, 


and therefore the number 


is positive. 


A(-0 = l-DC-t) 1 


I* Compare the basis theorem in $80 of van der Waerden’s “Moderne Algebra", Vol. II, 
1st ed. 
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The function F{X) changes into a new distance function 
F'(Y) = F(X) = F(QY), n = 

by the transformation (42). The convex body F'{Y) ^ 1 has the volume 

V' = 

where V denotes the volume of F(X) ^1. By the results in §9, there are n 
lattice points 7^“, • • • , with determinant 1, such that 

F'(F“>) . . . F(F‘"’) = . 

The transformed lattice points X^‘\ • • • , given by 

= QF«> = (*{« , . . . , x‘‘>) (fc = 1, 2, . . . , n) 

have the determinant 

D{ — t) = I 

and satisfy the relations 

F(X<”) . . . F(X<"0 = , F(X<*> I D) ^ e-‘ (fc = 1, 2, . . . , n). 

I 

It is not difficult to prove that for large t 

A(-<) = OCe"'), IDC-OI, = 0(6-'). 

In the following case, sharper results are obtained. Let 
F{X 1 p) = max (] CuXi + . . . + aA„_«x„_ + 

I p) j 

• ',tn 


where the a’s are elements in such that 

1 o« I, g 1 



Then to every positive integer t there are elements Ahk in J satisfying 



I o** ~ Ahk 1» ^ e ' 



1, 2, . ■ • , m\ 

1, 2, ... ,n/ 


Hence, if j/i , • • • , yn belong to I, and , • • • , x„ are defined by 


— Vl 1 * * • J ^n— m Vn—tn y 

(42) ~ 0* yn—m-{-h “I" * * * ^ hn-my n—m) y 

(A = 1, 2, ... , in), 

then F(X \ p) ^ e~*. Let F'(F) = F(X) be the special distance function in St 
derived from F(X) by the transformation (42). Then F'(F) ^ 1 has the 
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volume \ (z — f) | F = e Hence there are n iE-independent lattice 

points • • • , of determinant 1 such that 

tnt 

... = y. 

The n lattice points • . . , derived from these by (42) have the deter- 
minant {z — and satisfy the conditions 

tnt 

. . . F(X'">) = ^ I p) ^ e"‘ (A: = 1, 2, , »). 

Manchester, England. 
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CONCRETE REPRESENTATION OF ABSTRACT (L)-SPACES AND THE 
MEAN ERGODIC THEOREM 

By Shizuo Kaktjtani 
(Received February 6, 1940) 

1. Introduction/ Let 12 be an abstract space where a completely additive 
measure is defined. As is well known, the totality of all the real-valued measur- 
able functions x{t) which are absolutely integrable on 12 constitutes a Banach 

space L(12) with || x || = / | x{t) | dt as its norm. Although the space Z/(12) is 

•'fl 

not necessarily separable,^ it may always be considered as a semi-ordered Banach 
space.^ Indeed, if we denote, for any pair of elements x{t) and y{t) €L{Q), by 
X ^ y (or y ^ x) the relation that x(t) ^ y(t) almost everywhere on 12, then 
the following conditions arc satisfied (x, y, z, u; eL(12), X = scalar): 

(I) X y and y ^ x imply x = 

(II) X y and y z imply a; § 2 , 

(III) X y and X ^ 0 imply Xx ^ Xi/, 

(IV) X ^ y implies x + z y z for any 2 , 

(V) Xn ^ ynjXn-^x (stvongly) and yn y (strongly) imply x ^ y, 

(VI) to any pair of elements x and 1 /, there exists a maximum z = x \/ y such 

that z Xj z y, and z ^ z' for any 2 ' with 2 ' ^ x, 2 ' ^ ?/, 

(VII) to any pair of elements x and y, there exists a minimum w x Ay such 

that w ^ Xj w ^ y^ and w w' for any w' with w' ^ Xy w' ^ y. 

Moreover, this semi-ordered Banach space Z/(12) has the following important 
propert3^' 

(VIII) X ^ Oandy ^ 0 imply || a: -f t/ II = II ^ II + II 2/ II; 

in orther words, calling x to be positive in case x ^ 0, norm is additive on posi- 

tive elements. Such a Banach space was introduced axiomatically by Garrett 

^ The principal results of this paper were previously announced in S. Kakutani [7], In 
[7] we have tacitly assumed the condition (IX). 

* There are two typical cases when L(U) is not separable. The first one is the case of 
the Haar’s measure of a non-separable bicompact topological group, and the second one 
is the case of the linear measure in the plane. In the first case, the total space Q is of finite 
measure and every measurable subset 12' of 12 with m(12') > 0 determines a non-separable 
Banach space L(12'). In the second case, the total space is not expressible as a sum of a 
countable infinite number of subsets ^f finite measure, while L(12') is separable for every 
measurable subset 12' of 12 with m(12') < «. 

* It is to be noted that in the first case (see footnote (2)) there exists an element Xo > 0 
(for example, a function Xo(0 which is identically equal to 1) such that Xo A x > 0 for any 
X > 0, while there exists no such element in the second case. 

* X — y means that we have x(t) ■■ y(t) almost everywhere on 12. 
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Birkhoff [3]. He has introduced the space of this t 3 rpe as a generalization of 
the concrete Banach space (L) (i.e., the space of all the real-valued measurable 
functions x{t) which are absolutely integrable on 0 ^ ^ ^ 1), and has discussed 
the iteration of bounded linear operations in such Banach spaces. We shall 
call a Banach space with the semi-ordering satisf 3 dng (I)~(VIII) an abstract (L)- 
space (notation: (AL)), Every Banach space L(U) is an (AL), and, in contrast 
to general abstract (L)-spaces, this will be called a concrete (L)-space. 

In the present paper we shall discuss the converse problem, i.e., we shall 
investigate how it is possible to represent any abstract (L)-space {AL) by a 
concrete (L)-space L(12). In other words, given an abstract (L)-space {AL) 
with the semi-ordering satisfying (I)--(VIII), it is required to construct a space 
Q and a completely additive measure defined on some Borel field of 0 such that 
the corresponding Banach space L{Q) is equivalent (= isometric and lattice- 
isomorphic) to the given space (AL). 

This problem is not always possible, if we have no further assumptions on 
{AL), In order to see this, we have only to notice that the property: 

(IX) X Ay ^ 0 implies jj x + 2/ |i = H a: - 2/ II, 
which is always satisfied for any concrete (L)-8pace, does not necessarily follow 
from the conditions (I)~(VIII). Indeed, if we consider the (x, y)-plane with 
the usual semi-ordering: (xi , yi) ^ {x ^ , 2 / 2 ) if and only if Xi ^ X 2 and 2/1 ^ 2/2 
simultaneously, and define its norm by 

II (a:, 2/) II = I a; + 2/ i if a; ^ 0, y ^ 0 or a: ^ 0, y ^ 0, 

= \/x^ + y^ if a: ^ 0, 2/ = 0 a: ^ 0, 2/ = 0, 

then the conditions (I)-(VII) are all satisfied, and yet we havejl (1,0) + 
(0, 1) II = II (1, 1) II = 2 > II (1, 0) - (0, 1) II = J| (1, - 1) II = V2. 

If, however, the conditions (I)-(IX) are all satisfied, then our problem has a 
solution. This will Ise proved in Theorem 7. The proof is divided into three 
parts (§§3, 4 and 5), and our principal idea is essentially contained in the papers 
of H. Freudenthal [4] and F. Wecken [14]. Moreover, it is to be noticed that 
every abstract (i/)-space with the properties (I)-(VIII) can be provided with 
an equivalent norm which satisfies the additional condition (IX) (Theorem 1, §2). 

In Theorem 9 (§6), we shall prove a mean ergodic theorem in abstract 
(L)-spaces. This is a generalization of a result of Garrett Birkhoff [3] and may 
be considered as one of the most general formulations of the mean ergodic theo- 
rem and Markoff’s process. It is further to be noted that, by virtue of Theorem 
1, the condition (IX) is unnecessary for the validity of this theorem. 

In concluding the introduction, we shall list some elementary lenunas con- 
cerning the semi-ordered Banach space, which' follow directly from the condi- 
tions (I)-(VII) and which are needed in the following discussions. 

Lemma 1.1. X ^ 0 implies X(ar V y) == Xa: V Xy, \(x A y) = X* A Xy. 

Lemma 1.2. (x V y) + z = (* + z) V (y + z), (x A y) + « = (x + z) A 
(» + *)• 

Lemma 1.3. (x V y) + (x A y) = x y. 
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Lemma 1.4. a:< A */ = 0 (i j, i, j = 1, 2, , n) imply Xi+a:* + 

• • • + ®n = a:i V a:» V • • • V ar, . 

Lemma 1.5. x = x+ — x-, where x+ — x \/ 0, x- = (—x) S/Oandx+A^^- — 0. 
Lemma 1.6. (x V y) A « = (a: A a) V (y A *), (* A y) V « = (* V «) A (y V «). 
These lemmas will bo found in H. Freudenthal [4] and L. Kantorovitch [8]. 

2. Change of norm. 

Theorem 1. Every abstract (L)-space (AL) with the semi-ordering satisfying 
the conditions (I)-(Vin) can he provided with an equivalent norm which satisfies 
the conditions (I)-(IX). 

Proof: Put H x 1|* = H x+ 1| + || || for any x « (AL). Then we have 

II a: II ^ 11*11*, llXa:ll* = j X | • 1| a: H* and 1| x + y\\* g H re 1|* + H y |1* for 
any x, y e (AL) and X ^ 0. The first two relations are almost trivial and the 
third one may be proved as follows: 1| x + J/ 1|* = |1 (x + y)+ || + || (x + y)- jj ^ 
II a:+ + y+ II + || x_ + y_ || (since 0 g (x + y)+ g x+ + ?/+ , 0 ^ (x + y)_ g 

re- 4- y-) = II x+ II + II y+ || + |1 x_ |1 + || || = || x ||* + || y ||*. Thus 

11x11* may be considered as a norm on (AL). Moreover, as is easily seen, the 
conditions (V), (VIII) and (IX) are all satisfied for this new norm || x ||*. 

Hence all what we have to prove is that the two norms || x || and || a; ||* are 

equivalent. 

In order to show this, denote by (AL)* the space (AL) metrized by the new 
norm i| x ||*. We have only to prove that (AL)* is complete. For, since we 
have II X II g || x ||* for any x, the identical transformation: x x is a bounded 
linear transformation which maps (AL)* biuniquely on (AL). Consequently 
if (AL)* is complete, then by a theorem of S. Banach [1] (pp. 40-41), this 
mapping must be bieontiniious and there exists a constant C such that \\x\\* ^ 
C II X II for any x. 

Now, in order to prove the completeness of {AL)*y let {xn} (n = 1, 2, • • • ) 
be a fundamental sequence in (AL)*: lim || Xm — Xn ||* = 0. We have to 

m,n-»oo 

show that there exists an x e (AL)* such that lim i| Xn — x H* = 0. Without 

n->oo 

the loss of generality we may assume that we have || *„ — x„ ||* ^ 2“” for 
m ^ n. Since || x„ — x„ || ^ || x„ — x„ ||*foranymandn, {x„} (n = 1, 2, • • • ) 
is also a fimdamental sequence in (AL), and, by the completeness of (AL), 
there exists an x e (AL) such that lim || x. — .c || = 0. We shall show that we 

n~*QO 

have also lim || x„ — x ||* = 0. For this puipose, put x„,p = x„ V x„+i v • • • 

n-*oo 

V Xb+p for p = 0, 1, 2, • • • ; n = 1, 2, • • • (x„.o = x.). Then we have x».p g 
^B,p+-l ^ Xn.p “I" (Xn+p+l Xn+p)+ and II Xn,pH-l *n.P II = II (*n+p+l Xn+p)+ || ^ 
II x„+^ — x„+p II* ^ for p = 0, 1, 2, • • . ; w = 1, 2, . . . . Consequently, 
since ^“-o |i x»,pfi - f„,p 1| ^ 2*-o 2“'"''^’ = 2“'"“”, lim x„,p s x« (strongly) 

P«*00 

exists and this limit x» clearly satisfies Xm ^ x„ and || x„ — x* || ^ for 

m ^ n. Since lim || x,* — ^ || =0 we have i g x„ and || x« — x || ^ 2~‘"“‘^ 
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forn = 1, 2, • • • . Consequently, 1| a:, — ^ ||* ^ || — x„ ||* + 1| * ||* = 

II in — a:n II + II in — i II ^ 2-2~^’*~” for n = 1, 2, • • • , and thus we have 
proved that lim || *» — i ll* = 0. 

n-^oo 

The proof of Theorem 1 is now completed. 

Thus we have proved that we can introduce in every abstract (L)-space an 
equivalent norm which satisfies the conditions (I)^(IX). Hence we shall 
assume hereafter (in §§3, 4 and 5) that all the conditions (I)-~(IX) are satisfied. 

3. Direct decomposition. The principal result of this chapter is stated in 
Theorem 2. In the case of the space of functions of bounded variation,® Theo- 
rem 2 has previously been shown by F. Wecken [14]. 

We begin with elementary lemmas. 

Lemma 3.1. \\x y y - x' y y\\ g \\x - x' \\, \\x /\ y - y y\\ ^ 
11 a; — x' \\. Consequently, Xn--^ x {strongly) implies Xn y y x Ay {strongly) 
and Xn Ay X Ay {strongly) for any y. 

Proof. We shall prove only the first relation, a: V 2/ = (a;' + (a: — x')) y y ^ 
{x' + {x - x%) y {y + {x - a:')+) == x' y y + {x - x')^ implies xyy- 
x^ y y {x — x')^ and consequently {xy y — x^ y ^ (a: — a:')^ . Anal- 
ogously, we have {x y y — x' y y)^ ^ (a: — a;')-. Consequently \\xy y — 
a:' V y II = II (a; V y - x' V y)+ II + II (x V y - V y)- || ^ II (a; - a;')+ II + 
11 (X - x0+ 11 = II a: - x' II (by (IX)). 

Lemma 3.2. 0 ^ Xi ^ x* ^ ... ^ x„ ^ x„+i ^ ^ y implies the existence 

of lim x« = x' (strongly) with 0 ^ x' ^ y. 

ll-»00 

Proof: For each n we have (by (VIII)) || a:<+i — a:< || = 1| (®.+i ~ 

Xi) II = II x„ — xi II ^ II y — xi ||. Hence II a;.+i — a:,- 1| < » and conse- 
quently lim x„ = x' (strongly) exists and 0 ^ x' ^ y (by (V)). 

n«-*oo 

Lemma 3.3. For any a; ^ 0 and y ^ 0, lim {nx Ay) = Px{y) {strongly) exists 

n-»oo 

and 0 S Px(y) ^ y. 

Proof: Clear from Lemma 3.3. 

Lemma 3.4. For any x ^ 0, y — » Px(y) is a projection operator defined for 
oK y ^ 0.‘ 

(3.1) Px(y + z)= Px(y) + Pxiz), 

(3.2) y ^ z implies Px{y) ^ Px(z), 

(3.3) P’x(Xy) = XP*(y) for any X ^ 0, 

(3.4) 11 P»(y) 11 g 11 y 11. More generally^ |1 P,(y) - P,(y') |1 g H y - y' ||. 
Consequently, y„ y (strongly) implies Px(yn) -*■ Px(y) (strongly), 

( 3 . 5 ) Px(Px(y)) = Px(y). 

* This is, indeed, one of the most familiar examples of abstract (L)H 3 paces. In this case 
every principal ideal is separable. See also S. Banach and S. Mazur [2]. 

« In order to define P«(y) for any y c (AL), we have only to put Pg(y) « P»(y+) — P»{y^) 
for any y. It is clear that we have (3.1), (3.3) (for any X ^ 0), (3.4) and (3.6) for any y. 
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Proof: By Lemma 1.2, (nx A y) + (n* A «) = («* + (wx A *)) A (y + 
(nx A 2 )) = 2wx A (nx + 2 ) A (y + nx) A (y + z). Hence nx A (y + z) ^ 
(nx A y) + (nx A 2 ) ^ 2nx A (y + 2 ). Making n 00 we have (3.1). (3.2) is 
clear since y ^ z implies nx A y ^ nx A 2 for n = 1 , 2, • • • . (3.3) is also 


clear since, by Lemma 1.1, nx A^y 



forn = 1, 2, • . • . The first 


relation of (3.4) is again clear, and the second one is a direct consequence of the 
fact that we have || nx A y — nx A y' |1 ^ || y — y' |1 for n = 1, 2, • • • (by 
Lemma 3.1). Lastly, (3.5) follows from the relation that nx A Px{y) = lim 


m-»oo 


(nx A (nix A y)) (strongly, by Lemma 3.1) = nx A y for n = 1, 2, • • • . 
Lemma 3.5. 


(3.6) X g x' implies Px(y) ^ Px'(y), 

(3.7) X A a:' = 0 implies Px{y) A Px>(y) = 0, 

(3.8) X A a:' = 0 implies Px+x’iy) = Px{y) + Px'(y), 

(3.9) x„ ^ X (n = 1, 2, • ■ • ) and x„ — »■ x (strongly) imply PxJdj) P*(y) 

(strongly).^ 

Proof: (3.6) is clear since x ^ x' implies nx Ay ^ nx' A y for n = 1,2, • • • . 

(3.7) is also clear since x A a:' = 0 implies (nx A y) A (nx' A y) = 0 for n = 

1, 2, • • • . (3.8) follows from the relation: n(x + x') A y = (nx + nx') A y = 

(nx V nx') A y (by Lemma 1.4) = (nx A y) V (nx' A y) (by Lemma 1.6) = 

(nx A y) + (nx' A y) (by T.,emma 1.4, since (nx Ay) A (nx' Ay) = 0) for n = 1, 

2, • • • . Lastly we shall prove (3.9) : x„ ^ x implies nix„ A y ^ ^ 

Px(y) (by (3.6)) and consequently |j Px(y) - PxSy) il ^ II Px(y) - mx„ A y |1 ^ 

11 Px(y) - mxAyll + llnixAy - mXn A y || ^ 11 Px(y) - mx A y II + 
m II X — Xn II (by Lemma 3.1). Now, for any « > 0 take an mo so large that 
we have || P»(y) — mox A y\\ < «/2 and then no so large that we have 

nto il X — x„ 11 < e/2 for n > no . Then we have H Px(y) — P*„(y) II < « for 

n > no . Since e > 0 is arbitrary, we have Px,(y) — > P*(y) (strongly). 

Lemma 3.6. For any x ^ 0 and y S 0, Px(y) = 0 is equivalent <0 x A y = 0. 
Proof: Since we have always Px(y) ^ x A y, P*(y) =0 implies x A y = 0. 
Conversely, x Ay = 0 implies nx A y = 0 for n = 1, 2, • • • and consequently 
P.(y) = 0. 

Lemma 3.7. x A (y — Px(y)) ~ 0 for any x S 0 and y ^ 0. 

Proof: By (3.5) and (3.1), we have P*(y — Px(y)) + P*(y) = P.(y — 
Px{y)) + Px(Px(y)) = Px(y). Hence P,(y - Px(y)) = 0 and, by Lemma 3.6, 
X A (y - Px(y)) = 0. 


» It is worth noting that x„ > * (n = 1, 2, • • •) and Xn-*x (strongly) do not necessarily 
imply Pt»(y) Px(y) (strongly). For example, put »n “ -y for n = 1, 2, • • • . Then we 
have x» 0 (n “ 1, 2, • • •)> 2 n = 0 (strongly) and yet P*„(y) - y does not tend to 

P.(y) - Po(y) - 0. 
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Definition 1. For any a: ^ 0 and y Q, x > y {or y < x) means that we 
have y A « = 0 for any w ^ 0 with x A m = 0. 

Lemma 3.8. x > Pziy) for any x ^ 0 and y ^ 0. 

Pboof: X a « = 0 implies (nx A y) A « = 0 forn = 1, 2, • • • , and making 
n ao we have P*(y) A m = 0. 

Lemma 3.9. x > y is equivalent to P*(y) = y. 

Proof: By Lemma 3.8, Pz(y) = y implies x > Px{y) = y. Conversely, since 
X A (y — Px(y)) = 0 by Lemma 3.7, x > y implies y — P*(y) = y A (y — 
P*(y)) = 0 and consequently y = P.(y). 

Definition 2. A set I of positive elements of (AL) is said to be an ideal 
if the following conditions are satisfied: 

(3.10) X « I and y « I imply x + y e I, 

(3.11) X « I and y < x imply y « I, 

(3.12) x„ « I (« = 1, 2, • • . ) and x„ — » x (strongly) imply x « I. 

Lemma 3.10. For any x^O the setof aUy ^0 which satisfy y < xis an ideal. 
Proof: We have only to prove the following three statements: 

(3.13) X > y and x > z imply x >- y + 2 , 

(3.14) X > y and y > 2 imply x > 2 , 

(3.15) X > y„ (n = 1, 2, . • . ) and y, ^ y (strongly) imply x > y. 

(3.13) is clear since x A m = 0 implies y A m = 0 and 2 A w = 0, and conse- 
quently 0 ^ (y + «) A M ^ (y + z) A (u + z) A (y + u) A (u + u) = 
y A M + 2 A w (by Lenuna 1.2) = 0. (3.14) Is also clear .since x A u = 0 im- 

plies y A w = 0 (since x > y) and this again implies 2 A m = 0 (since y >■ z). 
Lastly, (3.15) follows from Lemma 3.1. For, y„ A w = 0 (n = 1, 2, • • • ) and 
yn-* y (strongly) imply y A « = lim (y„ A u) = 0 (by Lemma 3.1). 

n-*oo 

Definition 3. The ideal obtained in Lemma 3.10 Ls called the principal ideal 
with unit x and is denoted by [x]. It is clear that y € [x] and y > 0 implies 
y /\ X > 0. For each principal ideal, the unit is not unique. For example, 
we have [x] = [X:c] for any X > 0. More generally, any 2/^0 which satisfies 
X > y and y > x simultaneously has the property: [x] = [i/]. 

The totality of all the positive elements of {AL) constitutes itself an ideal. 
We shall call this ideal a unit ideal. The unit ideal is not necessarily principal, 
and we have 

Theorem: 2. The unit ideal is decomposed into a direct sum of a {not necessarily 
countable) number of principal ideals. More precisely, there exists a family of 
principal ideals { [Xa] } (a e 9K) such that Xa A — 0 for any a p, and any y > 0 
can be uniquely expressed in the form: y = ]Cn-i2/an) 2/«n ^ y^here {««} 
(w = 1, 2, • • • ) is a countable sequences of indices from 3)? which depends on y 
such that PxaSv) * y®* 2, • • • ) and PxSv) = 0 a € 3W. 
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Proof: Let all the positive elements of (AL) be arranged in the well-ordered 
sequence: Zo ^ Zi j Zi ^ , Za , • • • ^ ot < <p. We shall define the transfinite se- 

quence [Xa], a < <pjhy transfinite induction. Put Xo = 2o , and assume that 
is already defined for all < a. Then put Xa = Zaii Za A x^ = 0 for any ^ < a, 
and Xa = 0 otherwise (i.e., if there exists at least one < a with Za A x^ > 0). 
In this way, Xa can be defined for all a < (p. It is clear that we have Xa A x^ = 0 
for any a jS, and that for any x > 0 there exists at least one a < <p with 
iCa A > 0. We shall show that this sequence {xa} (a < ^, omitting those ct 
with Xa = 0, and this set of indices will be denoted by SD?) is the required one. 

In order to prove this, consider, for any i/ > 0, the set {Px„(y)\ («c9)?). 
Since 0 ^ PxSv) ^ V any n? « and since Px^iv) A Px^iy) = 0 for any 
a 5^ /S (by (3.7)), we have Px„^(y) = Px.j(2/) V Px.,(2/) V • • • V ^x.^(2/) ^ V 
for any finite system of indices lai , a 2 , • • • , ««} from 9W (by Lemma 1.4). 
Hence the set of indices a € with PxSy) > 0 most countable,® and if we 
denote these by Ian} (n = 1, 2, • • • ), then the strong limit lim 23?-! Px^ {y) « 

n“*oo ‘ 

X)n-i Pxa (y) exists and X)n-i Pt„ (y) S 2/- We shall prove that this is an 

n "n 

equality. Indeed, if we have y' = y — ^n-i Px^ (y) > 0, then there must exist 
at least one index a with x^ Ay' > 0. This is, however, a contradiction 
since we have ^ ^ Xa A y' ^ Xa A {y — Px^iy)) = 0 for any a e 2)? (by 
Lemma 3.6). 

Thus we have proved that there exists a sequence of indices {an| (n^ = 1, 
2, • • • ) from SO? such that y = Px^J^y) and Pxa{y) = 0 for other a c SOi. 

In order to prove the uniqueness of this expression, let us assume that we have 
y = 2!)n-i 2 //Sn . 0 < t [a:^J (n = 1, 2, • • • )• Then we have y ^ yg^ and 
consequently Px^J^y) ^ Px^^iy&n) = 2 // 5 » > 0 (by Lemma 3.9) for n = 1, 2, • • • . 
Hence [Pn] (n = 1, 2, • • • ) is a subsequence of {an} (n == 1, 2, . • • ). We shall 
prove that the totality of {j^n} (n = 1, 2, • • • ) coincides with {an} (n = 1, 2, • • • ) 
and that we have Px^ (y) = for n = 1, 2, • • • . For, otherwise, we should 

have y = Z:.! P., (y) > TTn^xP.^^v) ^ S"-* J/fl. = 2 / or y = Z:-xP*..(j/) ^ 
( 2 /) > £n-i 2 // 3 „ = 2/> which is clearly a contradiction. 

This concludes the proof of Theorem 2. 

Theorem 3. In order that the unit ideal is principal, it is necessary and suffi- 
cient that SD? is at most countable. 

Proof: If there exists a unit 1 such that 1 > x for any x > 0, or equivalently, 
1 A 3: > 0 for any x > 0, then w^e have xl = 1 A > 0 for any a e 2)?. Since 
Xa A X 0 = 0 for any a /3, we have 0 < xl, ■+• xl, + • • • + = x'ai V 

XatV-'-V Xan ^ 1 any finite system of indices {ai , a 2 , • • • , an} from 2)^f 
(by Lemma 1.4). Hence 2)? must be at most countable.® Conversely, if 2)? is 

• We have only to notice that for each n there exists only a finite number of indices a 
such that II Psaiy) II > l/w- 

• Analogously as in footnote 8. We have only to notice that for each n there exists 
only a finite number of indices a such that 1 1 x' 1 1 > 1/n. 
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at most countable: 9W =* {ai , aj , • • • }, then 1 * SJ-i 2“" || a;«5 will 

be a unit. Indeed, x > 0 implies the existence of an index a. with Xa, A > 0 
and consequently 1 A * ^ 2 ".|lx,^|l ‘.X., A * > 0. 

Theorem 4. Every separable abstract (L)-space has a unit. 

Proof: If we put = || Xa IT^-x* for any a e 3K, then we have || x« || = 1 
and x'a A Xfi = 0 for any a fi. Hence (by (IX)) we have H xl — Xf\\ = 
II x'a + x^ II = II x'a II + II x^ II = 2 for any a 9 ^ p. Since (AL) is separable by 
assumption, SR must be at most countable and, by Theorem 3, the unit ideal of 
(AL) must be principal. 

Remark. This result may also be obtained directly as follows: Let {x») 
(n = 1, 2, • • • ) be a countable set which is dense in the positive part of (AL). 
If we put 1 SE 2~“-|| Xn ir*-x« , then 1 is a unit of (AL). Indeed, for 
any x > 0 there exists a subsequence {x„, } (v = 1, 2, • • • ) (« = 1, 2, • • • ) 

such that x„, — » x (strongly) and Xn, Ax —*x Ax (strongly) = x > 0. Hence 
x», A * > 0 for some v, and this implies 1 A x ^ 2“"’ - 1| x„, ||"’^•x», A * > 0. 

This result was also obtained by H. Freudenthal [4]. 

4. Integral representation. In §3 we have obtained a direct decomposition 
of the positive part of (AL) into principal ideals. Consequently, our problem 
of concrete representation is reduced to the case of a principal ideal, i.e., the 
case when the unit element 1 exists.^** In this chapter we shall show that the 
positive part of an abstract {L)-space mth unit may be represented by an integral 
in some abstract Boolean algebra with unit. This may be considered as a gen- 
eralization of a well-known result of O. Nikodym [9] (see also S. Saks [10]), and 
is essentially contained in the paper of H. Freudenthal [4]. The proof given 
below, however, has some interest. 

Let us denote by 1 the unit element which we assume to exist (throughout 
this chapter). Without loss of generality, we may assume that || 1 1| = 1. 

Definition 4.“ A positive element e ^ 0 is said to be a characteristic element 
of (AL) if we have e A (1 — e) = 0, or equivalently by Lemma 1.2, 2e A 1 = e- 
The totality of all characteristic elements of (AL) will be denoted by E. It is 
clear that e e E implies 0 ^ e ^ 1. 

Lebima 4.1. Rx(l) « E/or any x ^ 0. 

Proof: 2P»(1) A 1 = lim (2(nx A 1) A 1) (strongly by Lemma 3.1) = lim 

n-»oo n -^00 

(2nx A 1) = P.(l). 

Lemma 4.2. e (E is equivalent to Pe(l) = e. 

Proof: By Lemma 4.1, P,(l) = e implies e * E. Conversely, e e E is equiva- 
lent to 2e A 1 = e by definition. And if. 2”e A 1 = c, then 2"'‘’*e A 1 = 
2(2"e Al)Al = 2eAl = e. Hence, P.(l) = lim (2"e A 1) = e. 

n-*eo 

Lemma 4.3. e e E implies 1 — e « E. (Clear.) 

See the last lines of the proof of Theorem 7. 

« Cf,H. Freudenthal (4). 
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Lemma 4.4. ei c E and ea e E imply ei\/ en'E, and ei A ea E. 

Proof: 2(ei V cs) A 1 = (2ei V ^j) A 1 = (2ei A 1) V (2ea A 1) (by Lemma 

1.6) = ei V e* • 2(ei A «*) A 1 = (2ei A 2ea) A 1 = (2ci A 1) A (2e2 A 1) = 

Cl Ae*. 

Lemma 4.6. e„ « E (» = 1, 2, • • • ) and e„ — > e (strongly) imply e e E. 

Proof: 2e a 1 = lim (2e„ A 1) (by Lemma 2.1) = lim e„ = e. 

n-^oo n-+oo 

Lemma 4.6. E is a Boolean algebra with eiV ^2 ,ei A ^ 1 — e? os its funda- 

mental operationsy and is closed in {AL) in the strong topology. 

Proof: Clear from Lemmas 1.6, 4.3, 4.4 and 4.5. 

Theorem 5. For any a: ^ 0 there exists a system of characteristic elements 
{e(X)} (0 ^ X < 00 ), called the resolution of unity y such that 

(4.1) X g /i implies e{\) ^ e{y)y 

(4.2) Xn ^ X (n = 1, 2, . • • ) and Xn — > X imply e{\n) c(X) {strongly), 

(4.3) e{0) = 0, lim e{\) s ^(oo) = 1, 

X-*oo 

(4.4) e « E and e ^ ("(X) imply P.(x) ^ Xe, 

(4.6) e « E and e ^ 1 — c(\) imply P,(x) ^ Xe. 

Proof: Put e(X) = P(xi-t)+(l). Then c(X) is characteristic by Lemma 4.1. 
Since (XI — x)+ g (/il — a;)+ for \ ^ y, (4.1) is a direct consequence of (3.6). 
Analogously, (4.2) is a direct consequence of (3.9), if we observe that we have 
(X„l — *)+ = (X„l — a;) V 0 —» (XI — a;) V 0 = (M — a;)+ (strongly by Lemma 
3.1). The first part of (4.3) is almost evident; for, we have e(0) = /’(-X>+(1) = 
Po(l) = 0. Before coming to the proof of the second part, we shall prove (4.4) 
and (4.5). e € E and e ^ e(X) imply 0 g e A (^p — Xl)+ ^ e(X) A (a^ — Xl)+ = 
lim (n(Xl — x)jy. A 1 A (x — Xl).f) (strongly by Lemma 3.1) = 0 (by Lemma 

n-^oo 

1.5), and consequently P.{(x — Xl)+) = 0. Hence the trivial relation x ^ 
(a: — Xl)+ + XI implies Pe{x) g Pe((x — Xl)+) + P.(Xl) = Pe(Xl) = Xe 
(by (3.2), (3.1), (3.3) and Lemma 4.2). In the same manner, e € E and 
e ^ 1 — e(X) imply 0 ^ e A (XI — x)+ ^ (1 — e(X)) A (XI — x)+ = 
(1 — P(xi_x)+(1)) A (XI — a;)+ = 0 (by Lemma 3.7), and consequently 
P.((X1 — x)+) = lim (ne A (XI — x)+) (strongly) = 0. Hence the trivial 

n-*oo 

relation x + (XI — x)+ ^ Xl implies P«(x) = P«(x) + P«((X1 — x)+) ^ 
P,(X1) = Xe. Thus (4.4) and (4.5) are proved. 

Now, in order to prove the second relation of (4.3), put lim e(X) = e(<x>) 

X-*oo 

(strongly), which surely exists and belongs to E by Lemma 4.5. If we further 
put e'(oo) = 1 — e(oo), then e'(oo)«E by Lemma 4.3. Since e'(<») g 

I — c(X) for any X > 0, we have P.'(«)(x) ^ Xe'(<») and consequently 

II P.'(»)(a:) 11 ^ X 11 e'(«) 11 for any X > 0. From this follows directly that we 
have e'(<») = 0 and e(oo) = 1, 
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Thus the proof of Theorem 5 is completed. 

Theorem 6. Each positive dement x ^ Oof (AL) can be expressed in the form-. 
(4.6) X = f X de{\), 

Jt 

where the integration is of abstract Radon-Stieltjes type and { e(X) } (0 ^ X < <» ) 
is the resolution of unity obtained in Theorem 5. 

Proof; For any division A:0 = Xo<Xi< ••• <X„ = A< ooof the interval 
(0, A) with 0 < Xi — X,_i < t (i = 1, 2, • • • , n), wc have 

n n 

t-1 t-1 

t-1 

and 


Af(A) - m(A) = XI 0<i ■“ X,-.i)(e(Xi) - e(\i-i)) 

t-1 

^ e(Xi~l)) = 6(e(A) — 6 ( 0 )) ^ € 1. 

t-1 

These relations follow directly from the fact that wc have 6(X,) — 6(X»_i) ^ 
e{Xi) and 6(X<) — 6(Xt-i) ^ 1 ~ 6(X,-«i) for f = 1, 2, • • • , n. Hence we have 

(by making e — > 0) Pe(A){x) = / Xd6(X), and, by making A oo, we have 

Jo 

the required relation (4.6) (since A oo implies c(A) — ► 1 (strongly) and 
Pe(A)(x) Pi(x) = X (strongly) by (3.9)). 

The proof of Theorem 6 is hereby completed. 

Remark. Theorems 5 and 6 are also valid even if there exists no unit element 
in (AL); for, we have only to consider the principal ideal [x]. 

5. Concrete representation. In §4 we have seen that any positive element 
of an (AL) with unit can be represented by an integral in some abstract Boolean 
algebra. We shall show, in this chapter, that this abstract Boolean algebra 
(with a unit element) can be represented by a concrete one with a completely 
additive measure, and that the abstract integration can be substituted by a 
concrete one. 

Theorem 7. To any abstract (L)-space (AL) satisfying the conditions (I)- 
(IX), with a unit element there corresponds d totally disconnected (bicompact) topo- 
logical space 12 and a completely additive measure defined on a Borel field of tt, such 
that (AL) is isometric and lattice-isomorphic to the Banach space L(12). 

Proof: We shall first treat the case when the unit exists. By Lemma 4.6, 
the totality E of all the characteristic elements e of (AL) constitutes a Boolean 
algebra with 1 as its unit element. Hence, by a theorem of M. H. Stone [12]- 
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H. Wallman [13], E may be represented by a concrete Boolean algebra K of all 
the simultaneously open and closed subsets of a totally disconnected bicompact 
topological space 12. Let E be the element of K which corresponds to the element 
e of E. Then m{E) = || c || is clearly a finitely additive measure defined on K, 
and, if we put d{Ei , E 2 ) = m{Ei + J ?2 — EyE^, then (denoting by ey and €% 
the corresponding elements in E), d{Ey , E 2 ) = m{Ey + Ei — EyE^) = 
7n{{Ey + E 2 ) — E 2 ) + rn{{Ei + E^ — iBi) = || V ^2 — €2 i| + 1| V ^2 — €y || = 
II (ci — C 2 ) V 0 II + II 0 V (C 2 - Cl) II = II ey — 62 II (by IX)); i.e., with this 
metric d{Ey , £' 2 ) E is isometric with K. 

We shall next prove that this m{E) is completely additive on K. For this 
purpose, it suffices to show that no element £ of K can be expressed as a sum of a 
countable infinite number of non- vacuous disjoint sets i£n} {n = 1, 2, • • • ) 
of K. Indeed, if we have £ = Xln-i £« , £ e K, £n « K (n = 1, 2, • • - ) and 
EtnEn == 0 (m n), then the closed set £ is covered by a system of open sets 
{£n} (n = 1, 2, • • • ). Since the space 12 is bicompact, £ is covered by a finite 
number of £n , and this is clearly impossible since each £n (n = 1, 2, . • • ) is 
non-vacuous and £«•£« = 0 for m n. 

Thus we have proved that m(£) is completely additive on K. Hence, by a 
theorem of E. Hopf [5] (p. 2), m(£) can be extended to the least Borel field B(K) 
containing K, and it will be easily seen that the residual class of B{K) modulo 
the ideal of all tlie sets of measure zero of £(K) forms a Boolean algebra which 
is isometric and lattice-isomorphic to E.^"^ Thus we have obtained a space U 
and a completely additive measure m(£) defined on the Borel field B{K) of 
subsets £ of 12 which is isometric and lattice-isomorphic to E (if we neglect the 
sets of measure zero) ; and it is now an easy matter to show (under the condition 
(IX)) that (AL) is isometric and lattice-isomorphic to the Banach space L(12) 
w’hich is determined by the measure just obtained above. Indeed, the integral 
representation obtained in Theorem 6 is simply the one-to-one norm-preserving 
correspondence of the positive part of {AL) and £(12), and from this follows 
(by virtue of (IX)) that {AL) and L(12) are isometric and lattice-isomorphic to 
each other. 

Thus Theorem 7 is proved under the condition that the unit element exists. 
In order to discuss the general case, we have only to appeal to Theorem 2. 
Indeed, we have only to consider the family of spaces {12a}, a € 9D?, corresponding 
to the principal ideals ([Xa]), a eSW, and to put 12 = . As is easily 

For this purpose we have only to show that for any E cB(K) with E =* £n , £n cK 

(n « 1, 2, • • • ) and £1 C £j C • • • C £» C • • • , there exists an £' 6 K such that E* 'D E 
and m{E' — E) =« 0. In order to show this, consider the corresponding elements {Cn] 
(n »» 1, 2, • • •) from E. Then we have ci ^ ej ^ ^ Cn ^ • • • , and |1 Cn 11 = w(£n) ^ 

m{E) < 00 . Hence lim Cn “ e' exists and, if we denote by £' the element of which 

n-*oo 

corresponds to e', then £' satisfies £' 3£n (n * 1, 2, •••) andm(£') ** H cMl “ 1™ II li “ 

n-*oo 

lim m{En)^ Consequently E* 'D ]^n-i m(£' — £) - lim m{E* — En) • 0. 
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seen, 1/(12) is the totality of all the measurable functions x(t) defined all over 
12 « > for which there exists at most a countable number of indices {«»} 

(w = 1, 2, • • • ) (depending on x{t)) such that we have 2n-i / 1 x{t) \dt < ^ 

JOan 

and x{t) = 0 almost everywhere on other 12a . It is clear that (AL) and Z/(12) 
are isometric and lattice-isomorphic to each other. 

The proof of Theorem 7 is now completed. 

If, moreover, the space (AL) is separable, then B(K) is also separable with 
respect to the metric d{Ei , E2) = m{Ei + E2 — E1E2). Furthermore, by 
Theorem 4, this (AL) has a unit 1 with H 1 1| = 1. Consequently B(K) has a 
unit element 1 with m(l) = 1. Hence, by a well-known argument, S(K) can 
be embedded isometrically and lattice-isomorphically in a Boolean algebra of 
all the measurable sets of the unit interval (0, 1).^® 

Theorem 8. Every separable abstract {Lyspace {satisfying (I)-(IX)) can be 
embedded isometrically and lattice-isomorphically into the Banach space (L) {= the 
concrete {Lyspace define/i on the unit interval (0, 1) with respect to the ordinary 
Lebesgue measure). 

6. Mean ergodic theorem in abstract (L)-spaces. 

Definition 5. Let T be a bounded linear operation which maps a semi- 
ordered Banach space into itself. T is said to be positive if we have T{x) ^ 0 
for any a; ^ 0. 

Theorem 9. Let T be a positive bounded linear operation which maps an 
abstract {L)-space {AL) {satisfying the conditions (I)-(VIII)) into itself. If there 
exists a constant C such that \\ T"" \\ ^ C for n — 1, 2, • • • , and if there exists 

for any a: ^ 0 an Xo ^ 0 sitch that Xn = -(x + T{x) * 4 - — • T” '‘(a:)) ^ Xofor n = 

n 

1, 2, • • • , then for any x e {AL) the sequence \xn] {n = 1, 2, • • • ) converges 
strongly to a point x e {AL)^ i.e., mean ergodic theorem is valid in {AL). 

Remark. This is a generalization of a result of Garrett Birkhoff [3]. He has 
assumed that T preserves the norm of positive elements (i.e., 1| r(a:) |1 = || a: |1 
for any x ^ 0), and has only proved that \f{xn)] (n = 1, 2, • • • ) converges for 
any bounded linear fimctional f{x) defined on {AL). (Since the weak complete- 
ness of {AL) (see Theorem 11) was not proved by him, the weak convergence 
of {xnj (n = 1, 2, . • . ) was not yet established). 

Proof of Theorem 9. By Theorem 1, we have only to discuss the case when 
the conditions (I)-(IX) are all satisfied. Hence we shall assume, appealing to 
Theprem 7, that {AL) is represented isometrically and lattice-isomorphically by 
a concrete (Z/)-space Z/(12). 12 may not be h sum of a countable infinite number 
of subsets of finite measure. By a theorem of K. Yosida [15] and the author [7] 
(see also F. Riesz [10]), we have only to prove that, for any x t Z/(12), the se- 

Cf. S. Bochner and J. v. Neumann, On compact solutions of operational-differential 
equations /, Annals of Math., Vol. 36 (1936), p. 264, Footnote 17. 
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quence {a^n} (w == 1, 2, • • • ) contains a subsequence which converges weakly to 
some X eZ/(12). Since any x €L(fl) can be represented as a difference of two 
positive elements: a; = — x- , we have only to discuss the case a: ^ 0, and 

our theorem is reduced to the following 

Theorem 10. Let {a;n(0} = 1, 2, ^ sequence of non-negative 

measurable functions from L(fl). (Q may not be a sum of a countable infinite 
number of subsets of finite measure.) If there exists a function Xo(t) e L(Q) such 
that Xn(t) ^ aro(0 almost everywhere on 12, then the sequence \xn{t)} (ri = 1, 2, • • • ) 
contains a subsequence which converges weakly to some function x{t) €L(U). 

Proof: When Q is the interval (0, 1) or (— <», +«»), this theorem is well- 
known, and the general case can be reduced to this case. To show this, con- 
sider the family K of all the sets En,a = Et[xn(t) > a], where a is any positive 
number and n = 0, 1, 2, • • • . Each En,a is of finite measure since we have 

am(En.a) ^ / Xn(t) dt < CO for any a > 0 and n = 0, 1, 2, • • . . Moreover, 

since we have En,a == lim En.r^ > where a is any positive number and [rk] (k = 

k-^oo 

1, 2, • • • ) is a monotone decreasing sequence of positive rational numbers which 
tends to a, K is separable with respect to the metric d(Ei , E2) = m(Ei + — 

E1E2)* Hence, by a well-known argument, K may be represented isometrically 
and lattice-isomorphically by a family of measurable sets in the interval 
(- +<»). 

Thus the characteristic functions of the sets of K and consequently the func- 
tions {a:n(0} (w = 0, 1, 2, • • • ) may be considered as the non-negative measur- 
able functions of -L(^2o), where flo is the infinite interval (—«>,+«>). It is 
clear that we have Xn{t) ^ Xo{t) (n = 1, 2, • • • ) almost everywhere on fib . 
Hence by a well-known result, the sequence {a:n(01 (^ = 1» 2, • • • ) contains a 
subsequence {a:n,(0) = I7 2, ••• ) which converges weakly to a function 

x{t) cZ/(fio). Since x{t) belongs to the smallest closed linear manifold which 
contains {xn(t)] (n = 1, 2, • • • )> ^(0 also be considered as to belong to 
L(fi), and it is again clear that the sequence {a:n,.(01 (»' = 1? 2, • • • ) converges 
weakly to x{t) as a sequence of elements of (AL). 

Thus the proof of Theorem 10 and thereby the proof of Theorem 9 is com- 
pleted. 

Remark 1. The proof given above is based on the representation theorem 
(Theorem 7), and in proving Theorem 7 we have made use of the transfinite 
induction (see Theorem 2). In order to avoid such a transfinite method, we 
shall prove the following Theorem 11. As will be shown later, Theorem 11 
will give us another proof of Theorem 9. Theorem 11 is mteresting in itself 
and will perhaps become a useful tool in the allied problems. 

Theorem 11. Let (AL) be an abstract {L)-sj>ace {satisfying the conditions 
(I)-(IX)) which is not necessarily separable^ and let {xn} (n = 2 , • • • ) be an 

arbitrary sequence of points from {AL). Then there exists a separable closed linear 
subspace {ALY of {AL) which contains {ajn} {n = 1, 2, • • • ) and which is also 
closed in the sense of lattice {i.e., yi^yte {ALY implies 2/1 V 2/2 , A 2/2 € (AL)'). 
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Proof: Let Y be the set of all y e {AL) which is obtained from {*«} (n = 
1, 2, • • • ) by operating a finite number of times the following operations: 

(6.1) taking a sum: y = j/i + ys , 

(6.2) multiplication by a rational number: y — \yi, 

(6.3) taking a maximum: y = yiV yt , 

(6.4) taking a minimum: y = yi A yt ■ 

Y is clearly a countable set, and yi, yttY implies yi + yt, Xj/i , Vi V yt, and 
y\ A ya Y, where X is a rational number. Let now (AL)' be a closed cover 
of Y (in the strong topology of (AL)). We shall prove that this (AL)' is the 
required one. Since it is clear that (AL)' is separable and contains {a;„} (n = 

1, 2, • • • )( we have only to prove that (AL)' is linear and is closed in the sense 
of lattice. 

For this purpose, let yi, 2/2 « (AL)' and let X be an arbitrary real number. 
Then there exist two sequences of points {y,„) (n = 1, 2, • • • ;i = 1, 2) from Y 
and a sequence of rational numbers |Xnl (n = 1, 2, • • • ) such that y,„ — > y,- 
(strongly, i = 1, 2) and X„ ^ X. Consequently, yi„ + ytn -»• j/i + 1/2 (strongly), 
X,4/i„ -♦ \yi (strongly), yi„ V Vtn yi S/ yt (strongly) and yi„ A ytn -*yi AVt 
(strongly). Since yi„ + yin , X„j/i„ , ym V yin and yi„ A yin belong to Y for 
n = 1, 2, . • • , 2/1 + 2/2 , Xyi , yi V 2/2 and 2/1 A yi must belong to (AL)' which 
completes the proof of Theorem 11. 

Proof of Theorem 9. By Theorem 11, there exists a separable clo.sed linear 
subspacc (AL)' of (AL) which contains {x„| (n = 0, 1, 2, • • • ) and which is 
also closed in the sense of lattice. It is clear that (AL)' itself is also an akstract 
(L)-spacc. Hence (AL)' can be embedded isometrically and lattice-isoraorphi- 
cally into the concrete (L)-spacc (L) by Theorem 8. Thus {a:„l (n = 0, 1, 

2, • • • ) may be considered as a sequence of measurable functions {a:n(01 (” = 
0, 1, 2, • • • ) of (k). If we now consider the case a; ^ 0, then 0 ^ x„(<) ^ Xo(t) 
almost everywhere for n = 1, 2, • • • . Hence, as we have observed above, 
there exists a subsequence {x„,l (v = 1, 2, • • • ) of {x„| (n = 1, 2, • • ■ ) which 
converges weakly (as a sequence of points of (L)) to a point x f(L). Since x 
belongs to a closed linear manifold which is spanned by |x„j (n = 1, 2, • • • ), 
£ may also be considered as to belong to (AL)', and it is clear that the sequence 
{*0,1 (r = 1, 2, • • • ) converges weakly to x as a sequence of points of (AL)'. 
Thus we have proved that there exists a subsequence {x„,| (»» = 1, 2, • • • ) 
of {x„} (n = 1, 2, • • • ) which convolves weakly to x e (AL)' as a sequence 
of points of (AL)', and it is again clear that the sequence {xb,) (v = 1, 2, • • • ) 
converges weakly to f as a sequence of points of (AL). 

The rest of the proof may now be carried out exactly as in the preceding case. 
We h^ve only to apply the mean ergodic theorem in Banach spaces (K. Yosida 
[15], S. Kakutani [7] or F. Riesz [10]). 

Remark. Since the space L(Qo), where flo is the interval (0, 1) or (— « , + a© ), 
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is weakly complete, we can prove in the same manner that each concrete 
(Z/)H3pace L(Q) is weakly complete. Hence, by Theorem 7, 

Theorem 12. Every abstract {Ly space is weakly complete. 

For the case of the space of functions of bounded variation, this theorem was 
obtained by S. Banach and S. Mazur [2]. 

Mathematical Institute, Osaka Imperial University 
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TWO ESTIMATES CONNECTED WITH THE (a, /3)-HYPOTHESIS‘ 

By Pbtbr Schbrk 
(Received April 22, 1940) 

Small italics denote integers. The ^‘number function” D{x) of a set D of 
positive integers d is the number of the d ^ x. 

Let Ay Bf C he sets of positive integers a, 6, c respectively and A{x)y B{x), 
C{x) their respective number functions. Let C be the set of all the numbers 
of the form a, 6 or a + 6. 

The so-called (a, /8)-hypothesis reads: Let a and be two positive real num- 
bers with a + < 1. Let A(x) ^ ax and B(x) ^ fix for x = 1, 2, • • • , n. 

Then C(n) ^ (a + fi)n. 

This hypothesis has been treated among others by Landau, Besicovitch, and 
Schur.^ The proofs of their theorems have the principle in common that the 
number function C(n) is estimated more or less explicitly through integer ex- 
pressions in the number functions of the two sets A and B; and it is only after- 
wards that estimates of these number functions are used. An analysis of 
Besicovitch^s paper shows that Landau^s and Schur^s theorems can be derived 
from the estimate contained in his proof.® 

The problem of constructing such integral estimates of C{n) through expres- 
sions in the number functions of A and B seems interesting for two reasons: 
On the one hand one can hope to reach a deeper understanding of the (a, fi)~ 
hypothesis. On the other hand this problem seems more natural, since it in- 
volves no hypothesis about the sets A and B. 

Until now two estimates of this kind are known besides that of Besicovitch.® 
These three estimates are sharp. In each of them the number of terms can be 
made arbitrarily large by increasing n. 

In this paper two new estimates are presented each containing only a restricted 
number of terms. Like the earlier three inequalities they are valid for numbers 

^ This paper was presented to the American Mathematical Society on February 24, 1940. 

*E. Landau: Die Goldbachsche Vermutung und der Schnirelmannsche Satz, Nachr. 
Ges. Wise. Goettingen, 1930, pp. 265-276. 

A. S. Besicovitch: On the density of the sum of two sequences of integers, Journal 
London Math. Soc. 10 (1936), pp. 246-248. 

I. Schur: Ueber den Begriff der Dichte in der additiven Zahlentheorie, Sitz. Ber. Preuss. 
Akad. Wiss., 1936, pp. 269-297. 

Also: E. Landau: Ueber einige neuere Fortschritte der additiven Zahlentheorie, Cam- 
bridge Tracts SS (1937). 

• P. Scherk: Bemerkungen zu einer Note von Besicovitch, Journal London Math. Soc. 
14 (1939), pp. 186-192. 
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not lying in C and interconnected by Khintchine’s “Umkehrformel” (Inversion 
formula).* 

We decompose the positive numbers into intervals, such that all the integers 
in intervals of one kind belong to C, those in the others not; Let 

go — 0 ^ ko < gi < ki < gt < ki < - ■ - ; 

z 0 for gi ^ z ^ ki f z ^ C for kt z ^ gt-i-i [f “ 9, 1, 9, • • •]• 

^ ^ C ^ ^ ^ C 1 ^1 1 I 

go =0 ki) gi ki 02 fcj 02 

We abbreviate r( 2 ) = A(z) + B(z). 

If ko ^ n ^ 01 , then C{n) ^ r(^)- The proof of this statement is simple.® 
Two facts follow from it: 1) The (a, ;8)-hypothcsis is true for h < n ^ gi [and 

therefore up to ifci]. 2) If we suppost^ a + (9 ^ 1 instead of a + /3 < 1, then C 

contains all the positive integers up to n. 

If we go from the first segment ko ^ n ^ 0 i to any higher one ki ^ n ^ gi+i 
[i ^ 1], then there exists no longer a general inequality of the form C(n) ^ 
r(n) — S{i), where /(t) depends upon i but not on A and B.® 

The following theorem, however, can be proved: If ki ^ n ^ , and if 

C(n) < r(n), then there is a number 1+1 ^ fc, belonging to both A and B 

such that 

C(n) ^ r(l) + r(n - 1 - 1) - {i - 2). 

This estimate contains the (a, (3)-theorem for the interval ki < n ^ 02 . For 
such an n satisfies at least one of the following two inequalities 

C(n) ^ r(n) and C{n) ^ r(Z) + r(n — 1 — 1) + 1. 

The second theorem is connected with the analogous decomposition of the 
positive integers according to whether or not they belong to B. It can be 
formulated as follows: Let 

(1) n + 1 4: C, C(n) < A{n) + B{n). 

Then there is a number m < n with 

m + n — m (Z A, 

^ A. Khintchine: Zur additiven Zahlentheorie, Matem. Sbornik 3 (1932), pp. 27-34. 
One of the inequalities being symmetrical, only one other estimate is related to it. 

^ See the beginning of the proof of the first theorem. This fact was already used by 
Schnirelmann. Schnirelmann: Ueber additive Eigenschaften der Zahlen, Math. Annalen 
107 (1933), pp. 649-690. 

« One can readily find examples which show that r(n) — C(n) can be made arbitrarily 
great while i remains fixed; Let 

1 ^ r < v, A « J? - {1, 2, • • • , r, 2*; 4- 1, 2ti + 2, • • • , 3t;l. 

Hence C - {1, 2, • • • , 2r, 2v + 1, 2t; + 2, • • • , 3v + r, 4t; + 2, 4*; + 3, • • • , 6rl fci » 3i; + r 
and T(ki) - C{ki) « 2(r + r) - (2r + r + r) =» t; - r. 
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such that 

(C(n) - C{n - m)) + (C(n) ~ C(m + 1)) 

( 2 ) 

^ A{m + 1) + A{n — m — 1) + B{n) — (i — 1). 

Here i + 1 equals the number of numbers r ^ n with r + 1 C|Z 5 and either 
r C jB or r = 0. 

Both theorems can be slightly refined, but they are already sharp in the given 
form, in the sense that there is a pair of sets Aj B such that in each of the in- 
finitely many estimates of this kind m can be chosen such that equality holds, 
but that for any choice of m in none of them the greater sign is valid/ 
Throughout this paper we abbreviate D{x, y) = D{y) — D{x) for any number 
function D{xf and r(a:, y) = r(t/) — r(x). Thus (2) can be written 

C(n — m, n) + Cim + 1, n) 

(3) 

^ A{m + 1) + A{n — m — 1)+ B{n) — {% — 1). 

Lemma/ Let k + l(^Cf0^g<h^k. Then 

(4) h - g ^ A(gy h) + B{k - h,k - g). 

Proof: Let a C A, 6 C JS. From a = k + 1 — b would follow A; + 1 = 
a + h CC. Therefore, the numbers a with g < a and the numbers A; + 1 — & 
with g < k + I b ^ hare different from each other. Their number 

A{g, h) + B{k - K k - g) 

is not greater than the number h — g of all the numbers z with g < z ^ h. 
Upon adding the formula symmetrical to it to (4), we obtain 

(6) 2{h - g) r{g, h) + T{k - h, k - g). 

Proof of the first theorem: 

The ki and gi have the same meaning as in the introduction. If ko > 0, then 

C(fco) = ko^ r(fco) 

according to (4) with g = Oj h = k ko • If A;o = 0, this estimate is trivial. If 
(6) Cix) ^ r{x) 

and if a: + 1 cj: (7, then (6) also holds for a: + 1 instead of x. 

We may suppose (6) is not valid for all the x 4: C. Then there is a ji ^ 1 
such that (6) holds for all the x ^ g^^ with .x CJ: C but not for x = Ajy^ . We 
shall show that there exists an inequality of the desired kind for all the x ^ 
belonging to an interval ki ^ x ^ g^^i . 


^ Cf. the example given in 3. 

* When X < y, D(Xy y) obviously indicates the number of the d CZ D with x < d ^ y, 

• This lemma is a well known special case of Khintchine^s ^^Umkehrformer'; cf. 2, 3, 4. 
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There is a number h with gj^ ^ h < k„ such that 

(7) r{h) g C{li) < C(k + 1) < T(h + 1). 

Thus ii + 1 must lie in the intersection A-B of A and B. The formula (5) 
with 

k = k/i, g = 0, h = kii — h 

gives 

2C(li , k„) = 2(kn - k) ^ T(ki, - h) + r(h , ki,) 
hence, because of (7) 

2Ciki,) = 2Cik) + 2C{h , ki,) ^ 2 r{h) + r(A:,. - h) + r(h , k,;) 

^ T{h) + rik,;) + Tiki, -k - 1 ). 

Since C(A:,-,) ^ r(A:,-,) — 1 we obtain 

C(ki,) ^ Tik) + T{ki, -h-l) + l. 

The numbers A:,, kj. and h , k , • • • , U may already have been 

constructed [f ^ 1] such that I, + 1 d A-B and 

(8) C(x) ^ Til,) + Tix -k - 1)- a - 2) 

for X = kn . If (8) holds for x and if x + 1 cj: C, then (8) also holds for x + 1 
instead of x on account of + 1 <Z A-B. 

If (8) is not valid for all the x C with x > k,, , then there exists a number 
ji+i > ji such that (8) holds for all the x cf C with kj^ < x g gu+i but not for 
X = kji^., ; and there is a number m with ^ m < A:,j+, such that 

TiU) + Tim — U — 1) — it — 2) ^ dm) < Cim + 1) 

< ra) + r(w - I,) - a - 2). 

Therefore 

fi+i + I m - k ClA-B. 

From (5) with 

k — kjf ^, , g — li+t "1" 1, h — kjf^, — li 

we have 

2C(m, *,,+,) = 2(A:„+, - m) = 2((A:,-,.+, - U) - (Z,+i + 1)) 

^ r(fi+i + 1, ku^, - I,) + TiU , ku^, - U+i - 1) 

^ rCii+i > 1) "b » ^><+1 ^»+i i) 2. 

On account of (9) we obtain 

2Ciki,^,) = 2C(m) + 2Cim, ^ 2(r(fi) + THi+i) - (t - 2)) + 

+ TiU+i , -U-l) + TiU , ki,^, - f.+i - 1) - 2 

= TiU) + Tili+i) + Tiku^, -U-l) + Tiku^, - U+i - 1) - 2(f - 1); 
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and since (8) should not be true for x — 

^ Tih^i) + Tiku^, - U+r - 1 ) - ii - 1 ). 

That accomplishes the induction, and jt ^ i gives our theorem.*® 

Pboof of the second theorem; 

In the following a, b, c denote numbers of A, B, C respectively. 

The number n + 1 satisfies the condition (1). Let 

n = s#^ro>Si>ri>ss> ••• > r,_i > s< > r,- ^ s<+i = 0, 

X CZ B for Sj+i < X ^ r, ; x B for < x ^ s,- [j = 0, 1, 2, • • • , *]. 

B B B B 

I 1 ■ " < I 1 ■ I I 1 ■' ■' I I 1 I " II 1 — I 

««.!= 0 A- Si r<_i sj Ti «i ro n = So n + 1 

From o ^ n — ro follows < c = a A- U ^ n', therefore 

C(ro , n) ^ .A(n — ro) == 4(n — ro) + B(ro , n). 

Let 

(10) C(x, n) ^ A(n — x) + B{x, n) 

hold for X — r\. Then (10) is true for all the x with sx+i ^ x ^ rx . For (4) 
with 

k = n, g = n — r)^, h = n — x 

“ If kji < X < kit , X ^ C then 
(!') C(X) ^ r(ga) + r(» - - 1) + 1. 

Since in view of (8) 

(2') C(x) S r(f,) + r(a; - f, - 1 ) + l, 

it is sufficient to show that the right term of (2') is not smaller than that of (!'). Thus (!') 
follows from 

(3') 2r(jyi , h) S r(jiy, , h) + T(x - h - I, X - gji - I). 

Since, on account of the lemma, the right term of (3') is not greater than 2C(gii , h), we 
have only to show 

» L) ^ ('(.9)1 1 L). 

But this is evident; for, on account of (7), C(li) = r(fi) and C(gii) g; r(j/,). 

The following example shows that there is no estifnate analogous to (2'), from which the 
(a, /3)-hypothesis would result for the interval A#, < * 5 P/»+i: 

il {1, 2, • • • , f - 1, 2<, 2t + 1, • . • , 3< - 1, 4<, 41 + 1, . . • , 6< - 1} 

B - |1, 2, •••,<- 1, 21, 21 + 1, ••• , 31 - 1, 41 + 1, 41 + 2, •••,«- 1) 

There has not been found any example showing the same for (!'). 


[1 i, 21 . 
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gives 


C(z, n) — C(x, r\) + C(r\ , n) ^ r\ — x A[n — r\) + jB(rx , n) 

^ A{n — n,n — x) A- B{x, n) + A{n — rx) + B(rx , n) 
= A(w — + B{x, n). 

On account of (1) there exists, therefore, a number ji with 1 ^ ji ^ i such 
that (10) is valid for a; = rx [X = 0, 1, • . . , ji - 1] but not for x = r,-, . Then 
(10) holds especially for x = s,-, . Let mi be the greatest number x with r,-, ^ 
X < sy, for which (10) is not true; thus 


( 11 ) 

Since 


A{n — nil) + B(mi , n) > C(mi , n) ^ C(mi + 1, n) 

^ j4(n — mi — 1) + B(mi + 1, n). 


B{nii , n) = B{mi + 1, n) = fi(ry, , n) 

we have 

mi + 1 ^ C, n — mi C A.** 

Furthermore 


(12) C(ry, , mi) ^ A(mi - r„), C(n - mi + r,-,, n) ^ A(n - mi,n - r,-,)- 
For if ry, 0, then r,, C fi; 

a ^ mi — ry, gives r,-, < c = a + r,, ^ mi 
and n — mi < a ^ n — ry, gives n — mi + r,, < c = a + r,, g n. 

Thus we obtain: 


C(n — mi + ry, , n) + (^(mi + 1, «) ^ A{n — mi,n — r,-,) + 

A{n — nil — \) + B{mi + 1, n) [see (11) and (12)] 
^ A(n - ry,) - 1 + B(ry, , «) 

^ C(ry, , n) [( 10 ) should not hold for x = r,-,] 

= ^(ry, , mi) + C(mi , n) 

^ A(mi — ry,) + A(n — mi — 1) + i5(ry, , n) [see (11) and (12)]. 


Let m, and r,, be already defined, 

0 < K ^ < i, ry, ^ m, < n, 

m, + 1 4^ <7, n — m, C A, 


By iterating the step leading to mi a descending sequence can be constructed which 
is essentially equivalent to Besicovitch’s ascending one. 
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and let 

C(n — w, + *, n) + C(m, + 1, n) 

(13) 

^ yl(m, — x) + i4(n — m, — 1) + B{x, n) — (k — 1) 

hold for X = r;,j . 

If (13) is true for x = r\, then it holds for all the x with sx+i ^ x < r\. Since 
on account of n — m, C 4 and z C B for sx+i < z every number n — m, + z 
belongs to C, we have 

C(n - m. 4- a:, n - m, + rx) = rx - 

from (13) with rx instead of x and (4) with 

k — nit, g = ni, — r\, h = m, — x 

we hence derive 


C(n — m, + *) n) + Cim, + 1, n) 

= rx - X + C(n - m, + rx, n) + C(,m, + 1, n) 

^ A(m, - rx,mt - x) + B(x, rx) + A{m. - rx) + 
+ A(n - m, - 1) + B(rx , n) - (k - 1) 

= A(m, — x) + A{n — m, — 1) + B{x, n) ~ (k — 1). 


If we can choose in particular X = t, (13) holds for x = s,+x = 0 and, on ac- 
count of K ^ i and A(m.) = A(m, -f 1), we arrive at the assertion (3) with 
m — nit. 

We suppose now that (13) is not true for x = 0. Then there is a number 
j,+i with jt < y.+i ^ i such that (13) holds for x = rx [X = + 1, • • • , 

jt+i — 1] but not for x = ry,^., . Thus we have 


(14) 


Aim, - r„+,) -t- A{n - m. ~ 1) + B{rj,^, ,n) - k 

^ C{n - m.-\- ry,+, , n) -f C(ot, -f 1, n). 


According to the above-mentioned (13) holds for x = s,-,+, . Let I be the 
greatest x with r,-,+, ^ x < 8,-,+, , for which (13) does not hold. Then we have 

A{nit — 0 + ■4(n — m, — 1) B(l, n) — k 

^ C(n — nit + l,ri) + C{nit H- 1, n) 

^ C(n — ffi, 4- Z + 1, n) -H C(m, 4- 1, n) 

S A(m, — Z — 1) •+• Ain — m, — 1) -f B(Z -1- 1, n) — (k — 1), 

Bil, n) = B(l + 1, n) = B(r/,+,, n). 


(16) 
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We put 


m,+i = n — m, + I, 


!■/,+, ^ I < (n — rrit) 4 - I = in,+i = n — (m, — 1) < n, 
and (15) can be written 

A(n — m,+i) + A(n — m, — 1) + n) — k 

1 ^ C{m,+i, n) + C(w. 4- 1, n) 

(16) < 

^ C(.m,+i + 1, n) + C(m, + 1, ») 

, ^ A(n - TO .+1 - 1) + Ain - ni. - 1) + 5(r;,+,, n) - {k - 1). 


From ( 16 ) 


Further 


m,+i + 1 4: C, n — rn,+i C A . 


n — m,+i + r„+, = m, - i + r,-,+, <»i, . 

Since = 0 or r,,+j C B we have in analogy to (12) 

[ C(n - m,+i + »•/.+,, »i.) ^ ■4(n - m,+i, m, - r,-,+,) 
(17) ( 

( C(n - m, + r,v+j, wi.+i) ^ A(n - m„ m,+i - 

Therefore 


C'(wt,+i + 1, n) + C(n - m.+i + r,,+, , n) 

= C{m,+i + 1, n) + C(m. + 1, n) + C(n - 7n,+i + r,-,+, , m.) 

^ A(n - m,+i - 1) + A(n - w, - 1) + 5(r,-,+i , n) - 
— (k - 1) + A(n - m«+i , m, - r/,+,) [see (16) and (17)] 

^ Aim. - r;,^.,) + A(n - jn, - 1) + B(r,-,+, , n) - k 
^ C(n - m. + ?•/,+, , n) + C(w, + 1, n) 

= Cin — m, + , m,+i) + C'(w,+i + !,«) + Cim, + 1, n) 

^ A(n - m, , 7n,+i - r,-,+,) + A(n - ?n.4.i - 1) + A(n - m. - 1) + 
+ 5(rj.+, , n) - (k - 1) 

^ A(m,+i - r,-,+i) + A(n - to,+i - 1) + B(r;,+, , n) - k. 
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That finishes the induction/* 

Yale University. 

** In analogy to footnote 10 one can prove: Let < x < Sji, x d B; then C(n — s/i -h 
X, n) + C(«/i , n) ^ A(n — «y|) + — ») -f B(x, n) + 1. From (11) follows 

(4') C(mi , n) » il(n — mi — 1 ) + B(mi , n) = A(n — mi) + B(8fi , n) — 1 . 

From (13) with #c = 1 and (4') follows 

( 6 ') C(n - mi + x, n) ^ A(mi - x) + B(x, s/j). 

Furthermore according to ( 10 ) with instead of x: 

( 6 ') C(s,i , n) ^ A(n - 8^) + B(s,i , n). 

(4') and ( 6 ') together give 

(7') C(mi , Sn) ^ i4(n - 8 ii , n ~ mi) - 1 . 

Finally 

C(n — 8,1 + X, n — mi + x) ^ A(n — s,, , n — mO [for x C -BJ 

(80 * ^ C(mi, 8 ,i) + 1 [see (701 

^ ^ A (mi — X, 8/1 — x) + 1 [x C B], 

By adding (50, (60 1 a>nd (80 we obtain the assertion. 
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SUR LE THfiOREME DE LEBESGUE-NIKODYM 

Par Jean Dieudonn^ 

(Received May 16, 1940) 

Introduction. Un des thdorfemes les plus importants de la throne de Pin- 
t4grale de Lebesgue est le suivant: si E d^signe Tensemble des fonctions r^elles 
continues x{t) dans Tintervalle 0 < ^ < 1, toute fonctionclle lin^aire positive 
L{x) d^finie dans E peut se mettre, d’une manifere et d'une seule, sous la forme 

(1) L(x) = y{t)x{t)dt + Six) 

od 2/(0 est une fonction mesurable positive, bien d^finie dans Tinteivalle [0, 1], 
k Texception des points d’un ensemble de mesuro nulle, et S(x) une fonctionnelle 
lin^aire positive singuli^re, c^est-^t-dire jouissant de la propriigtd suivante: il 
existe un ensemble de mesure nulle H, contenu dans Tintervalle {0, 1], tel que, 
pour toute fonction mesurable positive 2(0, nulle en tout point de on ait 
Siz) = 0. Ce th^orfeme, g^n^ralisd par O. Nikodym k I’integrale de Radon- 
Stieltjes^ (od les fonctions int^gr^es sont d^finies dans un ensemble quelconque) 
est connu dans la litt^rature sous le nom de tMoreme de Lehesgue-Nikodym, 

Dans un important m4moire sur les Operations lineaircs, public recemment 
dans ce journal,^ M. F. Riesz a montre Toxtreme generalite de la decomposition 
qui apparatt dans la formule (1). En prenant comme ensemble E, non plus un 
ensemble do fonctions^ mais un ensemble d^eiements de nature quelconque, 
possedant seulement quelques-unes des proprietes des ensembles de fonctions 
reelles intervenant dans le theorfeme de Lebesgue-Nikodym (notamment en ce 
qui concerne la structure 6!ordre de cet ensemble, et sa structure de groupe 
abilien)j il parvient n^anmoins k montrer, par des moyens fort simples, que, 
si U est une fonction lin^aire positive d^finie sur toute autre fonction lin^aire 
positive L sur E peut se mettre, d'une manifere et d^une seule, sous la forme 
L = V + Sj oil V joue le r61e de la fonctionnelle ‘‘absolument continue^^ 

J yiO^iO du second membre de (1), et S celui de la partie ‘^singulifere”, de la 

manifere suivante: S est ^^disjointe'^ de f/, c’est-4-dire que Ton a inf (f/, S) = 0 
(autrement dit, il n^existe pas de fonction lin6aire positive, autre que 0, interieure 
k la fois k U et S); et V appartient k la plus petite ‘‘famille complete'' de fonc- 
tions lin^aires positives contenant U (une telle famille 6tant un ensemble de 
fonctions lin^aires positives caract6ris6 par les propri^t6s suivantes: il contient 

^ Voir par exemple S. SakSf Theory of the Integral^ New York, G. E, Stechert, 1937. 

* F. RieaZj Sur quelquea notions fondamentales dans la ihkorie gknkroJie des operations 
linktires, Annals of Math., 41 ^ (1940), pp. 174-206. 
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la somme de deux quelconques de ses 41^ments, les minorants d^un quelconque 
de ses 616ments, et les homes sup^rieures de ses parties major^es). 

Toutefois, la throne de F. Ricsz ne permet pas de donner k la partie ^‘absolu- 
ment continue” de cette decomposition ime forme aussi precise que dans la 
formule (1); cela est dft en premier lieu au fait que le produit de deux elements 
de Tensemble E n'cst pas defini. 

Dans le mfime temps que je prenais connaissance du memoire de F. Riesz, 
N. Bourbaki a bien voulu me communiquer un travail manuscrit* sur Tln- 
tegration redige en 1939, independamment des travaux de F. Riesz, et qui 
contient, entre autres, une generalisation du theorfeme de Lebesgue-Nikodym 
ayant beaucoup de points communs avec les resultats de ce dernier. Chez N. 
Bourbaki, les elements de Tensemble E sont des functions comme dans le cas 
classique, main sans les restrictions de “mcsurabilite” habituelles; en fait, une 
grande partie de ses resultats n ’utilise que les proprietes attribuees par F. 
Riesz k son ensemble E, En outre, tandis que les structures d’ordre n’inter- 
viennent, dans le memoire de F. Riesz, que par les notions de borne superieure 
et borne inferieure, les methodes de N. Bourbaki reposent sur un usage pre- 
ponderant des ^^limites dans un ensemble ordonne filtrant”;^ le resultat funda- 
mental auquel on aboutit ainsi (et que je reproduis avec Tautorisation de Tauteur) 
est le suivant: appelons partition d’une function positive x € Ej toute suite finie 
(Xi) de functions positives appartenant k J?, et telles que X) et ordonnons 

i 

I’ensemble 9Xx) des partitions de a:, en posant (x,) < (Xj) si, pour toute function 
Xi de la premiere partition, il existe une suite finie cxtraite de la seconde, et qui 
soit une partition de Xi ; ainsi ordonn^, est Jiltrant (i droite). Ceci pos^, 
soit ip(ui , t( 2 , • • • , Up) une function de p variables reelles, d^finie dans tout 
I’espace numerique lipschitzienne (c’est-&.-dire telle qu’il existe une constante 
c satisfaisant k Tidentite | ip(ui , W 2 , • • • , Wp) — (p{u [ , t/ 2 , • • • , Up) \ < 
c*Max I Uk — Uk I) et positivement homogine (c’cst-e.-dire que, pour tout X > 0, 
<p(Xui , \U 2 , • • • , Xup) = X-<p(ui , W 2 , • • • , Up)). Soient d’autre part /i , / 2 , 
• • • 1 1piV functions lin^aires ‘^relativement bornees” sur E (differences de deux 
functions lin^aires positives); alors, pour tout a: c j? et > 0, la formule 

(2) m = £ <p{Uxd, hixd, • • . , /p(*.)) 

definit une fonction lineaire relativement bornee sur E (la limite etant prise 
suivant le filtre des sections de rensemble ordonnd filtrant f?(x)); cette fonction 
se note , h, ■■■ , Ip).’' 

* Ce manuscrit n^est pas destine k une publication immediate, mais constitue un premier 
pro jet du fascicule des ^^EUmenta de MatMmatique” de cet auteur, qui sera consacr6 k la 
th^orie de T Integration. Signalons k ce propos que nous suivons ici la terminologie de ces 
'*E16ments*^ en ce qui concerne la Th^orie des Ensembles et la Topologie g6n6rale. 

* Cette notion de limite n*est autre que celle introduite par E. H. Moore et H. L. Smith 
general theory of limits” Amer. Journ. of Math., 44 (1922), p. 102). 

* F. Riesz d6finit aussi ces “functions de functions” lin^aires, mais d’une mani^re tout 
autre et plus d6tourn6e. 



SUR LE TH^OR&ME DE LEBESOUE-NIKODYM 


549 


Ce r6sultat permet & N. Bourbaki de d^finir une topologie d^espace localement 
convexe siir Tensemble F dcs fonctions lin^aires relativement born^es sur E; et, 
k partir de cette topologie, dc donner une nouvelle definition de la ‘'plus petite 
famille complete’^ (au sens de F. Riesz) contenant une function lineaire positive 
U, Dc plus, cette definition topologique donne un moyen de predser la forme 
de la partie “absolument continue” de la decomposition de Riesz, en adjoignant 
de nouveaux elements k E par une operation de “completion”, et eii definissant 
le produit d'un de ces elements (qui ne sont plus des fonctions, contrairement 
aux elements de jE), et d^in element de on montre alors quo la partie “abso- 
lument continue” de la decomposition de Riesz pent s'ecrire IJiyx)^ oil y est 
un des elements do rensemblc E “complete” {V etant convenablement “pro- 
longee” k cet ensemble); on arrive ainsi k une generalisation parfaite du theorfeme 
de Lebesgue-Nikodym.® 

ToutefoLs, cette demiere partie du travail de N. Bourbaki (dont le point 
capital est la demonstration de Tidentite de la partie de F definie par voie 
topologique, et de la “plus petite famille complete” correspondante) suppose 
essentiellement que les elements de E sont des fonctions. II restait k examiner 
la possibilite d^arriver k des resultats analogues cn demcurant dans la voie 
suivie par F. Riesz, cVst-e.-diro sans supposcr le caractfere fonctionnel des 
elements de ^ensemble E; eVst ce que je fais dans ce qui suit, jy utilise les 
methodes topologiquos de N. Bourbaki, ainsi que la formule (2) (qui ne suppose 
pas que les elements do E sont dcs fonctions);^ quant au raccord avec la theorie 
dc F. Riesz, qui rcste le point deiicat de la demonstration, il se fait en adap- 
tant au cas “abstrait” une iddo de J. von Neumann, appliquee par ce dernier 
& la demonstration du theorfemc de Lebesgue-Nikodym classique, et qui consiste 
k passer par Tintermediairc de Ttispace des “fonctions de carre sommable.”^ 

1. Nous prenons comme point de depart un ensemble E sur lequel est defini, 
d^une part une structure d^ordre, d^autre part une structure d^espace vectonel 
par rapport au corps des nombres reels; nous supposons en outre que les condi- 
tions suivantes sont remplies: 

(I) E est r6ticuU (“lattice”), autrement dit, quels quo soient x oi y dans E, 
il existe les elements inf (a:, y) et sup(a', y). 

(II) La relation x < y entraine x z < y + z quel que soit z. 

(III) Les conditions a: > 0, X > 0 (X reel) entratnent \x > 0. On pose | 3: | == 
sup {x, —x); on demon tre sans peine les identites |:r + jy| < |^| + \ y \y 
I Xa: I = I X | - 1 a: I; si = sup (ar, 0), x~ = sup (—a:, 0) on a a: = a:"^ — 

j X I = x^ + x“. I/ensemble des elements > 0 dc i? sera designe par E^ ; il 

• En ce qui concerne les travaux de N. Bourbaki sur Tlntegration on pourra consulter 
un article de A. Weil sur la th6orie des probabilites {Revue Scientifique (Revue rose), 1940. 

A I’exception de cette formule, tous les resultats de N. Bourbaki utilises dans ce travail 
sont donn6s avec leur demonstration. 

* Voir par exemple, J. von Neumann j On rings of Operator s^ Illy Annals of Math., 41 
(1940), p. 127-129. 
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satisfait aux conditions impos4es par F. Riesz k son “domaine fondamental” 
(loc. cit., §1). 

Une fonction r^elle U sur E est lirUaire si Uix + y) = U{x) + U (y), et 
f7(Xa:) = \Uix); elle est positive si U(x) >0 quel que soit x fE+ elle est relor 
tivement bornie si, quel que soit y tE+, | C/(a:) | est born4 pour I’ensemble des 
X eE tels que \x \ < y. Toute fonction relativement born^e est la diff4rence 
de deux functions lin4aires positives (N. Bourbaki, loc. cit.). 

On d^signera par F I’ensemble des functions lin4aires relativement born^es; 
si on ^crit U > V lorsque U — V > Q, F satisfait aux conditions (I), (II) et 
(III). D’aprfes la formule (2), on a pour tout xtE+ei tout U eF,\U |(a:) = 
sup 23 I U (xi) I pour toutes les partitions finies (xi) de x. On d^signera par F+ 

i 

I’ensemble des functions lin^aires positives. 

On pent, avec N. Bourbaki, d4finir sur F une structure d’espace vectoriel 
localement corwexe, k I’aide de la famille de pseudo-normes N x(X) = | X |(a:) 
(x fixe dans E+)] F, muni de cette structure, est compUt. En effet, soit (F un 
filtre de Cauchy sur F; quel que soit x « , il existe un ensemble A e (Ftel que, 

pour X et Y quelconques dans A, [ X — 7 |(x) < «, et ^ fortiori | X(x) — 
7(x) I < «. Si A(x) d^signe I’ensemble des nombres X(x) pour X e A, et 
y(x) le filtre form4 par les ensembles A(x) sur la droite num6rique R, (F(x) est 
un filtre de Cauchy, qui converge done vers une limite, qu’on notera Xoix). 
Montrons que Xg est la limite de (Fdans F; pour tout X « A, et toute partition 
finie (x.) de x, on a 

E 1 Xo(Xi), - X{xi) I = Z lim... . I Yixi) - X{x,) | < sup E 1 7(x<) - X(x<) 1 

< ' i YtA i 

< sup I 7 — X I (x) < e 

y«A 

ce qui montre d^abord que Xo — X d^oil XocF, puis que \ Xo ~ Z | (a;) < 
€, ce qui achfeve la demonstration. 

Dans jF, tout ensemble major6 A possfede une borne superieure (F. Riesz, 
loc. cit,, §11), et toute ensemble minore une borne inferieure; si en outre A est 
ordonne filtrant d droite^ sa borne superieure est aussi la limite (dans la topologie 
definie ci-dessus) du filtre des sections sur A ; on peut d'ailleurs retrouver directe- 
ment cette propriete en partant du fait que F est complet, et en d^duire ensuite 
le r6sultat de F. Riesz. Si Xq est la limite de Tordonn^ filtrant 4, on a Xq{x) = 
lim X(x), quel que soit x ^E, 

X% A 

Remarquons encore quo, dans F, F+ ®st un ensemble /erm^, et que les fonctions 
X^^ X"f I X I sont uniform&ment continues, 

2. Nous supposerons k partir de maintenant que E est muni, en outre des 
structures pr6c4dentes, d^une structure dJanneau commutatifi c^est-^ire que 
le produit xy de deux fl^ments de E est toujours d4fini, est associate, comma- 
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tatif, distributif par rapport k I’addition et del que \{xy) = {Xx)y pour X r5el; 
eniin, nous faisons I’hypotb^e suivante: 

(IV) Quels que soient y, z dans E, la relation a: > 0 entralne 

sup (xy, xz) = x-sup (y, z) 

Indiquons d’abord quelques cons4quences de cette hypothfese. En premier 
lieu, si y < 2 , on a xy < xa si X > 0; en particulier, si x > 0, y > 0, xy > 0; 
si X > 0 ou X < 0, on a X® = (~x)^ >0. Si x > 0 et y est quelconque, | xy | = 
X - 1 y I; si done x et y sont quelconques et qu’on pose x' = 1 x |, y' = | y |, on aura 
1 *1/ 1 = I a:''y - x~y 1 ^ I (_[ x^y\-\ x~y | ) j = Kx"^ - x~)y' | = 1 xy' | = x'y', 
et I xy I ^ I x'^y | + | x y i = (x'*' + x )y' = x'y', done | xy | = x'y' = 

I X j • 1 y |. De plus xx' = x'*; or xx' = (x'*')* — (x“)*, done xx' ^ (x'*')* + (x“)*; 
mais x'* = (x”^)® + (x~)^ + 2x'*‘x~, ec qui montre que x'*’x~ = 0; on en tire 
que, pour x queleonque, x** = (x^)^ + {x~f > 0. 

Soit alors X eF+ ; quels que soient X et m r4els, et x et y quelconques dans E, 
on a X((Xx + yy^) > 0, d’od aussitdt I’in4galit4 de Schwartz 

(3) I X{xy) I < (X(x^))\X{y^))^ 

et, comme consequence immediate, Tinegalite de Minkowski 

(4) (X((x + y)^))‘ < (X(x^))‘ + iX{y^)f 

3. Consid4rons present unc fonction lin4aire positive U sur E, sur laquelle 
nous ferons d’abord les hypotheses suivantes: 

(V) La relation U{\ x |) = 0 entralne x = 0. 

(VI) Quel quo soit y e £, il existe un nombre fini 1 1 y | j > 0 tel que, pour tout 
X (E, 

(6) U%x)l < l|y|l.l/(lxl) 

La premiere condition exprime que I/(| x j) est une normc sur E\ la seconde, 
que, si on d4signe par Uy la fonction lin4aire x-^ U (yx), Uy est continue lorsqu’on 
topologise E par la norme f^(| x |). 

Pour 4noncer notre demiere hypothese, dfeignons par S I’ensemble des y tE+ 
tels que, pour tout x eE+, on ait yx < x. Notre hypothese est la suivante: 

(VII) Quels que soient X « f tel que 0 < X < f/, et x e E, on a 

(6) X(lxl) = sup lX(yx) 1 

|V|tS 

On en d4duit que, si U (xy) = 0 quel que soit y > 0, on a x = 0; en effet, on a 
alors, pour tout y eE, \ U(xy) \ < | U(xy^) \ + | U(xy~) | = 0, d’oil f/(xy) = 0; 
d’apres (6) on en tire (/(| x |) =0, et cola entralne x = 0 d’apres (V). II en 
r4sulte en particulier que, si x* = 0, on a x = 0, en vertu de l’in^alit4 
de Schwartz. 
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4. Soit Fv Tensemble des Uy , lorsque y parcourt E; d'aprfes ce qui pr^cfede, 
Tapplication y — > Uy est une application hiunivoque de E sur Fv . EHe est 
4videmment linMxe\ en outre, cVst un isomoryhisme de la structure d!ordre 
de E sur celle de Fv . En elfet, il est clair que y* < 2 /" entratne Uy> < Uy** ; 
mais r^ciproquement, Uy* < Uy** entraine y' < il suffit de montrer que 
U(yx) > 0 quel que soit x > 0 entratne y > 0. Or cette hypoth^se entratne 
en particulier U{yy’~) > 0, c'est-&-dire U( — (y~f) > 0; comme (y~f > 0, ce 
n^est possible que si U({y~f) = 0, d'oil = 0, et par suite y~^ = 0, c'est-i- 
dire 2 / > 0. 

A la topologie de Fv correspond sur E celle d^finie par les pseudo-normes 
Ny{x) = Uyi\ X I) pour y > 0; cola r6sulte de Tidcntit^ | U^ | = U\t\ , que nous 
allons ddmontrer en nous appuyant sur Thypoth^ise (VII), la formule (2), et un 
raisonnement emprunt^ au m4moire de N. Bourbaki. Il suffit 6videmment de 
voir que, pour tout a; > 0, r(| 2 | a:) < sup I U{zx^) | pour toutes les partitions 

i 

{xi) de x. Or, d'aprfes (VII), on a U(\z\x) = sup | U{zxy) 1 ; mais 
1 Uizxy) 1 < I Vizxy*) \ + | Uizxy") 1 < 2 | U(.zx,) \ 

i 

ou (xi) est la partition de x formde des trois dl^mcnts xi = xy^^ x^ = xy~^ x^ = 
X x\y\] d^oii la proposition. 

L’application y Uy so prolonge done par continuity, on une application biuni- 
voque du compUU Ev de £, muni de la structure uniforme dyfinie par les pseudo- 
normes Ny , sur Vadh&rence Fv de Fv dans F. Pour tout y ^Ev , on dysignera 
encore par Uy Tyiyment do Fv qui lui correspond; on ordonnera Ev en y trans- 
portant la structure d^ordre de Fv ; cette structure transportyc prolonge celle 
de Ey d'aprfcs ce qui prycMe; rensemble Et des y > 0 est V adherence de E^ 
dans Ev . En effet, il suffit de voir que, si Gv dfeigne Pensemble des Uy tels 
que y € E+ y Gv = Fv H F+; or, Tensemble Fv H F+y ytant ferm^, contient Qv ; 
et d^autre part, si A > 0 appartient k Fv y ^ tout x e E+ et tout e > 0 correspond 
un y € E tel que | A — f ^ |(x) < c, d'oii, puisque | X [ = X, et | f/y | = U\yi , 

I X I (^) ^ ce qui montre que X ^Gv . On en conclut aisyment que, 

si X € fv , I X I € , dVprfes la continuity de la fonction | X | dans F, 

Il est clair par ailleurs que la structure dVspace vectoriel de E se prolonge 
k Ev j en une structure isomorphe k celle de Fv ; cette structure et la structure 
d'ordre de Ev satisfont aux axiomes (I), (II) et (III). En outre, tout ensemble 
majori dans Ev admet une borne sup&rieurey car la borne supyrieure, dans F, 
d'une partie majorye de Fv appartient k Fv : eVst immydiat pour une partie 

finie ^d'aprfes la formule sup (X, Y) = — ^ et il en rysulte 

que la borne supyrieure d'une partie majorye quelconque de Fu est la limite 
d'un ensemble filtrant k droite sur Fv , done appartient k Fu (qui est fermy). 

5. Pour une valeur fixe de x € Ey Papplication linyaire y yx de E dans E 
est continue] en eflfet, d'aprfes la condition (VI), on a, pour tout z tE^ , N^yx) = 
Ui\yx\z) < ||x||.r(|y | 2 ) = ||a:||.iVi( 2 ^). 
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On pent done prolonger par continuity cette fonction k Eu ; on a, ainsi d^fini 
le produit yx pour tout y tEu ot tout a: c -B (le produit yy'^ pour deux yiyments 
de Eu , n’est pas d^fini en gynyral!) Si x et x' sont deux yiyments quelconques 
de B, on a {yx)x' = y{xx'). En effet, les deux membres sont des fonctions con- 
tinues de y, ygales dans B, qui est partout dense dans Eu , done elles sont encore 
ygales dans Eu . On montre de myme les propriytys de distributivity 
(y + 2/')^ = yx + 2 /'x, y{x + x') = yx + yx\ et quo, pour X ryel, (\y)x = 
y(\x) = Hyx). Si on remarque que la fonction sup (y, z) est uniformyment 
continue dans Eu X Eu ^ on dymontre de la meme manifere que sup (i/, y')-x = 
sup {yx, y'x), et que 2 / -sup (x, x') = sup {yx, yx') en prolongeant Tidentity (IV). 

Enfin, les fonctions V{yx) et Vy{x), pour x fixe dans E, sont linyaires en y, 
continues dans B et identiques; elles sont done encore identiques pour tout 
y c Eu . 


6. Nous sommes maintenant en mesure d^ynoncer le rysultat final auquel 
nous voulons parvenir. Dysignons par K ce quo F. Riesz appelle “la plus 
petite famille complete con tenant cette famillc est une partie de qui 
s^obtient dc la manifere suivante (F. Riesz, loc. cit., §V): on considyre Tensemble 
K' des fonctions linyaires positives X tellos quo X < \U pour une valeur con- 
venable de X > 0; B est Tensemble des borncs supyrieures de toutes les parties 
majoryes de B'. Nous allons montrer que V ensemble K est identique d V ensemble 
Gu . Toute fonction X € se mettant, d^aprfcs le thyorfeme fondamental de 
F. Riesz (loc. cit., th. 14) sous la forme Y + Z, oti Y € K et oti Z est disjointe 
de U, on aura Y = Vy avec y eEu y d^aprfcs ce qui prycede, et on obtiendra ainsi 
rynoncy gynyralisant entiferement le thyoryme dc Lebesgue-Nikodym aux fonc- 
tions linyaires abstraites. 

Nous allons commencer par montrer que K Cl Gu ] comme toute partie ma- 
joryc de Gu admet une borne supyrieure appartenant k Gu t il nous suffira de 
voir que K' ClGu^ Autrement dit, nous allons dymontrer que, sf 0 < B < \U 
(X > 0), il existe un y ^Eu tel que X = Vy . 

Remarquons pour cela que, d'aprys (V) et les inygalitys (3) et (4), {U{x^))^ 
est une norme dans B, et que, d^aprys (3), la fonction {y, x) = V{yx) possyde 
les propriytys d^in produit scalaire, II en rysulte aussitdt que, si on complete 
E, topologisy par la norme {V{x^))^, on obtient un espace de Hilbert^ H, Comme, 
d'aprys (3), on a, pour tout y > 0, 

Kix) < 

la topologie d6finic sur E par la norme {U{x^))^ est plus fine quo cello d^finie 
par les pseudo-normes Ny{x); il s^ensuit que Tapplication identique <p dc B, 
considyry comme sous-espace de H, sur B, considyry comme sous-espacc de Eu , 

• Par ‘^espace de Hilbert,*' nous entendons un espace satisfaisant aux axiomes A, B, E 
ynoncys au chap. I du mymoire de J. von Neumann, Allgemeine Eigenwertiheorie Her- 
miteacher Funktionaloperatoren,'' Math. Ann., 102 (1930), p. 49. Aucune hypothyse n’est 
faite sur le nombre de dimensions de Tespace, qui peut ^tre, 6ventuellement, fini ou 8up6- 
rieur au dynombrable. 



664 


JBAN DIEUDONN^ 


86 prolonge en ime application lin4aire contirme de H dans Eu , application que 
nous d^signerons encore par ip. Remarquons maintenant que touie forme 
lin4aire continue sur H est un produit scalaire (y, x), avec y fixe dans H. Or, 
pour tout X fixe dans E, (y, x) est une function continue de y dans H, qui coincide 
avec Viyx) = U{<p(y)x) lorsque y eE; mais U{yx), consid4r4e comme function 
de y, est continue dans Ev , done U (<piy)x) est continue dans H. Par suite, 
(y, x) et U (<p(y)x), qui coincident dans la partie partout dense E de H, coincident 
dans H. 

Ceci po86, I’hypothfese X < XU entralne, pour tout y eE, \ X{yx) | < 
^^(1 y I'l * I) = autrement dit, I’application x —*■ X{yx), que nous 

d4signerons par Xy , est continue dans E, muni de la structure d6finie par les 
pseudo-normes Ny ; k fortiori, elle est continue dans E, consid6r6 comme sous- 
espace de I'espace de Hilbert H. Elle se prolonge done dans H, et par suite, 
il existe ZytEv tel que Xy = U,„ . 

II est imm4diat que I’application y —*ZyAe E dans Ev est lin^aire. Si y > 0, 
on a > 0, car alors l \(x) = Xy(x) > 0 pour tout a: > 0. Enfin, Zy est func- 
tion continue de y, en effet, pour tout xeE^ on a iVe(«») — U{\zy\x) = 
= I I (*) = 1 I (*) = < 'i^ltiy) d’aprfes I’identit^ d6mon- 

tr4e au §4. 

Faisons alors d4crire i y I’ensemble S (§3); d'aprfes la condition (IV), cet 
ensemble ordonn4 est filtrant k droite; il est majori dans Ev , car lly < U quel 
que soit y e S; son filtre des sections IF a done une limite e dans Ev . En vertu 
de la continuity de Zy , cette fonction tend vers une limite z, suivant le filtre 
CF; pour tout x fixe dans E+ , d’aprfes la continuity de U {yx) dans Ev , on a done 
17(2^) = limy (/(g^a:) = limy X(ya:); mais, d’aprfes (VII), limyZ(ya;) = X{x), 

ce qui dymontre la premifere partie du thyoryme. 

7. Il nous reste k voir que Gv Cl K; d’apr^s le thyorfeme de dycomposition de 
F. Biesz, tout X tOv peut se mettre d’une manifere et d’une seule sous la forme 
Y •+• Z, oil y « JiT et ovi Z est disjointe de U ; comme KCZGv,Z = X— Y 
appartient k Pv , et comme Z > 0, Z « ; la proposition sera dymontrye si 

on fait voir que toute fonction Z eGv , disjointe de U, est nycessairement 0. 

Nous utiliserons pour cela le critfere suivant: si une fonction X appartient k 
Ov , i tout y e et tout « > 0 correspond un nombre 17 > 0 tel que les condi- 
tions X t E+ , X < y, U(x) < Tj entralnent | X(x) | < e (critfere d’“absolue con- 
tinuity”; nous en ompruntons I’ynoncy et la dymonstration au travail de N. 
Bourbaki). En effet, il existe par hypothfese 2 e F tel quo | X — (7, | (y) < 5, 
d’oil, pour la partition (x, y — x)dey,\X(,x) — U (zx) | -|- 1 X(y — x) — f ^ (z(y — x)) j 
< 5 et a fortiori | X(x) — U{zx) | < 5; par suite | X(x) 1 < 5 -1- |1 « ||. f/(x), ce 
qui est aussi petit qu’on veut si 5, puis U(x), sont pris assez petits. 

Si Z appartient k Gv et est disjointe de U, on a par dyfinition inf (Z, U) = 0; 
et, pour tout x c F+ et tout ij > 0, il existe une partition (y, z) de x telle que 
U(y) + Z(z) < ij,*® d’oil en particulier U(y) < v; si y < e est choisi de sorte 


** F. Bie$z, loo. oit., p. 183. 
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que les conditions y < x, U {y) < rj entralnent Z(y) < €, on aura done Z(x) = 
Z(y) + Z(z) < 2e, et comme c est arbitraire, Z{x) = 0, d^od la proposition, 
qui achfeve de d^montrer le th^orfeme. 

Le m6me raisonnement montre aussi que la condition donn6e ci-dessus pour 
que X eOu i est non seulement nSceasairej mais aussi suffisante. 

8. Si les 614ments de E sont des fonctions rielles finieSj d6finies sur un ensemble 
Aj les axiomes (II) et (III) sont v6rifi6s d^eux-m6mes, et (I) entratne (IV) (on 
suppose bien entendu que Taddition et la multiplication sont Taddition et la 
multiplication ordinaires des fonctions r6elles). L^axiome (VI) est v6rifi6 pour 
toute fonction lin^aire positive U si les 61^ments do E sont des fonctions horrUes 
sur A. 

Quant k la condition (VII), N. Bourbaki a montr6, dans le travail auquel 
nous nous sommes d6j^ plusieurs foLs r6f6r4, qu^elle est v6rifi6e dans chacun des 
deux cas suivants : 1® JE contient la fonction 4gale k la constante + l;2^six eE^, 
\/x € E. II est vraiscmblable que ces deux cas ne sont pas les seuls oil la condi- 
tion (VII) est r^alis^e; mais nous allons voir par centre, sur un exemple, que cette 
condition n’est pas unc consequence des autres, et que, lorsqu^elle n^est pas 
verifiee, le theorfeme de Lebesgue-Nikodym peut se trouver en defaut. 

Prenons pour A Tintervalle 0 < ^ < 1, et pour E Tensemble des fonctions 
redles continues dans A, nulles au point < = 0, et d6rivables en ce point. II est 
immediat que E est un espace vectoriel, et qu41 satisfait aux conditions (I), 
(II) et (III); en outre le produit do deux fonctions de E appartient k £?, et la 
condition (IV) est evidemment verifiee. Les fonctions de E sont bornees, 
done (VI) est satisfaite pour toute fonction lin4aire positive. 

Prenons alors U{x) = a:'(0) + / x{t) dt;il est clair que (V) est v6rifi6e. Par 

Jo 

contre, nous allons voir que (VII) ne IVst pas. En effet, pour tout y e E^ on a 
U{yx) = / y{t)x{t) dt] si \y{t) | < 1 quel que soit ^€.4,on a 1 U{yx) \ < 

f I x(t) I dt, done, pour tout a: > 0, 1 U(x) — U(yx) | > a:'(0), et si a:'(0) 9 ^ 0, 

Jo 

(VII) ne peut fitre satisfaite. 

Pour montrer quo, dans ce cas, le th^orfeme de Lebesgue-Nikodym, tel que 
nous Lavons 6nonc6, n’est pas vrai, nous 6tablirons que n^appartient pas d 
Gu . Sinon, en effet, pour tout a; € et tout e > 0, il existerait y tE^ tel que 
i I (^) ^ €> c^est-it-dire, pour toute partition {xi) de a:, X) I (^»*) ““ 

t 

^'(y^i) 1 < 6, et en particulier, I a:i(0) + / (1 — y(t))xi{t) dt \ < e pour tout 

Jo 

indice t. Or, on peut choisir la partition (x*) de sorte que, pour un indice k, 
Xk{0) = a;'(0), et I /* (1 - y(t))xk(t) dt \ < t. On aurait done | x'(0) | < 2o, 
quel que soit e > 0, ce qui est absurde, puisque x a 6t6 prise arbitraire dans E, 
Nancy, France. 
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I. Introduction^ 

1. Ordinary Representations. Group ring. The representations of a group 
® of finite order g were first treated by Frobenius^ in his theory of group char- 
acters. The coefficients of the linear transformations are taken as complex 
numbers, but it does not make any difference if we take them as the elements 
of an algebraically closed field K of characteristic 0. The theory has been 
extended by /. Schu/ to the case where K is any field of characteristic 0. It 
does not mean an essential restriction, if we take K as an algebraic number field. 

Instead of considering representations of ®, we may consider representations 
of the group ring* r of ® with regard to K. This r is an associative algebra 
consisting of all symbols 

(1) a = dlGl 4" U2(r2 + • • • + dgGg 

where Gi , G 2 , • • • j Gg are the elements of ®, and Oi , 02 , • • • , are arbitrary 
elements of K. The equality of two such elements, their addition, and their 
multiplication are defined in a natural manner. The study of the representa- 
tions of r is closely tied up with the investigation of the algebra F. 

2. Arithmetical questions. We may also study F from an arithmetical point 
of view. Taking K as an algebraic number field, we obtain a domain of integrity 
3 if we take the in (1) from the domain 0 of the integers of K. The question 
arises in what manner does a prime ideal p behave when considered as an ideal 
of The behavior of p in 3 is characterized by the structure of the residue 
class ring 3/P- This ring can be considered as an algebra F over the residue 
class field K = o/p of the integers of K taken (mod p). Obviously, F is the 
group ring of ® with regard to the finite ground field K. The study of the 
structure of F then amounts essentially to the same thing as the study of the 
representations of F or of ® by matrices with coefficients in the finite field J?. 
We thus are led to the problem of extending Frobenius^ theory to the case of a 
modular field of reference (i.e. a field of a characteristic p 9 ^ 0), 

3. Modular representations. Modular representations of a group ® (i.e. 
representations of ® by matrices with coefficients in a modular field) were first 

1 In §§4-10 of the introduction, we give a short account of the theory of modular repre- 
sentations of a group as developed in our paper: On the modular representations of groups 
of finite order, University of Toronto Studies, Math. Series No. 4, 1937 (we refer to this 
paper as M.R.). We tried to make it unnecessary for a reader, who is familiar with the 
theory of representations in general, to read our former paper. An exception is formed 
perhaps by the proof of formula (5) below, but literature for other proofs of this formula 
are mentioned in footnote 10. 

* For Frobenius' theory, see the accounts in L. E. Dickson, Modern Algebraic Theories, 
Chicago, 1926, chapter XIV; G. A. Miller, H. F. Blichfeldt, L. E. Dickson, Theory and 
Application of Finite Groups, New York 1916, chapter XIII, H. F. Blichfeldt, Finite CoU 
lineation Groups, Chicago 1917, chapter VI. 

* I. Schur, Sitzungsber. Preuss. Akad., 1906, p. 164. 

* Cf., for instance, H. Weyl, The Classical Groups, Princeton 1939, Chapter III. 



558 


R. BRAUER AND C. NESBITT 


studied by Dickson.* He proved that Frobenius’ theory remains valid, if the 
characteristic p of the field is prime to the order g of ®. Since the discriminant 
of r is a power of g, this corresponds to the case that the prime ideal p in §2 is 
not a discriminant divisor. If, however, p divides g, then we must expect re- 
sults which differ from those of Frobenius. This was shown first by a theorem 
of Dickson* concerning the splitting of the regular representation (cf. §8 below). 
A coherent theory of the modular representations was given by the authors in 
a previous paper.^ In the following §§4-9, we shall discuss briefly our former 
results. We prefer, in most of what follows, to use the language of the theory 
of representations (instead of that of the theory of algebras or of the theory of 
ideals). 

4. Decomposition numbers. We choose the algebraic number field K such 
that the absolutely irreducible representations of ® in the sense of Frobenius 
can be written with coefiicients in K. Let Zi , Z 2 , • • • , Z« be the essentially 
different ones among these representations, and let 2 < denote the degree of , 
Then n is the number of classes of conjugate elements Si , Sj , • • • , Sn in ®. 

Let p be a fixed rational prime number, and p be a fixed prime ideal divisor 
of p in A. We may assume that the coefficients of all the are p-integers (i.e. 
numbers of the form a/j3 where a and /3 are integers of K, and |8 is prime to p). 
Let o» be the ring of the p-integers of K, and R the residue class field of o* (mod p) 
which is identical with the field o/p in §2. We denote generally the residue class 
of an element z ol K (mod p) by 2. Similarly, replacing every coefficient 2 in 
a representation Z of & with coefficients in 0|, by its residue class 2, we obtain a 
modular representation Z with coefficients in R. In this manner we may form 
, . • • , . These modular representations will, in general, be reducible 

and will then split into irreducible modular representations F, with coefficients 
in R. We indicate by 

(2) ^ 2 d<,F, 

K 

that F. will appear in with some multiplicity d<, . These rational integers 
dt, ^ 0, and are called the “decomposition numbers” of In the sense of §2, 
they describe a connection between the simple invariant subalgebras of r, and 
the prime ideal divisors of p in 3. 

6. Cartan invariants. Of special importance is the regular representation R 
of ® (or f) formed with regard to .S! as ground field. Since the group ring is 
no longer semisimple in the modular case, the theorem of the full reducibility 
of R does not hold any more. Let Ut , Uj , , f/* be the distinct indecom- 

* L. E. Dickson, Transact. Am. Math. Soc. 8, 1907, p. 389. 

* L. £. Dickson, Bull. Amer. Math. Soc. 13, 1907, p. 477. 

' For the following, of. M.R., and also R. Brauer, Nat. Ac. of Sciences 26, 1939, p. 262. 
We refer to this iMt paper as R.A. 
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posable constituents of R. Each U, can still be broken up into its irreducible 
constituents in R. This splitting is of the form 



if the notation is chosen suitably.® The representations Fi , Fz, • • • , &tq 
all distinct, and there are no other irreducible representations of @ in R. Fur- 
ther, the F, are absolutely irreducible. 

We denote the degree of F, by /, , that of U, by u , . Then t/, appears /, 
times as indecomposable constituent of R and F. appears u, times as irreducible 
constituent of R. 

Let ca be the multiplicity of Fx as irreducible constituent of U, 

(4) CdkFx. 

X 

Here, the c«x arc rational integers ^ 0, the Cartan invariants' of ® (for p). 
They also can be characterized by means of structural properties of F; they ex- 
press mutual relations between the different prime ideal divisors of p in 3f. 
Between the decomposition numbers and the Cartan invariants, we have the 
following equations'® 

n 

(5) Cux ^ (k, X = 1, 2, • • • , Aj) 

<— 1 

or in matrix form 

(6) C = D'D 

where C = (c«x), D = (du) and D' is the transpose of D. 

There exists a rep resentation ((/*) of ® in K which if taken (mod p) becomes 
similar to f/* , (f/*) = [/« . We then have^^ 

( 7 ) 

i 

6. Characters. Let M be a representation of @ which represents the group 
element G by M{G), We denote the trace of the matrix M(G) by x(G)- Then 
x(G) is a function of the arbitrary group element G, the character of M, The 

® See R. Brauer and C. Nesbitt, Nat. Ac. of Sciences 23, 1937, p. 236; C. Nesbitt, Ann. 
of Math. 39, 1938, p. 634. Free places in matrices are to be replaced by 0, the * stand for 
quantities in which we are not interested. 

• E. Cartan, Annales de Toulouse 12B, 1898, p. 1. 

Three different proofs are given in M.R. pp. 9-11; T. Nakayama, Ann. of Math. 39, 
1938, p. 361 ; R. A. pp. 267-258. 

“ Cf. R. A. The use of this fact which has not been mentioned in M.R. can be avoided, 
see footnote 13. 
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value of X is the same for conjugate elements of ®. We may, therefore, consider 
X as a function of the classes of conjugate elements 6i , £*,*••, (Sn ; we set 
X> = x(®r) = x(0) if G belongs to (S, . 

Let JV be a second representation of ® with the character <p. We consider 
first the case that we have a ground field K of characteristic 0. If the deter- 
minants of M(G) and N(G) do not vanish, then the characters are equal, x — Vt 
if and only if M and N have the same irreducible constituents. Because of the 
full reducibility, this is the same as similarity of M and N. If we admit matrices 
of determinant 0 in M and N, we must add the assumption that M and N have 
the same degree. Otherwise, the (0) — representation may appear with different 
multiplicities in M and 

In the case of a ground field K of characteristic p, these theorems are not true. 
However, the method by which they are proved allows one to show that M and 
N have the same irreducible constituents, if and only if M(G) and N{G) have 
the same characteristic roots for every G in ®. 

We may write G as a product AB of two commutative elements where A has 
an order prime to p, whereas B has an order p^, |8 ^ 0. The characteristic roots 
of M{B) are all 1, being p^-th roots of unity in a field of characteristic p. It 
follows that M (G) and M{A) have the same characteristic roots. It is, therefore, 
sufficient to require above that M{G) and N{G) have the same characteristic 
roots for every G of an order prime to p. Then the same will be automatically 
true for all G in ®. We call an element G of ® p-regular if its order is prime to p. 

We use the same notations as in §2. Wc set 

(8) g = p‘-g' (p, g') = l. 

Let Ki be the field obtained from K by the adjunction of the gf'-th roots of 
unity 1, 5, 5*, . • • , 5''“', let ))i be a prime ideal divisor of p in iCi , and let Ri be 
the field of integers of Ki taken mod iJi . Then J?i is an extension field of K, 
which contains the modular ^'-th roots of unity 1, 5, 5*, ... , the residue 
classes of 1, 5, . . . 5, 6'*“* (mod pi). We have a (1 — 1) relation between the 
ordinary and the modular g'-ih roots of unity since 5“ ^ ^ (mod pi) if 5“ 5^. 

If F now is a modular representation of ® with coefficients in R or in an ex- 
tension field of R, the characteristic roots of F(G) will lie in R^ . Let G be a 
p-regular element of ®. We replace each such root 5' by 5', and define now 
x(G) as the sum of these 3'. In this manner, the character x(G) is defined as a 
complex number for the p-regular elements G; the original value was the resi- 
due class x(G) of x(G) (mod p). It now follows easily that two modular repre- 
sentations (with coefficients in or in an extension field of R) have the same 
irreducible constituents if and only if the two characters in the new sense 
coincide for p-regular elements. 


** G. Frobenius and I. Schur, Sitzungsber. Preuss. Akad. 1906, p. 1906, p. 209. 
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7. The character relations. Let (Si , @ 2 , • • • , (S»» be the classes of conjugate 
elements which contain the p-regular elements. We denote by the char- 
acter of Vg , by <9^*^ that of F, (cf. §5), by that of Z { . The value of a char- 
acter for the class S, will be indicated by a suflSx v, e.g. rii‘\ (p = 1, 2, . • • , k'). 
The relations (7) and (2) now give** 

( 9 ) 

% 

( 10 ) 

X 

(i = 1, 2, • • • , n; »£ = 1, 2, • • • , A). From these and (5), or directly from (4) 
we have 

(11) = 

X 

In particular, for the degrees u, , r,- , /x of U, , Z,- , Fx , respectively, (9), (10), 

(11) for the unit element give 

(12) Vn — 3» , dikj \ , w, — c,x/x 

• X X 

since w. = „“\1), z.- = (1), /x = (1). We arrange in 

matrix form 

41 = (^*’), H = (i;!**), Z = (fj[«) 

(« row index, \ column index in H; i row index, X column index in Z; « = 
1, 2, • • • , A:; X = 1, 2, • • • , A:'; i = 1, 2, • • • , n). Then relations (9), (10) 
and (11) become 

(13) H = D'Z, Z = i)4>, II = C#. 

From the orthogonality relations for the ordinary group characters, we obtain 

(14) Z'Z = {g/gM = T 

where g, denotes the number of elements in the class S, , and where the class 
(£«• contains the elements reciprocal to those of (S, so that 1*, 2*, • • • , k'* is a 
permutation of 1, 2, • • • , k'. Then (14), (13) and (6) yield 

(16) H'4> = = T, 

The equation (15) contains in matrix form orthogonality relations for the 
modular group characters, viz. 

(16) £ = Z = gb,^,/g, 

P P.<r 

(see also relations (20), (21) and (22) below). 

We may avoid the use of (7) here by first deriving (10) from (2) and then (9) from (4), 
($) and (10), see M.R. 
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8. Corollaries. Since T in (15) is non-singular, the columns of the matrix 

^ which is of type (A, A') are linearly independent, and hence A S A'. On 
the other hand, the rows are linearly independent (mod p) because a linear relation 
would give a linear relation among the characters of f'l , Fa , • • • , F* , the values of 
these characters being understood as numbers of JP, as at the beginning of §6. 
Such a relation is impossible, hence A = A'. The number of distinct absolutely 
irreducible modular representations is equal to the number of classes of con- 
jugate p-regular elements in Further the determinant 1 | of ^ is prime 

to p. Since | ^ | is integral, and, its square is rational according to (15) we see 
that I I is prime to p. 

(17) (I ^ I, P) = 1. 

The column of H corresponding to the unit element of & consists of Ui , th , 
• • • , ujk , Since here = 1, we obtain from (16) and (17) Dickson's theorem:^* 

(18) = 0 (mod p®), (/c = 1, 2, • • • , A). 

We have also now that all matrices which appear in (15) have inverses. Let 
us set, in particular, C~^ = (y^x). It follows from (15) that 

(19) = («.x) 
which gives the character relations 

(20) 2 = 5.xsr (k, X = 1, 2, • • • , k). 

w 

In addition, multiplying (19) through by = (y^) and using (13), we have 

(21) = C"‘, that is, E = 7.xff (k, X = 1, 2, • . . , k) 

V 

and from (19) multiplied through by C 

(22) HT"'H' = C, that is, E = c^g (k, X = 1, 2, . . • , k). 

V 

If (Vi then we have full reducibility, U,c = F« . The matrix C, and 

then also D, is equal to the unit matrix, and we have Z* = F, (Speiser*^). 

9. Blocks. It is well known and easy to prove that the n elements 

(23) 12,, = (? (i' = 1, 2, • . . , n) 

(7 in 

form a basis of the centre of the group ring. Each irreducible representation 
of ® represents 12, by a scalar multiple of the unit matrix I. We see 

(24) Z.(0.) = F.(n,) = 

By a matrix of type (a, 6), we understand a matrix with a rows and b columns. 

See R. Brauer, Actual. Scient. 195, Paris, 1935; M.R. 

See footnote 6, also M.R. 

Cf. A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3rd edition, Berlin 1937, 
p. 223. 
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where is an integer of K, and lies in K. We say that and Fx belong 
to the same block ^ if for i; = 1, 2, • • • , n. Then F,^ and Fx represent 

the centre of T essentially in the same manner. Thus Fi,F 2 , • • ,Fk appear 
distributed into s ^^blocks*' -Bi , £ 2 , • • • , -B, . 

We also speak of the which belong to a block Br by counting f/« in Br if 
F « belongs to Br . Each matrix can have only one characteristic root^® 

which necessarily is since is a constituent of l\ , cf. (3). It follows that 
all the irreducible constituents of belong to Br . More generally, if in the 
sequence 

(25) lA, fA, ••• , U.^Ux 

any two consecutive have an irreducible constituent in common, then all 
the Up and their irreducible constituents belong to the same block Br . If 
however and Ux cannot be joined by such a chain (25), then it is easy to 
construct a centre element of T which is represented by I in F^ and by 0 in Fx 
so that Fk and Fx do not belong to the same block. We have here a new char- 
acterization of the blocks. 

Assume now that Zi contains F* as a irreducible constituent. From (24) it 
follows that 


where the bar ^ain indicates the residue class (mod p). All the irreducible 
constituents of Zi belong necessarily to the same block Br . We now say that 
Zi also belongs to the block Br . Two ordinary representations Zi and Z/ 
belong to the same block if and only if (mod p) for j' = 1, 2, • • • , n. 

Comparing the trace in the first formula (24) in a well known manner, we 
obtain 

(26) <o‘‘> = 


whore z,- is the degree of . Henc6, Zi and Z, belong to the same block if 
and only if 


(27) 


= 9”^’^ hi (mod p) (!» = 1, 2, • • . , n). 


In what follows we shall always take to be the character of the unit 

representation considered as a modular and as an ordinary irreducible representa- 
tion, respectively, of @, and Bi to be the block which contains these characters. 

We arrange the Fi , F 2 , • • • , F* and Zi , Z 2 , • • • , Zn such that we first take 
the representations of B \ , then those of Bo , etc. Let Xr be the number of Zi 
belonging to Br and yr the number of F, belonging to Br . It follows that C 
and D break up 


( 28 ) 


C = 


/Cx 

0 

0\ 

ID^ 

0 


c* 

... 0 j 


A 

\o 

0 

... cj 

\« 

0 


Cf. R. Brauer and I. Schur, Sitzungsber. Preuss. Akad. 1930, p. 209, §2. 
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where Ct is a square matrix of degree y, , and £), is of ts^pe (x, , yr). It is im- 
possible to arrange the representations in such a manner that CrOr Dr break up 
further. For Cr this follows directly from the properties of blocks given above. 
But because of (6), we have 

(29) Cr = D'rDr. 

A breaking up of D, would imply one of Cr . Since Cr is non-singular (cf. (16) 
and (14)), we must have 

(30) Xr ^ Vr- 

We now form the trace of the element F,(Q,) in (24) and find since 0, 
is the sum of g, elements all of which have the trace ipY' in the representation 
F, . On the other hand, the trace of F*(Q») is If F, appears as modular 

constituent of the ordinary representation Z,- , then as we have seen is the 
residue class of (mod p). Moreover, (mod p) depends only on the block 
Br to which F, and Z< belong. We indicate that by setting wj*’ = #5*^’ (mod p), 
where depends only on t and not on i. Hence 

(31) g/p;'^ = (mod p). 

Let us set gC~'^ = {y^k), that is, — gyr\ • From (21) it follows that the 
‘jfa. are algebraic integers; that they are rational comes as a consequence of their 
definition. From (31) and (21) we have 

(32) 7.x = (mod p) 

r—1 

The sum on the right depends on t and X; we denote it by S{t, X). If Fx also 
belongs to the block Br , then by reasons of symmetry 

(33) 7«x = /.<S(t, X) s /xjS(t, k) (mod p). 

In particular, if /, or /x are divisible by p, then 7 ,x is divisible by p and hence 
7.x = 0 (mod p). If ^ 0 (mod p), then (33) shows that the value of S{t, k)//, 
(mod p) depends only on t. We may, therefore, write 

ya. = frfkSr (mod p) 

where Sr depends only on t. We may here take Sr as a rational integer and 
have 

(34) ya, = fJkSr (mod p) if F, and Fx in J?. . 

If F, and Fx belong to different blocks, then = 0, because of the form (28) 

of C. 

Since is the character of the 1-representation and is contained in the block 
Bi , then (21) and (34) show 
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(35) iV’ = 7 u s Si (mod p) 

where N is the number of all p-regular elements of ®. 

10. Decomposition of r. The block properties derived in §9 are those which 
we are going to use in the later sections. But the importance of these blocks 
can better be recognized from other facts which we shall describe briefly.^* Let 
Br be a fixed block, and consider the elements a of F, for which f/*(a) = 0 for 
every f/, except for those of Br . These a form an invariant subalgebra , 
and we have 

F = Xll © 2^2 © • • • © 22* • 

The cannot be represented as direct sums. 

In close connection with this fact, wc have the following ideal theoretical sig- 
nificance of the blocks. The ideal p of 3 (cf. §2) can be written uniquely as 
the intersection of s ideals 3Wr (p^ 3) any two of which are relatively prime 

P = [9ni,3»2, ••• ,2KJ 

and 2Kr cannot be written as intersection of relatively prime ideals 9 ^ 9Kr . 
There are exactly k prime ideal divisors , ^^32 , • • • , of p in 3- Here 
can be defined as the set of those elements a of 3 for which F«(a) = 0. Two 
representations F\ and F\ belong to the same block if and only if % and 
divide the same 9Jlr . 

11. Summary of the results. The principal aim of this paper is the proof of 
the following two theorems. 

Theorem 1. Let @ he a group of order g = p'^g'j p a primes ((/', p) = 1. An 
ordinary irreducible representation Zi of a degree Zi = 0 (mod p") remains ir- 
redudhle as a modular representation, ix. In is equal to one of the F* , and Uk = 
Fk . Further Zi forms a block Br of its own. The character of Zi vanishes for 
all elements of an order divisible by p. 

We denote a block Br of this kind as a block of highest kind. In the notations 
used above, we have here Xr = 2/r = 1. We also shall show that for the blocks 
which are not of highest kind, we have Xr > yr , in particular, Xr > 1. 
Theorem 2. Let be the number of classes of conjugate elements in @ such 
that (a) the number of elements in S,. is prime to p, (b) the elements of Sv have an 
order prime to p. There exist exactly U blocks Br which contain at least one ordinary 
irreducible representation Zi of a degree Zi prime to p. 

We denote blocks of the type mentioned in this theorem as blocks of lowest 
kind. We also obtain some results for the blocks of intermediate types a, 
which contain only Zi of degree Zi = 0 (mod p“) such that at least one of these 
degrees Zi ^ 0 (mod The method which yields theorem 1 can, in a far 

more elaborate form, be used for a study of the blocks of type a - 1 as will be 


See R. A. 
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shown in another paper.^® In the case a = 1, i.e. g = p-g\ (p, gf') == 1, each 
block is either of the highest or of lowest kind, so that the results give some 
information about every block. This can be made the basis for a study of this 
class of groups, which yields a large number of new results.^® In order to attack 
the general group of finite order in a similar manner it would be necessary first 
to refine greatly the theory of blocks. 

Two of the most important tools for the computation of the ordinary group 
characters are formed by the method of the multiplication of characters and the 
Frobenius^ method of constructing characters of @ from characters of a subgroup 
$ of These methods can also be applied to modular characters. In part IV 
we study the former method, and in part V, the Frobenius^ method. In part 
VI we consider a number of special cases and examples. We hope that in the 
results of these latter parts of our paper some justification can be seen for the 
somewhat complicated theory as developed in this lengthy introduction. 

II. Blocks op Highest Kind 

12. Condition for the reducibility of Z* . We use the same notations as in 
the introduction. If for one of the (§4) the corresponding modular ^presenta- 
tion 2i becomes reducible, then there exists a non-singular matrix M = (m,y) 
in the field K such that breaks up into at least two constituents 

= w)- 

We choase a matrix M = (mi,) such that mu lies in the residue class Mu (mod p). 
Then the determinant of M is prime to p and hence different from 0. Forming 
M'^^ZiMj we obtain a formula 

(36) zr . 

where all the coefficients in Wi ,Wt ,Wi ,Wi , arc p-integers of K, and those of 
Wi are divisible by p (i.e. each coefficient in Wi is the quotient a//3 of two integers 
of K such that a = 0, 0 (mod p)). Let Zt(G) = {wi\\G)). According to 

the formulas of I. Schur/* we have** 

(37) E wii\G)w)^\G-^) = (7/zi6„6xp 

O 

(38) E w!ii\G)wli\G-') = 0 for i ^ j. 

a 

In (37) we now take (c = (t = 1, X = p = z,- so that = S\^ = 1. From the 
form of TF» in (36), we have Wu{{G) = 0 (mod p) for every G, hence g/zi = 0 
(mod p) and consequently g/zi = 0 (mod p). Since g was exactly divisible by 

R. Brauer, Nat. Ac. of Sciences 25, 1939, p. 290. 

» 1. Schur, Sitziingsber. Preuss. Akad. 1905, p. 406. 

** We set Sii -« 0 for i ^ j, i.-, = 1. 
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p“ (cf. (8)) we have ^ 0 (mod p“) if is reducible. This shows that if s 0 
(mod p“), then is irreducible. This was the first part of theorem 1. 

13. Blocks of highest kind. We now have to show that a Zt with 2 ,- s 0 
(mod p“) forms a block of its own. If this were not so, then we would have a 
Z/ with i j such that and Z, have an irreducible constituent in common. 
But since Z,- itself is irreducible, Z,- would have to occur as constituent of Z,- . 
Then there would exist a matrix L = (I,,) with coefficients in K such that” 

/Wi 0 0 \ 

L-‘Z,L = hF4 Z, 0 . 

\Wj Wa Wj 

Choosing again the element Uj in the residue class (mod p), and setting L = 
(lii), we then have a formula 

/Wi Wa FaX 

(39) L-'ZiL = [w^ Wf, F. 

\Wi Wa WaJ 

where 

(40) Wi = Z,- (mod p). 

We choose now k = X = 1 in (38), for p we take the number of the first row of 
Wi in (39), for a the number of the first column of Wi . Then (38) yields be- 
cause of (40) and (37). 

0 = 2 «;{{'((?)«;“>((?-*) = 2 «>{r(G)R>iT(G-’) = g/zi (mod p). 

But this is impossible, because Zi = 0 (mod p“). Consequently, noZy withj ^ i 
belongs to the same block B, as Z< . The block Br contains only the one ordinary 
irreducible representation Z<, and only the one modular irreducible representa- 
tion Z< = Ff. In (28), Cr and Dr are matrices of degree 1, Zr = = 1, and we 
have Dr = 1. Hence Cr = 1, because of (29). From (4), we obtain t/» = Ft, 

14. Vanishing of the character for p-singular elements of Let H be a 

fixed element of @ the order of which is divisible by p. From the orthogonality 
relations for ordinary group characters, it follows that we have 

Z = 0 

for every p-regular element G, since 0 and H * cannot be conjugate in ®. Using 
(10), this can be written in the form 

(41) 2 2 d.-.^“’(G)f‘«(H) = 0. 

»■— 1 K —1 

** The first row and column on the right side may be missing, also the last row and 
column. 
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Since (41) represents a linear relation between 
which is true for every non-singular element G, the coefficient of each 
must vanish 

= 0 («= 1 , 2 , 

If 2i = F, as in §13, then d,, = 1, and d,« = 0 for i j since F, does not appear 
inZ; . Hence = 0. This proves theorem 1 completely. 

In the case (gf, p) = 1, it follows at once from theorem 1 that each ordinary 
irreducible representation Zi remains irreducible when taken as a modular 
representation and so is equivalent to some F« . Then k — n and the f 
are identical with the The relations (16) and (20) here become the 

same as the Frobenius relations for group characters (cf. §§3, 8.) 

15. Example. As an example, we mention the simple Mathieu group Afi 2 of 
order 12.11.10.9.8 = 2*.3^5.11 = 95040, the characters of which have been given 
by Frobenius.^ The degree of the ordinary irreducible representations are 

1, 11, 11, 16, 16, 45, 54, 55, 55, 55, 66, 99, 120, 144, 176. 

Of these 15 characters, 8 are of highest kind (mod 11), for instance, the character 
of degree 176. From the table of characters, it follows that this character is 
the product of a character of degree 11 and a character of degree 16. Con- 
sequently the characters of degree 16 must also remain irreducible (mod 11), 
since a splitting would imply a splitting of the character of degree 176. The 
characters of degree 16 are not of highest kind. 

For p = 5 we have 5 characters of highest kind, for p = 3 there is one of them 
and for p = 2 there is no such character. 

III. The Elementary Divisors op C 

16. Computation of the elementary divisors of C. In the following section 
work in the ring Op of p-integers of K, If tt is an element such that tt s 0 

(mod p), TT 0 (mod p^), then every ideal of O;, is of the form (tt)’”, and there- 
fore, the theory of elementary divisors holds for matrices with coefficients in 
0^ . In formula (15), = T, the determinant of is a unit of because 

of (17). Consequently, C and T have the same elementary divisors. But the 
elementary divisors of T can be obtained directly from (14), they are the highest 
powers of p which divide the numbers 

( 42 ) g/gi , , • • • , g/gk . 

We now consider C as a matrix with coefficients in the ring of rational integers, 
and denote the elementary divisors corresponding to this case by ci , ^ 2 , • • • , 6* . 
It follows that the powers of p which divide these integers are exactly the same 

The ordinary characters of the Mathieu-groups have been given by G. Frobenius, 
Sitzungsber. Preuss. Akad. 1904, p. 558. 
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powers which appear in the integers g/g, ,v= 1, 2, . . . , Aj, if the latter are prop- 
erly arranged. 

In another paper, it will be shown that the determinant of C is actually a power 
of p. Then it follows that the e„ are themselves the powers of p which divide 
the numbers (42). For our present purpose this finer result will not be needed. 

17. Blocks of type a. We say that a block Bj is of type a, if it contains only 
representations of degrees /« = 0 (mod p“), and if at least one of these degrees 
is not divisible by 

By (12) 

~ c«x/x (^ “ 1> 2, • • • , fc). 

Because of the form (28) of C, the corresponding formulas hold, when we restrict 
#c and X to those values for which F\ , Fx belong to the block Br . 

We can find two unimodular matrices Mi and M 2 such that C* = MiCtM 2 
has zeros outside of the main diagonal, and contains the elementary divisors 
in the main diagonal.^® We have then 

(43) u* = ej* 

where the u* arc obtained from the Ux by the linear transformation Mi , and 
the yf from the /x by the transformation ac, X range over the values cor- 
responding to Br . Since M 2 is unimodular, all the f* arc divisible by p®, and 
one of them is not divisible by p®'^\ On the other hand, the u* are divisible 
by p®, according to (18). From (43) it follows that at least one of the elementary 
divisors c, corresponding to Br is divisible by p“““. Let Sa denote the number of 
blocks of type a, and Oa the number of integers g^ {v = 1, 2, • • « , fc) which are 
divisible by p® and not by p®'^\ We consider now the + Sa-i + • • • + «o 
blocks of type g a. To each of them corresponds an elementary divisor which 
is divisible at least by p"*”® and hence a number g/g, which is at least divisible 
by this number. Then g^ will be divisible at most by p®, and we find 

«0 + + • • • + 5a ^ Go + Gl + • • • + Go • 

Theorem 3. Let Si , S 2 , • • • , be the classes of conjugate p-regular elements 
in @ and denote by g^ the number of elements in . If a a of the numbers gp 
are divisible by p“ and not by p®^\ and if & possesses Sa blocks of type a, then (for 
a = 0, 1, 2, • . . , g) 

(44) 5i) “1“ Si • • • “t“ Sa ^ Go "h Gi • • • “t“ Ga . 

18. Ordinary characters which are linearly independent mod p. 

Lemma: There exist k but not more than k ordinary irreducible characters 
which are linearly independent (mod p). 

The elementary divisors of all the Cr together are Si , ea 1 * * * 1 sjt (in some arrange- 
ment) because of (28). 
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Proof : If a linear relation 

2 s 0 (mod p) 

i 

with p-integral coefficients holds for the p-regular classes, then it holds for every 
class. This can be seen similarly as in §6. From this remark, it follows already 
that we cannot have more than k ordinary characters which are linearly inde- 
pendent (mod p). 

For the proof that there exist k such independent characters, we use a method 
by which one of us showed earlier the existence of k irreducible modular char- 
acters.** If the maximal number of ordinary irreducible characters, which are 
linearly independent mod p, was smaller than A;, then we could find p-integers 
b, such that 

k 

52 s 0 (mod p) 

and the are not all divisible by p. Since a reducible character of @ is a sum 
of irreducible character we would have 

k 

(45) ^b,^y ^ 0 (mod p) 

for any character f of ®. We want to show that this is impossible if the 6^ 
are not all divisible by p. We assume that the corresponding result for ar 
proper subgroups ^ of ® has already been shown. 

Let $ be a proper subgroup of ®, let Si , ® 2 , * • • , Sj be the classes of con- 
jugate p-regular elements of § and let Hy be an element of S!l. . If ^ is any 
character of we set ^(G) = 0 if G does not belong to We determine a 
(right hand side) residue system Pi , P 2 , • — , of @ mod According to 
Frobenius.*^ 

(46) m = E HP.GP;^) 

M— 1 

is a character of ®. Since (45) hold for every character of it holds for (46). 
The elements G and are p-regular at the same time. If Gp is an element 

of Sp , we have from (46) 

(47) Tp = E 

a-»l 

where denotes the number of Pp for which PpGpP^^ is conjugate to He with 
regard to For each He there exists exactly one p for which Ipe ^ 0 since one 
class Sp in ® must contain He . We denote this p by From (45) and 

(47) it follows that 

(48) f = 0 (mod p) . 

1 \p— 1 / 

See footnote 15. 

G. Frobenius, Sitzungsber. Preuss. Akad. 1898, p. 501. 
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This must hold for every character ^ of But (48) represents a congruence 
of exactly the same type for as (45) has for According to our assumption 
concerning the coefficients of every must be divisible by p, 

k 

2 Khc = 0 (mod p) for <7 = 1, 2, • . • , Z 

p-i 

and since only Zr(<r),» 0 

(49) ^T(c)lr{o ) ~ 0 (mod p) for (r~ 1, 2^»»»^Z, 

So far the subgroup § has been arbitrary. We now try to determine ^ for a 
given value p, (p = 1, 2, • • • , A;), such that (a) p appears in the form p = T((r), 
and (b) for this <r the number Ipa is not divisible by p. Then (49) implies bp ^ 0 
(mod p), and if this holds for every p, then we have arrived at a contradiction 
with the fact that the congruence (45) was to be not trivial. 

The condition (a) is satisfied when Gp belongs to we may take Gp = H,r . 
If we choose $ as a subgroup of the normalizes 91 of Gp , then Gp is only conjugate 
to itself with regard to Then lp„ in (46) can be defined as the number of Pp 
for which PpGpPp^ = Gp, If § has the order then hlp„ = N is the order of 9Z. 
We have only to take care that § contains a p-Sylow group of 91. Then h is 
divisible by the same power of p as N, hence Ipa ^ 0 (mod p) and, therefore, 
condition (b) is satisfied. 

We can, therefore, satisfy the above conditions (a) and (b) by choosing ^ 
as the subgroup which is generated by Gp and a p-Sylow group of the normalizer 
91 of Gp . Here, however, an exceptional case is possible which must be treated 
separately. The group defined in this manner can be identical with 

In this case, the only p-regular elements of ® are 1, Gp , Gp , • • * , Gp\ where 
q is the order of Gp . We obtain a character of ® by associating with G^ where 
c is a g-th root of unity. Then (45) becomes 

53 6p€^ = 0 (modp). 

We multiply here with e ^ for a fixed P and add over all g-th roots of unity. 
Since (g, p) = 1 we find = 0 (mod p) for /S = 0, 1, 2, • • • , g — 1, which 
gives a contradiction. 

19. Applications of the lemma. It follows immediately from the lemma in 
§18 that the congruences 

(50) S = Vy (mod P) (^or k = 1,2, 

t— 1 

can be solved with regard to Oi , 02 , • • • , On if Vi > V 2 , • • • > ’?* ^'I'e any given 
p-integers of K. The o,- also will be p-integers of K. 

From (10) and (28) the number of f"’ in a given block Br which are linearly 
independent mod p, is at most equal to the number y, of modular characters 
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in Br . But since yi + • • • + y, is the full number k of modular irreducible 
characters, this implies that Br contains yr characters which are linearly 
independent (mod p). It follows that the matrix Dr of type {Xr , Vr) in (28) 
still has the rank yr when it is considered mod p. 

From this remark and (10) it follows that the modular characters can be 
expressed by means of the ordinary characters with p-integral rational coeffi- 
cients. For a block of type a, all the /« are divisible by Since by (12), 
i il^ follows that all the 2 % of the block Br will be divisible by 

K 

On the other hand, the Zi of Br cannot all be divisible by since otherwise 
all the /« of Br would be divisible by as we see when we express the 
of Br as linear combinations of the f^‘^((?) of Br with p-integral coefficients and 
set (r = 1. We can define a block Br of type a by the fact that the degrees of the 
ordinary irreducible characters of Br are all divisible by p" but not by In 

the definition in §17 we can replace the modular characters by ordinary char- 
acters. In particular, the blocks of type 0 are the blocks of lowest kind; the 
blocks of type a, the blocks of highest kind (§11). 

If the f of Br are arranged in a suitable order, then the first yr of them will 
be linearly independent mod p. We may then find a matrix V of degree yr 
with p-integral rational coefficients and a determinant prime to p such that 

' (L) 

where M is a matrix of type (xr — yr , yr) and I, the unit matrix of degree yr . 
Using (29), we find 

(61) V'CrV = V'D'rDrV = (/, M’) = I + M'M. 

We work in the Galois field with p elements, replacing every number by its 
residue class (mod p). If ilf in this sense has rank m, then we can find yr m 
linearly independent vectors ( of yr dimensions for which = 0. For these 
vectors, we have (/ -h M^M)i = f so that at least yr rn linearly independent 
vectors are obtained in the form (/ + M*M)rj where rj is an arbitrary vector. It 
follows that (7 + M'M) has (mod p) a rank r ^ yr — m. Because of (51) 
Cr has (mod p) the same rank r. Then exactly r of the elementary divisors of 
Cr will be not divisible by p. But m ^ Xr — yr y since M has Xr — yr rows, so 

r ^ pr - (Xr - yr) = 2yr - Xr . 

Theorem 4. If the block Br contains Xr ordinary and yr modular irreducible 
characters, then the corresponding part Cr of the Cartan matrix has at least 2t/r — Xr 
elementary divisors which are not divisible by p {and hence equal to 1 according to 
the theorem quoted in §16). 

If 2yr < Xr then this theorem does not give anything. 

tf for a block we have yr — Xr , then Xr of the elementary divisors will be 
prime to p. But this is the total number of elementary divisors of Br . Ac- 
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cording to §17, this is impossible if J5r is of type a < a. Hence Br is of highest 
type, and then Xr — yr - 1 (theorem 1). Using (30) we obtain 
Theorem 5: Every block, which is not of highest kind, contains more ordinary 
than modular irreducible characters'^ 

This shows that Theorem 1 characterizes the blocks of highest kind. 

20. Blocks of lowest kind. We now come to the proof of theorem 2 (§11). 
Let i?i , ^ 2 , • • • , 17 * be any given p-integers of K, We solve the congruences 
(50). Let ®i , ® 2 , • • • , Sm be these classes of p-regular elements of @, for which 
the number of elements in the class is not divisible by p, then 

(52) m = oo 
where Oo was defined in §17. 

The number = g^^i'^/zi (cf. (24) and (26)) is an algebraic integer. If z* = 0 
(mod p) and (g^ , p) = 1, then f = 0 (mod p). The corresponding terms in 
(50) can be omitted. We have, therefore, 

(53) 53 = rjy (mod p) for V = 1, 2, • • • , m 

i 

where the sum is extended over such values of i, for which Zi 0 (mod p). In 
particular, only characters of blocks of the lowest kind appear. We can pick 
out one character in Br such that z* ^ 0 (mod p). If is another char- 
acter of Br , then according to (26) and (27) we have 



„ >(») ^ y(h) 

Zi ~ Zh 

(mod ))) 



yW 

Sr — ^ y 

Zh 

(modp), 

{v - 1, 2, . • . , m) 

since {gp, p) = 1, for v 
obtain formulae 

= 1, 2, . . . , m. 

We substitute 

this value in (53) and 

(54) 

E = r,. 

(mod p), 

(v = 1, 2, . . • , m) 


* 


where the are the characters we selected in the blocks of lowest kind. The 
number of terms on the left side then is the number So of blocks of the lowest 
kind. The 6* are p-integers which are independent of v. For every given set 
of p-integers 171 , 172 , • • • , i 7 m the congruences have a solution bh . The number 
of unknowns bh cannot be smaller than the number of congruences, hence, from 
(52) 

Oo = m ^ So . 

But from (44), it follows that So ^ Oo , Consequently, so = Oo , and this is 
exactly the statement of theorem 2, §11. 

*• A second proof for this relation Xr > yr is given in §27. It also can be proved by 
considering the representation of the elements of the center of the group ring. 
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In other words this result can be expressed as follows: An elementary divisor 
divisible by p“ can appear in Ct only if the block Br is of lowest kind. In this 
case there is exactly one such elementary divisor. 

We easily see now that for blocks of type 0, 1, and a there is at least one U» 
of the block whose degree m, 0 (mod p”*"*). For a block Br of type a it fol- 
lows from (43) that if all m, s 0 (mod p"^^) then at least one elementary divisor 
of Ct is divisible by p“““'^‘. For a = 0 this would mean an elementary divisor 
divisible by which is not pos.sible (cf. §16). For a = 1 it means an ele- 
mentary divisor divisible by p" but by the above statement of theorem 2 such 
divisors can appear only for blocks of type 0. In case a = a the remark is 
obvious, since the block is then of highest kind. For values of a intermediate 
to 1 and a we can only as yet say that an elementary divisor of C, is divisible 
at most by p““‘, and hence from (43) at least one ut is divisible at most by 
p”'*'^ where fi ^ a — 1. 

21. Alternative proof of theorem 2. We here begin with the components 
(ya) of the matrix (cf. §9), and again work in the ring of all rational p-inte- 
gers. If the matrix C, (cf. (28)) has the elementary divisors p“' , (y = 1,2, - , 

y,), then pC7* has the elementary divisors p“~"'. In the case that 5, is not a 
block of the lowest kind, then for any pair F, , F\ belonging to Br the degrees 
ft , /x are divisible by p, and so from (34) y,x = 0 (mod p). Hence all the a, 
are smaller than a in this case. If Br is of the lowest kind, then since by (34) 
the matrix gCT'^ = (ftfxSr), (k row index, x column index) the rank of gC7^ (mod 
p) is 1 or 0 according as to whether S, pi 0 (mod p), or Sr = 0 (mod p). The 
considerations in §17 show that for a block of the lowest kind, at least one of 
the elementary divisors of Cr is ^ p“, a, ^ a. It follows that pC7* has one 
elementary divisor 1, and we have 

(55) (Sr 0 (mod p) (Bj block of the lowest kind). 

Since here pCT’ has (mod p) one elementary divisor 1, C, has exactly one ele- 
mentary divisor p“. Consequently, the number of blocks of the lowest kind is 
equal to the number of elementary divisors p“ of C. This, in connection with 
the result of §16 yields theorem 1. 

We add some remarks about the determination of the numbers Sr for blocks 
of the lowest kind. From (12) it follows that /, = g~^ 2 'Y«xMx • Combining 

X 

this with (34), we obtain 

(mody) 

where X ranges over all values for which belongs to the block Br . If Br is 
of the lowest kind, we may assume /, 0 (mod p). Hence 

(66) g'^Sr'L'^— (modp) (v»‘'MnBr) 

p“ 
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whence Sr (mod p) can be obtained, if only the degrees of the characters are 
known. Using (12) and (5), we easily obtain 


(67) 


E" 4 - E" E' (<W0- - E' ~ E' 


«,x 


where i ranges over those values for which f belongs to Br . 


(58) 



(mod p). 


Hence 


The numbers Sr can also be determined in a different manner from the ordinary 
group characters of &. We set 

(59) (t.,,) = 

We have then, making use of (21) 

* k k k 

Vii = XI Qvdi^df^<pp = X2 dindjxygx 

p— 1 g— 1 X—l g,X— 1 

(60) V = gDC~'D' = gD{D'Dy^D\ 


Using (34), we obtain 

Vii = S di,dfl,f,fxSr (mod p) 

K,X 

if f'*' and both belong to Bt . But 2 duf, = z< , according to (12), and 

« 

hence 


(61) 


Vij = ZiZjS, (mod p) 

Vij = 0 


(f‘‘'^ and in Br) 
(f‘‘^ and in different blocks). 


IV. On the Multiplication of the Characters 

22. Relations between the problems of determining the ordinary and the 
modular characters of ®. For any group ® of order g, we have the two problems 
of finding the ordinary irreducible characters = 1, 2, •• - , n) and the 
modular irreducible characters vj*** (A: = 1, 2, ■ • • , jfc) for a fixed prime p. We 
may assume that p divides g, since otherwise the two types of characters coin- 
cide. We ask now; (a) How much does knowing the ordinary characters help 
in the determination of the modular characters? (b) How much does knowing 
the modular characters help in the determination of the ordinary characters? 
It seems that in general we obtain some valuable information, but that in neither 
case the complete answer can be found. For instance, in the case of a p-group, 
the modular characters become trivial, since there is only the (l)-character, and 
this shows clearly that we cannot expect that the f i'* are determined uniquely 
by the For both questions (a) and (b), it is of course of great importance 
to find the matrix D (cf. (13)). 
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If the are known, then (21) permits the determination of the matrix C, 
so that we also may find the characters of the indecomposable constituents 
Ut . For the determination of D, we have the formulas (5). In certain cases, 
these formulas are sufficient to find D, cf. the example of the group LF (2, p) 
in §31. But, in general, we must expect several possible solutions for D some 
of which may belong to other groups H, K, • ■ • which also have (<p\^) as their 
modular characters. There is, of course, only a finite number of possibilities 
for D. If D itself is known, then the values of the ordinary characters for 
p-regular elements G of @ can be obtained from (10). There remains then 
the determination of the values of the characters for the other classes. Mod p, 
we can find these values from the values of the characters for the p-regular 
classes (cf. §§6, 18). Further, we obtain conditions from the orthogonality 
relations for group characters. Also the method of multiplying characters can 
be used with advantage. It may be mentioned that in many important cases 
it seems easier to find the modular characters than the ordinary characters. 
For instance, in the case of many simple groups, the analogy with semisimple 
continuous groups can be used in the modular theory. 

Conversely, let us assume now that the ordinary characters are known. 
It follows from (13) that D = Z$“‘, which shows that each column of D is of 
the form 

(62) 

r—1 

that is, each column of Z) is a linear combination of those columns in the tables 
of ordinary characters which corraspond to p-regular elements. The a, are the 
elements of a column of and, therefore, are not known, but we have some 
information about them. For instance, they are of form P/g' where p is an 
integer of the field generated by the f*’’ and g = p^g', {g', p) = 1. The must 
be rational integers ^ 0. Further restrictions are obtained from (13) and the 
form (28) of D, and from the fact that the determinant of D'D Ls known. But 
these conditions are not enough to determine D uniquely, several cases will 
have to be considered. If D is known, then the modular characters are known. 
The equations (59) and (60) show that the matrix D{D'Dy^D' can be found if 
the are known, but this does not provide any new information. 

We may add some remarks in this connection. The condition (62) is, of 
course, equivalent to saying that each column of D is orthogonal to each colunm 
of Z which corresponds to a p-singular element of G. If a vector x = (xi, Xs, 
• • • , aJn) is orthogonal to all these columns of Z, then a: is a linear combination 
of the columns of D. Similarly, if y = (yi , ys , • • • , p») is orthogonal to all 
columns of D, then y is a linear combination of the columns of Z which cor- 
respond to jHsingular elements of &. 

If a relation 

n 

X) = 0 (for all p-regular elements 6 of @) 


(63) 



ON THE MODULAR CHARACTERS OP GROUPS 


677 


where the are independent of G, then /3 = (i8i , /3* , • • • , j3») is a linear conabina- 
tion of the columns of Z which correspond to p-singular elements, and vice 
versa. Hence 0 is orthogonal to every column of D. We cut 03i , jSj , • • • , /3„) 
into 8 pieces corresponding to the s blocks Br , and replace all the 0i by 0 except 
those which belong to a fixed piece. This modified vector 0 still is orthogonal 
to all the columns of D because of the form (28) of D. Hence the modified 
vector 0 still satisfies (63) 

where i ranges over only those values for which belongs to a fixed block Br . 

Theorem 6. If a linear relation between the ordinary characters holds for all 
p~regular elements of then the relation remains true if we leave away all terms 
except those which contain the characters of a fixed block Br . 

23. The multiplication of characters. If F and H are two modular representa- 
tions then G F{G) X H (G) gives a new representation F X H, Since the 
characteristic roots of the Kronecker product F(G) X H(G) are obtained by 
multiplying each characteristic root of F(G) into each characteristic root of 
H{G)j it follows easily that the character of F X H is obtained by multiplying 
the characters of F and H, Applying this to the irreducible characters 
we have that is again a character of reducible or irreducible, and 

we obtain formulas 

(64) 

M 

where the OgX/i are rational integers, a«XM ^ 0. There is, of course some connec- 
tion with the corresponding coefficients appearing in the multiplication of 
ordinary characters. If we have 

(65) 

k 

then we express f by means of the <p (cf. (10)) and obtain 

(66) di* d|*x djix,, — hijkdkii' 

We derive some further relations for the Okkn ■ Of course, they must satisfy 
the conditions for the constants of multiplication of a commutative algebra 

dgXfi “ diXmj dititv dXrn* 

(« << 

To each representation of ® there corresponds a contragredient representation. 
We denote the representation contragredient to F, by F,- . Then 
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where (S,* as in §7 denotes the class reciprocal to 6, . Here 1', 2', k' 
and 1*, 2*, , k* are permutations of period 2 of 1, 2, • • ■ , A:. From (64) 

we obtain 

(68) ' a«'xv' = o,x« 

since the contragredient of is Further, the regular representa- 

tion R is self-contragredient. Hence the contragredient of U, is an indecom- 
posable constituent of R, and since its irreducible top constituent is F,< , we see 
that C/.' and t/, are contragredient. This implies 

(69) C.X = c,-x' . 

From (64) and the orthogonality relations (20) we obtain 

(70) = i: 

By multipl 3 ing the two left hand members through by y„^' = yp'M and adding 
over n we obtain 

k 

(«) (X) (. 0 *) 

gduXtiyuR* = 2^ gyffp *Py 

M 


or 

which shows that the left side remains unchanged, when the three indices ic, 
X, p are permuted. Thus 

(71) ~ ^ dpXftypK' • 

In particular, for « = 1, we have a*x^ = , /c' = 1, and when we interchange 

p and p' we have 

(72) y\p = cip*\pyp^ 

M 

which shows that the whole matrix CT^ can be found if its first colunm and 
the constants of multiplication are known. 

If does not contain a character of the block Bi, then the right side of 

(72) vanishes and 7xp = 0. 

Theorem 7.** If the product of a character <p^^ with the contragredient character 
of <p^^^ does not contain a character of the first block Bi , then the corresponding 
coefficient ^ of gC'^ vanishes. 

If the block Br of (p^^ contains more than one modular character then because 
of the form (28) of C, 7xp = 0, cannot hold for all p X such that belongs 


** This theorem is related to theorem 2 of R. Brauer, Math. Zeitschr. 41, 1936, p. 330. 
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to Bt . Further, if and belong to the same block, and if their degrees 
are not divisible by p, then y\p 9 ^ 0 according to (34) and (55). Hence we 
have the 

Corollary. If two characters and belong to the same block and both have 
degrees -prime to p, then contains a character of the first block. 

We prove two more formulas connecting the c,x , the a,x„ , and the characters, 
and which deserve some interest. Using (9) we derive from (64) 

\7o) (pp tip (^yX^p <Pp — ^yX(^ii\p<Pp • 

^ X»p 

We first set p = k, and add over k. By (16) we find 

~ 22 C,\ao.p<pJ‘ . 

*.x,p 

Here, wc multiply by g,nfi\ add over v, and use (20) 

(74) 52' = 52 Co.a,x. 

«,x 

where the sum on the left extends over those v for which the class Sf is self- 
reciprocal, 6 f = . 

Secondly, we take m = in (73) and apply the same method. We thus obtain 

(75) 

F-l «,x 

It can easily be seen from (67) that the number of self-con tragredient modular 
characters, is equal to the number of self-reciprocal p-regular classes, 

Sp = 6 f* {v ^ k). 


24. Upper and lower bounds for the degrees of the indecomposable constit- 
uents Uk • The product can be expressed as a linear combination of 

the (p^^^ (cf. (73)), and also, using (11), as a linear combination of the 

(m) (XO 

Here it is neither obvious that the coefficients are integers, nor that they are ^ 0, 
but both these facts will follow from (73). Using (20) we find 

— V ^(x') ^u') 

r 

and comparing this with (70), and taking (68) into account, we obtain d^x#. = 
— “ a^x/i • Hence 

(76) = Eo.x. 

*® This formula seems to indicate that Up, X F\* splits completely into (7i, C/j, , Uk 
where C7* appears c^xm times, but we have not been able to prove this. 
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' In particular, we have o„>i ^ 1, since F« X F,< contains the l-representation. 
Hence will appear in On comparing the degrees, we find Uif, ^ u, . 

On the other hand Oi„ = 1 and hence will appear in ^ Conse- 

quently Ml ^ /,M, . 

Theorem 8. For the degrees /, of the F, and m, of the U, there hold the inequalities 
(77) u,/. ^ M, ^ Ml//, . 

Since m, = 2 c,x/x (cf. (12)), it follows from (77) that 

X 

M, ^ c,,/, + c,x/x (k ^ X) 


(78) c,\ g (mi - c.,) ^ for K X. 

h 

In particular, c,x < mi since we may assume /x ^ /, , further c„ ^ Mi . 

On multiplying (77) by /, and adding, we find 

k k 

^ Hu,f, foil 

*-■1 ««-l 

The middle term here is fli, as follows from (16). If the radical of the modular 
group ring r has the order m, then ^fl — g — m. Hence 

Ui{g — m) g ^ ku\ 

(79) g/k ui'^ g/ig - m). 

The multiplication of characters is used to obtain new characters if some 
characters have already been found. It is often convenient to determine the 
at the same time with the Here formula (76) can be used. Formulas 
(77) and (79) can sometimes be used, if we want to show that a character ij, 
which we have obtained, is an and not a sum of several such 

V. Relations Between the Characters of a Group & and Those 

OP A Subgroup ^ 

26. The induced character. The second important method of Frobenius for 
the construction of characters assumes that the character x of a representation 
F of a subgroup ^ of ® is known. This representation “induces” a representa- 
tion V* of ® whose character x* can be obtained. The method of forming V* 
remains valid in case we start with a modiilar representation, and so does the 
formula for x*, but this last formula requires a somewhat different proof here, 
due to the modified definition of the character of a representation. 

Let h be the order of and let (m = 1, 2, • • • , m; m = g/h) be a com- 
plete residue system of ® (mod ^) 


® 4 * ^Qt + • • • + • 
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We sei V (G) =• 0 if G does not belong to ^ so that F(G) is defined for all ele- 
ments of and define 

(80) V*(G) = (V’(Q,(rQr*)) (k row index, X column index). 

It is easily seen that this is a representation V* of & of degree im = tg/h where t 
is the degree of V. 

We shall determine the character of V*. Let G be an arbitrary element of 
The element belongs to some residue class and the permutations 

Pa'- M —* Pa(.i*) (m = 1 ) 2, • • • , ffi) form a representation P® of ®. 

We split Pa into cycles. The length of each cycle is a divisor of the order 
of G. If G is p-regular, then the length of each cycle is prime to p. Let, for 
instance, (1, 2, • • • , o) be the first cycle of Pa for a p-regular element G. Then 
V*(G) breaks up completely into the matrix 


W = 


0 ViQxGQr) 0 

0 0 ViQxGQT') 

0 0 0 

ViQaGQT^) 0 0 


0 


ViQc-iGQZ') 

0 


and analagous matrices, correspondbg to the other cycles of Pa - We have to 
determine the characteristic equation of W. We set W, = ViQpGQTli) 
(i/ = 1, 2, • • • , a — 1), Wa = ViQaGQi ‘). We multiply the vth column of (81) 
on its right side by W’^iW 7-2 • • • Wr\ and the rth row on its left side by 
W 1 W 2 • • • W,-i {v = 2,3, , a). Then Wi , W 2 , - ■ ■ , Wa-i in (81) are re- 

placed by the unit mat|ix, whereas we have 

WiW, ... = y(Qi(?Qi-‘)F(Q2GQr‘) ... V(Qa-xGQ-^)ViQ„GQT^) 

= ViQxG^QT') 


at the place of Wa in the last row, first column. Obviously, our changing of W 
amounts to a similarity transformation so that the characteristic polynomial 
remains unaltered. For the new form of W, the characteristic polynomial can 
be easily computed, and we find/(a:“) where /(*) denotes the characteristic poly- 
nomial of QiG“Qr' = H. As product of the elements Q»GQ7+i (y = 1, 2, ... , 
a — 1) and QaGQrS this element ff belongs to It is p-regular, since it is 
conjugate to G" in @. Hence we obtain the characteristic roots of W by taking 
all the a*"* roots of the characteristic roots of V(H). This is still valid if we 
replace the characteristic roots (which lie in the modular field R) by the corre- 
sponding complex roots of unity. Since a and the order of H are prime to p, 
no difficulty arises. It follows easily that if a > 1 then the sum of these complex 
roots of unity must vanish. If a = 1, then W — F(QiGQr'), and the sum in 
this case is the character \{QiGQi^). Dealing with the other cycles of Po in 
the same manner, we obtain ^ x(QyGQ7^) for the value of the character x*(G) 
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of F"'. Here n ranges over all values for which lies in K we set 

x{G) = 0 for elements G outside of $ we may write 

(82) x*iG) = £ xiQ^GQf). 

M— 1 

This is exactly the formula of Frobenius, only the trace argument by which it is 
ordinarily derived from (80) could not be used because of our modification in 
the definition of the modular characters (§6). 

The splitting of the regular representation of ^ into its indecomposable con- 
stituents corresponds to a decomposition of the group ring of ^ into a direct 
sum of right ideals fp . The products ApQp (m = 1, 2, • • • , m) of Qp with the 
elements of fp generate a right ideal f* of the group ring F, and F is the direct 
sum of the f* . If fp corresponds to the representation Vp of $ then it is known 
that fp corresponds to the representation Fp of It follows that the regular 
representation of ® breaks up completely into the F* , corresponding to the 
different values of p. Each V* itself consists of one or several of the indecom- 
posable constituents l\. 

We use for the same notations as for & but with a ^ sign, so are the 
modular irreducible representations of ^ etc. It follows now that U* breaks up 
completely into some of the Ux . 


26. The formulas of Nakayama. We now can prove easily that we have 
formulas®^ 

[ <Xgx7f^^^ (for p-regular elements of &) 

(83) i ^ 

I (fOT p-regular elements of $) 

where the a^x are rational integers, a«x k 0. Obviously, the only point which 
requires a proof is that the same coeflScients appear in both formulas. But 
from the orthogonality relations for the modular group characters (cf. (16), (20)) 
it follows for the coefficients a«x of the first equation (83) that 

where the sum extends over all the p-regular elements G of &. Using (82) we 
obtain 


m 

a /i-l 

and after a simple rearrangement of the terms 


The formulas (83) and (85) are equivalent to those given in theorem 9 of T. Nakayama, 
Ann. of Math. 39, 1938, p. 361. 
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where H ranges over all the p-regular elements of This shows that is 
exactly the coefficient appearing in the second formula (83). This is exactly 
the method by which it is shown for ordinary characters that we have formulas 

^ j.(j) elements of @) 

J 

elements of 

t 

where the Uj are rational integers, U; ^ 0. 

Finally, we have formulas 

X 

n" - 

K 

with rational integers /3,\ ^ 0, as can be shown in the same manner, or also be 
derived from (83). 

We set A = (a.\), B = (Pa), L = (if,). On comparing (84), (85) and (83) 
we obtain 

DB = ID, DA’ = L’5 
AC = CB^ 

where J5, C have the same .significance for ^ as Z), C have for Qd. 

The second formula (83) shows that au = 1 , a,i = 0 for k 1 if the index 1 
always refers to the 1 -representation. Hence appears in the character 
of degree Ui-g/h. Hence 

(86) ui ^ uig/h. 

In particular, if $ has an order prime to p, we have Mi = 1, and obtain 
Theorem 9. The degree of the indecomposable constituent of the regular repre- 
sentation of @ which corresponds to the l-representation, is at most equal to the 
index of the maximal subgroup ^ of an order prime to p. 

In particular, if ® has a subgroup $ of index p", then Ui g p“, and since Mi 
is divisible by p®, we have mi = p®. It follows that in this case i ’l is identical 
with the representation of @ by permutations which corresponds to the sub- 
group ^ of index p® (cf. the remark at the end of §25). 

In the general case, it follows from (83) that every appears in at least 
one Hence 

(87) Mx ^ (jf/A)-max (u.)- 

If ^ again has an order prime to p, then u, — I, — ft, and we have u\ g 
(g/h) max (/.)• 

27. On the converse of theorem 1. We consider now the case that ^ is the 
Sylow subgroup of order p® of @. The character has here the value 



(for p-regular elements of @) 
(for p-regular elements of Jp) 
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g' = g/p" for the unit element and the value 0 for all the other p-regular ele- 
ments. Hence 


2 = ff'wx = 9 


.Using the orthogonality relations (16), we obtain ux/p“ as multiplicity of 


( 88 ) 





(X> 32 

<e • 


y'J} From (84) we have 

(89) f = E “ W- 

< 


For p-regular elements, these two characters are identical. By (12) and (10) 
we have wx = E = E and thus obtain 

? 

for all p-regular elements of Hence, on comparing the coeflBicients of 

(90) 2 - f<)dix = 0 (X = 1, 2, . . . , *). 

Assume now that we have a block B, which contains the same number of ordinary 
and modular representations, Xr = y,. We choose the index X in (90) such 
that belongs to Bj . Then it is suflScient to let i range over those values for 
which belongs to B, , since for other values of i, do, = 0. We may consider 

(90) as a system of y, linear homogeneous equations for the Xt = Vr quantities 
Zi/p" — li. Since the determinant is Dl and has the rank y,, all the {zt/p'‘) — U 
vanish. But U is an integer, hence «,• s 0 (mod p“). This shows again, that if 
Xt = Vr then Bt is a block of highest kind (converse of the middle part of theorem 
1, cf. §14). 

Using (84), we see that Z< in (89) is also the coefficient with which f *** appears 
in f Hence 

(91) i^ = ^Er‘"(^) 

where H ranges over all the elements of the Sylow group $ of order p". The 
first term here is 2 </p“. Combining this formula with the results of §22, we 
easily can obtain (90) again. 

The formula (91) shows that if f'’^(H) vanishes for all elements of an order 


'* This formula shows Dickson’s theorem, p* | uk (cf. footnote 6), and this is essentially 
the way by which Dickson proved his result. 
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p** with M > 0, then U = Hence in this case f**’ must be a character of 

the highest kind. 

Theorem 10. If an irredticible character f vanishes for aU elements of an order 
p^, M > 0, then is a character of the highest kind. 

This is a converse to the last part of theorem 1. It even would be suflScient 
to assume that all the are divisible by p“, if H is an element of order 

p'*, /» > 0. If all these are divisible by p“, then p“ | «<. This result can 

easily be improved when we take into account the multiplicity with which the 
terms appear on the right side of (91). 


28. An upper and a lower bound for cn . We now consider two arbitrary 
subgroups ^ and of ® of orders h and j. Let a(G) and /3(G) be the ordinary 
characters of &, induced by the 1-representations of $ and 3f respectively. 
From (82) we obtain easily that a(G)h is the number of elements Af in ® for 
which G lies in and similarly 0(G)j is the number of elements N for 

which G lies in N~^^N. Then G will lie in hja{G)fi{G) of the intersections 
iNr‘3fiV]. 

If 2)jf.v has the order tu.N then 

(92) hj a(G)^(G) = 2 ttifN — 2 ttiK-ifi = g 2 Im.i • 

G M.N M,N 

On the other hand, we split @ into residue classes modd ^ and 3. 

(93) ® = i; 


The number of elements in is equal to hj/tu.i where M is any element of 
Hence, if M ranges over the elements of $12,3, ~ from 

(92) it follows that 


(94) 


hj 2 a(G)/3(G) = g>rhj 

G 

Z«(G)^(G) = g.r 


where r is the number of residue classes of @ (modd $, 3). 

We assume now that $ and 3 have orders prime to p. We may restrict the 
sununation on the left hand of (94) to p-regular elements since for the other 
elements «(G) = 0, and may consider a(G) and j8(G) as the modular characters 
of @, induced by the 1-representations of $ and 3- We may set 

«(G) = 2:w‘’(G). i8(G) = 

where according to (83), a* and b\ are rational integers ^ 0, and ai = 1, 6i = L 

a(G) =* 2 
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It is easily verified by use of (82) that p{G) « PiCT^) and so combining (94) and 
the orthogonality relations (20), we obtain 

k 

(95) 2 a.c.xi>x = r. 

In particular, 

(96) cii ^ r. 

Theorem 11. If ^ and ^ are two subgroups of ®, whose orders are prime to p, 
then the first Cartan invariant Cu is at most equal to the number of residue classes 
of ® (mod §, 3). 

If, for instance, ® is a doubly transitive permutation group of order then 
we may take = 3^ as subgroup of index p". Here r = 2, and hence Cn = 2. 
Since C is the matrix of a positive definite quadratic form, the coefficient in 

the first row and first colunui of C~^ is at least - , and the equality sign is pos- 

Cii 

sible only if Cu = 0 for all 8 > 1, i.e. if the modular 1 -representation forms a 
block of its own. In this exceptional case, we have Ci = (cn), Cn = p“, since 
p** is the only elementary divisor of Ci . Then ® contains a normal subgroup 
§ of index p®, (cf. §29 below). 

In any case, we find from = {y^\) and (35) 

AT = 7n ^ g/cn 

(97) cii ^ g/N, 

Theorem 12. The first Cartan invariant Cn is at least equal to g/N where N is 
the number of elements of an order prime to p in®. The equality sign holds only 
if these elements form a normal subgroup, necessarily of index p". 

From (96) and (97) it follows that rN > g, except for the case that @ contains 
a normal subgroup of index p“. If, for instance, g is divisible by three distinct 
primes g = P^Pi'pS then we can take for § and 3 the Sylow-groups of orders 
pX , and pX' and have r = p®. Hence N > g/p", except when @ contains a 
normal subgroup of index p®.^^ 

VI. Special Cases and Examples 

29. Special cases. We first consider the case that ® is a direct product, 
® = 31 X S. If A F{A) is a representation of 81, and B K{B) is a repre- 
sentation of 33, then A X B F{A) X K{B) (Kronecker product) is a repre- 
sentation of 81 X 85. This representation F X if is irreducible, if F and K are 
irreducible, and conversely, every irreducible representation of 81 X 85 is of 


** This is a very special case of an unproved conjecture of Frobenius which states that 
when there are exactly r elements X an order dividing r in a group of these elements form 
a subgroup. 
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this form.** This implies that the D-matrix of @ is the direct product of the 
£)-matrices of 81 and of 93, and that the C-matrix of @ is the product of the 
C-matrices of 91 and of 93. 

We next consider the case that ® contains a normal subgroup .f) of index 
= vW with (gf', p) = 1). Since (cf. §26). we see that has 

the value p® for every p-regular element. It follows that 77^^^ = = 

(p"), and is the only irreducible modular character in the first block Bi . 
Conversely, let ® be a group for which the first block Bi contains only one ir- 
reducible modular character. Denote by the normal subgroup whose elements 
are represented by the unit matrix I in each ordinary irreducible representation 
Zi of the first block. Then Z,- is a representation of ®/§, and the index g/h 
is at least equal to the sum of the squares of the degrees z,- of these Z,- . This 
sum is equal to uifi ^ p“, hence g/h ^ p“. On the other hand, each p-regular 
element of ® is represented in Z, by a matrix whose characteristic roots are all 
1, and which then Ls equal to /. This shows that h is divisible by every prime 
power dividing g/p". Hence h ^ gr/p", no h = g/p". We sec that @ contains 
a normal subgroup of index p", if and only if, the first block contains only one 
irreducible modular character. 

Let us assume now that ® contains a normal subgroup ^ of order p“, (g = 
P' 0'1 (o'l V) = !)• Kvery representation of ®/93 defines a representation of 
In particular, the regular representation of ®/93 has the character X) 
x(l) = o/v''i x(G) = 0 for a p-regular element G 9 ^ This is the character 

of §27. From (88), it follows that this character contains exactly 
wx/p* times. In particular, must represent the elements of ^ by the unit 
matrix.®^ Further, since the regular representation of ®/93 contains each of its 
irreducible constituents <p^^^ exactly /x times, we have /x = wx/p“. The degree 
/x is prime to p, since <p^^^ is a representation of ®/^ of order g\ so each block is 
of the lowest kind. We do not know whether the converse is true. 

Finally, let @ be a group in which every p-regular element commutes with 
every element of a p-Sylow group. Then we have k blocks of the lowest kind. 
Each of them can contain only one modular irreducible constituent, and C 
necessarily has the form 



The converse is also tnie. 

In the same manner as for ordinary characters, it follows that every linear 
character of any group ® is actually a character of &/St where S denote^s the 

** The first part follows easily from Burnside^s theorem, Proc. London Math. Soc. (2) 3, 
1905, p. 430; the second from A. H. Clifford's theorem, Ann. of Math. 38, 1937, p. 533. 

** This follows from the fact that i^x appears as a constituent in a representation for 
which this is true. 
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commutator group of Hence, the number of linear modular characters of 
® is equal to the largest factor of the index of the commutator group which is 
prime to p. For a linear character the formula (77) shows that mx = «i . 
This can also be shown directly, as U\ may be expressed as the direct product 
of Ui and (cf. (76), (64)). The linear character will belong to the block 
Bi , if and only if = 1 for every p-regular element G which commutes with 
every element of a p-Sylow group. The block B, of is obtained from the 
block Bi by multiplication with <p^^\ 

30. The groups GLH{2, p"), SLH(2, p“), and LF{2, p"). As first examples we 

treat the group SLH(2, p") of all matrices J ) = O' of determinant 1 

\Trhi , mn/ 

with coeflScients in the Galois field GF{p'‘) with p" = q elements. The rth power 
matrices form a representation for any fixed r = 0, 1, 2, • • • . Further, 
if ^ is a modular representation with coeflScients in GF(q), we obtain a new 
representation by applying an automorphism 8 of GF{q) to all coefficients; we 
denote this representation by Let 8, now be the automorphism a — + a”’ of 
GF{q) (j> = 1, 2, • • • , o — 1). We form the representation 

(98) H(ro , r, , . . . , r„_i) = X X • • • X ©''-*>*— 

(r, = 0, 1, 2, • . • , p — 1). We thus obtain p“ modular representations, and 
state that these are all the irreducible representations. In order to prove this, 
we first notice that there are exactly p“ classes of p-regular conjugate elements 
in © since each such class corresponds in a (1 — 1) manner to a polynomial 
a:* — <r(G) a: + 1, the characteristic polynomial of its elements, and tr{G) can 
be any element of GF(q). Secondly, we prove that the representations (98) 
are irreducible. Let x , , y, undergo the transformation G*', (>» = 0, 1, 2, • • • , 
o — 1). Then (98) belongs to the vector-module 85 of all polynomials in xo , 
Po , • ' • , * 0 - 1 , Po-i which are homogeneous of degree r, in a:, , p, , (v = 0, 1, 
• • . , o — 1).“ We have to show that 85 is irreducible, when the elements of © 
are taken as operators. If F now is any element of 85, the module M(,F) gen- 
erated by F will contain all the polynomials Ft which are obtained from F by 
applying a: a: -|- <p, p p for any t in GF(q). Then a;, — > a:, -|- <’’'”‘pr , Pr — » • 
Obviously, Ft is of the form 

Ft^ + ... + , 

where H„ depends on x,,y,. We now take for t the q different elements of GF(,q). 
It follows easily that each is a linear cojnbination of the Ft , and hence lies 
in 9M(F). The last H„ which is not zero obviously is a single power product 
alpo'pl* • • • pin* , and hence po'pl* • • • p!lll‘ lies in 9)?(F). We replace F now 
by this polynomial, apply the transformation x —* x, y —* tx + y, and use the 
same argument. We thus see that every power product of a;o , po , * •* , Xa-t , 
Por-i of the correct degrees lies in 2W(F). Hence SW(F) = 85, i.e. (98) is irreducible. 

** The coefficients of these polynomials can be taken from any extension field of GF(,q). 
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Finally, the representations (98) are all distinct. In order to show that, 
assume 

(99) H(ro , ri , • . • , ra_i) = Hiri , r( , • . • , r'_i) 

0^r<^p — 1,0 ^ r'i 1, and r,- = r< does not hold for all i. We arrange 
the Hira , n, , ro-i) in lexicographical order by taking H{ro , n, • • ■ , r^-i) 
as lower than Hiso ,«!,•••, »o-i) when the first difference So — ro , Si — ri , • • • 
8a-i — Ta-i which does not vanish, has a positive value. We may assume that 
H(ro,ri, • • • , r«_i) is the lowest representation (98) which is similar to another 
of these representations. Certainly not all the r can be equal to p — 1. But 
if all the r', were equal to p — 1 then the right side in (99) would have the maxi- 
mum degree p“ which would imply that all the r< = p — 1 = . This case is, 

therefore, also excluded. 

Assume ro = • • • = r,_i = 0, r< ^ 0, i ^ 0. We multiply (99) by (Kron- 
ecker product). We can express both sides as sums of representations (98) again 
when we use repeatedly the relations 

X X (r = 1, 2, . . . , p - 1) 

After the multiplication, //(ro, • • • , r,-i, r, — 1, r,.fi, • • • , ra-i) will appear 
on the left side of (99), whereas this term cannot appear on the right side. 
Because of the uniqueness of the irreducible constituents, we obtain a contradic- 
tion. This shows that the representations (98) are all the modular irreducible 
representations of @. 

In the case of GLH{2j p“), we have to add a factor A', 0 ^ ^ g — 2, A = 

wiiim 22 — mi 2 , on the right side of (98), in order to obtain all the irreducible 
modular representations. 

On the other hand, if (98) is to give a representation of the factor group 
Lf(2, p") of SLH{2f p®) modulo its centrum, then — / must be represented by 
I in (98), i.e. the number r© + ri + r 2 + • • • + ro-i must be even.*^ 

31. The Cartan invariants and decomposition numbers (mod p) of LF(2y p). 
We restrict ourselves to the case LF(2, p), p an odd prime. The irreducible 
modular characters are here • • • , the degrees are 1,3, • • • , p. 

This shows, in particular, that the degree of the irreducible modular representa- 
tions need not be a djivisor of the order of the group. For the order of the 
radical we obtain 

- i2 o* _ „ - 1) (P + 2)(P + 1)P _ pip + l)(2p - 5) 

_3 p _ _ . 

The modular characters of GLjF/( 3, p), 5LH{3, p) and LF(3, p) have been determined 
by C. Mark in his Toronto thesis (to appear in the University of Toronto Studies). 
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There is no difficulty in computing the modular characters, and if they are 
arranged in the order • • • , or ®<'’-‘> 

we have 

2 1 
1 2 1 
1 2 • 


• 2 1 
i 1 3 

for the C parts corresponding to the two blocks. (The coefficients not filled 
in are 0, there is just one 3 in the main diagonal of Ci). The first and the last 
Ux both have the value p, all the other have the value 2p. 

Using formula (100) we can find D without any ambiguity. There must be 
two Us in the first column. Beside them, we must have a 0 and a 1 in the 
second column etc. We thus find 



In this manner, we may obtain the values of the ordinary characters of Z/F(2, p) 
except for the two p-singular classes. There is no difficulty in obtaining these 
missing values.^® 

University or Toronto, 

University of Michigan, 

The determination of C according to this method is rather complicated, and we do 
not give the details of the computation. Using the methods sketched in op. cit. in footnote 
20, C and D can be determined easily. 

*• These characters were first given by G. Frobenius, Sitzungsber. Preuss. Akad. 1896, 
p. 1013; the ordinary characters of the binary groups in a > 1 were first given by 

I. Schur, Jour, reine angew. Math. 132, 85, 1907, and independently by H. E. Jordan, Am. 
Jour, of Math. 29, 1907, p. 387. 
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ON POISSON’S SUMMATION FORMULA 

By a. P. Guinand 
(Received October 6, 1939) 

1. Introduction 


A number of papers have been written in recent years on various examples 
and applications of the formula 

(1.1) §/(0) + f:/(n) = f fit) dt + 2 E r cos 2xn(f(0 dt. 

n-1 Jo n-1 Jo 

This formula is usually known as Poisson’s summation formula. Other forms 
of the formula are 


go 00 ^ w 

E /(") = E / cos 25rn(/(t) dt, 

mm— CO n-^00 J— QO . 


( 1 . 2 ) 

1 

and 

(1.3) E fin) = E r fit) dt. 

n-*— 00 n-^oo J— 00 

Further, if we write 

(1.4) g{x) = 2 f cos 2TZtf{t) dt, 

Jo 

then, with suitable conditions, 

(1.5) f{x) — 2 f cos 2Trxtg{t) dt 

Jo 

by Fourier’s integral theorem, and (1.1) can be written 

(1.6) ifio) + E f(n) = iffio) + E ff(n)- 

n— 1 n—1 


Several writers have pointed out that it is often difficult to justify the appli- 
cation of the formula even in cases where the formal result can be shown by 
other methods to be true.* Most methods which have been used for pi-oving 
such formulae are elaborations of one of the two following types of formal 
procedure. 


> Erdelyi (1), 408, Kober (1), 612. 
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(A). We may regard (1.2) as a Fourier series.* If we expand the periodic 
function 


2 fin + x) 


as a Fourier series for — ^ < a: < and then put a: = 0 we formally obtain (1.2). 

(B). We may regard (1.3) as a result in the theory of analytic functions.* If 
f(z) is analytic, and we integrate v cot irzf(z) around the rectangle R with vertices 
W + § ± — I ± at, then by Cauchy’s theorem 


Putting 

when 

and 

when 


If 

f—. I IT cot vzfiz) dz = 2 fin)- 

2in Jr n— 

oe 

TT cot VZ = Tl + 27ri X] 

n«»l 

m < 0 , 

eo 

TT cot vz = —Tri — 2in 2 

n—l 


m > 0 , 


and integrating term by term, we formally deduce (1.3) on making N tend to 
infinity and a to zero. 

In addition to these methods two further methods have recently been de- 
veloped which admit of application to functions having various types of singu- 
larities. 

(C) . Ferrar^ derives a generalization of (1.1) by the use of Mellin transforms 
and the functional equation of the Riemann zeta-function. Conditions are 
applied to the Mellin transform of f{x) rather than to f{x) itself. 

(D) . In a recent paper® I gave another method for application to more general 
sununation formulae of which (1.1) is a particular case. In this method we 
regard (1.1) as a Parseval theorem in the theory of Hankel transforms of func- 
tions of the Lebesgue class L^(0, <» ), and prove: 

If f(x) is an integral, and both f{x) and xf'(x) belong to L^(0, oo), then 


(1.7) lim(]E)/(n)- f /(<)df|= lim|2^jf(n)- [ 


* Courant and Hilbert (1), 64-65. 

* Kronecker (1), Landsberg (1). 

* Ferrar (1). 

* Guinand (1). Put a«i - 1 in Theorem 2. 
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where g{x) eaiiafiee 

Jo V Jo y 

and is chosen so that it is the integral of its derivative. 

The formula (1.7) obviously agrees with (1.6) if the series and integrals con- 
cerned converge. However, this is not necessary for the truth of (1.7), and it 
covers a number of examples in which (1.6) is inapplicable. 

In the present paper we simplify the above result slightly, and extend it to 
functions of the Lebesgue classes Z/^(0, «>), (1 < p ^ 2). We also give examples 
to show the ease with which the result can be applied, and discuss extensions 
to sums involving primitive characters. 

2. Preliminary Lemmas 

Lemma 1.® If f(x) belongs to <») for some p satisfying 1 < p ^ 2, and 

p* = pKp - 1 ), Il{v) > - 1 , 

then there exists a function g{x) belonging to If oo) defined almost everywhere by 


(2.1) 

g{x) = l.i.m. 2ir j 

r (xt)*Jy(2irx0f(t) dt. 

Further 

(2.2) 

T-*oo J 

f(x) — l.i.m. 2ir j 

7’-»oo Ji 

0 

^ (xty Jp{2Trxt)g{t) dt, 

9 


and if /i(a:), gi(x) and / 2 (x), g%{x) are two pairs of such transforms for the same 
values of p and v, then 


(2.3) 




dx. 


Lemma 2. If f{x) is an integral and tends to zero as x tends to infinity, and xf{x) 
belongs to L^(0, <»), (p > 1) then f{x) belongs to V{0, <»), and x^^^fix) tends to 
zero as x tends to -{-Q or infinity, 

Hardy^ has proved that, if ypix) belongs to L^(0, oo), so does 


and 

Putting 




» 0 as a; — ♦ +0 or x 


Hx) = xf{x) 


the result follows immediately. 


00 . 


• Buflbridge (1), or Kober (2). We only require the result for v >■ f. 
^ Titchmarsh (1), 396. 



594 


A. P. GUINAND 


Lemma 3.® The function x ^{[x] — x} is self-reciprocal with respect to the kernel 
2irxVj {2Trx ) . That is 
--*00 

2ir / {W — M x^r^J%{2vxi)dt = x"^ {[x] — x]. 

Jo 

Lemma 4. If f{x) satisfies the conditions of Lemma 2 then it has a transform g{x) 
with respect to the kernel 2 cos 2ira: given for x > 


(2.4) 

Further 


--*00 

g(x) = 2 / cos 2irxtf{t) dL 
Jo 

fix) = 2 f cos 2irxtgit) dty 
Jo 


gix) is an integral^ both gix) and xg\x) belong to //'(O, oo), x^^^'gix) tends to zero 
as X tends to +0 or oo, and xf\x), xg\x) are a pair of transforms with respect to 
the kernel 2irx^ J \i2irx) in the sense of Lemma 1. 

Put 


and 


G\ix) = l.i.m. 2 f cos 2‘KXtfit) dt 

r-*oo Jo 

Giix) = l.i.m. 27r f (xt)^Ji(2rxt)tf(t)dL 
r-*oo Jo 


r-*oo •'0 

By Lemmas 1 and 2 it follows that these expressions exist almost everywhere, 
and Gi(x)f G 2 (x) both belong to L^"(0, oo). Now, if x > 0 

Hence the integral converges absolutely, and 

f G 2 iu) — = 27r f — l.i.m. f (iU)^Ji(2TiU)tf(t) dt 

Jx U Jx U r-*oo Jo 

J r* 

u~^ du I <* Ji(2iru0/'(0 di 

X J6 

-T ^oe 

= 2ir lim / <*/(<) dt I u~*Ji(2irut) du 

T-*eo Jo Jx 


• Titchmarsh (2), 267. We also use the notation 
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s= — lim f sin 2irxtf'(t) dl 

TX T-*» J« 

= — lim |[8in2ira;</(0]o — 2jrx f cos 2irxtf(t) dA 

ttX r-*oo ^ Jo J 

= — 2 f COS 2irXt fit) dL 
Jo 

The inversion of order of integration is justified by absolute convergence, and 
the integrated terms vanish by Lemma 2. Hence the limit (2.4) exists, and we 
may put 

g(x) = — f G 2 (u) — = 2 f cos 2^x1 fit) dt 
J X U Jq 

for all positive x. Hence gix) is an integral and G^ix) = xg\x) almost every- 
where. Le. xfix)y xg'{x) are transforms of the required type, and the rest of 
the lemma follows from Lemma 2. 


3. The Summation Formula 


We can now prove: 

Theorem 1. If fix) is an integral^ tends to zero at infinity, and xf'ix) belongs to 
L^iOf (1 < P ^ 2) then 


(3.1) lira Is /(«) - [ f(0 <^'<1 = lira |]C oM - [ g(t) dt 

A'-*oo (n— 1 Jo j 1 Jo 


where 


--♦00 

g(.x) = 2 / 

Jo 

Now x~^{[x] — a:} belongs to /-"(O, oo 
and (2.3) 


cos2irx/(t) dt. 

) for any p > 1, so by Lemmas 3 and 4 


f X ‘{[x] — x} x/'(x) dx = f X ‘{[x] — x} xf'(x) dx. 

Jo Jo 

The left-hand side is 

f {[*] - x] fix) dx = ({[x] - x} /(x)]? - [ fix) d{[x] - x} 
Jo Jo 

= — lim f fix) d{[x] — x) 

AT-^oo Jq 

= - lim I fin) - f fit) d<| . 

Ar-»oo 1 •'0 J 

Treating the right-hand side in the same way, we have (3.1). 
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However, Theorem 1 does not cover functions having discontinuities, for/(*), 
being an integral, is necessarily continuous. In order to obtain a sufficiently 
general theorem covering such functions we combine Theorem 1 with a known 
form of Poisson’s formula. 

Thkorem 2. If fix) is of hounded variation in (0, «), and tends to zero at in- 
finity, then 

lim r 2 i{/(« + 0) +/(n - 0)} - f fit) dil = ^ ffM - f git) dt, 
where 


gix) = 2 r 


cos 2irxt fit) dt 


exists as a Cauchy integral at zero and infinity. 
Titchmarsh’ has shown that with these conditions 


r w 

hifin + 0) +/(n - 0)} - / fit) dt 

M-*oo Ln—1 Jo 

Obviously 


lim 

N-*a> 



dt = 0, 


and we can show that*® 


00 


E 

n*-»l 


gin) - mo + 0). 


mo + 0) = f git) 


dt. 


Theorem 2 follows immediately. 

Now it sometimes happens that a function f(x) satisfies the conditions of 
Theorem 1 for one set of values of p in the neighborhood of the origin and for 
another set of values at infinity. In order to cover all these possibilities we will 
take as our general theorem: 

Theorem 3. If f{x) can he expressed as the sum of three functions fi{x), fiix), 
fo(x) such that all three tend to zero at infinity, fi{x) and f^{x) are integrals, xfi{x) 
belongs to for some pi in (1 < pi ^ 2), xf 2 {x) belongs to L^*{0, 'oo) for 

some p 2 in (1 < P2 ^ 2), andfz(x) is of bounded variation in (0, then 


(3.2) 



i{/(n + 0) +/(n-0)},- fit) 

Jo 





• Titchmarsh (2), Theorem 45. 

Titchmarsh (2), Theorem 6. The required extension to the case a; » 0 is trivial. 
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where 


/ -*oo 

-»0 


COS 2Trxt fit) dt. 


(3.2) holds for /i(x), f 2 ix) and f^iix) separately, and Theorem 3 follows by 
addition. 


4. Examples 

Many examples of Poisson's summation formula have been noted by various 
writcrs.^^ Most of these examples can be justified by Theorem 3 without diffi- 
culty. The examples given below are chosen to show the advantage of the use 
of Poisson's formula in the form (1.7) rather than in any of the forms (1.1), 
(1.2), or (1.3). 

(i). Put 


fix) = x- 

The conditions of Theorem 3 are satisfied if we put 

/(a;) = /i(x) + 

[x- {x < 1 ) 

= (X.:), 


(i < S < 1). 


c 

0 (x < 1) 

x- - (x ^ 1), 

1 < Pi < ps = 2. 




Hence 


g{x) =21 < * cos 2irxt dt = 2(2iry * sin i87rr(l — s) x* 

Jo 


and 

lim Is n“* — ^ — \ = 2(2ir)*~* sin isirr(l — s) lim — —1. 

N-*oa (n—l 1 ““ 5j JV-*oo (n—l S ) 

The expressions in brackets give the analytic continuation of ^(s), and we have 

f(«) = 2(2ir)*~* sin §sirr(l — s){’(l — s), 

the functional equation of the Riemann zeta-function.** 

(ii). Consider 


<pie) = E p(n)c"*'"* 

n"^) 


(« > 0 ), 


“ Cf. Erdelyi (1), Kober (1), Bochner (1), 37-38, and Titchmarsh (2), 64-65. 

Various methods of deriving this result from Poisson^s formula have been given by 
other writers, but none is as direct as the above. Cf. Titchmarsh (2), 65. 
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where pin) is the number of unrestricted partitions of n. Using the generating 
function'* of pin), we have 

and 

log <(>iz) = -i log a + II - log (1 - e"*”'). 

n— 1 

Now put 

fix) = -log (1 - e"*”*) 

in Theorem 1. The conditions are satisfied with p = 2, and 

g(x) = — 2 /* log (1 — cos 2TXtdt 

Jo 

= 2Z- r e-^’”“cos2irxtdt 
m-1 m Jo 

= -i,ini‘z^ + xT\ 

TT m*"! 

The term by term integration is justified by absolute convergence. If we apply 
Theorem 1 to this sum, we find that forx >0 




z 

2 tx ^ 


Further 


Hence 




2fi/* 



Z 

^2- 


(7(0)==^Z4-2 = 

TT m-l rn^z^ 


TT 

62’ 


00 



log (1 - 




«■ 

Tiz 


■J™ [5 + 


“ Hardy and Wright (1), 272. 
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00 1 00 1 _oo 


n“l W m—1 

= E 

m—l n“l Tl 


= - E log (1 - 


and the above limit is equal to 




= X — i log a, 

where if is a constant. Hence 

-E log (1 - e-’”*) - = -S log (1 - ^ ^ i loga. 

n*"l 1^2 m**! 


That is 


log vj(a) = log ^ + ^7 - if . 


Putting 2 = 1 it follows that K = and 


=^0)- 


Hence 


a"*e"'“ S p(n)e-'"“ = a*e'"** £ p(n)e" 


This is a well-known result in the theories of partitions and elliptic modular 
functions. 

(iii). Put'* 

fix) = (a* + x*)-‘ 


Cf. Watson (1). 
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then the conditions of Theorem 1 are satisfied with p = 2, and 

g(x) = 2 / («* + cos 2ira:<dt = 2Koi2irxz). 

Jo 

Hence 

2 22 -Ko( 2 idm) — i = lira ["22 (** + “ f («* + 

n-1 iV-»ooLn-l •'0 J 

= Urn r 22 ((a* + ^ - log 

JV-+0O I n )' 

( r"'" 1 

+ jlog ^ (1 + "*) * 

= §{&’ + »■)■• - i}+ > - + + 

= 2 {(** + n^)~* - -) + 7 + log hz. 
n-1 [ n) 

5. Series Involving Primitive Characters 

Poisson’s summation formula can be generalized by the introduction of the 
primitive characters as coefl5cients.“ We require the following elementary prop- 
erties of characters 

(i) . If x(n) is a character modulo k (k >1) then 

x(m)x(n) = x(mn), 
x(m + rk) = x(m) 

where k, m, n, and r are integers. Further x(n) vanishes if n is not prime to k. 

(ii) . If x(n) is a primitive character modulo k {k >1) then 

(6.1) i:x(n)e*"""’'‘=*(x)A:‘x(m), 

n-1 

where 

( 5 . 2 ) *(x) =*"*i:x(n)e*"‘'*, 

n—1 

and x(^) w conjugate of x(w)* 

Now x(—l) = ±1, since 

{x(-l)}^ « x(l) = 1. 

Some particular cases of this type of generalization have been given by Ramanujan. 
Cf. Titchmarsh (2), 82. 

Landau (1), chapters XXII and XXX. The notation for e(x) used here differs from 
Landau’s by a factor — i in the case x(— 1) —1- 
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Suppose that x(~l) = 1> then 


E , X . 2irJn» - 
x(n) sm — = 0, 

n—1 K 


since 

xik - r) = xi—r) = x(-l)x(r) = xW, 

and consequently the terms n = r and n = k — r cancel. Also the term n = \ky 
if it occurs, is zero since x{\k) == 0. Hence (5.1) becomes 

(5.3) 2 x(«) cos = €(x)fc*x(m). 

n-l K 


Now if we put 


in (1.2), we find that 


Six) 




2Tcmx 
cos — — 
k 


0 


{-y <x <y), 

(I a: 1 > y) 


cos 

— y^n^y 


TT n—oo nfc + m 


where the prime indicates that the terms n = ±2/ are to be halved if y is an 
integer. If we multiply this result by x(^)i and sum from m = 1 to m = A;, 
we have 


S x(w) Z' cos 


2iriTin k ^ , v ^ 1 2Ty / 7 , \ 

2 ^ x("0 (”* + 


A.V-/ ^ ^ ^ -4- W ^ 

m««l K TT m— 1 n— — oo 2i./C ^ //«' AC 

By (5.3) this is 


xM == z 2 2 

— y^n;gy 


x(nfc + m) 2irj/ 

^ ^ .« 7 , Sin . “p 

TT m -1 n — 00 nfc + m « 


IT n"^ao n nJ 


Hence 


£'*(») = 

IfinSv X n-l n K 

Now let us consider the integral 

(5.4) 
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We have 


2rx* 

k 


-C ( 

” X" § + x(2) + • • • + *(»)! I r*Ji (^‘) 

= -E{x(1) + x(2) + .--+x(»)}|^ 

vx „_i l^n 


dt 


2Knx 


n + 1 


. 2ir(n + 1)* 
sin — 


} 


^ x(v) • k . 2irNx ^ / v 

' z: i; V ™ -r - iFi ““ TT S 


TX n-l n 

If we make N tend to infinity the integral (5.4) becomes 

fc* ^ x(^) 2irnx 
tx n 

That is the functions 


2 sin £'*(„)!. 




« M S' x(»)}, «(x)a: ‘{ YI x(»)} 

Ifingx ISnS* 


are transforms with respect to the kernel 

k 


2irx* j /2irX 


)• 


If we now apply the methods of section 3 we can obtain a result analogous to 
Theorem 1. We can also obtain a result corresponding to the case x(“ 1) = “1. 
We have: 

Theorem 4. If xM is a primitive character modulo k {k > l),f{x) is an integral, 
tends to zero at infinity, xf{x) belongs to V{0, < p ^ 2), and either 

(i) x(-l) = 1, 


g{x) = 2*(x)r‘ jf” cos dt, 


or (ii) x(-l) = -1, 


g{x) = -2w(x)fc'^ sin f{t) di, 


then 


£ xin)f(.n) = 2 x(.n)g(ji). 

n—1 n— 1 

Forreal primitive characters x(n) = x(w), and it follows on 8ub8tituting/(x) = 
g-n*ik _ in case (i) that €(x) = 1- Similarly in case (ii)/(x) = = 

g(x) gives — f«(x) = 1, and we have: 
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Theorem 5. If, in addition to the assumptions of Theorem 4, xM is a real 
character, and either 
(i) x(-l) = 1, 

g{x) = 2fc-‘ cos dt, 

or (ii) x(-l) = -1, 

g(,x) = 2fc“* sin fit) dt, 

then 

£ xin)fin) = xin)gin). 

n—1 n«“l 

Princeton, New Jersey. 
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ON THE REARRANGEMENT OF CONDITIONALLY CONVERGENT SERIES 

By C. T. Rajagopal 
(Received June 25, 1940) 

This note is concerned with an application of the idea which finds expression 
in 

Littlewood’s Theorem [2].^ If F(x) is positive monotone decreasing and 
{Dn} is a sequence such that 

0 = Do < Di < D 2 < • . . < Dn 

n 00 , 

Dn - D^I = 0(1), 

then (Dn — Dn-i)F(Dn) converges or diverges with j F(x) dx. 

In an earlier note [6], I have shown that the idea behind the theorem — that 
of a condensation effected on series by integrating a suitable function over in- 
tervals of the type (Dn-i , Dn) —supplies the basis for a unified theory of con- 
vergence criteria for series of positive terms, more comprehensive than Prings- 
heim’s [3] in certain respects. In another note [7], I have shown that the idea 
suggests elegant proofs of certain classic theorems of Pringsheim [4]. I prove 
here that the same idea can be used to generalize the enunciations and simplify 
the proofs of Pringsheim^s theorems concerning the rearrangement of condi- 
tionally convergent series [5].^ 

1. Notation 

S = 2Zn-i (— l)'‘~W(an > 0) is a conditionally convergent series, Sn = 
(— 1)’"'^. is a rearrangement of s in which Sp+q = 

contains the first p positive terms and the first q negative 

terms of s. 

1.1. The theorems which follow are typical of the results obtained by Prings- 
heim. It is supposed in their enunciations that Un ^ ci(w), where a{x) is a dif- 
ferentiable function of x, and that limiting relations exist, as specified, between 
p and q. 

Theorem A. //, in S = (— l)”'’^an , and nan tend steadily to 

infinity with n, then (— l)"'’^an has a sum s' given by 

s' ^ 8 + lim Xp — q)a 2 q . 

p>a-»oo 

1 The numbers in [ ] denote the references at the end of this note. A slight generaliza- 
tion of Littlewood^s theorem, which dispenses with the condition: Dn — Dn^i ■■ 0(1), is 
given in de la Vall^e-Poussin, Cours d^analyse, 1 (Louvain-Paris, 1926), 398. A generaliza- 
tion in a different direction is given in Rajagopal [8], $2. 

• All the references to Pringsheim in the sequel are to [5]. 
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Theorem B. J/, in s, lim nan is finite, equal to g (say), then 

n-*oo 


s' = s + I lim (log 2p — log 2q). 

^ ptQ“*oo 

Theorem B'. If, in s, lim n-hn-Un ••• h^in^Un = g {where hn = log n, 

n— >00 

kn = log log n, ■ . then 


8' = « + I lim (i*2p — Z,2g). 

Theorem C. If, in 8 , nai tends steadily to the limit zero and if {p — q)a^q = 
0(1) (p > ^ therl s' = s. 

Theorems A, B, C, B' are suggested by (26), (30), (31), (34) respectively in 
Pringsheim’s paper. The restriction on a„ in all the theorems is of the form: 
lim„-*ao /(n)-an is finite, where f(x) is a positive differentiable function for all 
large x. The distinction between the theorems arises from the fact that in 
Theorem A, lim/(n)/n = 0; in Theorem B, lim f{n)fn is finite and non-zero; in 
Theorems B' and C, lim/(n)/n = oo. A question, suggested by Littlewood^s 
theorem, is whether we cannot with advantage replace /(n) by /(On) in the con- 
dition imposed on an . An attempt at an answer is contained in Theorems 1 
and la which are found to cover all the cases discussed by Pringsheim. 

In all the theorems and the lemmas proved helow it is tacitly assumed 
that 0 < dn = On — On-i < K (fixed). 


Theorem 1. If f(x) is a positive function with a continuous derivative f'{x) 


such that^J^ = o(l) (x 

f{^) 


00 ), and if lim = g, then £ (-l)-‘o: 

n— >00 ^n ^n —2 1 


— dx f 

oscillales between « + ^ lun / , provided / 

p.fl->'oo f{x) Jl 

Proof: 


fix) 


is hounded. 


D, - D, 


f®’ dx , f®' r 1 1 1 ,, ^ X 

V) 4-. fix) L,., im) fix)} 


m) 

Integrating by parts the last term of this identity, we find 


D, 


m) 




dx 

/(®) 


whence, given c > 0 arbitrarily small, we can find no such that 
/ \ I Wiv ^ ^ / 1 \ I dx 


>); 


C/f) ^ 
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If for the sake of definiteness, we suppose p > q, 


p+q 2q 

(2) 2 = £ (— + (^20+1 + a2«+3 + • • • + a2p-.l). 


r-1 


r-1 


Hence, if 2g + 1 ^ no , summing (1) for p = 2g + 1, 2g + 3, • • • 2p — 1, 
we obtain from (2), 


(3) 


where we can write 


Sp^q 


+ m' 

>•- + (s 

•'Du-i fW 


(4) 


^ f"*'- ^ f®"’ ^ _ f®*' da; 

ffa;) i«.. ffa:^ L..., f(x) h 


/(a;) fix) ' Ji>,,.Jix) JD,,-Jix) 

and show that the second and third terms of the right hand member are o(l) as 
p,q-*'». 

First, when 0 < v — u = 0(1) (w 00 ), 


/(«) Ju fix) 


Or, 

(5) 

Next, 


7(«) Ju fix) 

fiv) 


r^in 


Din ~ Din-i 


dx _ 

fix) f{D2n-l OiDin — D2tt-l)] 

D*» — D2jt-i 

^~fiK)~ 


in virtue of (5). 
Also, 


0 < 


D2n ~ D2n-l . D2n ~ -Djn-J 


mn) 


< 


fiD2n) 


*--? = o(l) 


(0 < 0 < 1 ) 

in-* «), 

in -* oo), 


in consequence of the restriction * = o(l) iN —* ») which results 


fiD.) 


from On = o(l) and 


a/f 


( 6 ) 


iD„ - D„.2)/fiD,>) 

0|n 


g; whence 


/ m = »<“ 

’’Otn-l / W 


in—* oo). 


We can now complete the proof by using (6) in (4) and (4) in (3). 
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In certain applications it is useful to have the following complement to 
Theorem 1. 

Theorem la. If, in Theorem 1, we replace the restriction relating tof'{x) by 
the assumption that f(x) tends steadily to <x> with x, then either Sp+, — Stq(p > q), 
or Sp+g — Sip (q > p), has an asymptotic representation which oscillates between 


dx 1°'” dx 

tt-: , provided I is bounded, 

D„fi^) Jdu f{x) 


p,q~*cc 

Proof 


Supposing (as before) p > q, 


D- 


'2«+l 


— Dtq-l Dj«+S — D' 


*«+l 


/(A«+i) 


KDit+a) 


+ 


I Dip-1 — D jp-s 

f{Dip-i)~~ 


f{x) 


+ o(l) 


(«-> 

ZT-. into three terms of which the last two are 
JW 

asp, q—* 00, in virtue of the condition: f(x) — > oo with x. 

Hence, as g — » oo , 


oo). 

0 ( 1 ) 


<*24+1 + ®24+3 + 


+ ojp-i ~ g 

= 9 I 


Di<i+1 

f( 


— Diq-l 


fiDii+i) 
dx 


+ ••• + 


Dip-i — 


/(A, 


Ap-a 
-x) . 


r>t, fix) 


+ o(l) 


which oscillates between g Hm / 

Jd 


d^ 
Dt„ fix)' 


Remark. The argument employed to prove Theorems 1 and la shows that, 
under the conditions of these theorems, the sum s' of the rearranged series 
is given by 


(7) 


s' = s + g lim / 
Jd 


X>J, fix) 


provided this limit exists and is finite. If the limit is infinite, then 
2“ (-l)"”‘ol diverges. 

2.1. We may consider, in the light of this remark, series of the type in 
Pringsheim’s paper, in forms slightly more general than his. The generalized 
series are all of the kind whose conditional convergence we can establish by 

Lemma 1. //, as x — + oo , fix) decreases steadily to the limit zero and J Fix) dx 

is divergent, then (—1)"'’* ^’(A) is conditionally convergent. 

Proof; The convergence of the series in question follows from Leibnitz’s 
rule for alternating series. 

To prove that the convergence is not absolute, we observe that KFiDn) > 
iDn — Dn-i)FiD„) which, by Littlewood’s theorem, is the general term of a 
divergent series. 
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Examples of the lemma are furnished by (~1)" *®n , where o„ may be 
any one of the functions: 




(0 < ^ 1), 


1 


1 


1^ iDn 1 

logDn’ D„ ’ Z)„.logDn’ AD„ + BZn 


•‘n Vl>M>0/' 


A second proposition from which we can infer the conditional convergence 
of a certain type of alternating series is 
Lemma 2. // w„ > 0 is such that 


( 8 ) 


Un/ dn dn ^ f \ 

^ \dV 


(X > 1), 


then (i) Un is convergent or divergent according as fi > 0, or ^ 1; (ii) 
23* {^ly^^Un/dn is convergent for /i > 0, (iii) the convergence in (ii) is condi- 
tional for Q < fi ^ 1 . 

This result is at once an extension and an amplification of Gausses test. 

ti — . 

(i) and (ii) are immediate consequences of the relation: ^ ~ cD^", eauivalent 

dn 

to (8)^ 

(iii) follows from the fact that ujdn > ujh which, by (i). is the general term 
of a divergent series when m ^ 1- 
As an application of Lemma 2, consider the case: 

I][^i(Q=d, + D,){pd, -j- i),) 

Ill-iCyd, + D,){bd, + Z),) 

where a, y, 5 are real and the two latter 5^ — Z>„/d„ (n = 1, 2, • • •). It is 
clear that $3 reduces to the hypergeometric type when d„ = 1, 8 = 0. 
Further, 


= d„ 


Mn/dn _ , _ 


dn 


nn~~l/ dn— 1 \JDn 

The terms of «„ being ultimately of the same sign and the terms of 
(— l)"“^u„/d„ alternately positive and negative, Lemma 2 shows that 

-1 "f" D,)(,pd, + D.) 


(9) 


i:(-i)""‘a„si:(-i)" 


Jj[>— iCydr + D,)(dd, — D,) 

is conditionally convergent for 0<7 + 5 — 1. 

Remark, a^ in (9) can be related to a generalization of Gausses function: 

n* 


n ( z ) = lim 


•--(1+4+1). ..( 1+0 

= r(i + 1) 


(z *— 1 , — 2, • • • ) 


* Lemma 2 (i) is, in fact, a particular case of a theorem first proved by me in Bull. Amer, 
Math, Soc, 43 (1937), 411. But the proof of the theorem given there is not applicable to 
Lemma 2 (ii). 
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whose reciprocal is, in Weierstrass’s form: 



C being Euler’s constant. 

The generalization of n(z) referred to is due to Ces^o‘. It is given by 


( 10 ) 


n-^oe 




Dj 



—Di —Di 

~dr’~dr’ 



Its reciprocal can be expressed in the form : 


1 

nw,)(z) 




n(i+^ 

n-l \ 


-zdJDn 

Kr 


where Cw,) = lim 

n-*co 




is a constant with some of the elementary 


properties and application of C.® 

(10) shows that an in (9) is subject to the condition 


( 11 ) 


lim a, 

n-*oo 


jyy+t-a-» _ nfj,)(7)-n (d,)({) 


This fact will be used later (§3.1). 

2.2. Taking the series in §2.1, we can find out how they are affected by par- 
ticular rearrangements, supposing that in all of them appearing as examples, 
~ A: > 0 (n — ♦ oo). 

Examples. 1) Let 23“ (—1 )"“*«» = 23" (~l)"~V-Dn’log D„. Taking 
f{x) — a: -log a: in Theorem 1, we find g — 1/2/:. Hence, by (7), 


2k 


Dip 


lim f 

P,Q'-*flO ^ D^q 


dx 

x-log X 


2k 


lim log 



provided this limit exists. 

In particular, if 0 < hm (Ap/A^) < , there is no alternation in the sum 

of the series, due to the rearrangement. 

Next, if D 2 p ^ D\q (X > 1), the alteration is (log X)/2fc. 

Finally, if Ap X^*« (X > 1), the rearranged series diverges to oo . 

2) Let Sr (-I)"”**!, ^ Er (-l*)"‘‘A4Z)n -1- 52)^1 (4, B > 0; 1 > M > 0). 


* The function is mentioned in E. T. Whittaker, Modern Analysis (Cambridge, 1902), 
196. The notation in Whittaker is, however, different from the one employed here. 

» E.g., Rajagopal [8], §3. 
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With /(*) = Ax + Bx^, g = l/2k so that 


8 — s = 


1 


lim 


r»ip 

•'Do- - 


dx 


2k lJ.9“*0O ^D%q Ax + Bx^ 


1 

2kA(l - (i) 


lim log 


ADl7‘ + B 
ADl7 + B 


if this limit exists. 

Thus, if Dtp ~ bDiq , the alteration in the sum of the series is (log b)/2kA. 
3) Let t (-ir'a« - t K /(^) = ^ 

D2p 
O^q 

if the limit exists. 

Suppose that as p > ? -+ <», 



Dtp _ 1 1 o + o(l ) 

Dt, log A* ■ 

Then a simple calculation shows that the alteration in the sum of the series 
is a/2k. 


3 


These examples typify, in the order of their discussion, the three cases: 
limx-.„/(x)/x = 00 , 0 < lim/(a:)/x < <x>, lim/(x)/x = 0. The function /(x) 


/ dx 

— - can be readily evaluated. Under 

fw 


cer- 


tain conditions, it is possible to find s' — s without evaluating the integral. 
The conditions are set forth below in three theorems which reflect the differences 
between the three types of restriction onf(x). 

Un * 


Theorem 2. If lim = g, then s' — s = g lim log 

n-*9o X/n — ■^n--2 p,q-*oo 


\Aj/ 


'provided 


the limit exists. 

Proof. Take /(x) = x in (7) 

Corollary. Setting D„ — n, hn, Un •• • successively, we obtain Theorems 
B and B'. 

Theorem 3. If fix)lx tends steadily to oo with x. 


an-fiDn) 

A - A' 


Dtp — Dtq 

/(A,r 


= 0 ( 1 ) 


then 8 is unaltered by the rearrangement.^ 


{p> q “), 


® It is obvious that Theorems 3, 4 and all deductions therefrom can be suitably restated 
in the case q > p. 
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Proof. 


Setting /(*) = x-^(z), we have 

^ ^ 1 r*' ^ 

f(x) ^{Dif + 0 (D 2 p — Dit)} 

^2q ^ 

^{A, + o(A, - A,)} 


(0 < e < 1> 


(g -» oo). 


The desired result now follows from Theorem la. 

Corollary. The particular case Dn = n contains Theorem C. 
More generally, we may take D„ = l\n, kn, 

Theorem 4. If, in Theorem 1, f(x) satisfies the additional condition 


lim/'(x) = 0, 


then s' — s = 0oragor<x> according as 
Proof. Since 


lim 

P>,-« /(A,) 


= 0 or o or 00 . 


fix) 


__ Ap ~ At 

/(A«) + 0(Ap — A«)/MA« + »?(Ap — Aj)} 


(0 < ,, < <?< 1), 


the result sought is an immediate consequence of (7). 

Remark. To bring out the relation between Theorems 3 and 4, wc need only 
vary the form of the hypotheses in the latter to the extent of replacing the 
restriction on fix) by the conditions :/(a:) tends steadily to «> with x and /(a:)/® 
tends steadily to zero. These conditions imply that lim fix) = 0 and there- 
fore, our previous proof of Theorem 4 is still valid. 

Corollary 1. When Dn = n, a„ = l//(n) in the special form of Theorem 4 
noticed above, we have Theorem A. 

Corollary 2. Let D„ = hn ix ^ 1), 


fix) = = m (say) 


where A: ^ 1, the ms are positive or negative numbers, (ix) has a con- 
tinuous derivative and is such that (ix) — > «, ('ix) = 0(l/a:) ix —* <»). Theo- 
rem 4 then gives the following equivalent of (38a) and (38b) in Pringsheim’s 
paper: 


7/lim»_« kn - lin-kn • • • L_in-iA'(tw)-o„ = gikn = n , x ^ 1), then s ' - s = 0 

j. Ixi2p) — i*(2g) _ 

or ag/2 or « according as lun - — - , — = 0 or a or « . 

p>q-*» lA'(‘*2g) 

Corollary 3. Let A = Ln ix ^ !),/(*) = x ^ "•' Pix ) ip > 0). We have 
then the result; 

^ limn-*oo Ix—iU’ilxn) ^•^(fiw)"fln ~ g ilon — n, x ^ 1 ), then 

. ^ in J- r lxi2p) — lxi2q) n 

a' _ s = 0 or ag/2 or « according as lun r,-o-v i - _B ~T / 7 ~^ = 0 or a or «. 

p>«-*» \ixxqy ^•q>\lx^) 
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This is equivalent to (44) in Pringsheim’s paper. 

Note. Theorem 4 thus includes two of the limiting cases discussed by 
Pringsheim; lim no, = <» as in Corollary 1, lim na„ = 0 as in Corollaries 2 and 3. 

3.1. I conclude with some applications of the theorems in §3. It is assumed 
in all these applications that dn A; as in §2.2. 

1) If the series 2* (~l)"~V-Dn*log Z)„ is rearranged so that Djp = 
0(Dj,-log Dtq) (p > q —* «), then its sum is unaffected by the rearrangement 
(Theorem 3). 

2) If the series (— l)’'~*/log D„ is rearranged so that Ap — ~ 

odog Dz, ip > q—* “), then the alteration in its sum is a/2k (Theorem 4). 

3) Consider the series in (9), introducing the additional restriction d« ^ k. 
(11) then gives 

lim ^ JL mM-niajjs ) . 

— Dn-2 2k 

so that if 0<7 + 5 — a — i9<l, an is subject to the hypothesis in Theorem 4> 
with/(x) = and if y + 8 — a — 0 = 1, Un is as in Theorem 2. Hence 

we are led to formulate: 

Suppose that for the series in (9) dn ^ k. 

(i) // 0<7 + 5 — a — /3<1 and if the series is rearranged so that D^p — 

ip> q-* 00 ), then the alteration in the sum of the series due to the 
rearrangement is 




(ii) Ify + 6 — a — = 1 and if in the rearrangement D 2 p ^ bDzq {p> Q 


then the alteration is 


log b Uidn) ( 7 ) • n(d») (5) 


2k nw,)(a).nw.)(/3)' 
In the particular case d„ = 1, we have: 
Suppose that the series 




^ / i\n-i (ot + l)ia + 2 ) ••• {a + n) • {0 + l){0 + 2 ) ••• {0 + n) 

1 (7 + 1)(7 + 2) • • • (7 + n) • (6 + 1)(5 + 2) • • • (5 + n) 

where a, 0j 7, 6 are real and 7, 5 5*^ —1, —2, • • • , is rearranged (i) in the case 
0<y + 8-‘a — 0<lj so that p — g {p > Q ^)f (ii) iw the 

case 7 + 6 — a — i8 = 1, so that p bq {p^ q 00 ). Then the alterations in the 


a r(i + 7 )»r(l + g) 
r(i + a).r(i + 0) 


and 


sum of the series in (i) and (ii) are respectively 

log6r(l +7)-r(l + 8 ) 

2 r(i + a)-r(l + 0 )‘ 

This result in a somewhat less general form has been proved from first prin- 
ciples by B. C. Das [1]. 


Madras Christian College. 
Tambaram (Madras). 

S. India. 
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ON MEAN ONE-VALENT FUNCTIONS 

By D. C. Spencer^ 

(Received October 20, 1939) 

1. In sevqral recent papers^ I have shown that many of the properties of 
p-valent functions are possessed by the wider family of functions which are 
p-valent on the average. The present paper is a study of the finer structure of 
functions one-valent on the average in which it is shown that such functions 
possess some of the more striking properties of schlicht functions. The method 
of the paper alsp yields two results of a more general nature which are stated in 
§'s (7) and (8) below (Theorems 3 and 4). The main results have been stated 
without proof elsewhere.* 


2. For completeness we begin by restating the definition of mean p-valcncy. 
We suppose that f(z) is regular in | 2 | < 1, and that W Ls the Riemann domain 
which is the transform of | 2 : | < 1 hy f(z). Let W{R) be the area (multiply 
covered regions being counted multiply) of that portion of W which lies in the 
circle \w \ ^ R, Then if 

(2.1) W{R) g pTr/e' 


for all i? > 0, we say that/( 2 ) is mean p-valent. 

It is convenient to express the inequality (2.1) analytically. Let n(r, w) be 
the number of times (necessarily bounded by some number depending upon r) 
that /(a:) takes the value wu\\z \ < r. We define 


( 2 . 2 ) 

(2.3) 
Then 

(2.4) 


p(r, R) = ^ f n(r, Re'*) 


n(«>) = lim nix, w ) ; 

r-.l 


2xL, 

piR) = p(l, R) = lim p(r, R). 

r-»l 


WiR) = lim r f nir, Re**)RdRd4> 

r-*l Jo J— T 

= j nir, Re'*)d^^diicl^) = j p(ft) 


^ I am indebted to Mr. K. J. Arnold for making the drawing which is reproduced in Fig. 4 
below, on the original of which 679 values of the function K(z) » 42/(1 z)* were plotted. 

* For example, references (2) and (3) at the end of the paper. 

•Spencer (6). 
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and so (2.1) may be written in the form 

(2.5) p(B) dirl^) g (fl > 0). 

If we omit the averaging at (2.2), and suppose that 

( 2 . 6 ) f\(Re^^)d(irR^) ^ pirR^ 

Jo 

for all j® > 0, uniformly in then we say that / is strongly mean p-valent.* 
Fig. 1 represents a domain W which is strongly mean 1-valent (a fortiori mean 
l-valent), but which is not schlicht. 



Fig. 1 


3. It will be convenient to sum up here for future reference certain trivial 
deductions from mean 1 -valency. 

Lemma 1. Suppose that 

f{z) = ai2 + 022^ + • • • 

is mean \-valentj and let 

d = Inf . 

|*I<1 2 

Then d > 0, and n(w) = \ if 0 ^ | le | < d. Furthermore, there exists a real 
number stick that n{de*^) = 0. 

< Strong mean p-valency is therefore roughly midway in strength between p-valency and 
mean p-valency. 
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In fact, since /(O) = 0, there exists a circle of radius 5 > 0, and center ly = 0, 
every point P of which is covered at least once by W. Since, by the definition 
of mean 1-valency, it is covered on the average at most once, it follows that the 
circle is covered exactly once by W. Hence d, the distance of the boundary 
of W from le = 0, satisfies d ^ 5 > 0. 

Suppose now that 

(3.1) n(de^) > 0 

for every 0. To every iS, — tt ^ < tt, there then corresponds a circle of 

radius p = p{P) and center de'^ every point of which is covered at least once, 
and it follows from the Heine-Borel theorem that there is a number e > 0 such 
that n{w) ^ 1 for I w; I < d + c. But there is then at least one point Wo j \wo\ < 
d for which 

(3.2) n(wo) > 1. 

Otherwise the intei*section of W with the circle \w\ < d + € would be schlicht, 
and its boundary points in | ly | < d + c would therefore be uncovered, contra- 
dicting (3.1). (3.2) implies that some neighborhood of Wo is covered at least 

twice, and, since every point of the circle \w \ < d + € is covered at least once, 
we see that 

W(.d + e)= p(R) d(irR^) > ^(d + e)‘. 

Jo 

This is impossible by the hypothesis of mean 1 -valency, and hence (3.1) is false. 

4. We come now to the first result: 

Theorem 1 . Suppose that 

f(z) = ai2 + 022^ + . . . 

is mean l-valenL Then 

(4.1) I a* 1 g 2 I aa I, 

and equality occurs ify and only if, f{z) = aiz/{l + yzf, | 7 | = 1 . 

We write z = w = f(z) = Re**, Then Theorem 1 follows quite easily 
from the following lemma, which is a generalization of the Bierberbach-Faber 
Fldchensatz, 

Lemma 2 . If f(z) is mean Uvalent and if a > Of then 

(4.2) f R^d^^O (r<l). 

Lemma 2 when / is schlicht has been given by Prawitz,* who has used 
it to prove (4.1) for schlicht functions. The deduction of (4.1) from Lemma 2 
is the same in our case, and I omit the calculations. 


' See reference (2) at the end of the paper. 
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It remains, then, to prove Lemma 2. We suppose that 0 < r < 1. Let 
W (r) be the transform of 1 a: | < r by /, B{r) its boundary (so that B{r) is the 
transform of | « | = r); and let d{r) (see Fig. 2)® be the distance of B{r) from 
= 0. Since the function /(r^) (with picture W(r)) is a fortiori mean 1-valent 



Fig. 3 

and since /(O) = 0, d{r) > 0 by Lemma 1. Let P = be a point of W(r), 
and let W'(r) (see Fig. 3) be the domain composed of the points P' = 

• Incidentally, Fig. 2 represents a W which is mean 1-valent without being strongly 
mean 1-valent. 
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Then W\r) contains the point ly = , but is bounded (‘‘internally'^ by a closed 

(but not necessarily simple) curve B'(r) lying in the circle \w\ ^ [d(^")]^“. 
Let Tr'(r, R) be the area (multiply covered areas being counted multiply) of 
that portion of W\r) which lies in the circle | it; | < R. Then 

(4.3) 5 f R-‘d^ = ird-“(r) - W'(r, d"*“(r)), 

and the lemma asserts that this is non-negative. 

Wc have, expressing (4.3) in terms of p(R), 

If r'‘“ (1 - p(r, 22-*'“)) dUR^) 

L J \t\mmr Jo 

= 2 ./" 

and so, dropping the parameter r from our notation, 

(4.4) ^ I ^ - xa ^ p(/2) 

Integrating by parts with respect to p(/2), and observing that the integrated 
part vanishes at tho limits d and , we have 

Since, by Lemma 1, p(R) = 1 for /? < d, wc have 

f p(R) dR = p(R) dR - d. 

Jd Jo 

But, integrating by parts, 

jJ‘p(R)dR - + 

by the hypothesis of mean l-valency. Hence 

[ p(R) dR — [ p{R) dR — d ^ Ri — df 

Jd Jo 

and so 

(4.6) f%(R) + «) /f («i - Ip = - d-“ = i d-“. 

Substituting from (4.5) into (4.4), we obtain 

5 [ ^ ir<r"(r) - T(r“(r) = 0, 

2J|s|^ 

and this proves Lemma 2. 
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By a suitable choice of a in Lemma 2 it can be shown (as Prawitz has pointed 
out in the case of schlicht functions) that 

I as ( g 3.05 1 ai |. 

I have not attempted to prove that | as | ^ 3 | ai | (with equality only for the 
Koebe function), but it seems to me that this result must certainly be true 
(though possibly diflBicult to prove). 

5. The two most important properties of 1-valency (more generally of 
p- valency) are: (i) an invariance to one-valent transformations; and (ii) the 
metrical property that large areas cannot accumulate in small neighborhoods.’^ 
Of these mean 1-valency (more generally mean p-valency) possesses only the 
second; the group property (i) is lacking. In fact, mean p-valency is not even 
an invariant to translations, the simplest transformations of all. When f is 
1-valent (schlicht), it is possible by use of the property (i) to deduce immediately 
from Theorem 1 that 

( 6 . 1 ) d^\\a,\, 

where d is the distance of the boundary of the map W from w = 0; but when 
/ is only mean 1-valent the argument breaks down completely. The result is 
that I am able to prove (5.1) only for strongly mean 1-valent functions, and 
the precise inequality for mean 1-valent functions remains undetermined. 
However, under mean 1 -valency the weaker result is true that d '^ \ ai \/A, 
where A is an absolute constant less than 7; and more detailed computations 
indicate (but in their present form do not prove) that the result is still true when 
A is only slightly greater than 4. A discussion of this problem is to be found 
at the end of the paper. 


6. We now take up the result (5.1) for strongly mean 1-valent functions. 
Afterwards we state and prove the two general theorems mentioned in §1 
(Theorems 3 and 4 below), the hypotheses of which are essentially the conclusion 
of Lemma 1 (here only a vestige of mean 1-valency appears). 

Theorem 2. If f(z) is strongly mean l-valent, then 

d \ \ai\ 

with equality if, and only if,f{z) = a\z/{\ + 72:)^ | 7 | = 1. 

The following result is almost an immediate consequence of Theorem 2: 
Corollary. If f{z) is strongly mean \-valent, then 


\f{z) 1 ^ 


ii + \z\r 


and there is equality if, and only if, 

/(«) = oi2/(l + yzf, 


= 1 . 


^ It is the distribution of the area of the map with respect to it? =» 0 which determines 
the magnitude of the mean values of | / [ and \ f 1 (and so of the upper bounds of the co- 
efficients). 
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In fact, more generally, the inequality 


m 1 


^ 1 ' 


|gii-|g| 

( 1 + 1 * 1 )* 


is a consequence of d ^ | Oi \/A for any f. I omit a proof of this statement 
since the proof is substantially the same as in the well-known case when / is 
schlicht (see R. Nevanlinna, Eindenlige analytische Funktionen, Berlin, 1936). 
In the sequel we shall make repeated use of the following lemma. Suppose that 

g(z) = 6 i 2 -b !)*«*+••• 


is regular in | a | < 1. Let G be the map of the unit circle by g, and let G* be 
the “star” of G with respect to the point j/(0).* We write Z* = g~^(G*), and 
denote by pi{R), p*{R) the valency functions of G* and Z* respectively.* 
Lemma 3. 

(6.1) Ig 1 i»i |< f IgR dl-pt(R)] + r Ig R dl-p^R)] 

Jo Jo 

unless g = biZ. 

(6.1), in different notation, is an inequality of Bermant.^® 

The lemma remains true if g is regular only in Z*, but is false in general if this 
condition is not satisfied. 

To prove Theorem 2 we suppose that d = 1, and prove that then | Oi | ^4, 
a statement which is plainly equivalent to the theorem. By lemma 1 there 
exists a such that / in \z \ <1. We write 

Ruiz) = 4c’V(l + *)’. 


This function (Koebe's function) maps the circle \z \ < 1 on the plane slit along 
a straight line from e^ to oo, and the inverse function Kp^{w) has branch points 
of order 2 at ty = and at « . Since / , however, either branch of 

is regular and one-valued on W, the map of | 2 | < 1 by /. To fix ideas we 
suppose that KJ*{w) is the continuation over W of the branch which vanishes 
at M) = 0,1' and write 

g{z) = K^^fiz)] =&i2+ ..., 
where | 6i | = | Oi |/4. By Lemma 3 we have 

(6.2) ig g jf” ig Rdi-ptm + [is R d[-ptm, 


* More precisely, G* is the subdomain of G any point of which can be reached by starting 
at ^(0) and travelling outward along some radius vector. G* does not depend on the par- 
ticular way in which the sheets of G are supposed stuck together. 

® p* (72), for example, is therefore the average valency of G* on the circumference 1 1 »• 

R, Both G* and Z* are schlicht, and so p* and pj are bounded above by unity. 

For a proof of (6.1) in the above form see Spencer (6). 

We might equally well take the other branch (which is infinite at the origin). 
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and it is sufficient to show that 


(6.3) r Ig Rd[--p!(R)] ^0 

Jo 

(6.4) r Ig Rdl-ptm S 0. 

Jo 

(6.4) is immediate. For Z* is a schlicht domain which contains the point 
« = 0, and lies inside | ^ | < 1 . Therefore by a known inequality^* we have 

exp |j[’ Ig g jf“ R'^dl-ptiR)] - i j[°° pUR) diTR^) g 1, 

and this is equivalent to (6.4). 

As for (6.3), we prove the following stronger result that 

(6.5) f Ig Rd[-p,(R)] ^0, 

Jo 

where Pi(R) is the valency function of G. 

Let (S(Ro) be the set of points in [ 2 | < 1 at which | | = | | > /Jo, 

and write 


A(fi,Ro) = = JJ 


l/'(re‘0 


( 5 («o) 


(g(«o) 


|/(re*^) — I . |/(re*^) p 


r dr dip. 


We suppose that Ro is small enough to satisfy any condition imposed by the 
argument. Then pi(R) = 1 for /2 ^ /2o by Lemma 1, and since pi(«>) = 0 we 
have, integrating by parts. 


( 6 . 6 ) 


2ir f Ig Rd[--px(R)] = 2w r IgRdl--pi(R)] 
Jo Jrq 


= [ pi(R) d(2T IgR) - 2ir Ig ^ = A(0, Ro) - 2ir Ig -i- 
Jrq J^o JlCo 


Next, 


ff l/'T 
JJ j/_e«>|.|/j2 


e(«o) 


r dr dip 


Rl 


Jo 


l/|>.«0 

/•I mT 


r dr dip 


n r ^ p4Ro+CRl 

|/'|Vdrdv,= ^ / , p(i2)dM*) 

9 IIq JaRq-CRo 


4«o-C«J<|/|<4Jfo+C«* 

^ fiARQ-hCR^ 

= ^ , d(iri?*) = OiRo), 

by Lemma 1 and the hypothesis that d = 1 ; and hence 

( 6 . 7 ) AO, Ro) = j[ + 0(Ro). 

|/|>4«0 


” See Spencer (6). 
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J, jLx|/-e«>l.|/p 




■/T 

JiRa J—n 


n{Re'*) dRd<t 


Jts„ LrR^/i- 2R cos («>'- / 3) + R^ 
|/|>O«0 \ r'/ 


JiKo •L.’fRVl- 2R cos ♦ + i?* 

Substituting from (6.8) into (6.7) we obtain the formula (valid for all sufficiently 
small Ro): 


(6.9) A(/3, i2o) = f f —7-^ 

•'4«ii J-r «. \/1 — 


n(fte“*+'”) 


J4«„ 1, R. Vl ^7osl.irR2 
Integrating by parts we have 

r n(fi:c«*"^') _ r 


dRd^ + 0(/2o). 


*'4fto /2« \/i — 2R cos 


dfl = f-— 

> + LVl - 2R c 

-£.(£. 8 


/‘ K«T 

•'4*0 D J4 


- 2R cos <> + fi* •'4*0 O 

d r_ 1 ■ 

dR Wl -“^^TOS ¥+1^*. 


B — cos4> 


R — cos ^ 


= -£. (£'. 8 ■*«) rn {vrr- 2 «W^} ® 

■ i., (L, S '*®) ("1 - 2 «cos * + *T’ 

+ i" (£. 8 «) (T: 4 il?W- 

since (by hypothesis) rf == 1 and so, by Lemma I,n=lfor0g/2<1. We 
write 

( 6 . 11 ) /(B., *) - £_ (II I ,b) (1 .*«. 


R — COS ^ 

2fl cos # + «»)« ' 


Then 7(/2o , ^) depends only on Ro and 3>, but not on /. Next, writing 


(6.12) 


we have 


N(R,^ + 0)^f -JdS, 

JiRii 4P 


N(R,^ + 0) = [if ndgT +/*(/* 

•'4 Bo j4fio •'4«o V4Jlo / -^1 

g i (g - 4go) + r (Bi - 4go) ^ = Ig 

K •^4«o 
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by the hypothesis of strong mean 1-valency and the fact that n = 1 if i? < 1 
(since d = 1). Hence 

pH 

(6.13) 




uniformly in 'J. Since 


R — cos ^ 


> 0 


(B* - 2R cos # -I- 1)»« 
if B > 1, we have, by (6.10), (6.11), (6.12), and (6.13), that 


(6,14) / 

Jti 


dR 


if 


dR. 


Jarq R . \/ 1 — 2/2 cos 4> + /2^ *'4«o 72 • \/ 1 — 2/2 cos 

Integrating both sides of (f5.14) with respect to ^ from —ir to x, we obtain the 
inequality 

/ — — dR d^ -h 0(Bo) 

» JiRo B- Vl - 2B cos 4> -I- B* 

(6.15) ^ f f , ^ dRd^ + 0(Ro) 

J-r JtHo B- Vl - 2B cos €> + B* 


- /'/' - 

LtJro Z 


rdrd^ + 0(/2o) = 2x Ig ^ + 0(/2o), 

ItO 


since when n is replaced by unity, we may suppose that f = , and so (7 = 2. 

Finally, substituting from (G.15) into (G.G), we have that 


rig/2d[-pi(/2)]^0(/2o). 

Jo 


Letting /2o — > 0, we obtain (G.5), and this completes the proof of Theorem 2 apart 
from the statement concerning equality. For this we note that equality implies 
by Lemma 3 that g = Zj therefore that f . 

7. Suppose that /(O) = 0. By Lemma 1 mean 1-valency then implies: (i) 
that n(0) = 1 ; and (ii) that n{de^) = 0 for at least one jS. We now take for 
hypotheses only (i) and (ii), and obtain the following theorem: 

Theorem 3. Suppose that 

f{z) = aiz + a^z^ -[-••• 
is regular for \ z \ < 1 , that n( 0 ) = 1 , and that 

\m 


d = Inf 
l*l<i 

Then if there is a fifor which n{de*^) = 0 , we have 


(7.1) 


d > Yg 1 ai I . 
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The constant 13 is not the best possible. As a matter of fact, a better (and 
in a sense best possible) constant is obtainable by a ^‘subordination'^ argument 
(Lindelof's principle). But the theorem is only mildly interesting on its own 
account, and is included here mainly in order to deduce Theorem 4 below. 
The hypothesis that n{de^) = 0 for some ^ is necessary. This is seen by con- 
sidering the function 

f{z) ^ z - i, 

for which n{de^^) = n(0) = 1. 

Since by hypothesis n(0) = 1, n{de^) = 0, we have d > 0. Wo suppose that 
d = 1, and prove that | Ui | < 13. Then if jS is a number for which n{e^) = 0, 
the function^^ g = K^^{f] is regular for | 2 | < 1. By Lemma 3 we have, 
therefore, 

(7.2) Ig '-^1 ^ \gRd[-pt(R)] + [kR d[-p*m 

^ f IgRdl-pt (i?)] = J*, say, 

Jo 

where Pi(Ii) is the valency function of G*. We find an upper bound for J*, 
Now every point of the circle \w\ < 1 is covered exactly once. For n(0) = 1, 
and if some point Wq ^ \wq\ < 1, were covered n-times, where n 5*^ 1, then the 
projection of a boundary point would fall on the straight line connecting 0 with 
1^0 ; and this is impossible since d = 1. 

We define 


(7.3) 




’jS:^{(g[arg2; = 0 g |«| < oo]}, 

i?:/s{@[arg 2 = <^, 0 ^ |zl < 1]}, 


<P 9^ Oy TT 
(p = Oy TT 


where (g[ - • •] is the set of points defined by the conditions stated in the bracket. 
Positions lying outside \w\ < 1 of the lines which cut 1 it; 1 = 1 at intervals 
of 5® from 0® to 180® are shown in Fig. 4. We denote by TF* the subdomain 
of W any point P of which can be reached by starting at it; == 0 and travelling 
outward along some line ^/j(^), p = ^(P), always in the sense of increasing \z \, 
Then G* = { W* } . Also if we let n* (it;) be the number of times covers 

the point it;, then 

(7.4) ntiw) g 2 


for all w. 

Next, if Ro is sufficiently small, we have^* ‘ 


(7.5) 2irJ* 


-/■ /' 




4iZo R*\/l — 2/J cos + i?* 


dRd4> -2irlg4-4-0(i?o). 
Ho 


That is to say, 2irJ'^ is the difference between the logarithmic area of G* and 


The branch of KJ^ which vanishes at w - 0 is again chosen. 
By an argument analogous to the one given in §6. 
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that of the unit circle | gf | < 1. If we combine (7.4) with the fact that n* (w) = 
n{w) = 1 for 1 I < 1, we see that 

(7.6) J* ^ Jt , 

where Jo is obtained by taking 


rifiiw) = 


1 1, if I M) I < 1 
l2,ifhi > 1 


in (7.5) 

Finally, we may express J* in the form 


where 


Jo* = 


2v 



udv{t)f 


w = Ig {1 - 2Vsin J/ (cos it + sin \t) + 2 sin ^t], 

v = t-2 tan-^ I 1. 

U - Vsin (cos it + sin iO J 

A computation gives 

(7.7) 1.1541 < Jo* < 1.1784, 


and substituting the upper bound from (7.7) into (7.2), we get (7.1). 


8. By combining Theorem 3 above with Theorem 3 of my paper (4)*®, we 
obtain the following theorem; 

'Fheorem 4. Suppose thatf(z) satisfies the hypotheses of Theorem 3, and that, 
in addition, \f(z) \ < M in \z \ <1. Then, if Q < p < I, 

(8.1) |arg/| ^ Big |]/(1 - p)} +0(1), 
where B = - Ig {\ZM/\ Oi [). 

TT 

The constant in the 0(1) dejKjnds on M, | Oi |, and the particular determina- 
tion of arg / chosen. 

We write 

f{z) = 

By Theorem 3 and the hypothesis that | / 1 < M, we have 

(8.2) Ig (1 ai 1/13) ^u^]gM, 

if I y I > % . We cut W (the map of | 2 | < 1 by /) from w = 0 along a radius 
to a boundary point de'^, n(de'^) = 0. Wc denote the resulting domain by W, 
and write Z' = f'W']. The function 

h = {/}-■ = 


w We shall refer, to this paper as Fa . 
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is regular in Z', and we apply the method of V 2 to the function h. By (8.2) we 
have that 


Ig ^ ! arg A 1 g Ig M. 

Hence, in the notation of V 2 , 

( 8 . 3 ) e,{R) ^ Rig ^ 

I I 

uniformly in i/, if /2 > /?o = Substituting from (8.3) into Theorem 3 of 
V 2 , we obtain (8.1). 

Generalizations of Theorem 4 arc possible. Condition (8.2) is much too 
strong; all that we require is that it is satisfied on the average. For example, 
in Theorem 4 it would be sufficient to suppose that | / |, qua function of arg /, 
is bounded when averaged with respect to arg f (as opposed to ordinary mean 
valency, which implies that | arg / 1 is bounded when averaged with respect 
to 1/1). 

9. Suppose that the projection of a Riemann domain W lies inside a schlicht 
domain D in the space of the variable Wj and that T is regular and schlicht in Z>. 
We write 


w' = R'e**' = T{w), n'iw') = n{w), p'{R') = ^ T n'{R'e^*') d^'. 

27r J— T 

The lines R' = constant, 4>' = constant, define in Z) a new coordinate system. 
We shall say that W is mean p-valent {T) if for all R' > 0, 

/ 

p'{R') d{irR'^) g pwR'\ 

Suppose now that 

f(z) = aiz + (hz^ + • • • 

is regular in | ^ | < 1, that / 9 ^ in I z I < 1 (i.e., n(c*^) = 0), and define 
as in §7. We cut through all sheets of along a radial line from ('^ to 00 , 
and denote the resulting set of points by SB* . If there exists a in 

\z \ < 1, for which SB^ is mean l-valent we say briefly that W is metri- 

cally subordinate to K, The following result is true: 

If f is metrically subordinate to K, then 

(9.1) I i ^ 4, 

with equality only if f — , 

In fact, let 






628 


D. C. SPENCSR 


Then if piiR), pi{R) are the valency functions of G*, &* respectively, we have 


(9.2) 


Pi(R) 


Pi(R) 

p, if fe > 1. 


if 0 ^ ft < 1, 


Furthermore, by hjrpothesis, 

(9.3) f%f(ft)d(ft‘) g 

Jo 

In particular, therefore, by Lemma 1, pi (ft) = 1 if 0 ^ ft < fto , and so (in- 
tegrating by parts) 


fft*, ifft<l 
|l, ifft>l. 


Ig ft* d[- pr(ft)] = Ig ft? + £ Pi*(ft) 


== Ig /2o + + ^ 2 , say, 


where by (9.3) 

(9.5) Zi = 2 £ |j[“ pr(ft) d(ft*) - ft?| ^ ^ - Ig ft? -I- ft? - 1 

(9.6) Zi ^ 2 {1 - ft?} ^ = 1 - ft? . 


Using (9.2) and substituting from (9.5) and (9.6) into (9.4), we obtain that 

J* = r Ig ft d[- pr(ft)] = f\gR dl- p^iR)] + Tig R dl- p!(R)] 

Jo Jo J I 

= d[- phR)] -I- j[‘ Ig ft d [- pr(i)] = i I” lgft*d[-pr(ft)] g 0, 

and this is equivalent, by Lemma 3, to (9.1). 

10. The question now arises as to whether the result of Theorem 2 is true for 
mean 1-valent functions. I am not able to answer this question, the difficulty 
being as follows. 
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Let Fi be the family of mean 1-valent functions, and let 

Ji = Max f Ig Rdl—pi(R)], J* = Max [ Ig Rd[—pi(R)], 

/ t Fi Jo f t Fi Jo 

where Pi(R), p*(R) are the valency functions of G and G* respectively (so that 
Ji* = Max J*). Then 

(10.1) 0 < Jf < Ji . 

In fact, let W be the domain represented in Fig. 5, when n{w) = 1 for almost 
all w exterior to A and A , and n(w) — 2 tor w eDi, n{v)) = 0 for to « A . 
The solid curved lines are (we suppose) lines U{<p)- The boundary of W consists 
of the boundaries of A and A , and slits. Let Di(R), D^iR) be the widths of 
A and Dj on I to I = We suppose: (i) that Di{R) = Di{R) for all R; (ii) that 



Fig. 5 


all of W is swept out by lines <o(v>) as <(> varies from 0 to 27r — that is to say, 
W = W? . Both assumptions may plainly be fulfilled if A , A have suitable 
shapes, and (i) implies that p{R) = 1 for all 7? > 0, so that W is mean 1-valent. 
Now write w = Re'*, dWu, = RdR di, and let dW, be the transform of 
by KJ^(w). Then if 9i is the distance from the element dW„ to the point e^, 
we have by (6.8) with /3 = 0 that 

dWg — dWJS., say, 

where A = By sliding points w = Re'* from one of the two sheets covering 

A along the circumference | to [ = 72 into A , we can just fill the latter domain, 
and still have A covered once. For the resulting picture J* = 0. Since 
A{Re**) is a decreasing function of # as we slide w along the circumference 
I to I = 72 from A into A , we see that the original J* corresponding to Fig. 5 
must be positive; and (since J* ^ J*) this proves the first half of (10.1). 
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As for the second half, we may plainly suppose (by a trivial rotation of each 
function /) that j3 = 0. Then it is only necessary to point out that an argument 
similar to the above shows that Ji is the area which results from the choice 




1, 

0 ^ 22 < 1 


(10.2) 

miRe**) = < 

2, 

22 > 1, 

^ 

-2 ^ 2 ; 



0, 

22 > 1, 

Vll 

Vll 

1<N 



In Fig. 6, Cl is the transform of | w | = 1, C 2 the transform of any w = 3ir/2 
by Ig and Ji = - (Ai — Aj). For any function n which satisfies mean 

TT 

1-valency and differs from ni in a set of positive plane measure, the corresponding 
J is less than Ji . In particular, the function n* corresponding to any Wf 
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plainly differs from n\ in a set of positive plane measure;^* and this proves the 
second half of (10.1). 

Thus the method of this paper fails to yield the result 

(10.3) d ^ i| ai |. 

for the family Fi of mean 1-valent functions. 

It is perhaps worthwhile to point out that the area integral J (also ,/*) is a 
function of the parameter ^3, and that J{ff) exist for all whether n{e^) = 0 
or not. This can be seen from the formula (6.9). Furthermore, 

( 10 . 4 ) 

if f e Fi . In fact, the integration has the effect of replacing n by p in the 
formulas of §6, and the argument giv^cn there (with strong mean 1-valency re- 
placed by mean 1-valency) yields (10.4). From (10.4) we see that we can 
choose aPj /3o say, for which 

(10.5) J(i3o) g 0. 

But we cannot deduce (10.3) from (10.5). The difficulty is that for this choice 
of i3 the function g = KJ^{f} is not necessarily regular in Z*, and we cannot, 
therefore, apply Lemma 3. 

On the positive side it is true, of course, that 

(10.6) d \ai \/Aj 

where A is an absolute constant. By Lemma 1 we see that a mean 1-valent/ 
satisfies the hypotheses of Theorem 3, and therefore that A < 13. But a rather 
crude computation of Ji shows that (10.6) is true with A < 7. Finally the in- 
equality (10.1) indicates that the determination of J* would still further reduce 
A. Although I have not attempted to determine ./* , I should like to conclude 
the paper by pointing out certain qualitative considerations which indicate 
(though of course they do not prove) that J* (though positive) is small, and that 

(10.6) is therefore probably true with A = 4. 

We suppose again (without loss of generality) that fi = 0, The two lines 
toMj which cut the circumference | tc | = 1 at $ — 1° and at ^ respec- 
tively, ^ 1®, together with a portion of | ic | = 1 and the real axis, bound a 
certain region of the ic-plane which we shall denote by A(4>). We denote by 
a{^) the area of the transform of A(^) by Ig K^\w), The function a(<l>), labelled 
''area per degree^', is plotted against ^ (in degrees) in Fig. 7. We note the fol- 
lowing two facts: (i) a(4>) is an increasing function of 4>; and (ii) a(<^>) varies 

If n* is the ‘*star*^ function derived from ni , and /’•‘(wf) the corresponding it 

is not difficult to show that J*(n*) <0. If AT is the portion of Ai which can be seen 
1 
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remarkably little, the variation being only a quarter (approximately) of its 
minimum. 

Now the domain Wt is limited to a considerable extent by the shape of the 
lines to . Either Wt is schlicht, in which case J* ^ 0; or Wt covers some region 
D of the t^plane twice, in which case we suppose that D lies inside the region 
A(^) and touches the two boundary lines to((p)f of A(^). Then every point 
of A($) (and its reflection in the real axis) is covered at least once. If now ^ is 
small, then the resulting contribution to J* is below average by (i) ; if ^ is large, 
the contribution is relatively large, but mean 1 -valency prevents too many 



Z)'s from having this location, as can be seen from Fig. 4. In other words, mean 
1-valency tends to prevent the accumulation of area in A's with large a’s, and 
this is an indication that is small. 

As an example, let us consider the class C of functions f of Fi for which Wo has 
the property that either no point of a region A(<l>) is covered, or every point of it 
is covered twice. Then by mean 1-valency at most 180 regions A(^) are occupied 
(since each must be filled twice). If we fill twice the regions A(^), = 90® + v, 

V 1®, 2®, • • • , 180®, a precise computation shows that (10.6) is then true for 
this function with A = 4.35; and by property (i) above we see at once that (10,6) 
with A = 4.35 is true throughout the class C. For this result we have used mean 
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1-valency only on the circumference | ti; | = 1. If we use it everywhere, we find 
that (10,6) is true in C with A = 4, 


11. In conclusion I should like to point out that results obtained for mean 
1-valent functions may be immediately transferred to mean p-valent functions 
of the form 


(11.1) f(z) = Z 

n— p 

In fact, the function 

Mz) = ff(z)r 

is regular in | z | < 1 since the mean p-valency of / implies that / = 0 only 
at z = 0. Let ni(w) be the number of times /i takes the value w in \z \ < 1, 
and let pi(/Z) be defined by (2.2) and (2.3) in terms of ni . Then if p{R) is the 
corresponding function for /, it is easy to see that 


( 11 . 2 ) pm = l^p{R'‘), 

V 

and so 

p{R)d{TR^'n ^ --vvie = Tie 

p Jo p 


(11.3) 


f pmdirR^) = - f p(j?’’)d(ir/e’) 
Jo P Jo 

= 1 r 


by Lemma 1 of my paper (4). Hence /i is mean 1-valent, and so we have that 

I a^i I ^ 2p-\aj,\, d = Inf \S{z)fz'‘ j > 1 Op 1/7”, etc. 

l«l<i 
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NECESSARY CONDITIONS IN THE THEORY OF INTERPOLATION 
IN THE COMPLEX DOMAIN 

J. H. Curtiss 
(Received May 18, 1940) 

1. Introduction 

Let C be a closed limited point set of the complex 2 -plane, and let A c denote 
the class of functions analytic and single-valued on (7. Let 


M: 


be an infinite set of points of the finite plane which either lie on C or have no 
limit point except on C, (The points of M need not be all distinct.) A function 
f{z) € Ac will be analytic and single-valued at each of the points ak'\ k = 
1, * • • , n, if n is suflSciently large, say n > n(/). There exists a unique poly- 
nomial Ln(z;f) of degree at most n — 1, n > n(/), found by interpolation to the 

function f{z) in the points k = 1, • • • , 

Certain conditions are easily proved to be sufficient for the convergence of 
the sequence {Ln{z; f)} to f{z) on C. The necessity of such conditions seems 

first to have been studied by Kalmdr^ in his thesis of 1920. He proved the 

following theorem: 

Theorem A. Let C be a closed Jordan region and let the 'points M lie on the 
boundar'y B of C. Then a necessary condition that lim Ln{z;f) = f{z) uniformly 

n— >00 

on C for each function f{z) eAc is that the points M be uniformly-densely dis^ 
tributed on jB. 

The sufficiency of the condition was proved earlier by Fej6r.^ A uniformly- 
dense distribution of the points M on the Jordan curve B is defined as follows: 
Let the analytic function = (p{z) map the complement of C (with respect to 
the extended plane) onto the region \w\,> 1 so that the points at infinity 

^ See J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex 
Domaipt New York, 1936, pp. 49-51. 

* L. KalmAr, Uber Interpolation. (In Hungarian.) Matematikai 6a Physikai Lapok, 
1926, pp. 120-149. 

* L. Fej6r, Interpolation und konforme Abbildung, Gottinger Nachrichten, 1918, pp. 
,319-331. 
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correspond to each other. The mapping is bi-uniform and continuous for 
\w \ ^ 1. The points M are said to be uniformly-dcnsely distributed on jB if 
the points k = 1, • • • , n, w = 1, 2, • • • , are uniformly-densely dis- 

tributed on the unit circle in the sense of Weyl;^ that is, if for any arc of length I 
on the unit circle, 


lim - 1 = 


n->oo W k 


2ir‘ 


C I 

KalmAr^ also proved the following theorem in the case that the region K is 
simply connected: 

Theorem B. Let the complement K of C be connected and regular in the sense 
that K possesses a Greenes function G(Xj y) mth pole at infinity. Let <p{z) = 
where H = //(x, y) is a harmonic conjugate of (7, and let A be the transfinite 
diameter (or capacity) of C, Then a necessary condition that lirn Lniz] f) = f(z) 

n-^oo 

uniformly on C, for each function f(z) € ^4 c , is that 


lim 1 wn{z) T” = A I ,piz) I , 


n 


«„(z) = II (2 - an, 

Ar-1 


uniformly for z on any closed limited point set interior to K. 

The sufficiency of the condition was also proved by Kalmar in the case that K 
is simply connected. The formulation of Theorem B given here, and the proof 
of the theorem and its converse in the more general case, are due to Walsh,® 
who has also generalized Theorem A and its converse to the ease of any finite 
number of mutually exterior closed Jordan regions.^ 

In the proof of these theorems, Kalmdr and Walsh make use of the uniform 
convergence on C of the sequence \Ln(z;f) } only for functions /(s) belonging to a 
certain subclass Ac of Ar . This subclass Ac i« the class of all functions of the 
type f(z) = l/(^ *” z)j where the paramcAcr t assumes the affix of every point 
in K, It is our main purpose in this paper to show that the conclusions of 
Theorem A and Theorem B (with certain restrictions on the set C in the latter 
case) can be derived fi’om an initial assumption which is much weaker than the 
condition of uniform convergence of the sequence {Ln{z;f)\ for each /(a:) e Ac . 
In fact, our hypothesis will be merely that at a single interior point zq of C, 
the following inequality holds: 


(1.1) lim 1 L„( 2 o ^ 1, f{z)iAc. 


* H. Weyl, Uber die Gleichvertcilung von Zahlcn mod Kins, Math. Ann., vol. 77 (1916), 
pp. 313-352. 

* KalmAr, loc. cit. 

•Walsh, op. cit., pp. 154-155, 159-162. 

^ Walsh, op. cit., pp. 168-170. See also G. Szego, Bemerkungen zu einer Arbeit von 
Herrn M. Fekete, Math. Zeit., vol. 21 (1924), pp. 203-208. 
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In the course of our discussion, we shall derive several auxiliary results which 
appear to be of some interest in themselves, and which will accordingly be de- 
veloped in some detail They include several new non-trivial sufficient condi- 
tions for the convergence of the sequence {L»(«; /) 1 (Theorems 2.2, 4.1, 5.1, 6.2), 
an inequality which promises to be useful in the study of the fundamental poly- 
nomials Un(z) = n?-i (2 - (§3), and a new sufficient condition that points 

be uniformly-densely distributed on a Jordan curve (Theorem 5.1). In con- 
nection with the inequality, we shall digress briefly to discuss a recent paper by 
Lammel® (§4). 

2. Preliminary Theorems 

We shall show in this section that condition (1.1), without the restriction that 
Zo be an interior point of C, implies the convergence of the sequence {Ln{zo ;/)} 
for any /(z) eAc- 

Theorem 2.1. Let C be an arbitrary closed limited point set whose complement 
K is connected. Let the limit points of M all lie on C, Let Zo be any point of C 
and let be an arbitrary closed limited point set interior to K, If 

(2.1) ito I L„ [z, ; l/« - Zo)] 1"“ ^ 1, te K, 
then 

(2.2) iiiii teK’, 

n-*oo Wn(t) 

where p is independent of t. 

The proof is indirect. For a fixed if n is sufiBciently large, we may write 

Suppose now that for some to eK, 

(2.4) ibi = MO ^ 1. 

n-+oo 

If Mo > 1, we obtain a contradiction at once by reference to (2.1) and (2.3). 
But in any case we may proceed as follows: 

The functions (log | w„(<) |)/n form a normal family of harmonic functions in 
any closed limited sub-region of K, provided that n is sufficiently large, because 
in that case 1 1 — a*”’ |, ft = 1, • • • , n, is not only uniformly bounded, but also 
uniformly bounded from zero. Since (log ] w„(i) \)/n ^ oo as < — ♦ oe, no limit 
function of the family can be identically constant in K. Let the subscript n' 
run through an infinite subsequence of the positive integers such that if n in (2.4) 

* E. Lammel, tlber Approximation reguiaror Funktionen eines komplexen Argumentes 
durch rationale Funktionen, Math. Zeit., vol. 46 (1940), pp. 104-116. 
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is replaced by n', the symbol lim can be replaced by the symbol lim. There 
exists a limit function W(<) defined by the equation 

logFW = lim i,K,t^ 00 , 

n"-»oo n 

where n" assumes an infinite subsequence of the values assumed by n'. The 
Principle of the Maximum for harmonic functions, applied to log W(t)y now 
shows that there exists a point h c K such that W{ti) < W{U), We have 


lim 

n''-*oo 


Wn"(2o) 

\ln>* 

= lim 


n ' *00 





wik) 


> 1 . 


Thus there exists a number mi > 1 such that for n" > n(iui), we can write the 
inequality 


Oin^iZo) 


^ Ml 


Substituting into (2.3), we find that 


\Ln'*[ZQ; l/(tl — 2o)] ^ 


1 


h — Zo 


1/n' 


(m?" - 1) 


1/n' 


n" > n(/Lu), 


which contradicts (2.1). Thus for each t in K the first member of (2.2) is less 
than unity. The fact that it is bounded from unity for t e K' now follows from 
the observation that if n is sufficiently large, the functions whose superior limit 
appears in (2.2) form a bounded equicontinuous family for t e K\ so the superior 
limit is a continuous function of t on 

Theorem 2.2. Let C be an arbitrary closed limited point set whose complement 
K is connected. Let the limit points of M all lie on C. A necessary and sufficient 
condition that 


(2.5) Lnizo -J) - f{zo) = 0(r”), 


r < 1, ZoeC, f{z) eAcf 


where r depends onf(z)y is that 

lim \Ln[Ziil l/it — Zo)]\^^ ^ 1, teK, 


The necessity is obvious from (2.3). In the sufficiency, we use the fact that 
given a function /(e) € Ac , there exists a point set S consisting of a finite number 
of regions, each bounded by a finite number of non-intersecting rectifiable 
curves, such that S contains C in its interior and such that f(z) is analytic and 
single- valued on the corresponding closed set S,^ Let the set of Theorem 2.1 
be the boundary of S. The Cauchy-Hermite formula for Ln{z;f) can be set up 
as follows: 


Lnizo;f) = 


2iri 



(OniZo) ! 

Wn(0 J 


dty 


n > n(/). 


and the remainder of the proof follows at once from Theorem 2.1. 


• Walsh, op. cit., pp. 12-13. 
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We add three remarks concerning these theorems. 

(a) It is not difficult to devise sequences M for which (2.1) obviously holds. 
If the points A: = 1 , • • • , n, are assumed to be distinct, we have the familiar 
formula 


LnWJ) = 


Wn' 


(2o) 


(20- 

Thus a sufficient condition that the sequence M should satisfy (2.1) is that 


( 2 . 6 ) 


C0n(2o) 


(^0 - 


^ Xn, A; 1, 


n. 


lim x»" ^ 1. 


Sequences M which satisfy (2.6) for every point 2 o e C are easily shown to exist, 
and have been studied by a number of authors; an example of such a sequence M 
is given by the “Fekete points.’^^^ 

(b) If instead of being valid merely at a single point Zo , (2.1) or (2.2) holds 
at each point 2 of a closed subset C' of C containing no limit points of Af, then 
the functions whose superior limit appears in (2.2) form (for n sufficiently large) 
a bounded equicontinuous family in the two variables z and 2 e C', t e K\ 
Accordingly, in this case the number p in (2.2) rnaj" be chosen so as to be inde- 
pendent of both 2 and t, z tC', 1 1 K\ and (2.5) holds uniformly for 2 e C'. 

(c) The proof of Theorem 2.1 does not apply to the case in which K is not 
connected, because then it may happen that the limit function W (t) used in the 
proof is a constant. In fact, both Theorems 2.1 and 2.2 arc false in this case, 
as may be seen by letting C be a circular annulus whose outer boundary Ls the 
unit circle, and letting the points A: = 1, • • • , n be the n-th roots of unity. 


3. An inequality 


Lemma 3.1. Let ai , y an he n real numbers such that q?? ^ a* ^ 1, 

k ^ 1, • • • , n, where 0<rj<lj0<q< I/ 77 . Then 


n 


qiai , 02 , • • . , On) = n (o* + vy'" 


n 


- n al'" 

fe-l 


(3.1) 


v, 

(„ y log g - log (g + 1) - log iv + 1) 

^ log 71 + log (g + 1) + log (»; + 1) ’ 


1)* + 1 ? ^ l/(g + 1) 
’?* + ’»< l/(g + 1), 


where 


^ log log q7\ - log [log 71 + log (g + 1) + log (»> + 1)1 - log (>> + 1) 

* log (g + 1) - log q - log (ij + 1) 

It should be observed that the right member of the inequality is independent 
of n. 


“ See Walsh, op. cit., pp. 170-173. 
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To prove the inequality, we first remark that the maximum value of the 
function gi(oi , a* , • • • , Cn) in the n-dimensional cube ^ a* ^ 1, /: = 1, • • • , n, 
is assumed at one of the “corners” of this cube. This may be readily estab- 
lished by using the symmetrj^ of g and by examining the partial derivatives of 
the function g(xi , Xi, - ,Xk, , • • • , a„) with respect to the o’s, where 
each of the x’s assumes either the value or 1. We leave the details to the 
reader. 

Suppose now that each a is an x, and that m of the z’s are equal to qri and 
n — m oi them are equal to 1. Then 

q{xi ,x,,...,Xn) = him) = (I + -f- r,)”'^ - iqv)”''\ 

Let the range of variation of m be extended to include all the real numbers. 
Computing the derivative of h{m) by the methods of elementary calculus, we 
find at once that if log (1 + ^7) + log (f/77 + ^ 0, then h\m) > 0 for all m, 

so in this case the maximum of h{m) in the interval 0 ^ m ^ n occurs when 
n — m. Since h{n) == 77, we obtain the first part of (3.1). On the other hand, 
if log (1 + 77) + log {qrf + 77) < 0, then there exists a unique root m = m oi 
the equation h'(m) = 0 in the interval 0 < m < n, and m is readily found 
to be the maximum point of h{m). The rather artificial-looking expression in 
the second part of (3.1) is simply h{m)j and k = m/n. 

It is apparent from the method of proof and from the order of magnitude of 
h{m) — h([m]) (where [m] denotes the largest integer in m) that the inequality 
cannot be essentially improved. The inequality is more convenient when stated 
in less explicit form. Since k is positive, the second expression in the third 
member of (3.1) is clearly dominated by [log 2 + log (1 + 1 Ai)]/1 log 77 |. Thus 
we obtain the following corollary: 

Lemma 3.2. Let ai , • • • , Un , 17, and q satisfy the conditions in Lemma 3.1. 
Then there exists a number Aq independent of n and 77 such that 

(3.2) 

t-i ife-i I log 1 

It happens that the right member of (3.2) reflects accurately the order of 
magnitude of the right member of (3.1) for small values of v, because 
Iim,..»o iqgY == 1/e. 

We now apply these results to the fundamental polynomials w„(z). 

Theorem 3.1. Let z be a point of the complex z-plane such that z 9 ^ ak”\ 
jfc = 1, . • . , n. Let D be a number such that | z — | ^ D, k = 1, • • • , n. 

If t is a point which satisfies the inequality | < — z | ^ 6, where 0 < 5 < D, and 
ifqbe chosen so that q5 ^ \ z — ojb"’ 1, A: = 1, • • « , n, then a number A,,d exists 
which is independent of n, z, t, and 5, such that 

i..«)rsi«.wr+|-^|. 
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For the proof, let a* = | 2 — |/Z), k = 1 , . . . , n, and 1 ; = i/D. The 

numbers ak , 17 , and g satisfy the conditions of Lemma 3.1. Since | < — a | ^ 

I « — a I + 5, we may write 

I a>n(o r” = n u - 4”' I + 

fe-i fc-i 

= icon(^) r'” + D rn (a, + - n ai^^l 

Lifc-l A;-! J 

The conclusion of the theorem now follows at once from Lemma 3.2. 

Theorem 3.2. Let C be an arbitrary closed point set of the extended plane {not 
the entire plane) with interior points, and let the derivative of the set M be a limited 
set contained in the boundary of C. Let {zj} be an infinite sequence of finite in- 
terior points of C approaching a finite boundary point P of C. Then given any 
€ > 0, there exists a corresponding sequence \tj] of points of the complement of C 
approaching /3, such that for all j > fit), 

(3.3) I «„(/,) r'" g I r'" + e, « > n(i). 

For let D = bound ] 2 ,- — a*”’ \,j = 1, 2, • • • ,k = 1,2, • • • , n, n = 1,2, • • • . 
Let 3€,/4 denote the distance from Zj to the boundary of C. By choosing j 
sufficiently large, say y > y(*), we can make €,• so small that (in the notation of 
Theorem 3.1) A\ii,d/\ log «/ 1 < «. There exists for each j a point ij in the 
complement of C such that | — 2,- 1 < tj . Moreover, for n sufficiently large, 

say n > n(j), \ Zj — a*"' | ^ ,k = 1, • • • , n. The conditions of Theorem 
3.1 with g = ^, 5 = €,• , are satisfied for each j > j{t), provided that n > n{j), 
and accordingly we obtain (3.3). 

In general, t,- and Zj cannot be interchanged in (3.3); that is, given a sequence 
{zj} in C approaching a boundary point of C, we cannot conclude that there 
exists a sequence {<,1 in the complement of C such that forj > j{(), 

(3.4) II a,„( 2 ,) r'" - 1 «„(<,) r'" I g €, n> n{f), 

where e > 0 is arbitrary. That this situation obtains can easily be proved by 
examples; it is attributable to the fact that an inequality such as (3.1), where 
the right member approaches zero with 17 , is not available if g = 0. However, 
if C is a closed Jordan region bounded by a suitably restricted curve (the require- 
ments fall considerably short of analyticity), then the equicontinuity property 
of the sequence { | «„( 2 ) |*^”} expressed by (3.4) can be established by means of 
Theorem 3.1. We shall not need this equicontinuity property in the investiga- 
tion of this sequence which follows, so we shall not discuss the matter further. 

4. Applications of the inequality 

Let C be a closed limited point set whose complement K is connected; further- 
more, let us assume that C has interior points and that all limit points of the 



NECESSABY CONDITIONS IN THEOHY OP INTEBPOLATION 


641 


set M lie on the boundary B of C. Suppose now that (1.1) holds at an interior 
point «o of C. There exists a maximal region Ro of C containing Zo ; the boundary 
of i2o is contained in B. If n is sufficiently large, the functions (log | Wfl(z) |)/n 
form a normal family of harmonic functions in any closed subregion of i2o . 
It is a simple consequence of Theorem 2.1 and 3.2 that each limit function of 
this family, or of the family ] w„(z) is a constant, as we now shall show. 

Let 17 (z) be an arbitrary limit function of the family lwn(2) T"; W{z) is de- 
fined by an equation of the following type; 


log T7(z) = lim 

n^--»oo 


log 1 CO»-(z) I 


ztRo, 


where n' runs through some infinite subsequence of the positive integers. If 
IT (z) is not identically constant in Ro , then by the Principle of the Maximum 
for harmonic functions, there is an infinite sequence {zj} of points of Ro ap- 
proaching a point of B .such that for some 6 > 0, 17 (z,) < 17 (zo) — 2*, j = 
1, 2, • • • . But by Theorem 3.2, there exists a subscript J and a point tj in K 
such that 

1 «n(0) r'" ^ I «„(z,) i*'" + 6, n > n(J). 

Therefore 

lim |wn'(</) 1*^"' ^ lim |w„'(z/) 4- « = I7(z/) -f « < T7(zo) — e; 

n'-»oo n'-*oo 


iii^ i«„-(b)r"' < lim i«„.(zo)r"'. 

II '-♦ao n'-*oo 


But the last inequality contradicts (2.2), so W{z) must be a constant. We are 
now in a position to state the following theorem : 

Theorem 4.1. Let C be a closed limited point set whose complement K is 
connected^ Let all limit points of the set M lie on the boundary of C. Let Zq be 
some interior point of C, and let Rq be the maximal region of C conUiining Zq . If 

ins iLJzoilAf-Zo)]!'"*^ 1, ttK, 

n-*oo 


then 

(a) each limit function in Ro of the normal family (log | £o„(z) \)/n is a constant; 
for every function f{z) tAc, L„(z;f) — /(z) = 0(r"), r < 1, uniformly on 
any closed point set interior to Ro . 

Part (b) of the theorem is a simple consequence of part (a) of the theorem, 
and of Theorems 2.1, 2.2, and Remark (b) of §1. We leave the proof to the 
reader. 

The theorem is false if limit points of M are allowed to lie inside Ro . For 
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example, if C is the set | z | g 1, and if a*’"’ = c*'**^", A: = 1, • • • , n, af = i, 
A: = n + 1, • • • , 2n, then 


lim I < 02 „(z) 1*'*” 


l\z-h\\\z\<l 
idzl l2 - ii)*, l^l > 1; 


lim Uniz-J) = /(z), \ z - \ \ ^ ^,s{z) t Ac] 

n-*oo 


but the sequence {L 2 n{z]f)\j f(z) eAc , may diverge if | 2 — J | > 

The problem involved in the proof of part (a) of the theorem is typical of a 
class of problems arising in the study of interpolation by rational functions in 
the complex domain, in which certain properties of the sequence {|a>n(2) 
are to be derived from other properties of this sequence known for z both in- 
terior and exterior to a closed set C. In dealing with such problems, the in- 
equality (3.3) may provide a useful tool.^^ The writer intends to discuss this 
matter elsewhere in more detail. However, it seems not out of place to mention 
an application of the inequality to a line of investigation which Is related to 
Theorem A, but which is concerned with interpolatory series of rational func- 
tions with poles at the points M. 

Recently Lammel^^ has derived necessary and sufficient conditions that a cer- 
tain expansion of the type just described should converge interior to a Jordan 
region R to any function f{z) € Ah , where R is the corresponding closed region. 
The points M arc chosen on the boundary of R. In studying the necessity, his 
starting point essentially is the condition 


(4.1) 


lim 

n— >00 


|g - q | < 

w„(z) I'/'* “ 


lim 

n-*ao 


\t — a\ 


which is to hold for all 2 € 72 and all t in the complement K of R, where a is 
some point of R, From this inequality he infers, by a rather complicated argu- 
ment, that 


(4.2) 


lim 

n-*oo I I ^ 


= L 


uniformly on any closed subset of K. But a line of reasoning similar to that 
used to establish Theorem 4.1a (the reader will have no trouble in supplying the 
details) will show that (4.2) is quite an immediate consequence of (4.1) and 
Theorem 3.2. Moreover in deriving (4.2) by this method, the restriction to a 
Jordan region becomes quite superfluous; indeed, R may be any region whose 
boundary is also the boundary of an infinite region.^® 


Another application of the inequality similar to the one in this section appears in the 
proof of Theorem 5.1b below. 

E. Lammel, loc. cit. 

It follows from this that hammers Theorem 1 (loc. cit., p. 106) is true for such regions 

R, 
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5. The revised version of Theorems A and B 

We shall now prove Theorem A under the revised hypothesis (l.I), and also- 
Theorem B under this hypothesis, but with the necessary additional restriction 
on C that it be the closure of a region R whose boundary is also the boimdary of 
an infinite region/ Our method of approach is indicated in the following, 
theorem: 

Theorem 5.1. Let R be a limited region whose boundary B is the boundary 
of an infinite region K. Let all limit points of the set M lie on B. Necessary 
conditions that every limit function in R of the normal family (log | w,(z) \)/n 
should be a constant are that 

(a) lim I w„(z) 1*^" = A, uniformly on any closed point set interior to R, 

( 5 1 ) 

' where A is the transfinite diameter of R B, 

(b) lim I Wn(z) = A | <p{z) |, uniformly on any closed limited point set 

n-^oo 

(5.2) interior to K, where w = maps K conformally onto the region 

I w; I > 1 so tlwLt the points at infinity correspond to each other. 

If R is a Jordan region and if all the points M lie on B, then a further necessary 
condition is that the points M are uniformly-densely distributed on B. 

Put in another way, the theorem states that if the mean radii of the lem- 
nlscates | w„(z) j = /t„ , n = 1, 2, • • • , passing through an arbitrary point z eR,. 
approaches as n — » <» a limit which is constant for all z eR, then this limit 
must be the same as the limit of the mean radii of the minimal covering lem- 
nLscates oi R + B of respective degrees n}* 

Let f„(z) = (log I wniz) \)/n. Let |i’»'(z)) be an arbitrary convergent subse- 
quence of the family fn(z). The convergence of this subsequence is uniform in 
some neighborhood A of a point zi e R, and the neighborhood is independent of 
the particular subsequence under consideration. Since the limit of the subse- 
quence is a constant, the two corresponding subsequences of partial derivatives 
with respect to x and y, z = x -{■ iy, both converge uniformly to zero in 
Therefore 


z (z - «r)"‘ 

(5.3) lim > = 0, uniformly, zeN. 

n '—*90 ^ 

But the sequence |f„'(z)} was arbitrary, so we are able to conclude that every 
limit function of the normal family of analytic functions [53" — ot"^) ’]/” 

is identically zero in N. Therefore (5.3) is still true if n' is replaced by n. 

The latter limit is known to be A. Sec M. Fckcte, tjber die Vcrtcilung der Wurzeln 
bci gewissen algebraischen Gleichungen, etc.. Math. Zeit., vol. 17 (1923), pp. 228-249. 

W. F. Osgood, lichrbuch dor Funktionentheorie, fifth edition, Leipzig, 1928, vol. I, 

p. 682. 
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Differentiating and using the Weierstrass Double Series Theorem, we obtain the 
equations 


(6.4) 


lira 91 

n~*oo 


A, E (2l - 

Jb-1 

n 


= 0, y — 1, 2, 3, , 


where the numbers A, are any complex constants. 

Let z = ^{w) be the inverse of the mapping function w = <p(z). The function 
is analytic and single-valued for | w | > 1 and may be represented by a 
Laurent series of the following type: 


where | c \ 
(6.5) 


Z = ^(w) ^ CW + E *, c 7 ^ 0 , 
/ 

= A.’* Thus 


lim 

*-♦00 


z 


1 

<p(z) 


V>'(w) 


= A. 


1 «>| > 1 , 


Therefore the function l{z) = log | {zi — z)/(p{z) |, when assigned the value 
log A at infinity, is harmonic iorzeK) and if | <p{z) | is defined to be unity on B, 
l(z) is continuous in K + B. Invert the plane in the point Zi by means of the 
transformation z' = l/( 2 i — z), and let K' be the image of K. The function 
h{z*) — 1(^1 — 1 AO is harmonic interior to the limited region K' and continuous 
in the corresponding closed region R'. A theorem of Walsh” now states that 
given an arbitrary e > 0, there exists a harmonic polynomial P(z') such that 
I Zi(z') — P{z') I < «/4, z' c K'. The polynomial P(z') is an expression of the 
type Ao + Ea Si{A,z'’), where Ao is a real constant and the A, are complex 
constants. In particular, we find that | Zi(0) — P(0) | = | log A — Ao | < «/4. 
If we use this fact when we reverse the inversion, we obtain the inequality 


l{z) - log A - 2 3i[A,{zi - z) '] 





ztK + B, 


or 


log I Zi - 2 I - log A - 2 JJ([A,( 2 i - z) 1 


»-l 



ztB. 


Therefore 

1 Z log 1 21 - I - log A - 1 1: 91 [a, £ (2i - ai"’)-'] I < * , 
n /b-i n r-i L fc-i J I ^ 

n = 1, 2, • • • . 


Fekete, loc. cit., pp. 237-240. 

J. L. Walsh, The approximation of harmonic functions by harmonic polynomials and 
by harmonic rational functions, Bull. Am. Math. Soc., vol. 36 (1929), pp. 499-644; p. 603. 
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Referring now to (5.4), we find that for all values of n sufficiently large, 

I (log 1 Unizi) \)/n — log A I < «. Thus all the constant limit functions 
of the family (log | u„(z) \/n have the value log A, which means that 
lim„^„ (log I Wn(z) \)/n = log tR. Since the functions form a normal family 
in R, this limit is uniform on any closed point set interior to R. We have estab- 
lished part (a) of the theorem. 

A suitably chosen branch of the function [wn(z)]‘^"/(A-v>(z)), when defined to 
have the value unity at infinity (in accordance with (5.5)), is analytic in any 
closed subregion of if if n is sufficiently large, and is uniformly bounded in 
modulus in K, the bound being independent of n. Thus the functions: 
[w„( 2 )]'^"/(A^( 2 )) form a normal family of analytic functions in any closed sub- 
region of K, if n is sufficiently large. Let $(z) be a limit function of this family. 
Since | ^(w) | = 1, it follows from the Principle of the Maximum that either 
I d(z) I s 1, or else there exists an infinite sequence { /, } of points of K approaching 
a point of B such that lim,_,, | d(L) | < 1. But Theorem 3.2 and part (a) of 
the present theorem show that the latter case is impossible. For if such a 
sequence {<,1 existed, then (since lim,_„ A [^(L) || fl(<,) | < A) there would exist 
a number « > 0 such that | £o„<(L) < A — 2«, n' ^ n'(j), j > j(f), where n' 

runs through some infinite subsequence of the positive integers. However, by 
Theorem 3.2, there exists a subscript J > j{f) and a point Zj eR such that 

|wn'(zj) ^ |wn'(<./) e < A — 2« -h *, n’ > n'{J). 

If we apply part (a) of the present theorem to the first member of this inequality, 
we obtain a contradiction at once. Thus every limit function of the normal 
family is a constant of modulus unity. This establishes part 

b of the theorem. 

The proof of the last part of the theorem is now a consequence of the work 
of Kalm4r,“ who showed in his proof of Theorems A and B that if i? is a Jordan 
region and if the points M lie on B, then equation (5.2) implies that the points 
M are uniformly-densely distributed on B. 

Combining Theorems 4.1 and 5.1, we may state our revised version of 
Theorems A and B very briefly as follows: 

Theorem 5.2. Under the hypotheses of Theorem 5.1 concerning R and M, the 
conditions (a) and (b) of that theorem and the uniformly dense distribution of the 
points M are necessary conditions that at some point ZotR, 

(5.6) fiS I Lnlzo; l/(t - zo)] T" ^1, teK. 

n-*oo 

Of course these necessary conditions are also sufficient that (5.6) hold. In- 


Kalmar, loc. cit. See also Walsh, op. cit., pp. 168-170. 
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deed, in the light of Theorem B, it is seen that (5.6) or the hypotheses of Theorem 
5.1 are sufficient conditions that 

lim Ln{z;f) = /(s), zeR + B, f{z) t 

n-^oo 

the convergence being not only uniform with respect to 2 , but ‘‘maximal.’^^® 

The conclusions of Theorem 5.2 would be false if 20 were a boundary point of 
/?, or if 72 + B were replaced by any more general closed set of C of which Zq is 
an interior point, even if the complement of C were simply connected. The 
reader will have no trouble verifying these statements by means of trivial 
examples similar to the one in §4. 

It is perhaps of interest to observe that an alternative ‘method of proof for 
Theorem 5.1 is available which in no way depends on Kalmdr's work. The 
procedure consists in using a well-known necessary and sufficient condition of 
Weyl^° that the points be uniformly-densely distributed on the unit 

circle, together with equations (5.4), to establish the last part of the theorem 
first. Equations (5.1) and (5.2) for a Jordan region may then be obtained 
readily from the Gauss Mean Value Theorem. The validity of these equations 
can then be extended to the more general case by approximating the region R 
by means of its Green’s level curves. 

Cornell University. 

Walsh, op. cit., p. 154. 

» Weyl, loc. cit., pp. 313-316. 
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HILBERT DISTANCES AND POSITIVE DEFINITE FUNCTIONS 

By S. Bochner 

(Received January 20, 1941) 

I. Hilbert Distances 

If © is any topological space then a continuous complex function of two vari- 
ables /(P, Q) on @ X ® shall belong to class ‘ip (positive definite functions) if 

1) /(p, Q) = m. p) 

2 ) f{p,p)^m,Q) 

and 

3') for any integer n, any points Pi , • • • , Pn and any complex numbers 
Pi , • • • , Pn the relation 

( 1 ) i, m, Pi)PiPi ^ 0, 

t.j-i 

holds. 

The wider class shall consist of all those functions for which, other assump- 
tions being unchanged, the decisive inequality (1) is assumed to hold only subject 
to the restriction 

(2) E Pi = 0. 

t=l 

Just how much wider the class actually is will be (\stablishcd under further 
assumptions. The real classes ^ and shall consist of all real-valued func- 
tions of these classes. 

We will call a function p(P, Q) a distance function if p(P, Q) = p(Q, P) ^ 0, 
p(P, P) = 0 and p(P, Q) + p(Q, R) ^ p(P, P). We call p(P, Q) a proper distance 
if P Q implies p(P, Q) > 0. Introducing the real Hilbert space of sequences 
IVn] with the customary distance {^n {Xn — yn)y^\ we now call p(P, Q) 
a Hilbert distance on © if it is possible to map © into § in such a way that the 
value of p(P, Q) shall be equal to the value of the latter distance for the trans- 
forms of P and Q. The following decisive criterion has been established by K. 
Menger and I. J. Schoenberg:^ if © is separable^ then p(P, Q) is a Hilbert distance 
if and only if — p(P, Qf belongs to . Also, Schoenberg discovered the fact 
that a function /(P, Q) belongs to if and only if belongs to ^ for each 

^ See I. J. Schoenberg, Metric spaces and positive definite functions^ Trans. Amcr. Math. 
Soc. 44 (1938), 522-536. 

* Positive dchnite functions on non-compact but commutative groups have been analyzed 
recently in A. Powzner, Doklady U.S.S.R., 28 (1940) 294-295, and D. Raikow, Doklady 
U.S.S.R., 27 (1940), 324-327 and 28 (1940), 296-300. 
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positive X, and he analyzed Hilbert distances on open euclidean and Hilbert 
spaces. 

In the present note we will investigate Hilbert distances for some types of 
general but compact separable spaces. We will obtain new relations between 
the classes ^ and and structural criteria in terms of expansions in orthogonal 
systems.* 

II. Compact Spaces with Bounded Measure 

Since f(P, Q) is continuous, if @ is a finite interval, say, then condition 3') for 
^ can be replaced by the following condition: 

3) for each integrable p(P) the relation 

(3) / / f(P, Q)p(P)p(Q) dPdQ^O 
holds;* and for relation (3) holds subject to the restriction 

(4) fp{P)dP = 0. 

This replacement of sums by integrals is admissible for more general spaces. 

Lemma 1. Conditions 3) and 3') are equivalent z/ a), ® is both separable and 
compact, fi) there exists a Lebesque measure dP on © for which y) all Borel sets are 
measurable, 6) every open set has non-vanishing measure and c) the total space has 
measure 1. 

Proof: We first observe that © and © X © are each bi-compact, and that 
therefore every continuous function/(P, Q) is uniformly continuous and bounded. 
In the proof M will be independent of e. We will give the proof of the 
lemma for functions of , for functions of ^ it is even simpler. Let 
f(P, Q) satisfy 3') and let p(P) be any function satisfying (4). Given € > 0 
we partition © into a finite number of Borel sets ©i , • • • , ©n such that/(P, Q) 
oscillates by less than e on each ©» X ©j . Choosing an arbitrary point Pi 

in ©* and putting p< = / p(P) dP we obviously have (2) and 

( 6 ) ~ If ^ 

Letting e — » 0 we obtain (3). Conversely, if /(P, Q) satisfies 3), and distinct 
points {P<} and numbers {p, } are given, and if (2) holds, then for e > 0, we pick 
a set of disjoint neighborhoods ©.• of P< , such that/(P, Q) oscillates by less than 

e on each ©,■ X . Putting p(P) = — ^ for P e<Bi, and p(P) = 0 

for P e © — (©1 + • • • + ®n), we have relation (2) and (5), and, by a limit, 
relation (1). 

* Whenever the range of integration is not indicated it is the total set to which the 
variable refers. 
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In what follows we will always assume that © satisfies the assumptions of 
the lemma. 

Theorem 1. If f{P, Q) belongs to if <p{P) is coniinuous and c is a real 
constant, then 

(6) g{P, Q) = f(P, Q) + viP) +m-c 
belongs to except for property £). 

Conversely, if g(P, Q) belongs to , then there exists a continuous function 
<p{P) and a real constant c such that 

(7) f(P, Q) = g(P, Q) - <p{P) - ^ + c 
belongs to except for property 2), as for instance 

(8) <fiiP) = f g{P,Q)dQ 

(9) c = f v(P) dP = II g(P, Q)dPdQ. 

Proof: The first part follows from the fact that (4) implies 

(10) / / v>(P)p(P)m dPdQ= I dP)piP) dP. I MdQ = 0; 

the second part follows from the fact that (7), (8), (9) and \ = j p(P) dP 
implies 

//a. , Q)p{P)p{Q)dPdQ = 11 g{P, Q)(p(F) - X)(p(Q) - \)dPdQ. 

We call a function f{P, Q) measure invariant if fnp. Q) dQ is independent 
of P. This leads to 

Theorem 2. A function g{P, Q) belongs to the measure invariant class > 
if and only if it can be written in the form 

(11) fiP, Q) - m, 

where f{P, Q) belongs to the measure invariant class ^ and ^ is any point of ©. 

We now assume the existence of a fixed transitive group (S of continuous 
transformations of © into itself, and we assume that our measure is invariant 
under the operations of (S. We call a function f{P, Q) group invariant if for 
all elements s of (S, f(sP, sQ) = f{P, Q), where sP is the transform of the point 
P under the transformation s. In particular /(sP, sP) = f{P, P). Now if P 
and Q are any two points, since our group is transitive there exists an element 
s such that Q = sP. Thus from now onward property 2) of ij) will be automati- 
cally fulfilled for any function f{P, Q) which is group invariant. In order to 
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emphasize the independence of f{P, P) of the special point P we will designate 
it by /(#, $) where $ is any fixed point which is chosen appropriately. For 
instance if ® itself is a group it is customary to take for $ the identity element 
of the group. 

If fiP) Q) is group invariant we also have 

viP) = / fiP, Q)dQ = f f(sP, sQ)dQ== I f(sP, sQ) d(sQ) 

= ffisP, Q)dQ = v{sP), 

and this implies that ^(P) is a constant. In other words, if /(P, Q) is group 
invariant it is also measure invariant. This leads to 

Theorem 3. A function g{P^ Q) belongs to the group invariant class if and 
only if it can be written in the form (11) where /(P, Q) is group invariant and 
belongs to ‘ip. 

A function p(P, Q) is a group invariant Hilbert distance if and only if it can be 
represented in the form 

-S{P,Q), 

where f{P^ Q) is group invariant and belongs to the real class The function 
p(P, Q) is a proper distance if and only if f{Pj Q) < /(^, for P 9 ^ Q, 

III. Group Invariant Functions 

In the present section we will supplement Theorem 3 by statements involving 
expansions in orthonormal systems. An orthonormal system {^n(P)l is of 
course defined by the property 

J <Pfn(P)(Pn(P) dP = bmn\ 

the orthonormal system we will consider will automatically consist of continuous 
functions and it will be complete both in the space of continuous functions and 
in the space of integrable functioas. 

The simplest space © is the torus 0 ^ x < 27r with the group of translations 
on it. Any continuous function f{Xj on © X © has a Fourier expansion 

(12) E 

m,n 

Group invariance means that/(a:, y) = fix + s, y + s) and this implies 

_ _ ^i(m— n)# 

Ofn^n — afn,nO 

Thus, Om.n = 0 if m 5 ^ n, and (12) has the form 

(13) E 
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Now f(x, y) belongs to ^ if and only if Om is real and ^ 0, and 23 < * i 

/(x, y) is real if and only if a_m = a„ . Thus, by Theorem 3, p(x, y) is a Hilbert 
distance if and only if it is the square root of an expression 

(14) I) o..(2 - = E OmCe’”* - 


where 

(16) 


Om ^ 0 and E ®>» < * • 


If we prefer to look upon p(x, y) as a function of the one variable x — y it is 
more appropriate to write (16) in the form 

00 00 / \ 2 

(16) 2 E am(l - cos to(x - y)) = 4 E a™ ( sin ^ (x - y) ) . 

m-1 m-1 \ ^ / 

This result can be extended to our spaces in general in terms of expansions 
into ‘‘generalized spherical harmonics^^ as given by E. Cartan and H. Weyl.^ 
If @ is a space satisfying lemma 1 with a transitive group (S of motions then 
there exists on ® a complete orthonormal system of continuous functions of the 
following description: 

(i) corresponding to each k^k = 0, ±1, ±2, ±3, • • • there exist a finite rectan- 
gular system of functions (Pk,mn{P) with 

m = 1, = l{k); 

(17) 

jjL = 1, • • • , /i, = h{k), 

and a quadratic system of functions nk,ma{P) on S with = = 

l(k)y such that 

i 

( 18 ) ^k,mn{,sP^ ~ ^ ^ '^k,ma(,S)^k,afi(,P') • 

a=l 

(ii) For each k, Uk,ma{s) is an irreducible unitary representation of (S, and for 
different values of k the representations are inequivalcnt. 

(iii) for A; = 0, Z = /i = 1, and ^o,ii(^) = 1, uom{s) = 1; also Z( — fc) = l(k)y 
h{ — k) = h{k)y and 


^—k,mti{P^ — ^k,mfi{P\ '^—k,ma{^^ — 'l^fc,nia(s). 

Now the system of functions 

^p,mniP^ *^q,nv{Q) 

is an orthonormal system on © X ®, and thus /(P, Q) has an expansion 

(19) E (^pq^mn,w ^p%miS^P^^q,n9 m. 

P,m,fi,q,n,v 


^ H. Weyl, Harmonics on homogeneous manifolds^ Annals of Math., 35 (1934), 486-494. 
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Replacing P and Q by «P and sQ respectively and using (18) we obtain as a 
necessary and sufficient condition for group invariance the system of relatioius 


O’pq.an.fit — 2^ 2^ <*] 


II , fw (s) Wfl , (s) 


and this is equivalent with 


2mJ ^PQtCtHttip'Uq 


,0n(s) — ^pQ,m/t.0pUp,tna(^)» 
m—1 


Since the functions {^( 5 ) } are linearly independent the comparison of coefficients 
on both sides of ( 20 ) will show that apq,mp,np vanishes if p g or if m 5 ^ n, and 
that for p = g and m = n its value is independent of m. This leads to writing 
(19) in the form 


00 /h(k) 

Z (E 


0>k,iiv<Pk,fip{P ) 


where 


<Pk,pp(P, Q) = fpk.mp(P)(pk,tnp(Q)- 

m-l 


We can now express the properties of ^ in terms of the coefficients ak,pp . Prop- 
erty 1 ) of ^ simply means that for each fc, the matrix 

(23) I ak,pp I 

is hermitian. Property 2 ) is automatically fulfilled, and property 3) means that 
(23) is non-negative definite. In fact putting in (3) 


p{P) — ^ii^k,miiiP) 


we obtain 


(24) ^ ak,ppXpXy ^ 0. 
Conversely if p(P) is a finite sum of the form 

(25) Z <Pj>,mji(P) 


the left side of (3) is 


E ( Z Oj.., 

P,fn \ti, p^l 




and this is ^ 0 if (24) holds. But finite sums of the form (25) are dense in the 
family of all function p(P) and thus (24) implies property 3). Finally by 
property (iii) of {^(P)}, f{P, Q) is real if and only if 


Ofk,pp Of^k,iiP • 
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Thus a function /(P, Q) of the real class ^ has an expansion of the form 


00 /h(k) 

(27) <^+2(2 <^k,np(<Pk,nv(P t Q) + <Pk,fiv{Pf Q) 

where each matrix (23) is a semi-definite hcrmitian matrix. Before proceeding 
we require the following 

Lemma 2. There exists an array of real numbers rn.t , n = 1, 2, • • • , A; = 0, 
dz 1, dz 2, . . • , with the following properties: (i) 0 g rn.it ^ 1, (ii) lim„-.,oorn,A! = 1, 

(iii) for each n only a finite number of coefficients rn,k is 0, and what is decisive, 

(iv) if (21) is the expansion of a continuous function f{P, Q), then the sequence of 
functions 

(28) fn(P) QD ~ ^k,np^k,nv{Py Q)^ 

A :— ^00 1 / 


is uniformly convergent towards f{P, Q) as n — > qo . 

The proof of the lemma can be carried out along familiar lines and will be 
omitted.® 

Now, if (23) is hermitian the number 

h 

\k ~ ^) 


is ^ 0 and 


therefore 


(^k,np^k,ny(,Py Q) 


^ Xt; 


0^2 r„,tXt g /„(4-, «>) g M 

k"" • ' oo 


where M is independent of n. Letting n — > « we obtain 2* X* ^ M, and we 
hence conclude that the series (21) and (27) are absolutely and uniformly con- 
vergent. Therefore we have for 


/(#, $) - f{P, Q) s |/(P, P) + UiQ, Q) - fiP, Q) 


the series 

(29) 
where 

(30) ^*.^(P, Q) 






l(k) 

2 ifPk.mniP') ~ <Pk,miiiQ))(.<Pk,mi>(.P) <P*,ii«»(Q))* 

m—1 


' See S. Bochner and J. v. Neumann, Almost periodic functions in groups, Trans. Amer. 
Math. Soc., 37 (1935), 21-50, esp. Part III; H. Weyl, loc. cit., p. 493-499. 
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Altogether, on the basis of Theorem 3 the following theorem can now be easily 
verified. 

Theorem 4. A non-negative function p(P, Q) is a group invariant Hilbert 
distance if and only if its square is an absolutely and uniformly convergent series 
of the form (29) in which such matrix (23) is non-negative hermitian and has 
the value (30). 

We observe that our series (29) is a generalization of series (14). 

Theorem 5. The Hilbert distance of Theorem 4 is certainly a proper distance 
if each matrix (23) is strictly positive definite. 

Proof: In fact, if (23) is strictly positive then p(P, Q) can only vanish if for 
each k, m, a 

^k,ma{P) — <pk,ma{Q) = 0 . 

But the latter fact implies that every continuous function on ® assumes equal 
values on the points P and Q, and this can only happen if P and Q are identical. 

IV. Some Specific Cases 

Formulas (27) and (29) are greatly simplified if for all values of k we have 
h{k) = 1. In this case we can write 

/(P, Q) = ^0 + 2 0'k{(Pk{P, Q) + (Pk{Py Q)) 

ifc-i 

where 

Hk) 

(31) <PkiPy Q) + <PA:(P, Q) = 23 (^k,m{P)(Pk,m{Q) + <Pkym{P)(Pk,m{Q)) ] 

m—l 

also the expression 

(32) £ «>) - Q) - Q)) 

A;-l 

for p(P, of shows a strong resemblance to the left side of (16). The resemblance 
is most pronounced if @ is the (m — 1 )-dimensional unit sphere in m-dimensional 
Euclidean space. In this case (31) is but for a numerical factor depending on 
k (and m) the expression 

Pfc"^(C0S T?) 

where Tj^^ is an ultraspherical polynomial; X = m — 2/2, and ^ is the geodesic 
distance between the points P, Q. The expression 

i: bkTi^\coa&) 

Jb-O 

with bk ^ 0 and 2* bkTi^\l) < 00 , for the most general positive definite func- 
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tion depending on the geodesic distance alone, has been given previously by 
Schoenberg.® 

More special than the assumption h{k) = 1 is the assumption Z(fc) = 1. It 
corresponds to the case of the group S being an Abelian group, and in this case 
we simply have 

f(P, Q) = Z aMP)7M + TmM) 

Jfc-0 

with a* ^ 0. 

The symbol sP is a real multiplication of P by s if ® is a group space (in which 
case we write x, i/, etc. instead of P, 0, etc.) and (£ is its group of left transforma- 
tions X 8X. Our assumptions concerning ® are now that © is a compact 
separable group, the invariant measure on it being now uniquely determined. 
In this case, h{k) = l{k) and but for the factor likY^^y (Pk,^u{x) is Uk,^y{x), Since 

i i 

53 “ 53 ^k,vm{.y ^'^k,mn(,X^ 

»»-"l m—*! 

we see that, except for the factor Z(A:), 

y) = 

and hence we obtain the following result. 

Theorem 6. If (5 is a compact separable group, thenf{x, y) is a left invariant 
member of ^ if and only if f{x, y) = f{y~^x) where 

00 l(k) 

( 33 ) f(t) = 53 53 bk,i,yUk,i,u{t)\ 

the matrix \ bk,^y | being non-negative hermitian and. the series (33) in k being 
absolutely convergent 

In order to obtain right invariant functions we have to put t = yx~\ Our 
function is invariant on both sides if fis"^y~^xs) = fiy ^^x) that is if f{t) is a class 
function. For class functions the expansion (33) depends only on the group 
characters 

i 

Xk(0 ~ 2 '^k,nfi{t), 

ti-1 

Thus we obtain 

Theorem 7. If (£ is a compact separable group, thenf{x, y) is a group invariant 
member of if and only if 

00 

fix, j/) = Z bkXkiyx~^) 

/c-i^OO 

® I. J. Schoenberg, On positive definite functions on spheres. Bull. Amer. Math. Soc., 46 
(1940), p. 888. 

See Bochner-von Neumann, loc. cit. 
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where hk ^ 0, and 2* bkXk(l) < «?; and p(x, y) is a group invariant Hilbert dis- 
tance if and only if 

with Ch ^ 0; the function p(x, y) is certainly a proper distance if all Ck are > 0. 

V. Isometric Imbedding of Riemannian Space into Hilbert Space 

In the present section we will draw a conclusion from Theorem 5. We assume 
that our space © is a coordinate space of class Cr , r ^ 2, (continuous partial 
derivatives of order ^ r), or (derivatives of every order) or (analytic 
coordinates), and we further assume explicitly that the functions {ipk.myi{P)\ 
belong to the same class. By choosing the coefficients of the matrix (23) suffi- 
ciently small we can obtain a series (29) whose sum will belong to the same 
class on © X ®. Now, by a general theorem,® such a distance can be generated 
by a Riemannian metric. Altogether we have the following 

Theorem 8. // © is a compact differentiable manifold (of arbitrary dimension 

and) of class Cr y r ^ 2, or , or Cm , z/ S is a fixed transitive group of homo- 
morphisms on it^ and if the corresponding generalized spherical harmonics [iPk,mpi(P ) } 
belong to the same class, then there exists on S a group invariant positive definite 
Riemannian metric of class Cr~ 2 , or C^ , or Cm for which the given space can be 
isometrically imbedded in real Hilbert space. 

Princeton University. 


® S. Bochner, Differentiable and Riemann metric, Duke Math. Jour., 4 (1938), 51-54. 



Annals of Mathbiiatxcs 
Vol 42, No. 8, July, 1941 


unitArinvariante hypermaximale normale operatoren 

Von HiDEaoR6 Nakano 
(Received November 30, 1939) 

Unitarinvariante hypermaximale Hermitesche Operatoren im Hilbertschen 
Raum sind schon in mehreren Formen gcgcben.^ Ich will in dieser Arbeit Uni- 
tarinvariante hypermaximale, normale Operatoren im Hilbertschen Raum § 
in einer anderen Form geben. 

Massoperatoren E{Z) eines hypermaximalen, normalen Operators bilden einen 
abgeschlossenen, Abelschen Ring 0? von Projektionsoperatoren, dessen Defini- 
tion in der friihercn Abhandlung^ gegeben ist. Zuerst definieren wir die Dimen- 
sion eines abgeschlossenen, Abelschen Rings. Fiir einen hypermaximalen, nor- 
malen Operator N kann man die komplexe Ebene G in eine Folge von Mengen , 
Zi , Z 2 j • • • derart zerlegen, dass je zwei der Z^ • • • keinen gemeinsamen 

Punkt besitzen, und derails alien Projektionsoperatoren E{Z) (Z C Zn) gebildete, 
abgeschlossene, Abelsche Ring 0?n von der Dimension n ist. Diese Zerlegung 
ist bis auf eine Nullmenge iiber E{Z) eindeutig bestimmt. Diese Zerlegung Z^ , 
Zi f Z 2 , • • • nennen wir das Spektralsystem des hypermaximalen, normalen 
Operators N, Dafur, dass zwei hypermaximale, normale Operatoren Ni und N 2 
unitar Equivalent seien, ist es notwendig und hinreichend, dass die Klassen der 
Nullmengen und die Spektralsysteme von Ni und N 2 miteiiiander iiberein- 
stimmen. 

1. Dimension von Ring. Abgeschlossene Abelsche Ringe nennen wir kurz 
Ringe, sei ein Ring^ d,h. je zwei Projektionsoperatoren P und Q in 5R sind 
vertauschbarj P — PQ gehort zu 3f, und fiir jede Folge Pi , P 2 , • • • in ^ gehoren 
Pi + P 2 +•• • und P 1 P 2 • • • beide zu 9f. 

Definition 1. Ein Projektionsoperator K heisst mit einem Ring 9i ver- 
tauschbar, wenn jedes P in 5R mit K vertauschbar ist. 

Definition 2. Wenn ein Projektionsoperator K mit einem Ring ver- 
tauschbar ist, so bilden KP (P t 0}) auch einen Ring, welchen wir den Nebenring 
von 5R nennen. 

Da § separabel ist, kann man leicht beweisen, dass die Summe {P} auch 

/* € « 

zu SR gehort.® Diese Summe nennen wir den Maximaloperator des Rings 9?. 

^ Vgl. M. H. Stone, Linear Transformations in Hilbert Space^ New York (1932). F. 
Wecken, UniUlrinvariarUen selhstadjungierter Operatoren^ Math. Annalen, 116 (1939). 

* H, Nakano, tfher Abelsche Ringe von Projektionsoperatoren^ Proc. of the Phys.-Math. 
Soc. of Japan, 21 (1939). 

• /i > /* > * • ‘ sei tlberall dicht in und Pni , Pna , • • • sei eine Folge von Projektions- 
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Indem man den Maximaloperator von 9i mit M bezeichnet, kann man leicht 
einsehen, dass zwei Nebenringe und Ldt dann und nur dann tibereinstimmen, 
wenn KM = LM ist, da der Ring K^t offenbar mit dem Ring KM^ iiber- 
einstimmt. 

Definition 3. Zwei Nebenringe K^i und heissen isomorphy wenn fur 
jeden Projektionsopcrator P in 5R KP = 0 mit LP = 0 glciche Bedeutung hat. 

Definition 4. Zwei Nebenringe K^l und L^t heissen zueinander orthogonaly 
wenn fiir je zwei Projektionsoperatoren P und Q in 9? stets (KP)(LQ) = 0 ist. 

Man kann leicht einsehen, dass zwei Nebenringe K^t und L9i dann und nur 
dann zueinander orthogonal, sind wenn (LM)(KM) = 0 ist. 

Definition 5. Wenn n Nebenringe i£'29^, • • • , KrS eincs Rings 9i alle 
mit isomorph, und je zwei von KSly Kidiy • • • , zueinander orthogonal 
sind, und noch n + 1 solche Nebenringe nicht existieren, so heisst n die Minimal- 
dimension von Wenn belicbig viele solche Nebenringe existieren, so heisst 9? 
von der Dimension oo . 

Definition 6. 9} sei ein Ring. Wenn fiir jedes P in 9f die Minimaldimension 
des Nebenrings P9f stets n ist, so heisst 9? gleichmdssig dimensional mit der 
Dimension n. 

Aus den Definitionen folgt sofort der folgende 

Satz 1. Wenn die Minimaldimension eines Rings 9f grosser als n isty so ist die 
Minimaldimension des Nebenrings P9J fiir jedes P in 9i aiich grosser als n, 

Satz 2. Wenn die Minimaldimensionen von cndlich oder abzdhlbar unendlich 
vielen Nebenringcn /;i9i, Z/29?, • • • alle grosser als n sind, und LiLj == 0 (i ^ j) 
gilt, so ist die Minimaldimension des Nebenrings (Li + ^2 + » * • ) 9f auch grosser 
als 71, 


Beweis: Nach Voraussetzung gibt es + 1 zueinander orthogonale Neben- 
ringe KfLi% . . . , welche alle mit L. 9 e (t = 1,2,...) 

isomorph sind. Dann sind n + 1 Nebenringe + L 2 K 2 ^ + • • • )9f, . • . , 

• ) 9 f offenbar zueinander orthogonal, und sic sind su- 
gar alle mit (Li + L2 + • • • isomorph, deim, aus + L2K2^ + . • . )P = 

0 (P c 9 ?) folgt LiK[^^P = 0 , L2K^2'^P = 0 , . . * , und weiter LiP - 0 , L2P = 0 , . . . , 
folglich (Li + P2 + • • • )P = 0 , und umgekehrt folgt aus (Li + + • • • = 0 

(P € 9 ?) offenbar {LiK[^^ + Z/2^2^^ + • • • )^ = 0 - Daher ist die Minimaldimen- 
sion des Rings (Li + />2 + • • • ) 5 K grosser als n. 

Satz 3. Wenn die Minimaldimensioneii von endlich oder abzdhlbar unendlich 


vielen Nebenringen Pi9f, L29?, • . * grosser als n sind, und je zwei von Li , L 2 , • • • 


operatoren im Ring derart dass 

lim II F„i/„ II =l.u.b. ||R/„|| 

t-*oo i? « 8? 

ist. Setzt man Pn = > so ist Pi ^ P 2 ^ • , und alle Pn gehoren zu 91. Folglich 

i,i^n 

gehort lim Pn^ M auch zu 9?, und es gilt |i M/n 1| =» l.u.b. || P/n |1 (n » 1, 2, * . . ). Daher 

n-*oo a c 9t 

ist M der Maximaloperator in 92. 
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miteinander verUiuschbar sindj so ist die Minimaldimension des Nebenrings 
(Z/i -j- 1/2 4- • • • grosser als n. 

Beweis: Setzt man 

Ln ~ Lfi -|- 1^2 ”f" • • • “h Ln—l)j 

so gilt 

LiLj = 0 (i pi j) 

^ Li 4“ -f'2 4“ • • • ~ i'l + i^2 + • • • , 

und nach dem Satz 1 ist die Minimaldimension von Ln aucli grosser als n. 
Daher folgt dieser Satz sofort aus dem Satz 3. 

Satz 4. Wenn ein Ring 9? von der Minimaldimension n ist, so gibt es zwei 
Projektionsoperatoren P und Q in 9?, derart dass PQ = 0, der Ncbenring P9t 
gleichmdssig dimensional mit den Dimension n, die Minimaldimension des 
Nebenrings QSt grosser als n ist, und P + Q mit dem Maximaloperator M von 9? 
ubereinstimmt. 

Beweis: Weim 9f glcichmfesig dimensional mit der Dimension n ist, so 
braucht man nor P = Af zu setzen. Im anderen Falle bilden alle Projektions- 
operatoren R in 9^ fiir welehe die Minimaldimension des Nebenrings /29? grosser 
als n ist, nach den Satzen 1 und 3 einen Unterring 9fi von 9t. Bezeichnet man 
den Maximaloperator von 9fi mit Q, so gehort Q zu 9{i , und die Minimaldimeri- 
sion des Nebenrings Q9i ist grosser als n, und fiir P = M — Q ist der Nebenring 
P9t oflfenbar glcichmassig dimensional mit der Dimension n. 

2. Unitarinvarianz. Es sei N ein hypermaximaler, nornuiler Operator mit 
dem Massoperator E{Z), Wenn man mit 9? den aus alien E{Z) gebildeten Ring 
bezeichnet, so kami man nach dem Satz 4 die komplexc h]bene (r in abziihlbar 
unendlich vide, messbare Punktmengen Z^ , Z\ , Z 2 , • • • derart zericgen, 
dass der Ncbenring E{Zi)dt glcichmassig dimensional mit der Dimension 
i(= 1, • • • ) i«t, und G = Z^ + Zi + Z 2 + , ZrZ, = 0 (i 9 ^ j) gilt. 

Diese Zcrlegung Z^ , Zi , Z 2 , • • • der komplexen Ebene G nennen wir das 
Spektralsystem des hypcrmaximalen, norma len Operators N, Man kann leicht 
einsehen, dass das Spektralsystem bis auf einc Nullmenge liber E{Z) eindeutig 
bestimmt ist. 

Satz 5. Dafilr, dass zwei hypermaximale normale Operatoren Ni und N 2 uniter 
dquivalent seien, d.h. dafur, dass fiir einen passenden unitdren Operator P Ni == 
U*N 2 U bestehe, ist es notwendig und hinreichend., dass die Klassen der Nullmengen 
und die Spektralsysteme von Ni und N 2 bis auf eine Nullmenge iibereinstimmen, 

Mit Ei{Z) und E 2 {Z) bezeichnen wir den Massoperator bzw. von Ni und 
N 2 . Wenn fiir einen unitaren Operator U Ni = U*N 2 U ist, so crhalt man nach 
der Eigenwertdarstellung 

f zd(Ei(Z)f,g) = [ zd(U*E 2 (Z)Uf, g) 

Jq Jo 
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fOr jedes / im Definitionsbereich von Ni und jedes g in folglich nach der 
Eindeutigkeit des Massoperators 

Ei(Z) = U*E2(Z)U. 

Daher kann man leicht einsehen, dass die Klassen der Nullmengen tiber Ei{Z) 
und EiiZ) und die Spektralsysteme von Ni und N2 bis auf eine Nullmenge 
tibereinstimmen. 

Fiir den Beweis der Hinreichendheit brauchcn wir folgendc Hilfssatze. 
Hilfssatz 1. 9i set ein Ring mit dem Maximaloperator M, Es gibt mindestem 
ein Element f in $ derarty dass filr jedes R{^ 0) in 9i stets Rf 9^ 0 isL Ein solches 
Element f nennen wir ein eigentliches Element in bezug auf 9?. 

Beweis: Da ^ separabel ist, gibt es eine Folge von Elementen /i , / 2 , • • • 
derart, dass ^ von /i , / 2 , • • • aufgespannt wird, und 1 1 /i 1 + 1 1 /2 | P + • • • kon- 
vergiert. Alle Projektionsoperatoren R in fiir wclche Rfn = 0 ist, bilden 
zusammen einen Unterring dtn von 9?. Wenn man den Maximaloperator von 
9?n mit En bezeichnet, so kann man leicht einsehen, dass 9Jn mit dem Nebenring 
En^t iibereinstimmt. Daher ist (M — En)Rfn 7^ 0 fiir jedes in 9i wenn 
(Af — En)R 9^ 0 ist. Setzt man En = E1E2 • • • , so konvergiert 

(M - E'^)f^ + (Ei - E2)f2 + {E2 - E;)/3 + . . . 

nach^einem Element /o , da 1| (£n-i - En)h\\^ g H/slT ist, und ||/i|l^ + 
II/ 2 11^ + ••• konvergiert. Dieses Element /o ist ein eigentliches Element in 
bezug auf % denn, wenn fiir einen R in /2/o = 0 gilt, dann ist zugleich 

(M - E[)Rfo = 0, {El El)Rfo = 0, {El ~ El)Rfo = 0, • • • , 
folglich muss 

{M - El)R = 0, (Jlf - E2){EI - El)R = 0, (M ~ E,){El - El)R = 0, . • . 
sein. Da 


(M - - Ei) = (M - E„)iEi • ■ . E„_i - Ei • ■ . E„-iE„) 

= = Ei.i - Ei 

ist, erhalt man 

{M - Ei)R = 0, d.h. MR = EiR 


folglich 


MR = ftlimi,’;. 

n-T^oo 


Andererseits gilt (lim Ei)fi = 0 (t = 1, 2, . . .), und /i , /j , . spannen $ 

n-*co 

auf. Daher muss lim £^1 = 0 sein, folglich R = MR = jB(lim Ei) = 0. 

n-*«o n-*oo 

Definition 7. Zwei in bezug auf 91 eigen tliche Elemente / und g heissen 
eigenUich orthgohal, wenn fiir jedes R in ^R{Rf, g) = (/, Rg) = 0 gilt. 
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Definition 8 . SR sei ein Ring mit dem Maximalopcrator M, Wenn fiir n 
eigen tliche Elemente/i ,/2 , • • • ifn{n = 1 , 2 , • . von denen je zwei zuein- 

ander eigentlich orthogonal sind, die abgeschlossene lineare Mannigfaltigkcit des 
Maximaloperators aus alien {Rfi , Rf2 , • • • y Rfn] (R c SR) aufgespannt wird, so 
heisst /i , /2 , • • • , /n ein Basensystem des Rings SR. 

Hilfssatz 2 . Wenn ein Ring SR mit dem Maximalopcrator M gleichmdssig 
dimensional mit endlichcr Dimension n isty so hesitzt SR ein Basensystemy das aus 
n eigentlichen Elementen bestehL 

Beweis: Da die Dimension von SR n ist, so gibt es zueinandcir orthogonale, 
mit SR isomorphe Nebenringe -fiCiSR, K2Ry • • • , KrM mit den Maximalopera- 
toren Xi , jFl 2 , • • • , iCn . Wenn man mit/» ein oigentliehes Element in bczug auf 
ifiSR bezeichnet, so sind je zwei der Kifi , 7^2/2 , • • • , Knfn oflenbar eigentlich 
orthogonal, und Kifi ist ein eigentliehes Element in bezug auf KSt Bezeichnet 
man mit Ki den Projektionsoperator der von alien {RKifi]{R e SR) aufgespannten, 
abgeschlossenen, linearen Mannigfaltigkcit, so ist ofFenbar M Ki + R2 + 

• • • + Xn .Wenn M — (J^i + K2 + • • • + Kn) 9 ^ 0 ist, so bildeii alle Projek- 
tionsoperatoren R in SR, fiir die [M — (Ki + K2+ • * • + Kn)]R = 0 ist, einen 
Ring mit dem Maximaloperator Ro , und es ist M — Ro 7^ 0 . Dann ist die 
Minimaldimension von {M — /i!o)SR grosser als A^, was unmoglich ist, da SR 
gleichmfeig dimensional mit der Dimension n ist. Dah(‘r ist M = Ki + K2 + 

• • • + Kn d.h. /i , /2 , • • • , fn i«t ein Basensystem von SR. 

Hilfssatz 3 . Wenn ein Ring S)J mit dem Maximaloperator M ein aus n 
Elementen bestehendes Basensystem, /i , /z , • • • » /n besitzt, so ist SR vo7i der Mini- 
maldimension n, 

Beweis: Wenn man mit 2 R die dern Projektionsoi)erator 2 R entspreehendc, 
abgeschlossene, linearci Mannigfaltigkcit bezeichnet, so gibt es einen hyper- 
maximalen, normalen Operator in 9 R, dessen Eigenring mit SR ubereinstimmt.* 
Fiir jedes /oil! SDilasstsichjedes Element in der aus alien RJ^{R e SR) aufgespann- 
ten, abgeschlossenen, linearen Mannigfaltikeit in der Form ^{N)f) darstellen, 
wo ^(N) eine Funktion von Ny und <^(N)fo sinnvoll ist.*' Da Mfi , M/2 , • • • , 
Mfn auch ein Basensystem von SR ist, so kann man annehmen, dass /i , /2 , • • • , 
fn alle zu 2 R gehoren, und wir betrachten daher nur den Raum SIR. Wenn die 


* Satz 8 in der Abhandlung: H. Nakano, Ober Ahelsche Hinge von Projektionsoperatoreny 
Proc. of the Phys.-Math. Soc. of Japan 21 (1939). 

* Vgl. M. H. Stone, Linear Transformations in Hilbert SpacCy New York (1932) . Man kann 
es auch wie folgt einsehen: Alle uber E{Z) messbare Funktioncn $(z), fur die das Integral 

I 1 4>(z) I* d II E(Z)fQ II* konvergiert, bilden nach dem Riesz-Fisherschen Satz einen Hil- 

Ja 

bertschen Raum mit dem inneren Produkt / ^i(z)4»i(z) d || E[Z)fQ ||*. Dieser Hilbertsche 
Raum ist mit der aus alien 4»(A’)/o bestehenden, linearen Mannigfaltigkcit isometrisch, da 




d II E{Z)fo II* ist. Daher bilden <t(Ar)/o eine abge- 


schlossene lineare Mannigfaltigkeit, die offenbar von alien E{Z)fo aufgespannt wird. 
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Minimaldimension von 9 i grosser als n ist, so kann man wie im obigen Beweis 
leicht einsehen, dass zueinander cigentlich orthogonale Elemente , ^2 , • • • , 
iPm, (m > n) existieren. Da 2 K von alien {/ 2 /i , jB/z , • • • , Rfn\{R « 9 ?) anfges- 
parint wird, so kann man schreiben: 

ipl = + • • • + ^In/n 

(*) {m> n) 

<Pm = ^ml/l + • • • + ^mnfn 


WO passende Funktionen von N sind, daher sind alle hypermaximal, ihr 

Eigenring ist in 9 ? enthalten, und je zwei der ^ ^ jsind mit- 

V — A, z, • • • , n / 

einander vertauschbar. Da hypermaximal ist, so gibt es flir jede positive 
Zahl p einon Projektionsoperator Rif in 9 ? derart, dass [j ^ijRlff I 1 ^ P || Riff H 
fiir jedes / in 2 )?, und lim Rif = M ist. Sctzt man R^^^ = Rlfy so gilt 

p-*oo tj 

lim R^^^ = M. Daher ist R^^^ 7^ 0 fiir eine geniigend grosse, positive Zahl p, 

P-+00 

und sind alle beschrtokt. Aus (*) erhalt man 

= ^nR'% + • • • + ^lnR'^% 

{m > n) 

= ^ynlR'% + • • • + ^ynnR^^'fn 


wobei 5*^ 0 (t = 1, 2, • • • , m) ist, da allc , <^2 , • • • , eigen tliehe 

Elemente in bezug auf 9 f sind. Daher versehwinden nicht alle Operatoren‘f>i,/?^''^ 
identisch in 9 JJ. Nun kann man wie in der Algebra beschrankte Operatoren ^1 , 
^2 , • • • , in der Form von Determinanten mit den Elementcn ^nR^^^ derart 
bestimmen, dass 

"h '^2R^^^(P2 + * • • + == 0 


ist, und nicht alle ^2R^^\ • • • , identisch in 2)? versehwinden. 

Da je zwei der , <p2 , • • • , zueinander eigentlich orthogonal sind, so kann 
man durch Eigenwertdarstellung leicht einsehen, dass je zwei der 1 

'^2R^^^*p2 , • • • 1 zueinander orthogonal sind. Daher muss 

= 0 , ^2R^%2 = 0 , . . . , = 0 

sein. Da nicht alle Operatoren ^2R^^\ • • • identisch verschwin- 

den, kann man annehmen, dass nicht identisch verschwindet. Dann 

gibt es einen Projektionsoperator Ri (?^ 0 ) in 9 t, sodass fur jedes / in 2 W aus 
Rif 5^ 0, '^iR^^^Rf 0 folgt, da auch cine Funktion von iV ist. Fiir 

dieses Ri gilt ^iR^^^Rnpi = 0, folglich Rupi = 0, was unmoglich ist, weil ipi 
ein eigentliches Element in bezug auf 9 t ist. 

Hilfssatz 4. Ein Ring 9? mit der Dimension oo hat ein Basensystem fi , 

Beweis: /i , /2 , • • • scien in ^iiberall dicht. Alle Projektionsoperatoren R in 
9 t, fiir welche Rfi = 0 ist, bilden einen Ring mit dem Maximaloperator Ri . 
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Es gibt nach clem Hilfssatz 2 ein eigentlichcs Element <pi in bezug auf dem 
Nebenring Ri gi= fi + Rm ist daiin ein eigentlichcs Element in bezug auf 5R, 
denn, da (Rfi , RR\<pi) = (RR]fiy(pi) = 0 ist, folgt aus R{fi + Rupi) = 0 fiir ein R 
in dlRfi = 0, RRiipi = 0, und weiter RRi = 72, RRi = 0, d. h. 72 = 0. 

Bczeichnet man mit Ki den Projektionsoperatv)r dor von alien {72(/i + 72i^i)} 
(72 c 9i) aufgespannten, abgeschlossenen, lincaren Mannigfaltigkeit, so ist der 
Nebenring (1 — iCi)5K mit 5R isomorph, denn, ware (1 — Ki)R — 0 fur ein 
72( 5*^ 0) in 92, so miisste die Minimaldimension des Nobenrings KiR^ft gleich 1 sein, 
da/i + 72i^i ein Basensystem von KiRiR ist, was nach dem Satz 1 unmoglich ist. 

Alle Projektioiisoperatoren 72 in 92, fiir welche 72(1 — Ki)f 2 = 0 ist, bilden 
einen Ring mit dem Maximaloperator R 2 . Es gibt nach dem Hilfssatz 2 ein 
eigentlichcs Elcment<p2 in bezug auf dem Nebenring 72292. (72 = (1 — Ki) (/2 +R 2 <P 2 ) 
ist dann ein eigentlichcs Element in bezug auf 92, das zu fi + Rupi eigentlich 
orthogonal ist. 

Bezeichnet man mit K 2 den Projektionsoperator der aus alien {72(1 — Ki)g 2 ] 
(72 € 92) aufgespannten, abgeschlossenen, linearen Mannigfaltigkeit, so kann 
man auch wie oben schlicssen, dass [1 — (Ki + 7?'2)]92 mit ^12 isomorph ist. 
Ahnlich erhalt man eine Folge von eigentliehen Elementen gi ^ g 2 , • • • , von 
denen je zwei zucinander eigentlich orthogonal sind. Bezeichnet man mit M 
den Maximaloperator von 92, so gchoren alle Mfi , M/2 , • * • , Mfn zu der von 
alien \Rgi , 72^2, ••• , 72^n}(7^€92) aufgespannten, abgeschlossenen, linearen 
Mannigfaltigkeit. Daher ist gi ^ (72 , • • • ein Basensystem des Rings 92. 


Beweis des Satzes 5 . Ni und N2 seicn zwei hypermaximale, normale 
Operatoren mit den Massoperatoren. Ei(Z) und E2{Z), Jode Nullmengc 
liber einem der Ei{Z) sei auch Nullmenge uber dem anderen, und Z^ , 
Zi , Z2 , • • • sei ein gemcinsames Spektralsystem von Ni und N2 . Wenn 
man die Eigenringe von Ni und N2 bzw. mit 92i und 922 bezeichnet, so besteht 
der Nebenring Ei(Zn)dii aus alien {Ei(Z) ( (Z C Zn), und der Nebenring E2(Zn)92n 
aus alien \E2{Z)}{Z d Zn){n = oc, 1, 2, • • • )• fn.i , /n.2 , • • • , A.n und gn,i , 
gn,2 , ' * • , gn,n scieii Basoiisystemc bzw. von £'i(Z„)92i und E2(Zn)%i (n = 
00, 1, 2, •••). Fiir beliebige beschrankte Funktioneii 



1 , 2 , 
1,2, 3, 


i ^ 




sind dann je zwei der ^t,(A’i)£'t(Z,)/,,; zucinander orthogonal. Folglich bilden 
alle cndlichen Summen aus ihnen eine lineare Mannigfaltigkeit 92i. 92i ist 

uberall dicht in da Massoperator Ei(Z) auch eine beschrankte Funktion von 
Ni ist. Die zwei Mengenfunktionen \\ Ei{Z)Ei{Zn)fn,j und \\ E 2 (Z)E 2 (Zn)gn,i 1^ 
verschwinden fiir eine Menge Z beide zugleich, wenn eine von ihnen vcrschwindet. 
Daher gibt es eine messbare Funktion ^n;(2); so dass 


I E^(Z)EiiZn)fn,i I r = f I ^ni(z) ?d\\ E2{Z)E2(Zn)gn,i I 

Jo 


(n = 00 , 1, 2, 

Vi= 1 , 2 , 3 . 


n ^ 
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ist.* Dann ist/l,,- = (j = 1, 2, • • • , n) auch ein Basensystem 

von £i(Zn)9?3 , und es gilt 

II E^(Z)E^(Z„)Ui II = II Ei(Z)E»(Zn)fnJ ||. 

Wenn man jeder beliebigen, endlichen Summe /i = 2 ^ni(Ni)Ei(Z„)fn,i die 

n,9 

entsprechende Summe /s = ^ ^ni(N 2 )Ei(Zn)f'n,i zuordnet, so ist diese Zuord- 

n,j 

nung Iftngentreu, da 

ii/iir = II i:4'»«^i(z»)/n.,-ir = z iimm)Si(z„)/„.,ii* 

n,y n,i 

= E / I M*) l*d II E,{Z)E,{Z.)U, 11* 

n,J •'Zn 

= Z / I Nil i?»(Z) J?*(Z„)/, .i I P 

n.J •'Zn 

= iiz*«i(W2(z»)/:..,-ir = ii/*ir 

n.y 

Die 2 ^n}(N 2 )E 2 (Zn)fh,i sind iiberall dicht in Daher kann man diese 

n,i 

Zuordnung zu einer unitaren Zuordnung /2 = Ufi eindentig erweitern. Fiir 
jede charakteristische Funktion A(z) einer messbaren Menge Z ist Ei(Z) = 
A(iV’i), E 2 (Z) = A(iV’ 2 ). Daher erhalt man 

UEi(Z){'E^nmEi(Z„)fn.i} = C/}ZM^i)A(Ari)^i(Z„)/„.,} 

n,j n,j 

= Z*-yWA(iV,)^i(Z„)/„.,- = ^,(Z){Z^»,(A^2)£*(Z„)/;.y} 

n.y n ,7 

= -B2(Z)C7{ Z <f«,(iVi)^i(Z„)/„,y} . 

n,7 

Folglich gilt fur jede messbare Menge Z 

Et{Z) = U*E2{Z)U, 

und hieraus kann man durch Eigenwertdarstellung leicht schliessen, dass 
Ni = U*N 2 U ist. 


Imperial University, Tokyo, Japan. 

• Radon-Nykodymscher Satz . Vgl. S, Saks, Theory of the Integral^ Warszawa (1937) , S. 36. 
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tlBER DEN BEWEIS DES STONESCHEN SATZES 


Von Hideoor6 Nakano 
(Received February 13, 1940) 

Der wohlbekannte Stonesche^ 

Satz. Ut{— 00 < t < + oo) sei eine Schar unitdrer Operator en im Hilbert- 
schen Raum Wenn stets 


U,U. = 

gilty und fur jedes f und g in ^ (Utjy g) als eine Funktion von t messbar isty so gibt 
es eine Zerlegung der Einheit -B(X), der art dass 

Ut = j*" 

wurde von J. von Neumann,^ M. H. Stone, ^ S. Bochner,* F. Ricsz^ und B. von Sz. 
Nagy® bewiesen. Unter diesen Beweisen beruht nur der von Neumannsche auf 
keinem Satz iiber Fourierschc Integrale oder Fouriersche Reihen. In dieser Ab- 
handlung soil der von Neumannsche Bewcis wesentlich vereinfacht werden — 
insbesondere wird ein besonderer Beweis dor Stetigkeit von Ut in t und die 
damit zusammenhangende Bezugnahme auf die reelle F'unktionentheorie ver- 
mieden. 

Beweis. Wie von Neumann Zeigt, kann man durch 

(1) A = f" e-^Utdt 

Jq 


einen beschrankten Operator erhaltcn. Es gilt dann weiter 


( 2 ) 

(3) 

(4) 

Ferner gilt: 

(5) 


A* ^ [ e^Utdt 
J— 00 

U.A = AU. = e’ e-‘Utdt 
AA* = A*A, A+A* = 2AA*. 

aus Af = 0 folgt / = 0. 


^ M. H. Stone, Proc. Nat. Ac. 16, February 1930. S. 173-174. 

• J. von Neumann, Annals of Math. 33, 1932. S. 567-573. 

• M. H. Stone, Annals of Math. 33, 1932. S. 643-648. 

< S. Bochner, Sitz. Preusz. Akad. 1933. 

• F. Riesz, Acta Sci. Math. Szeged, 6, 1934. 

• B. von Sz. Nagy, Math. Annalen 112, 1936. S. 291-294. 
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Denn wegen (3) folgt fiir jedes g 

Da 5 beliebig ist, gilt (f/t/, g) = 0 bis auf eine Nullmenge in t Dann kann 
man naeh Separabilitat von $ leicht beweisen, dass bis auf eine Nullmenge 
in t fur alle g gleichzeitig {Utf, g) = 0 d.h. Utf = Oy folglich ||/|| = 
WUtfW = 0 . 

Sei nun 

(6) W == -2A + 1. 

Dann folgt aus (4) W*W = WW* = 1, d.h. W ist unitar. Und wegen (5) 
folgt aus Wf = /, / = 0. Daher ist W nach J. von Neumann/ S. 91, 92 die 
Cayleysche Transformierte eines hypermaximalen Hermiteschen Operators 

H = r \dE{\)y 

J—oo 

fiir eine geeignete Zerlegung der Einheit E(X). Die ebendort durchgcfiihrten 
Rechnungen ergeben weiterhin 

(•4-00 


Im Hinblick auf (6) folgt hieraus 




X + i 




(7) 




Setzt man 


Fe= r e'‘^dE(\) 

J—oo 

fiir diese Zerlegung der Einheit E(X), so ist Vt unitar und stctig in i, und es gilt 


(8) 

V,+. = VtV. 

(9) 

II 

t 

(10) 

A* = r e‘V,dt 

J—oo 

(11) 

f-ho 

V.A - AV. = e* j 


e-‘Vtdt. 


Setzt man fiir eine positive Zahl n(> 1) E„ = E{n) — E(—n), und bezeichnet 
den Wertvorrat von En mit 2)?» , so gilt fiir jedes / in 2)?„ nach (7) 




^ J. von Neumann, Math. Annalen 102, 1929. S. 49-131. 
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Infolgedessen definiert in 9)?n 

= r (1 - i\) dE{\) 

J—n 

eine Reciproke A~^ von A , die ausscrdem beschrankt ist : Fiir alle / in ist 

1 


I ^"711 ^ 2 n 




2n 


(1), (3), (9), (11) verbindend kann man auch schreiben, dass 

AU, = e^A - e* f\~'Utdt 

Jo 

AV, = e^A - e* 

Jo 


daher 


A([/. - Vs) = -6* r e”'(i7t - Vt)dL 
Jo 


Da die abgeschlossenc lineare Mannigfaliigkcit 21Jn beide iinitare Opcratoren 
Us imd Vs reduzicrt, so gilt fur jede positive Zahl s 


( 12 ) 

folglich 


^11 ([/. - v.)f\\ g 11 A(C7. - y.)/ll g c* jf'e-‘ll {U, - VdfWdt.'^ 

Setzt man <p(s) = e“* || (f ", — F,)/||, so ist 

0 ^ g j' At) dt, 




und somit 


~ e"*"* f v’CO dt g 0. 

2ti Jo 


Daher muss nach (12) <p{8) = 0 sein, d.h. Usf = F,/ fiir jedes/ in SJfn . Fiir 
beliebiges / in ^ gilt auch UsEnf = VsEnf- Da lim En = I ist, erhalt man 

n-*oo 

Usf = Vsfi was zu beweisen war. 

Hier danke ich Herrn Prof. J. von Neumann fiir freundliche Verbcsserungen 
und Bemerkungen. 


* Wcnn (Af, ff) J Wtff ff) dt ist, so gilt 

I (A/, ff) I ^ 1 1 I tW.f, g)\dt g I J II WJ ll-ll g || dl 
Setzt man g *» Afj so erhalt man 

II A/ll S |J ||Ty</lldt 


^ lull 


1/ 


W,f\\dt 



Ahmalb of Matumatics 
VoL 43, No. 3, July, 1941 


ON THE TOPOLOGICAL STRUCTURE OF SOLVABLE GROUPS 

By Claude Chevalley 
(Received November 1, 1940) 

E. Cartan has shown that a simply connected solvable Lie group is homeo- 
morphic to some cartesian space.^ We want to investigate the structure of a 
solvable Lie group which is not necessarily simply connected. 

From a well known theorem,^ it follows that such a group may be considered 
as the factor group of a solvable simply connected group G by a discrete sub- 
group D of the center of G. Therefore what we have to do is to look for the 
possible “situation” of such a sub-group D in the group G. 

I. Notations. Generalities 

G being a Lie group, to every element L of its Lie algebra 8 there corresponds 
a one parametric sub-group <r = <T{t) of G: we have (T{ti + fe) = and L 

is the tangent vector at the unit element to the differentiable curve described 
by <r(0. Moreover, replacing L by XL, where X is a real number, does not change 

the geometric curve (r(0, but replaces the parameter < by 

X 

Extending to general Lie groups a notion which is well known for matrices, 
we shall denote by exp L the point of parameter 1 on the curve <t( 0. Therefore 
we have (exp iL) (exp VL) = exp {t + t^)L, 

If we transform the elements of the group exp Lt by a fixed element er, we 
obtain a new one-parametric group exp Vt] the mapping L L' is a linear 
mapping of the Lie algebra 8 into itself; the mapping (t — > A<r is a linear repre- 
sentation of the group G, which is called the adjoint representation. Any central 
element of G is obviously represented by the identity operation. 

Suppose that a describes itself a new one parametric group exp Mu, Then 
L' becomes a function of w, and we have L' = L + u[M, L] -f- • • • , the terms 
not written being of order > 1. 

The mapping L [Af, L], for M fixed, is a linear operation Aji# in 8; the map- 
ping Af — ► Aat is called the adjoint representation® of the Lie algebra; we have 

A[M.Af'] = Aj#'Aji# — AmAj#' . 

^ It follows at once from the lemma proved by E. Cartan on page 20 of the pamphlet 
**La topologie des groupes de Lie*^ (Exposes de geometric, Act. scient. et Indus, no. 368, 
Hermann et Cie, Paris, 1936). See also Theorem 83, p. 277 in PontrjagiUf “Topological 
groups” (Princeton University Press, 1939), Theorem 61, p. 225. 

* See Pontrjagin^ 1. c. 1), Theorem 83, p. 277. 

* Our notatioiw do not coincide entirely with the usual ones. It is the mapping 
Af — ► — Aj# which is generally called the adjoint representation. 
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Let be a closed invariant sub-group of G; it is also a Lie group, and its Lie 
algebra § is an invariant sub-algebra— or ideal— in 8 . Moreover G/H is also 
a Lie group, whose Lie algebra is the quotient algebra 8 /^. If L, L' are two 
elements of 8 , and if L is a congruent to V modulo i.e. if L' — L « ^ then the 
elements exp L, exp L' belong to the same coset of G modulo H. 

II. Solvable Groups 

A Lie algebra 8 is sobahle* when there exists a chain C C • • • C of 
ideals in 8 , beginning with = {Oj, ending with = S, such that the factor 
algebras (1 ^ f ^ r) are all abelian. Every sub-algebra or factor- 

algebra of a solvable Lie algebra is again solvable. 

The derived algebra 8 ' of a solvable Lie algebra 8 = 8 ™ of dimension n > 0 
is always different from 8 . Since 8 / 8 ' is abelian, every linear sub-space of 8 
containing 8 ' is an ideal, and we conclude that 8 has an ideal 8 n-i of dimension 
n — 1. The algebra 8 n-i is also solvable if n — 1 > 0; it has itself an ideal 
8 n -4 of dimension n — 2, and we may continue the process. Hence we have a 
chain 8 o = {0} C 8 i C 8 s C • • • C 8 n = 8 of sub-algebras of 8 , where 8 < is of 
dimension i and contained as an ideal in 8 j+i (although 8 ,- is in general not an 
ideal in 8 ). If for every i (1 ^ ^ n) we choose an element Li belonging to 8 < 

but not to 8 ,- 1 , the n elements Li , Lt , • ■ • , Ln constitute a base for 8 . 

Suppose now that 8 is the Lie algebra of a connected simply connected group 
G. Then every element in 6 can be written in one and only one way in the 
form (exp <iLi)(exp t^L^) ••• (exp <nL„), where <i,< 2 , ••• ,<n are real num- 
bers.* Let 93? be any linear sub-space of 8 . We may choose the elements 
Li , L 2 , • • • , L„ in such a way as to satisfy the following condition : if there 
exists in 8 i an element of 31? which does not belong to 8 ._i , Li shall be chosen 
in 31?. If Li^ = Ml, Li^ = M 2 , ••• , Li,. = Mr are the elements Li which 
belong to 31?, the elements Mi , M 2 , • • • , Mr obviously form a base for 31?. 

Suppose now that 31? is a sub-algebra. Let k, I be two indices such that 
1 ^ k < I ^ r; then [Af* , MJ is a linear combination of Mi , M 2 , • • • , Mr ; 
on the other hand, it is also a linear combination of L<, , L,-, , • • • , L<,_, ; 
hence it is a linear combination of Mi , M 2 , • • • , Mi-i . It follows that 
Ml, M 2 , , Ml constitute a base of a sub-algebra 31?j of 31? of dimension I, 

and that 91?i-i is contained as an ideal in 31?j : the base Mi, M 2 , • •• , Mr has 
with respect to 31? the same properties as the base Li , L 2 , • • • , Z/„ with respect 
to 8 . 

Suppose that 8 is the Lie algebra of a simply connected group G. Then the 
elements (exp UiMi)(exp 112 M 2 ) • • • (exp w,Af,) (ui , ih , - • - , Ur real) constitute 
a closed sub-set M of G, homeomorphic to the r-dimensional cartesian space. 
On the other hand, we know that there exists an abstract Lie group M' whose 
Lie algebra is 31? and that every element in M' can be written in one and only 


* Or ifUegrable in the sense of S. Lie or E. Cartan. 
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one way in the form (exp «iAfi) • • • (exp u,M^. It follows at once that M is 
a sub-group of G. 

Therefore: 7/ G is a simply connected solvable Lie group, to every sub-algebra 3JI 
of the Lie algebra of G there corresponds a closed simply connected sub-group M of 
G whose Lie algebra is 9)?. 

III. Study op a Particular Type op Solvable Group 

Let G be a simply connected solvable Lie group which has the following 
properties:' 

1) The Lie algebra ? of G, of dimension n, has an abelian ideal SI of dimension 
n — 1. 

2) There exists an element a of the center of G which does not belong to the 
connected sub-group (f of G whose Lie algebra is 81. 

We shall first prove that there exists an element L such that exp L = a. 
In fact the group G/A is an abelian connected group of dimension 1 ; hence there 
exists an element L of iVSl such that exp L = a, where a is the coset modulo (i 
which contains a. If Li is any element of 8 whose coset modulo 81 is L, we have 
exp Li = at), ri e Q. If t is any real number, exp tLi commutes with exp Li and 
with c, hence also with ij. On the other hand, Cf being abelian and connected, 
there exists one and only one element .4 « 81 such that y = exp A. In the 
adjoint representation, the operation which corresponds to exp tLi changes A 
into an element .4 j such that exp At = ij = exp A; hence j4( = A, which means 
that [ALi\ = 0; it follows that exp (Li — A) = exp Lx (exp — A) = a; we may 
take L = Lx — A. 

Consider now the group @ composed of the elements exp tL. Since exp L 
belongs to the center, the adjoint representation maps ® onto a group of linear 
operators in 8 which is compact. The operators of this group permute among 
themselves the elements of 81; since the group is compact, we have complete 
reducibility,® i.e. we can find a decomposition 81 = 8 li + 8 I 2 + • • • + 8 U of 81 
into a direct sum of linear spaces 8 ( 1 , 8 ( 2 , • • • , 81)i each one of which gives an 
irreducible representation of ®. Since @ is a one dimensional group (isomorphic 
to the additive group of real numbers), each 81* is of dimension 1 or 2 ; suppose 
that 8 ( 1 , 8 I 2 , • • • , 81t are of dimension 2 , 8 l*+i , • • • , 81 a being of dimension 1 . 

The operation A/, which corresponds to L in the adjoint representation per- 
mutes among themselves the elements of 81,- ; let X,- be one of its characteristic 
roots in 81,- . Then e* is a characteristic root of the operation which represents 
exp L = a; hence = 1, X,- = 2 m{\/—\, where n, is an integer. If n; 7 ^ 0, 
Xf is not real, and — X< is also a characteristic root of Ai in 81,' ; hence dim 8li = 2; 
if n,- = 0 on the contrary, we have dim 81,- = 1. 

' The simplest example of such a group is the simply connected covering group of the 
group of motions in the plane. 

* Cf. PorUrjagin, 1. c. 2), Theorem 23, p. 110 and I, p. 109. 
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Moreover, if « ^ ^ i of such that Ai(i4j + 

•\/— 1 Bi) = 2imi\/—i (Ai + •%/— 1 Bi), i.e. 


[Aj , L\ — — 2imiBi 
[Bi , L] = 2im,A< 

If i > k, we have 

[Ai,L] = 0. 


(n,- ^ 0). 


Hence the structure of is entirely determined when the integers n,- are known; 
the linear space 3lt+i + • • • + ?Ia Is the center of S, and 2 li + Sl 2 + • • • + 31* 
is the derived algebra of 8 . 

It is easy to build from these data a system of finite equations for the group. 
We have n variables t, Ui , r,- (1 ^ g k), Wi {k < i ^ h) which constitute a 
system of coordinates on the group; ai , ai being any two elements of the group, 
the law of composition is defined by the formulas 

t(ai , ai) = t(ai) + t(ai) v},iaiat) = exp ( — — 1 <(< 72 )) (w,{ai) + Wiiat)) 

where we have set Wi = u. • + V ~ 1 if 1 ^ g A:.’ The coordinates of a are 

( 1 , 0 ,..., 0 ). 

We can also find the explicit formulas for the coordinates of exp X, if 
X = OoL + + 23*+i a.A< : we find 


<(exp X) = oo 


if 1 ^ ^ fc 

ia,(exp X) 


((«, + V-i 

2wni\/ — 1 Oo 

^ + \/ — i hi 


if TiiOo 9 ^ 0 
if JiiOo = 0 


if i > fc 


w;t(exp X) = Ui . 


Hence, the elements X for which the equality exp X = cr holds are those of the 
form L + (ttiAi + 6*5,), and only those. 

We shall need later the following consequence of these facts: let r be any 
automorphism of the group G which leaves unchanged the element if we 
denote by Ar the linear operation® on S which corresponds to r. A, permutes among 
themselves the elements of the sub-algebra generated by L and the elements 
Ai , Bi for 1 ^ ^ ifc; if X is any element of TO such that X s L (mod 31), we 

have again exp X = <r. 


In order to simplify the writing of formulas, we are using complex valued functions Wi , 
although the group under consideration is of course a real Lie group. 

* This operation is defined just as in the case of the adjoint-representation. 
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rV. The Cbntsal Thbobbm 

We want to prove the following result: 

Theorem 1. Let G be a connected simply connected solvable group, with the 
Lie algebra 2. Let D be a discrete sub-group of the cenier of G. Then D is a 
free abelian group of a certain rank r at most equal to the dimension n of G. It 
is possible to choose a base Li , Lt , • • • , Ln of 2 which has the following properties’. 

1) Every element in G can be written in one and only one way in the 
form (exp <iLi)(exp tjJLj) ••• (exp tJLn). 

2) There exists a subset {ii , it , ■ , tV) of the set i 1, 2, • • • , n} such that the 

elements exp Lj, , exp L,-, , • • • , exp L.v constitute a base for D, and that [L<„ 
Li,] = 0(1 ^ a, |3 ^ r). 

We shall prove this theorem by induction on the dimension n of ?. Let us 
assume that it has been proved already for all dimensions < n. 

Since 8 is solvable, it has certainly an abelian ideal of dimension > 0; let 81 be 
an abelian ideal of maximal dimension; we set 8* = 8/81. Let A be the con- 
nected abelian sub-group of G whose Lie algebra is 81; A is an invariant sub- 
group, and G/A is a solvable group of dimension < n. The group DAfA is 
a sub-group of the center of G/A. 

Consider now the closure DA of the group DA. The connected component 
of the unit element « in this closure is a closed sub-group of G; according to a 
well known theorem of E. Cartan, it is a Lie group; let 81' be its Lie algebra. 
The group DA being abelian and invariant, 81' is an abelian ideal in 8 containing 
81 ; in virtue of our choice of 81, we have 81' = 81, which shows that the connected 
component of t in DA reduces to A . On the other hand, there is a neighborhood 
of t in DA which is compact; this neighborhood can meet only a finite number 
of distinct connected components of DA, from which it follows at once that 
there exists a neighborhood U of « in O such that U 0 DA C A. Any element 
of DA which belongs to the set UA already belongs to A ; hence the group DA /A 
is a discrete sub-group of G/A. It follows that we can apply our theorem to 
G/A and DA/A : we obtain a base |Li* , L* , ... ,lZ\oI 8/^ with the following 
properties: 

A) Every element of G/A can be written in one and only one way in the 
form (exp <iLi‘)(exp tiL*) • • • (exp t„LZ). 

B) There exists a subset {I'l , t* , • • • ,i,\ of the set {1, 2, ... , m} such that 
the elements exp. L*, , exp L*, , • • • , exp L*, constitute a base for the free 
discrete group DA/ A, and that [L*„ , L*,] = 0 (1 g a, d ^ s). 

For each a, we can find an element SatD such that its coset a* modulo A 
coincides with exp L,* . 

We want now to choose in a certain way elements Li,Lt, ... , Lm of 8 which 
will have to satisfy the following conditions: A) The coset of L< modulo 
81 is L? (1 g ^ m); B) we have expL<. = v*, (1 g « g «); C) we have 
[Li^ , Li,] = 0 (1 g a, /8 g s). 

Suppose that we have already chosen Li , Lt ‘ , Lh in such a way as to 
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satisfy the conditions of the type A), B), C) which concern these elements. We 
want to choose (If ft = 0, we assume simply that no choice has been made 
yet). 

If ft + 1 does not occur among the indices , ^2 , • • • , U we choose for Lk^i 
any element of 8 whose coset modulo tl is L*+i . 

Suppose now that ft + 1 = . We begin by choosing an whose coset 

modulo 21 is , and we consider the Lie algebra ^ spanned by 21 and ; 
let H be the corresponding connected subgroup of G. It Ls a closed simply con- 
nected sub-group of G, Moreover exp Lh^i lies in the coset exp La+i modulo A ; 
hence exp La+i = modulo A, which proves that c//; since 4 A, 

is a group of the kind which has been considered in §III. It follows first 
that $ contains an element La+i such that (modulo 21) and that 

exp Z/A+i = o-ft+i . Since we have [L»* , La+i] = 0 (1 g a g s), we have 
[Li^ , La+i] € 21 (1 S 7 ^ 0 * Since [L*-^ , = 0 for 1 g 7,7' ^ the elements 

(exp U\Li^) • • • (exp Ui^Li^) constitute an abelian sub-group of G, Since 21 is an 
ideal and [Li^ , La+i] c 21, they are represented in the adjoint representation by 
linear operations which permute among themselves the elements of § and 21. 
The elements exp Li^ (1 ^ 7 ^ 0 being represented by the unit operation, we 
obtain in this way a compact abelian group & of linear transformations of ^ 
into itself. 

It follows from §III that ^ can be represented in the form §1 X Sy where 
,3 is in the center of § and La+i € . Moreover the decomposition has, as we 

saw, the two further properties that: 1) if X c , X = LA+i(mod 21), we have 
exp X = exp Lh+i = 2) any automorphism of H which leaves (Ti^^^ invariant 

gives a linear operation in § which permutes among themselves the elements 
of . 

This applies in particular to the inner automorphisms of G produced by the 
elements (exp WiL,i)(exp ihLi^) ••• (exp UiLif). Hence the operations of the 
group ® permute among themselves the elements of . 

But n 21 is a linear sub-space of §1 whose dimension is exactly one less 
than the dimension of §1 . Its elements are also permuted among themselves 
by the operations of @. Since ® is compact, it is completely reducible, and we 
may conclude that there exists an element La+i e $1 with the following properties: 
1 ) La+1 s Lm (mod 21 ); 2 ) the elements of ® permute among themselves the 
multiples ^La+i of Lh-\-i . Again because ® is compact, it follows that its opera- 
tions leave La+i invariant; if we remember the definition of ®, we see that 
[Li^ , La+i] = 0 (1 ^ 7 ^ 0 - Finally, the conditions La+i t §1 , La+i ^ Lh+i 
(mod 21 ) imply exp La+i = exp La+i = . Hence the element La+i satisfies 

all our requirements. 

In this way, we shall bo able to select m elements Li , L2 , • • • , Lm satisfying 
the conditions A, B, C. 

On the other hand, the group A is isomorphic to the additive group of /?** "‘j 
and JD n A is a discrete sub-group of A , i.e. a lattice. It follows that we can 
find elements Lm+i , • • • , Ln in 21 such that every element of A can be written 
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in one and only one way in the form (exp • • • (exp tnLn) and that 

there exists a subset , • • • , tV} of the set {m + 1, • • • , n} such that the 
elements exp , • • • , exp Ltv constitute a base for /) fl A, 

It remains only to prove that the sets {Li , L 2 , • • • j Ln] and {ii , ia , • • • , ir] 
which have been selected have the properties 1), 2) of our theorem. 

Let be any element of G and be its coset modulo A, Then we can write 
a* in the form (exp t\Lt) • • • (exp ULZ)- But this product represents a coset 
modulo A which contains the element (exp <iLi)(exp • • • (exp since 

Lm belongs to the coset lZ modulo ?l. Hence we have 

(1) (T = (exp <iLi)(exp • • (exp ^ t A 

and f can be written in the form (exp • • • (exp tjjn), which proves 

that <T is equal to an element of the form (exp fiLi)(exp • • • (exp <nLn). 
Moreover , • • • , /m are uniquely determined by a* (and a fortiori by a) ; 
hence f Ls determined by a and also , • • • , tn • 

If <r 6 D, we have a* e DA /A and therefore a* can be written in the form 
(exp nii^Li^ • • • (exp mijJtX with integral , • • • , rrii ^ . Since the element 
(exp • . • (exp rrii^Lif) = belongs to D, the element f of 

formula (1) belongs to D and can be written in the form (exp • • • 

(exp nii^Li^), which proves that the elements exp L»j , exp Li^ , * • • , exp L»v 
constitute a base for D. 

We have already seen that [!/,„ , Li^] = 0 for 1 ^ a, ^ s. We shall see that, 
for a > s, Li^ necessarily belongs to the center of S. In fact, let us consider an 
arbitrary operation of the adjoint representation of G; it changes Li^ in an 
element Li^ which still belongs to 21; since (Ta = exp belongs to the center 
Ve have exp Li^ = exp . Since A is an abelian simply connected group, 
we conclude that , which proves that L,„ belongs to the center of 8. 

This completes the proof of our central theorem. 

Remark. We may assume that the set {ii , , • • • , v} is the set { 1, 2, • • • , r } . 

We again prove it by induction on n. Suppose that we have {ii , t 2 , • • • , i«l = 
{1, 2, • • • , 5 }. We have seen that , • • • , Li^ belong to the center of 8. 
It follows that any element exp Uj^i„ (a > s) belongs to the center of 6?. Hence 
the property 1 stated in the theorem will still hold if we operate a permutation 
of Li , 1/2 , • • • , Ln which brings at a-th place (a == s + 1, . • • , r), and this 
proves our assertion. 

Theorem 9. Let G* be a connected solvable Lie group. There exists a compact 
abelian subgroup T of 0* and a subset E of G*, homeomorphic to a cartesian space 
in a certain number of dimensions^ such that every element a eG* can be written in 
one and only one way in the form a = rriy r €T, n ^ E. The mapping (r^ rf) rri 
is a homeomorphism of T X E with G*. 

In fact we have G* = G/D where G is a simply connected solvable Lie group 
and D a discrete sub-group of the center of G. We can find a base 
{Li , Z /2 , • • • , Lfi) of the Lie algebra of G such that every element in G can be 
written in one and only one way in the form (exp hLi) • . • (exp tnLn), and that 
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the elements exp Li , exp L2 , • • • , exp Lr constitute a base for D. Moreover 
the group A of the elements (exp tiLi) • • • (exp trLr) is abelian. 

We have D CZ A and A/D is a. compact abelian sub-group T of G*. 

The elements (exp tiLi) • • • (exp tJLn) and (exp t[Li) • • • (exp tnLn) are con- 
gruent modulo D if and only if t[ = t\ (mod 1), . . . , ^ (mod 1), tr^i = 

tr+i f • • • ytn — tn • Lct <p be thc natural mapping of G onto G*. The set E of 
the elements of the form (exp U^iLr^i) • • • (exp tnLn) is mapped by ip in one-to-one 
continuous way onto a subset E of G*. We claim that this mapping is a- 
homeomorphism. In fact, let U be the set of the elements (exp hLi) • • • 
(exp tnLn) with | <1 | < • • • , 1 | < i; f 7 is a neighborhood of ^ in G and is 

mapped in a one-to-one continuous way by ip; but we know that ip maps any 
open subset of G onto an open subset of G*; hence ip gives a homeomorphism of 
U with a subset of G*, which proves our assertion. 

It follows that E is homeomorphic to the (n — r)-dimensional cartesian space. 
Moreover every element of G* can obviously in one and only one way be written 
in the form ti;, r € T, 17 € E. 

Since the mapping (t, 1;) ttj clearly maps open sets of T X E onto open 
sets of G*, it is a homeomorphism, and theorem 2 is completely proved. 

Since a compact abelian group is a torus-space (product of circumferences) 
we have the 

Theorem 2“. Any connected solvable Lie group is homeomorphic to the product 
of a torus space and of a cartesian space, 

Princeton University 
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ALTERNATIVE RINGS AND RELATED QUESTIONS I: EXISTENCE OF 

THE RADICAL 

By Max Zorn 
(Received July 29, 1940) 

In a previous publication (1) I have presented a theory of alternative rings 
which led up to the characterization of semisimple systems. The present paper 
is concerned with general hypercomplex^ alternative rings; its main object is to 
establish the existence of the radical. In other words it is shown that the 
properly nilpotent elements form a (two-sided) ideal. 

The first section contains the proof of several alternative identities,^ which 
are then applied (sec. 2) to the theory of the inverse element. Though a certain 
amount of duplication^ could not be avoided, the new arrangement has been 
given in detail because it is phrased almost entirely in terms of ^^associators’^ 
(a, 6, c) = (ab)c — a(bc), A new proof of the 0-lemma^ has likewise been in- 
cluded; the lemma is now obtained by inspection of an identity, and the assump- 
tion about characteristics is removed. This is of interest in connection with the 
theory of Peirce decompositions, which was derived in (1) under the (now 
unnecessary) restriction that the characteristics be different from 2. 

Thus far the theory is entirely self-contained; this is likewise achieved in the 
third section by formulating two theorems from (1) as assumptions. These 
two propositions are indeed so simple that they may very well serve as axioms. 
On this basis it is possible to treat the rings which in the associative theory have 
been called 'Vollstaendig primaer'';*^ the existence of the radical is verified in 
this important special case. 

In the last two sections use is made of the theory of idempotents and Peirce 
decompositions as developed in (1); the necessary material is very briefly re- 
viewed in sec. 4. A certain ideal N is constructed in the fifth section, which 
depends formally on an arbitrary but fixed maximal Peirce decomposition. The 
concluding section contains the proof that this ideal consists exactly of all 
properly nilpotent elements and may therefore be regarded as the radical of 
the ring. 

Notations. With one exception (the delta in the Kronecker symbol 6 a ) we 
use only italics; t, j, A, 1, m, n for indices and the like, a, 6, c, d, e, x, yik , zu for 
elements, capitals S, Sik , Nik , N, A, B for sets. 

^ See sec. 4 and also (1) p. 137. 

• I am indebted to P. Jordan for many remarks concerning such and more general 
identities. 

• See (1) p. 142. 

« See (1) pp. 129, 130. 

•See (2) p. 256 and (3) p. 85. 
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The summation sign is used in such a way that the range of the index is 
described in a parenthesis which precedes the letter 
Theorems and definitions are numbered decimally within the section and the 
number of the section is prefixed; a theorem is indicated by a parenthesis — 

( 3 . 7 . 1 ) — and a definition by a bracket — [1.1] — . A single numeral in a paren- 
thesis, like (2), refers to the bibliography. 

1 . We shall constantly have to use the abbreviation; 

(1.1) (a, b, c) = (ab)c — a(bc). 

These “associators” satisfy in every distributive ring the identity 

( 1 . 2 ) (ab, c, d) — (a, be, d) + (a, b, cd) = a{b, c, d) + (a, b, e)d 

which becomes trivial when the associators are worked out according to [1.1]. 

Let us permute the ailments cyclically such that b is the first letter, and 
add the resulting equation to (1 .2); we get 

( 1 . 3 ) {cd), c, d) + {b, c, da) + ((6c, d, a) — (a, be, d)J + [(a, 6, cd) — (6, cd, o)l 

= a(b, c, d) + (a, 6, c)d + 6(c, d, a) + (b, c, d)a. 

From now on we ask that multiplication in the distributive ring satisfy the 
alternative law, which can be expressed in different ways: 

( 1 . 4 ) A ring is called alternative and said to satisfy the alternative law of multi- 
plication if the associator (a, b, c) is ah alternating function of its arguments. 
The associator must therefore be zero if two of the arguments are equal; it takes 
on the factor —1 if two of the arguments are transposed and it remains un- 
changed if the arguments undergo a cyclic permutation: 

( 1 . 4 . 1 ) (o, a, b) = (a, b, a) = (6, a, a) = 0 , 

(a, b, c) -t- (6, a, c) = (a, b, c) + (a, c, b) = (a, b, c) + (c, 6, o) = 0, 

(a, 6, c) = (6, c, a) = (c, a, b). 

The left hand member of the equation ( 1 . 3 ) would consequently reduce to 
(ab, c, d) + (b, c, da) ; if we put b = c, most of the terms will drop out and the 
equation (ab, b, d) = 6 ( 6 , d, a) remains. Exchanging a and 6 and applying 
the alternative law we get the identity 

(1.6) (o, 6o, c) — — o(6, a, c).* 

We add this equation to 

(ab, a, c) — (a, ba, c) -h (o, 6, oc) = <1(6, a, c) -(- (a, 6, a)c 


• (1) p. 142. 
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such as to get 

(1.7) (ab, a, c) + (a, 6, ac) = 0. 

On this identity we shall base, in the following section, the theory of the inverse 
element. 

From (1.7) we pass to the next identity 

(1.8) (ab, a, c) + (bo, o, c) — (b, o^ c) = 0 
by way of adding 

(bo, o, c) — (b, o^, c) + (b, o, oc) = b(o, o, c) + (b, o, o)c = 0. 

2. The theory of Peirce decompositions, which was given in (1), rests on the 
‘‘0-lemma^^ : 

(2.1) // ob = bo ~ 0 then for every c the associator (o^, b, c) vanishes. 

Without any restriction this lemma follows by substitution from the identity 

(1.8) ; thus we are entitled to apply all results of (1) about idempotent elements 
I without reservation. This will be of importance in the concluding sections. 

For the remainder of this section we deal with the theory of the inverse and 
assume consequently the existence of a unit element. 

Once more we apply the identity (1.8), this time for ob = bo = 1 : 

(2.2) // ob = bo = 1 , then all associators of the forms (o^ b, c) and (o, b^, c) 
are zero. 

In order to extend this to associators of the type (o, b, c) we replace b by b^ 
in the formula (1.7): 

(2.3) (ob^ o, c) + (o, b^ oc) = 0. 

Since in accordance with the alternative law the equation ob = 1 implies that 
ob* = o(bb) =(ob)b - lb = b, we get from (2.2) and (2.3) the theorem: 

(2.4) If the numbers a and b satisfy the equations ab = ba = 1, then every asso- 
ciator of the form^Oj b, c) vanishes^ 

The element b (if it exists) has all properties of an inverse element for o; it is 
unique and may be used for the solution of linear equations: 

(2.5) // ob = bo = 1, then the equations ax = c and ya = c have the solutions 
X = be and y = ch; these solutions are unique. 

Indeed, the preceding theorem permits us to proceed as is customary for asso- 
ciative systems. The existence of the solutions follows from formulas like 
o(bc) = (ob)c — (o, b, c) = Ic — 0 = c, and the uniqueness is exhibited by 
similar equations like cb = (2/o)b = y{ob) + (y, o, b) = yl + 0 = i/. 

In particular, by considering the cases c = 1 and c = 0, we obtain the 
corollary:® 

(2.6) If ab = ba =1, then b is the unique solution of either one of the two equations 
ax = I or ya ^ 1; the element a is not a divisor of zero, 

’ Compare (1) p. 142, lemma 2. 

• For additional information about the inverse in alternative fields see (4). 
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This justifies the definition: 

[2.7] If there exists an element b satisfying ab = ba = 1, then it is called the 
inverse of a and denoted by a”^ 

This definition and the foregoing results permit us to state: 

(2.8) aoT^ = a~^a = 1; = «; (a, a“\ c) = 0. 

3. In order to postpone as far as possible any reference to outside material 
we introduce the following two assumptions. 

(3.1) Any two elements a, h of an alternative ring generate^ by multiplications and 
additions, an associative subring. 

That this assumption is satisfied in every alternative ring has been shown by 
Artin;® one particular consequence is that the powers a” with positive exponents 
are commutative and associative with each other. 

(3.2) An element a is either nilpotent, or else there exists a right multiple e = ab 
which is idempotent, such that e^ = e 9 ^ 0.^^ 

(3.3) Definition. An alternative ring will be called primitive if (a) it con- 
tains a unit element 1 which is different from 0; (b) the unit clement is the 
only idem potent of the ring; (c) it satisfies the two above assumptions (3.1) and 

(3.2). _ ^ ^ 

In defining next the properly nilpotent elements we deviate from the classical 
definition” by including 0. This is done because otherwise we would always 
have to say ‘‘properly nilpotent or zero.^^ 

(3.4) An element a is called properly nilpoknt if all multiples ax are nilpotent. 
By virtue of (3.1) we see that (ax)"* = 0 implies (xa)”"^^ = x(ax)"*o = 0, such 
that also the left multiples of a are nilpotent; we shall have to use this remark 
later. 

(3.5) If a multiple ax has an inverse then the element a is not nilpotent}^ 

Let a"*”^ 0 = a"*; then 0 9 ^ a"*“^ = a"*~^((ax)(ax)~^) = (a”*“^(ax))(ax)“^ = 

(a"*x)(ax)~^ shows that a"* = 0 is impossible. 

The theorems (3.6)-(3.9) describe some important properties of primitive rings. 

(3.6) If an element a of a primitive ring is not nilpotent then it has an inverse. 
Indeed there must be a multiple ab which is idempotent, by virtue of (3.2). 
This idempotent must be equal to 1 since our ring is primitive; the theorem will 
be proved if we show that 6a = 1. 

First of all we see that ba is not equal to zero; for in that case 1 = 1^ = 
(06) (a6) = a{ba)b = 0 would ensue.^^ Secondly ba is idempotent because of 
(6a)(6a) == b{ab)a == (61)a = ba; consequently we have 6a = 1 and 6 is the 
inverse of a. 

» See (1) p. 127. 

This assumption appears in (1) p. 138 as a theorem, valid in hypercomplex rings and 
incidentally based on the first and a part of the second chain condition. 

“ See (3) p. 46. 

” Compare (1) p. 142. 

This part was omitted in (1) p. 142. 
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(3.7) Every nilpotent element of a primitive ring is properly nilpoterU. 

(3.7.1) Corollary. Every element of a primitive ring is either properly niU 
potent or it hxis an inverse. 

In other words if a is nilpotent then every multiple is nilpotent. That is an 
immediate consequence of (3.5) and (3.6). For if — to conclude indirectly — one 
multiple ax were not nilpotent it would possess an inverse and (3.5) imply that a 
is not nilpotent. Using this and the remark about [3.4] we find: 

(3.7.2) If an element a of a primitive ring is properly nilpotenty every multiple 
ax and xa is properly nilpotent. 

Thus one of the two essential properties of two-sided ideals is verified for the 
set of all properly nilpotent elements. It remains to show that this set is a 
modulus (i.e. closed under addition and subtraction). This is accomplished if 
we prove the theorem: 

(3.8) If a and b are two properly nilpotent elements of a primitive ring^ then the 
the difference a — bis likewise properly nilpotent. 

An equivalent proposition would be: 

(3.8.1) If the element b of a primitive ring is properly nilpotenty and the difference 
a — b is noty then the element a is not {properly) nilpotent. 

For in that case the difference a — 6 has in inverse; let {a — h)x ^ ax — bx — 1, 
so thfft ax = I + bx. Since bx is nilpotent, with say (6x)'" = 0, the element 
1 + bx has the inverse (t = 0 • • • m) ]^ ( — 6a:)*. Thus the element a is seen to 
have a multiple with an inverse; and that precludes, according to the theorem 
(3.5), the possibility that a be nilpotent. 

If we observe finally that the set of all properly nilpotent elements is not 
empty we may enunciate the theorem: 

(3.9) The properly nilpotent elements of a primitive ring form a two-sided ideal. 
We call this ideal the radical of the primitive ring and define more generally: 

(3.10) If the properly nilpotent elements of an alternative ring form an ideal, 
then this ideal is called the radical of the ring in question. 

We note without proof: 

(3.11) The residue class ring modulo the radical {if it exists) is semisimple; 

(3.12) The residue class ring modulo the radical of a primitive ring is an alter- 
native field; 

and 

(3.12.1) If a primitive ring does not contain properly nilpotent elements different 
from zeroy or in other words if the zero ideal is the radicaly then the ring 
is an alternative field. 

We intend to establish the existence of a radical for all hypercomplex rings; 
for that reason we state as an immediate consequence of (3.2) and [3.10] the fact: 

(3.13) If a ring does not contain any idempotent elementSy it possesses a radicaly 
which coincides with the ring itself, 

4 . In order to complete our proof we shall have to use some of the definitions 
and theorems which were developed in (1). 
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[4.1.1] The set of all right multiples ax of an element a (I-modulus) is denoted 
by aS) 

[4.1.2] The solutions of cur = 0 form a ^*II-modulus^* denoted by (a\0); 

[4.1.3] The modulus generated by the products ab where a and b are respec- 
tively taken from the moduli A and B is denoted by AB. 

[4.2] An alternative ring is called hypercomplex if it satisfies the following three 
chain conditions: 

(4.2.1) every (necessarily descending) chain aVS is finite; 

(4.2.2) every ascending chain of //-moduli (a*\0) is finite; 

(4.2.3) every descending chain of //-moduli (ai\0) is finite. 

For such rings the following theorems were derived:*^ 

(4.3) There exists {at least) one finite set • • • Cn o/ idempotents with eiek = 0 
whenever i and k are different^ such that the ring S is the direct sum 

s = (i,k = 0---n)'Z Sa 

of moduli Sik , the modulus Sik consisting exactly of the elements Xa which 
satisfy 

^]^tk ” j ^ik^j ^kj^tk y 

the ^^componenf^ of x in the modulus Sa is denoted by Xa and for i 0 9 ^ k 
is given by eiXCk ; this ^^Peirce-decomposition^^ has the following properties 

(4.3.1) and (4.3.2). 

(4.3.1) The moduli Soi and Sto , for i = 0 • • • /i, consist of properly nilpotent 
elements; the modulus Sm is a subring. 

(4.3.2) The moduli Su , for z = 1 • • • n, are hypercomplex and primitive subrings; 
their respective unit elements are the idempotents ei . 

The last two properties express the fact that the decomposition is a maximal 
one. Without loss of generality^^ we assume that there are actually idempotent 
elements, and that consequently the number n is not 0. Moreover it can be 
shown by a refinement of the construction in (1) that an additional condition 
can be satisfied, to wit 

(4.4) If e is an idempotent element, then the Peirce decomposition may be chosen 
in such a way that e is a sum of elements d , or 

e = (z = 1 . . • m) e,- . 

The next theorem deals with the products of the moduli Sik . I-ike the re- 
maining statements from this section it is valid for general Peirce decom- 
positions. 

(4.6.1) SikSki C Sii , 

(4.5.2) SikSik C Ski , 

Under the restriction that a -f a »* 0 imply o =» 0; we have removed this restriction 
in the second section. 

» See (3.13) and (3.2) 
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(4.6.3) All other products SikSim are zero. 

The second of these statements is amplified by the formula: 

(4.6.1) XikVik + yikXik = 0 if i ^ k] 
this fact is going to be used in the weaker form: 

(4.6.2) If Nik is a modulus contained in Sik , and if i ^ ky then we can say that 
NikSik = SikNik . 

Concerning products of three factors only a part of the “Dreierregeln”^® is 
necessary for our purposes, which we report in the next theorem: 

(4.7.1) ^^ With the exception of products like {Xiiyii)zii every product of type 

{Xikyki)zii is associative, that is, equal to xaiyki^tu). 

(4.7.2) ** A product of type {xikyik)zik , where the indices i and k are different 

retains its value if the factors undergo a cyclic permutation. 

We name finally the rules*® about powers of the form {anx)"^ and {aikx)"^: 

(4.8.1) {aux)”" = {aiiXu)"^~\j = 0 • • • n) auXa ; 
and for i 9 ^ k 

(4.8.2) {aiaT = {aik;XkiT~\i = 0 . . . n) X) + {atkXik){aikXki)'^~\ 

If we compare, in the latter formula, the components in Sa of the two members, 
we see that 

(4.8.3) ei(aikx)'^ei = (aikXki)”^, and this holds likewise if the two indices are equal. 
The formulas (4.8) will only be used in the last section. 

6. With the aid of theorems developed in 4 and reported about in 5 we shall 
now, for a fixed but arbitrary Peirce decomposition with the properties enu- 
merated in section 4, construct an ideal which later on will turn out to be the 


See (1) p. 134. 

See (1) p. 136, last paragraph of sec. 3. 

In order to obtain the theorem (4.7.1) from (1) it is necessary to distinguish various 
cases; the following direct proof seems more satisfactory. We sec that if two of the ordered 
index pairs ij, jk^ ki are equal, then the three indices arc equal; for due to the cyclic sym- 
metry of the situation we may assume in such a case that the first two pairs are identical, 
and that would mean i = j and j = k. In those cases which are not classed as exceptions by 
the wording of the theorem we have to deal with three different pairs of indices, and we may 
consider the elements in question as components of a single element, namely, the sum 

+ Vik + Zki “ a. But tlie components of one element a with respect to a fixed Peirce 
decomposition are contained in the subring generated by a and the idempotents ei . 

A single element generates an A-ring (see (1) p. 127); and so does, by virtue of the 
0-lemma, and the A -lemma, any set of orthogonal elements. According to the generalized 
theorem of Artin two A-rings generate an associative ring, and thus the components of a 
single number are seen to be associative with each other. In particular the three numbers 
^ } Vik i a.nd Zki are associative, q.e.d. 

See in (1) on p. 136 the more general formula (23). 

See (1) p. 136. 
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radical of the ring S, This ideal N will consist exactly of the quantities whose 
components are ‘^singular” according to the following definition. 

(5.1) An element a** (of Stk) is called singular if all elements of UikSki are nil- 
potent, otherwise regular.^® 

The following statements are easily deduced from the theorems which are 
indicated thereafter. 

(5.2.1) If one of the indices i or k is zero then every element Otk is singular. See 

(4.3.1). 

(5.2.2) For equal indices the elements an constitute the radical of the ring Sn . 
See (4.3.2) and (3.13). 

(5.2.3) If Oik is singular, all elements of SkxCitk are likewise nilpotent. See the 
remark about [3.4]. 

We define: 

(5.3) The set of all singular elements in S^k shall be denoted by Nik . 

We sec that the sets Nio and Noi are identical with Sto and So* respectively 
and are therefore moduli; likewise-according to (5.2.2)— the sets Nu arc the 
radicals of Su and are therefore moduli. We maintain 

(5.4) The sets Na are moduli in any case. 

Suppose that both elements Otk and ba are singular, and consider the difference 
aik — bik . Every multiple (a,^ — bik)Xkt is the difference of two numbers, 
namely, aaXki and bikXkx , from the radical of ; «uch differences are neces- 
sarily in the radical Nn . 

The definition of the sets Nik implies that NtkSkt C N^i , and from (5.2.3) 
we infer also that S^kNkx Cl Nu . Again we make a statement which is slightly 
more general: 

(5.5) The products NtjSjk , SijNjk , NktSkt and SkxNki arc contained in the 
modulus Nik . 

For i equal to k nothing new is asserted; for the other cases it is necessary and 
sufficient to verify the following inclusion relations; 

(5.5 1) (Nr,S,k)Ski C N ^, , 

(5.5.2) {Sx,N,k)Skx C iV„ , 

(5.5.3) (NkxSkdSkx C Nn , 

(5.5.4) {SkiNkx)Ski C Nn . 

Evidently the last of these formulas is equivalent to the third, on account of 
(4.6.2). According to (4.7.2) the third relation is equivalent to (SkxSkx)Nkx Cl 
Nn f and this would follow from the second formula because we know that 
SikSik C Ski . The second inclusion in turn would be a consequence of the first. 
For a product of this type is associative,^^ therefore instead of (5.5.2) the rela- 


Compare (2) p. 267. 
« See (4,7.1). 
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tion of Sij(NjkSki) C Nu may be discussed; and if indeed NjkSu is contained 
in Nji , as is implied by the first formula in this group, then (5.5.2) must be true. 

The first formula, on which the others are thus seen to depend, follows from 
SjkSki C Sji if we remember that according to theorem (4.7.1) the product 
(NijSjk)Ski is associative. 

We define now the set N which we claim to be the radical of the ring. 

(5.6) The set of all elements whose components are singular with respect to the 
Peirce decomposition under discussion is denoted by W; in other terms 
N = ii,k ^ 0-..n)'ZNik. 

As announced in the beginning of this section, we have the theorem : 

(5.7) The set N is an ideal. 

First of all we see that by virtue of (5.4) the set W is a modulus; it remains 
to show that the products NS and SN are contained in N. In accordance with 
the rules (4.5) we have 

NS = (E NikXT, Sim) = a, j,k = 0--.n)'£ + (i k)'£ NikSa ; 

the relations (5.5) have been derived in order to make evident that the last 
member is contained in N ; the other relation SN C N is verified in the same 
fashion. 

We note that the ideal N does not contain any one of the elements Ci (these 
are regular) and is therefore different from the ring S. This would allow us to 
state another special instance of the final theorem, namely: 

(5.8) If a hypercomplex ring is simple and does not consist exclusively of niU 
potent elements, then the only properly nilpotent element is zero, A fortiori, 
the 0-ideal is the radical of the ring. 

This partial result is of value in the theory of finite alternative division algebras.^ 

6 . By means of the following lemma we show that every properly nilpotent 
element is contained in the ideal N. 

(6.1) If one component, say Xki , of an element x is not singular, then we can find 
a left multiple ax = aikX which is not nilpotent. 

Suppose that there is an element such that aikXki is equal to e* ; the existence 
of such a quantity will be shown presently. We say that aikX cannot be nil- 
potent, since the formula (4.8.3) makes it evident that the component in Sa of 
this product and any of its powers is equal to d , In order to prove that the 
element a** exists we note first that none of the indices is zero, since Xhi was 
regular. If the indices are equal, then xa has an inverse in the ring Su which 
solves the equation. If finally i and k are different, we choase first an element 
yik such that yikXki is not nilpotent; the latter product has again an inverse Zu 
in the ring Su , so that zuiyu^ki) = Ci . Since the last product is associative, 
by virtue of (4.7.1), we see that a,* = Zuy%k is the element we wanted. 


« See (6) p. 402. 
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In the other direction we prove: 

(6.2) Every element of a modulus Na is properly nilpotent. 

Indeed, according to the formulas (4.8.1) and (4.8.2) the power (aikx)"^ is a 
sum of at most two terms which contain the factor (aaa:*,)’””^* the latter quantity 
vanishes for sufficiently high exponents, and we see that every multiple of a,* 
is nilpotent. This implies in particular that the elements of the ideal N are at 
least sums of nilpotent elements, and we state less if we say : 

(6.2.1) The ideal N is contained in every ideal which contains all properly nil- 
potent elements. 

Combining this with theorem (6.1), which guarantees that every properly nil- 
potent element is necessarily a member of Ny we obtain : 

(6.2.2) The ideal N is exactly the ideal which is generated by the properly nilpotent 
elements of the ring. 

This remark makes it clear that the ideal does not depend on the particular 
Peirce decomposition which has been used in the construction. We have men- 
tioned before that the idempotents c, are not elements of the ideal, since their 
components in Su are not singular; the same holds naturally for any sum of the 
form (i = 1 • • • m) , provided that it is not zero. By virtue of (4.4) we 
may choose a Peirce decomposition for which a preassigned idempotent e turns 
out to be a sum of this type, and that implies: 

(6.3) The ideal N has no idempolerii elements. 

If an ideal does not contain any idempotents then all its elements arc nil- 
potent; for an element which is not nilpotent has an idempotent multiple; and 
an ideal contains the multiples of its elements. It is obvious, for the same 
reason, that all multiples of any element in the ideal are nilpotent. Thus we 
have finally arrived at the conclusion: 

(6.4) The ideal W, like any ideal of a hypercomplex ring without idempotents, 
consists entirely of properly nilpotent elements. 

If we combine the theorems (3.13), (6.1), (6.1) and the definitions [3.4] and [3.10] 
we may finally state the 

(6.5) Theorem. Every hypercomplex alterrmtive ring has a radical. 

Conclusion. If one is willing to restrict the class of hypercomplex rings the 
theory becomes much simpler. Mr. Artin has proved the existence of the 
radical for finite algebras of characteristic zero by extending the theory of traces.^® 
By the use of an entirely different method (developed^^ first for Lie rings) I 
have been able to establish the nilpotency of the radical for alternative systems 
which satisfy the ascending chain condition for subsystems; this takes care of 
arbitrary finite algebras and likewise of rings which have a finite number of ele- 
ments. Whether this fact is also a consequence of our three chain conditions 
I do not know. 

” Not published; see (5) p. 402. 

« See (6). 
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On the other hand it seems very probable that the three chain conditions are 
not the weakest assumptions which furnish a radical. Several intermediate re- 
sults can be established under conditions which are compatible with infinite 
Peirce decompositions; and it seems that there is a less restrictive theory where 
infinite matrices with a finite number of nonvanishing rows play a role. 

University op California at 
Los Angeles 
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By a. D. Wallace 
(Received July 17, 1940) 

1. Introduction 

The purpose of this paper is to give a system of axioms suitable for the con- 
struction of a theory of connectivity in the large and for the study of connectiv- 
ity invariants. The postulate system, which is of an essentially new type, is 
based on the notion of separation as the undefined concept. In sections 2 and 
3 we correlate our system with the usual topological concepts, in section 4 
proofs are given for the “expected^’ theorems, and sections 5 and 6 are devoted 
to some general examples. Section 7 is devoted to transformations and a 
generalization of the Eilenberg-Whyburn theorem on the factorization of con- 
tinuous transformations. 


2. Axioms and Definitions 

We envisage an abstract set of elements S together with a binary relation 
X I Y between subsets X and Y of S, By a weak separation-space (or an 
5„-space) we mean a system (S, |) in which the following axioms hold: 

Axiom S.I. The null set is separated from every set: {X C S) (0 | X)f 
Axiom S.II. Separation is symmetric: (AT | F) — > (F | X), 

Axiom S.III. Separation is disjunctive: (X | F) —> (X-F = 0). 

Axiom S.IV. Separation is hereditary: {X \ F).(Xi C X) — > (Xi | F). 

For convenience we adopt the conventions: 

(i) The symbol ‘‘X 1 F” is to be read “X is separated from F'' or ‘‘X and Y are 
separated 

(ii) In a topological space two sets X and F will be said to be ^^topologically 
separated^* if they satisfy the condition of Lennes-HausdorfT, X-Y + X • F = 0. 

Before examining particular instances of s^-spaces it will be necessary to have 
the 

(2.1) Definition. If X is a subset of an Su,-spaoe then kX is the set of all points 
no one of which is separated from X: (p € AX) = (p | X)'. By H{X) is meant 
the class of all sets Y such that Y kY ZD X^ and hX is the set of points common 
to all the sets in the class H{X). 

The topology arising from the adoption of kX (respectively hX) as the closure 
of the set X will be called the k-topohgy (respectively h-topology) of the 5«,-space. 

® Presented to the Am. Math. Soc., April 8, 1939 and April 26, 1940. 

1 We adopt the logical notation of Kuratowski [1]. Thus if A and B are propositions 
then A » J3, A B, A + B, A*B, A' are respectively A is equivalent to B, A implies B, A 
or B, A and B, and A is false. The symbol (X | F)' will be constantly used. 
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(2.2) Example. Let S be any set of elements and let “X | Y” mean that X 
and Y are disjoint. Here the system (S, |) is an Sw-space in which X = kX = 
hX so that the A-topology and the A-topology are each discrete. 

(2.3) Example. Let <S be a topological space in which closure satisfies the 
axioms K.I-K.III of (3.3), i.e., S is a Ti-space. Define "X | Y" to mean that 
X and Y are topologically separated, X^.F + X- F = 0. It is clear that the 
system (S, |) is a weak separation-space with X = kX = hX. 

(2.4) Example. In this example S is Euclidean n-space and “X | F”- is to 
mean the existence of an (n — l)-dimen8ional subspace L such that X and Y 
lie in different open half-spaces determined by L. Here we have X C hX = kX, 
and this latter set is the closed convex hull of X. In this connection see §4. 

(2.5) Theorem. In an Sy,-space we have' 

K.I„ If X C y then kX C kY. 

K.II„ X dkX, jfcO = 0. 

H.I„ If X C y then hX C hY. 

H.II„ X ChX, hO = 0. 

H.III„ hhX = hX. 

HK X (ZkX <ZhX = hkX = khX. 

Proof: (K.Iu). If x tkX then (x j X)' and hence by S.IV it follows that 
(x I y)' so that X € kY. 

(K.II„). For the first part, if x « X then (x | X)' by S.III so that x c kX. If 
X « AK) then (x | 0)' and hence (0 | x)' by S.II and this is a contradiction to S.I. 
(H.Ia,). Using the notation of (2.1) we have to show that if X C F 
then H{Y) C HiX). If R(H(Y) then X C F C = kR. From this it 
follows that R e H{X). 

(H.II„). For the first part it suflices to show that kX C hX by virtue of 
K.II„,. But if xekX it follows that (x | /?)' for any RfH{X), .so that 
X tkR = R. Thus x is contained in every element of H (X) and thus x c hX. 
For the second part, since W) = 0 we have 0 « H{Q) and hence AO = 0. 

Before continuing with the proof of (2.5) we need the 

(2.6) Definition. If X is a subset of an s„-space and X = kX then X is said 
to be k-closed. 

(2.7) Theorem. The common part of any aggregate of k-closed sets is k-closed. 
Proof: Let X be the product of the family of sets [Xa] where Xa = kXa . 

By K.Iu, we have kX C kXa — Xa so that kX C X. In consequence of K.II«, 
we have X = kX. 

Returning to the proof of (2.5) : (H.III„). We need only show that hhX C AX. 
By definition, AX is A-closed, i.e., we have khX = AX. But AX C AX = khX 
and this qualifies AX for admission to the class H(hX), and so AAX C AX. 
(HK). We have proved thus far that 

X C AX C AX = AAX. 

From the firat inclusion and H.Iu, we get AX C AAX and we know that 
AAX C AAX = AX in consequence of K.IIw and H.Iw . From this we have 
AX * AAX and thus the proof of (2.5) is complete. 
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If the operator h (or fc) is to be an analog of closure it should be additive. 
This requires that separation be additive. An ««,-space satisfying 
Axiom S.V. Separation is additive: {Xi | Y)*(X 2 \ Y) — ► ((Xi + X 2 ) | F), 
will be called a separation space or an s-space. 

Examples (2.2) and (2.3) are s-spaces while Example (2.4) is not. For if S is 
the Euclidean plane and Xi , Y and X 2 are respectively the points with co- 
ordinates (—1, 0), (0, 0) and (1, 0) it is clear that S.V does not hold. 

(2.8) Theorem. In an s-space K.I«, and H.I^ can be replaced by the stronger 
properties 

K.I k{X +Y)^kX + kY 
H.I h{X +Y) = hX + hY. 

Proof: It follows readily from K.I«, and H.I„ that we have kX + kY CZ 
k{X + Y) and AX + /iF C A(X + F). If x €k{X + Y) this means that 
(x I (X + F))' and hence by S.II it follows that ((X + F) | x)' and so by S.V 
either (X | x)' or (F | x)'. From this, using S.I, it is manifest that x € kX + AF, 
proving K.I. To prove H.I we assume that x e h{X + F) but is not a point of 
hX + hY. Then x is contained in every R in the class H{X + F) but there 
exist sets Ri and R 2 , respectively elements of H{X) and H{Y), which do not 
contain x. Now by K.I we have 

Ri 4“ R 2 = kRi 4“ kR2 = k{Ri 4" R^ 13 X 4" F 

and X is not a point of Ri + R 2 . This a contradiction since (Ri + R 2 ) € 
H{X 4- F). 


3. Topological Characterization of iS-Spaces 

We begin by stating 
Axiom S.VI. // x | X then x | kX. 

Axiom S.VII. If x and y are distinct points then x | y. 

An s-space satisfying the above two axioms will be called an sjcspace. Ex- 
amples (2.2) and (2.3) are sjt-spaces. While axioms S.VI and S.VII hold in 
Example (2.4) it is not an s^-space since it is not an s-space. The effect of these 
new postulates is shown by the 

(3.1) Theorem. In an Sk-space the conditions K.I-K.III of (3.3) hold and 
kX - AX. 

Proof: It is clear that S.VII and (2.5) imply K.II, In consequence of K.II«, 
and K.I of (2.5) and (2.8) we need only show, that kkX C AX. But this is 
immediate from S.VI. Further K.III implies kX e H{X) and so AX C AX. 
From HK of (2.5) we get equality here. 

The fact that K.I-K.III of (3.3) hold in an Sik-spaee does not imply that 
X 1 F is equivalent to X-AF 4- F«AX = 0. 

(3.2) Example. Let S be the unit interval with its usual topology and define 
*‘(X I F) s (X - F = oy\ The system (S, \) is an s^-space with X = AX = AX. 
If P and Q denote respectively the sets 0 g x < 1/2 and 1/2 < x g 1 then 
(P 1 QY but they satisfy the condition of Lennes-Hausdorff since they are top- 
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ologically separated. It is interesting to remark that S has no a-cut-points and 
indeed any subset R of S which is dense in «S is «-connected (cf. §4). 

This example indicates the need for the following 
Axiom S.VIII. If for each x eX and each y e Y we have (z | F) and (y | X) 
then (X I Y). 

An 8*-space satisf)dng S.VIII will be called an srspace. 

(3.3) Chabacterization Theorem. In an srspace we have 
K.I k(X + Y) = kX + kY. 

K.II kX = X if X is null or a point. 

K.III kkX = kX. 

R.I (xeJkX) s (a:|Z)'. 

R.II (X I y) = {X-kY + Y.kX = 0). 

Conversely, if the operator k satisfies K.I-K.III and separation is defined by 
R.II then S.I-S.VIII and R.I hoM. 

Proof: It remains only to show, in consequence of (3.1) and the definitions, 
that R.II is valid. Suppose that the left member of R.II holds. If X.fcF 5 ^ 0 
(say) then there would be a point in X not separated from Y and hence (X | Y)'. 
If the right member holds and the left does not, then by S.VIII we can find a 
point XfX such that (x | Y)'. That is, X-kY 0, a contradiction. It is 
readily seen that the converse part of the theorem is valid. 

It is to be noted that there exist spaces in which closure satisfies K.I, K.IIw 
of (2.5), and K.III and in which separation (as defined by R.II) does not lead 
to R.I. This is simply because in such a space a point need not be a closed 
set, i.e., kx x. Nevertheless we have 

(3.4) Theorem. In an s-space, for any point x and any set X 

(* I A') s (X-kx + x-kX = 0). 

Proof: The right member manifestly implies the left. Assume that the right 
member is false and first suppose that x-kX 9 ^ 0. Then by definition (a: j Z)' 
and hence the left member fails to hold. Suppose only that X-kx ^ 0. Then 
there is a p eX which is not .separated from x. Consequently we have (a: 1 p)' 
and hence x ekp C kX in virtue of K.I,t of (2.5). Again the left member fails 
to hold. 

Topological spaces of the type (3.3) were studied extensively by Kuratowski 
[11 and others and are called Ti-spaces by Alexandroff-Hopf [1]. They may be 
described in terms of closed sets by saying that (i) the null set, the space and 
each point is closed (ii) the sum of two and the common part of any number of 
closed sets is again a closed set. 

4. fS-Connected Sets 

In this section we assume that S is an s-space (Axioms S.I-S.V). Our purpose 
is to demonstrate that the “expected” theorems hold concerning “coimected” 
sets. 
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(4.1) Definition. A subset of an s-space is said to be s-connected provided that 
it is not the sum of two non-null separated sets, 

(4.2) Theorem. If X is s-connected and contained in Y + Z, Y \ Z, then 
X CZY or X dZ. 

Proof: If X intersects both Y and Z then X = X-Y + X-Z and neither 
summand is null. By S.II, S.IV, and S.V it follows that X-Y \XZ and this 
is a contradiction to the definition of s-conncctivity. 

(4.3) Theorem. If [Xa] is a class of s-connected sets no one of which is separated 
from the s-connected set X, then the set Xq = X + ^ Xa is s-connected. 

Proof: If not, then Xq = Y + Z and Y | Z, neither being null. Then using 
(4.2) we may suppose that X CZY, Since Z-X^ 5 ^ 0 for some a we have (again 
by (4.2)) that some Xa is contained in Z. By S.II, S.IV and S.V this implies 
that X I Xa , a contradiction. 

(4.4) Theorem. If X is a non-null s-connected subset of the set Y then there is 
a maximal s-connected subset Xo of Y which contains X. The set Xo is called the 
8-component of Y which contains X. 

Proof: It is readily verified that the set Xo = X + [all s-connected subsets of 
Y which are not separated from X] is an s-connected subset of Y containing X 
and is not a proper subset of any other s-connected subset of Y having these 
properties. Hence Xo is the desired set. 

(4.5) Theorem. If Y is* an s-connected subset of the s-connected set X then 

(i) // X — F = jP + Q, P I Q, then Y + P and Y + Q are s-connected; 

(ii) IfZ is an s-component of X — Y then X -- Z is s-connected. 

Proof: (i). If we assume that F + P= M + X where M | N and neither 
summand is null it follows by (4.2) that we may assume that F is contained in 
N and hence by S.III that M is a subset of P. Hence, since, 

X=(X-F) + F = P + Q + F = M+(X + Q), 

on applying S.IV and S.V it follows that Af | (X + Q), a contradiction to the 
assumption that X is s-connected. 

(ii) Assume that X — Z =Af + X where M [ X. Since F does not intersect' 
Z and F is s-connected we may assume that F is a subset of X. By (i) the set 
Af + Z is an s-connected subset of X — F and since Z is an s-component of this 
set and Af -Z = 0 we have Af = 0. 

A somewhat different form of the first part of (4.5) is as follows: 

(4.6) Theorem. If P and P-Q are s-connected and P | (P — (Q + R)) then 
P-{Q + R) is s-connected, 

(4.7) Theorem. //X + F and X^Y are s-connected and (X — F) | (F — X) 
then X and Y are s-connected. 

Proof: We have 

(X + F) - X.F = (X - F) + (F - X) and X = X-F + (X - F) 
so that we may apply (4.5). 

In (4.7) the condition (X — F) | (F — X) replaces the classical (and un- 
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necessarily restrictive) “X and Y are closed in Z + Y" which indeed is not 
applicable in an s^pace. To show the efficacy of the condition it may be 
shown, for example, that in order that a connected, locally connected metric space 
R be unicoherent it is necessary and sufficient that for any decomposition ft = P + Q 
where P and Q are connected and (P — 0) | (Q — P) (topohgicaUy) we have P-Q 
connected. 

(4.8) Theobem. If X is s-connected and X CXa CZkX then Xt is s-connected. 
Proof. The set Xt is of the form Z + ^ Za where each Za is a point of 

kX — Z. We then apply (4.3). 

(4.9) Theorem. If X is s-connected so is hX. 

Proof: From (4.8) we know that kX is s-connected. If hX = M + N 
where M \ N then, because Z is a subset of hX, we may assume that Z is con- 
tained in M. Since Af | iV it follows that M-kN = 0 = N-kM. But 

M + N = hX = khX = k{M + N) = kM + kN 

and thus M = kM 3 Z so that hX (Z M and therefore hX = M. Hence 
N = 0 and we see that hX is s-connected. 

If the set I is s-connected and contains the points a and b and no proper 
subset of I enjoys both of these properties then I is said to be irreducibly s-con- 
nected between a and b. It may be shown that \ixel,a 7 ^x^b then I — x = 
h + It where a e/i , b eh , 7i | /2 and both h a»d h are connected. This 
enables one to order the elements of I (from a to b) by defining p < q if there 
is an X c / giving the decomposition above with p eh and q e h • We state 
without proof the* 

Theorem. If I is an s-space satisfying Axiom S.VIII and I is irreducibly 
s-connected between a and b, then, if the elements of I are ordered as above, the 
Dedekind proposition holds. 


5. An Example 

Let S be a space satisfying the first three axioms of Kuratowski (i.e., closure 
satisfies K.I-K.III of (3.3)) and let G = [Z] be a family of closed sets of S. 
Throughout this section we define separation as follows: The sets X and Y are 
separated (i.e., Z | F) provided that one of them is nuU or there exists an element 
Z of G such that 

(-1-) S - Z U +V, XdU, FCF, U-V+U-?==0. 

(6.1) Theorem. The system (S, j) is an s„-space and for any subset P of S the 
sets kP and hP are closed and P Cl kP CZ hP. 

Proof: It is manifest that the {S, |) is an 8„-space. We proceed to show that 
kP is closed. To this end it suffices to prove kP is the common part of a collec- 
tion of sets H = [U + Z] satisfying (-}-). We define this collection as follows: 
For any x not in kP we know that (-1-) holds with P = Z and x — Y and we 


See Knaeter and Kuratowski [1]. 
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let H be the collection of all sets U + Z thus obtained. If we let Q be the 
product of all the sets in H then kP C Q, The reverse inclusion is easily seen 
to be valid. 

If the collection G contains only the null set then for each X in <8 the set kX 
is the sum of all the quasi-components of S which intersect X. If G contains 
all closed sets and if further S has the property that for any two topologically 
separated subsets of S the condition (-I-) holds, then the system {S, j) is an 
Srspace and X = kX = hX. Further, condition R.II of (3.3) is valid so that 
separation and topological separation are the same. Thus varying the collec- 
tion G enables us to get anything from an s„-space to the full topology of S. 

For the remainder of this section we suppose that the family G is a multiplica- 
tive ideal in the lattice of closed subsets of S, that is, if Zi and Z 2 are in G then so is 
Zi + Z 2 , and if Zo is a closed subset of an element of G then Zo € G. 

(5.2) Lemma. If for i = 1, 2, • ■ • n we have 

(-1-).- S- Zi= Ui -F Vi , Xi C Ui , Yi(ZVi, 

Ui.Vi-\- Ui.?i = 0, ZifG, 

then there is a Z (G such that (•(-) holds with X = Xi-Xi • • • -Xn and 
Y = Fi-|- F2-f- ••• -1- y„. 

Proof: Since the general case follows by induction we restrict our attention to 
the case n = 2. Let C = Ui-Ui and V = Vi + Vt , and set Z = <S — (f7 7). 

That (/•F-t-l^^-F = 0is immediate and clearly X C G and F C F. Further 
we have 

Z= {S- U)-iS - F) = [(S - Ui) -1- (S - U2)]-[S - V] 


= [{Zi + Fi) -h (Z 2 -f F2)].[;S - F,].[S - F,] 

= (Zi - V 2 ) + {Z 2 - Fi). 

Since Fi and Fj are open it follows (since G is an ideal) that Z tG. 

(5.3) Theorem. The system {S, 1 ) is an s-space. 

Proof: In virtue of (3.1) we need only prove that S.V holds. But if X | Fi 
and X I Fs then (-|-).- holds for i = 1, 2 and X = Xi = Xj . Consequently (-f) 
holds with F = Fi -t- Fj . 

The condition that G be an ideal is essential here, and even in this event it 
is possible to give examples of Peano spaces in which S.VI-S.VIII all fail to 
hold 

(5.4) Lemma. If P is closed, S is compact metric, and for each p eP we have 
p I Q, then P JQ. 

Proof. For each p eP condition (-f-) holds with X = Q and p = Y. Since 
B is compact and each F is open we can find an integer n such that (-l-)i holds 
for f = 1, 2, • • • n, and P C Fi -t- V 2 + ••’ + F„ . Thus (-I-) holds with 
X = Q and Y = P and this completes the proof. 
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(6.5) Theorem. If S is compact metric and P is s-connected then kP and hP 
are connected. 

Proof: If kP is not connected then we have kP = M + N where M and 
N are disjoint closed sets, neither of which is void. There exists a closed 
subset F such that 

<S-F = 4+B, MCI A, NCZB, A.B + A-B = 0. 

Since F-kP — 0 we have / 1 P for each / e F and thus by (5.4) we conclude that 
F 1 P. Thus (+) is valid with X = P and Y = F. Since P <Z A + Bwe may 
suppose that P-A ^ 0, and thus P.(t/ — 5) 0 in virtue of the fact that 

A’E = 0. Further since B — B <Z F dV we have U — B — .U — B, It is 

clear that the sets U — B and V + B are topologically separated being disjoint 
and open, and moreover S — Z = (JJ — B) {V B). But since P is «-con- 
nected and P- {U — B) is not null we have P Cl U — B. Further N- {V + B) 
is not null and so for some q e N d kP we have q\ P, & contradiction. The 

proof that hP is connected is as follows: By (4.9) hP is s-conneffcted and by 

(2.5) khP — hP so that bj^ what we have just shown the set hP is connected. 
The following example has many interesting features. 

(5.6) Example. Let S be the unit interval with its usual topology, let s be 
the point 0, and let G consist of all closed sub.sets of the sequence (1, 1/2, 
1/3, • • • , 1/n, ... 0). Notice that s = hs — ks but that if X is a closed subset 
which does not contain the point s then kX s while LX = «. Here the only 
k-closed (A-closed) sets are the null set, the point s and S. 

While the systems studied in this section have long been known in topology, 
going back to Poincar4 (cf. Menger [1, 2], Moore [1]), I am not aware that any 
effort has been made to introduce a topology of separation, or to superimpose a 
topology of any sort on the system. The following proposition has a certain 
intrinsic interest. 

(5.7) Theorem. The relationship of “not being separated" is a continuous 
function on the space of all closed sets of S in the sense that if Xn—*X and Y„ —* Y, 
then (Xn I Yn)' implies (X | F)', S being assumed compact and metric. 

6. A Dynamical Example 

In the present section we borrow the terminology of dynamics (cf. Hedlund 
[1]). Roughly speaking two sets will be “separated” if they are not “joined” by 
a motion. More exactly we consider a metric space S and a family T = (<] of 
subsets of S (not necessarily closed). Further we suppose that through each 
point of (S there passes at least one motion (= element of T). A subset P of 
S will be invariant provided that P = ^t, t-P 9 ^ 0. 

(6.1) Definition. The subsets X and Y of S toill be separated (i.e., X \ Y) 
provided that 

(i) No element of T intersects both ft and Y. 

(ii) No element of T intersects both X and ?. 

If the elements of T are points of S then separation and topological separation 
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are equivalent and the &-topology and topology of S agree. It may be seen that 
the following is valid. 

(6.2) Theorem. The system (S, |) is an s-space in which Axiom S.VIII holds. 
For any svbset X of S we have 

kX = 9^ 0 . 

In order that a set be k-closed it is necessary and sufficient that it be closed and 
invariant. The set hX is the smallest closed and invariant set containing X. 

In general a set hx (x e S) will not be a minimal set (in the sense that it may 
contain a proper fc-closed subset). It is readily seen that if the motions are 
connected sets then if P is ^-connected sets kP and hP are also 5 -^onnected 
and connected. 

7. Transformations and the Eilenberg-Whybtim Theorem 

If A and B are s-spaces then the single-valued transformation T(A) = B 
will be called s-continuous provided that 

(X I 7) s (T-^X) I T-\Y)) 

for each pair of subsets X, 7 of B. 

This definition is justified by the 

(7.1) Theorem. If A and B are compact metric spaces and separation'^ is 
interpreted to mean ^^topological separation" then T{A) = B is continuous if and 
only if it is s-continuous. 

Proof: If T is continuous it is readily seen that it is s-continuous. If T is 
not continuous we can find a sequence Xn x in A such that T{Xn) converges 
to a point y 9^ T(x). It follows that we may suppose that the sets T(z) and 
T{xi) + T{x 2 ) + • • • are separated. Hence the sets x and xi + X 2 + • • • will 
be separated in contradiction to the assumption that x is an accumulation point 
of the set + a :2 + • • • . 

The following proposition (while not immediately relevant to our purpose) 
has considerable intrinsic interest. 

(7.2) Theorem. If T{A) = B is continuous where A and B are compact metric 
then the following properties are equivalent {^'separation" meaning "topological 
separation"): 

(i) The image of an open set is open. 

(ii) If X cz A and Y (ZB then {X \ 'r\Y)) = (TiX) \ Y). 

Proof: Note first that (under our convention above) a set V is open if and 
only if p I (5 — F) for each p « F. Hence if T satisfies (ii) it is to be shown 
that if U is open thcn y « T{U) implies y\{B — T{U)). Now if a: e T~^(y)-U 
then X and A — U &re separated and hence the sets x and A — T~^T{U) = 
r“‘(J5 — T{U)) are separated (in virtue of S.IV). It then follows by (ii) that 
y\{B — T(U)). We suppose now that T satisfies (i). To prove the leftward 
implication of (ii) we see that 

(Z|r-‘(F))' 


ir^TiX) I T-\Y)y {T{X) I Yy 
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by S.IV and (7.1). To prove the rightward implication we note that if (ii) 
holds then r"‘(P) = 2^‘(P) for each P C B, and T{Q) = for each Q<ZA. 
Hence 

{X I 'r\Y)) (X.T-\Y) + X.T-\?) = 0) 

-> (TO- + T{x)-? ^0)-* (TO I y)’ 

We suppose from now on that A is an s-space and T{A) = B is single-valued 
and varying hypotheses will be placed on T and B. 

(7.3) If B is any abstract set of elements and we define for each pair X, Y in B 

(X I F) = (T\X) I T-\Y) 

then the system {B, |) is an s-space and T is s-continuous 
Proof: To validate the second statement it remains only to prove the first. 
Since S.I-S.III are immediate we have to show that S.IV and S.V hold. But 
these are immediate in virtue of the identities (P C Q) = (T~^IP) C T~^{Q)) 
and 7^*(P + Q) = T“*(P) + T~^(Q), and the axioms. 

(7.4) Theorem. If A’ and B are s-spaces, Ti{A) = A' and Ti{A') = B are 
singled-valued, and T = TjTi and Ti are s-continuous, then Tj is s-contimmis. 

Proof: If X and Y are subsets of B and X \ Y, then we have T~^{X) | T~’^(Y). 
But T\X) = 7T'7T\X) and p-^Y) = T^^Tf\Y) so that since T, is s-con- 
tinuous we have 7T\X) | 7V’(F). The reverse implication follows similarly 
so that Ti is s-continuous. 

(7.5) Theorem. If T{A) = B is s-continuous {B an s-space) and T~*(fe) is 
8-connected for each b tB, then T~^(Bo) is s-connected for each s-conneded subset 
Bo of B. 

Proof: Suppose that T~^iBo) — P + Q where P | Q and neither summand 
is void. Then for any b e Bo we have T~^(b) contained in either P or Q. Thus 
P = P"V(P) and Q = T-^TiQ) so that we get TiP) | T(Q). Since Bo = 
T(P) •+• T(Q) it follows that Bo is not s-connected, a contradiction. 

The following is a generalization of a theorem due to Eilenberg [1] and Why- 
burn [1]. It is to be noted that no use is made of upper semi-continuous de- 
compositions in the proof of the theorem. 

(7.6) Theorem. If A and B are s-spaces and T(A) = B is s-continuous then 
there exists an s-space A‘ and s-continuous transformation Ti{A) = A' and 
Tt{A') — B such that T = TtTi where 

(i) for each a' t A* the set TT^(a') is connected and 

(ii) for each b sB the set 7T^(6) contains no s-connected set containing more than 
one point. 

Proof: Let A' — [o'] be the class consisting of all s-components of all sets 
T~^(b), b tB. For each a eA let T'i(o) = o' be the s-component of T~^T(a) 
which contains o. For X', Y' C A' define X' | Y' to mean that 7T*(X0 | 
T[^(X'). Then by (7.3) Ti is s-continuous and A' is an s-space. By (7.4) 
Ti » TiT~^ is s-continuous. If X' is an s-connected subset of Ts*(6), b tB, 
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then by (7.5) we know that TT^(X') is ^-connected and is contained in 
TT^T7\b) = Thus 77^(^0 is in a single component of 'T'^ib) and thus 

X' is a single point of A\ 

The University op Virginia. 
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Introduction 

The original purpose of this paper was to apply tensor methods to a study of 
the invariant theory of homogeneous contact transformations. L. P. Eisen- 
hart and M. S. Knebelman (1) have shown how a vector A of 2q components in 
the phase space of 2q coordinates a:* and Pi may be decomposed into two geo- 
metric objects X and of ^ components each. The transformation laws of X 
and M were such that whereas the new components X of one set were linear 
combinations of the corresponding old components X, the new components ji 
were linearly dependent on both sets X and /x. Because of this transformation 
behavior the decomposition just cited will be described as partial. In this paper 
we shall arrive at a complete decomposition in the sense that the X\s will be 
defined in terms of the X^s only and the in terms of the The underlying 
formalism of the Eisenhart-Knebelman paper has been employed here and the 
decomposition at which we arrive agrees, when restricted to extended point 
transformations, with their similarly restricted decomposition. 

Our decomposition has been accomplished by introducing the notion of two 
families of complementary subspaces of the phase space and of projection tensors 
in these subspaces. Since the method is independent of any implication of a 
contact transformation on the coordinates it will first be developed in its full 
generality and the decomposition under the contact group will be presented as a 
special application of the general theory. As additional applications we shall 
give two decompositions of tensors under the complex group, one being real and 
the other complex. In section 16 the doubly homogeneous contact group of 
Schouten (2) is derived independently and a complete decomposition for this 
group in terms of an affine connection is given. 


1. The Underlying Systems op Differential Equations 
Two systems of partial diflFerential equations of the solved type 

(1.1) Xaf = L \ d^f = dj + LUx ^) drf = 0 

(1.2) Xif = L^i a,/ = a</ ■+ L %( x ^) d,f = 0 


for which 1 L^a I = 





have the ranges (a) = (1, • • • , 
will be called complementary. 


df 

9 ^ 0 and a^/ = and wherein the indices 
9)» (t) = (« + 1, • • • , X), and (4) = (1, . . . , JV) 



TENSOR DECOMPOSITION 


Associated with the systems Xif = 0 and Xaf = 0 are their dual PfaflSan sys- 
tems P“ = dx^ = dx^ - L% dx = 0 and P' = N\ dx^ = dx' - L\ dx^ = 0 

h\ -LM' 


with the matrix 11 X u 11 = 






. From these definitions, if /(x) 


is a solution of = 0 its differential d/ = d«/(da:® — L“r will vanish for 
any increment dx"* satisfying P“ = 0. Conversely, if /(x) is an integral of 
P“ = 0 then d/ = (d</ + dx* must vanish identically in dx* and/(x) is a 

solution of X»/ = 0. 

We shall confine our attention to (1.1) in making a few general remarks. 
Assuming for the moment complete integrability, there exist N — q principal 
solutions (3) ip*{x^) satisfying the initial conditions (p'{xo , x^ = x* within a 
suitably small neighborhood of a point (xo^) for which La{x^) are regular and 
the most general system of solutions is given by any N — q independent func- 
tions l^he principal solutions. Since djtp* == 6'j it follows that the 
determinant \ djf \ does not vanish identically. A general system of solutions 
fix) determines an oo^""^ family of g-dimensional subspaces aS®(c‘) as defined by 
the equations fix) = c\ A parametric representation may be obtained by 
solving these equations to give x* = ^^x'^y the complete parametric system 
for S^ic') being 


(1.3) x« = X* x'* - ^‘*(x^ cO. 

Now the functions F* = x* — cO when equated to zero represent the same 
family of subspaces >S^(c*) as defined by fix) = c* and hence must satisfy the 
system (1.1) for all values of x^ lying in S®(c’), that is, 

(1.4) c*)). 


Suppose S^ic) to be parameterized in a general manner by the equations 

d^Q 

x"* = x'*(w“). Then the q invariants \a = Ay - - are the scalar products of Ax 

du^ 

dx^ 

with the q tangent vectors — of <S®(c*). Under parameter transformations the 

dw® 

X's constitute a g-component vector of iS*(c’) which will be called the projection 
of A A on S®(c’). A distinguishing feature of the parameterization (1.3) may be 
emphasized by writing it in the form 


(1.5) x" = X = O 

and transforming the x's by x^ = f^ix) so that x“ — fi^?^ ^'(x^ , cO). If we 
insist on invariance of form for the first set of (1.5), namely x“ = ii“, it may 
be seen that a transformation x^ — ► x^ induces the parameter transformation 
u u given by u“ = fiu^, The condition for non-singularity is 

7 ^ 0. Reverting to our first notation x“ = m® and 




dvfi 



dr 

du^ du^ 


applying (1.4) this condition on the transformation x -> x 
I Xfif^ 1 = 1 dfff •+“ I 5-^ 0 for points (x"*) of S®(c*). 


takes the form 
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It has just been shown how every coordinate transformation satis- 

fying I Xfff I 9 ^ 0 induces an isomorphic non-singular parameter transformation 

u® Thus the coordinate scalars Xa = ^ transform as parameter 

vectors under a coordinate transformation x—^x and because of the covariantive 
parameterization a:“ = u“ these parameter vectors will have the semblance of 
g-component coordinate vectors. The components X*, are \a(x^) == A# + 
where the x’s are confined to a subspace S^ic). But since any point (x^) is a 
point of some such subspace, the quantities \a constitute a g-component factor 
field of the -Y-component vector field Aa • Analogous conclusions may be drawn 
from the complementary system (1.2) leading to the complete decomposition 
Xa = AgL^a = Aa + ArUa and X, = AgL®, = A* + ApL\ of Aa into a q and 
N — q component factor field respectively. The restriction \ Xjf \ = 

I dif + L^jdpf I 5>^ 0 on the coordinate transformation x^ = f^{x) analogous 
to I X^f I 0 is encountered. To determine the transformation character of 
the factor fields we shall investigate the behavior of the basic systems of partial 
differential equations under a change of coordinates. 


2. The Transformation Character op the Basic Systems 

Let the most general coordinate transformation x xhe sought which will 
preserve the solved form of the basic systems. That is, we stipulate the general 
laws 


( 2 . 1 ) 


XJ = TfXrf 



wherein 1 Tj" | ^ 0 and j T/ | 7 ^ 0 so that X^ = 0 will imply Xgf = 
Sfif + TjfiSrf = 0 etc. If both sides of these equations be written as linear 
forms in 5^/ and dx*^ and the coefficients be identified there will result 


( 2 . 2 ) 

(2.3) 


= XffX* 

TfXX = 


L%Xix' = X,<e“ 

T{Xa* = 

L',-Xpa:“ = -5,x“ + 


The first line of (2.3) reduces to the inverse of the corresponding line in (2.2) 
when one applies the second line of (2.3). We impose the restrictions 

(R«.4) 

identical with those of the preceding section on the transformations x* = i^{x) 
80 that Z'g and L“,- will be determined uniquely by (2.2). The second set of 
(2.3) may be regarded as identities which obviously hold for the identical trans- 
formation = X*. Transformations x i satisfying (R^.i) will be called 
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admissible and henceforth only such transformations will be considered. Equa- 
tions (2.2) are adequate to establish the chain formulas of differentiation 

(2.5) Xix' = X^*XjX^ 
giving the conjugate relationships 

(2.6) = X^'^X^ «*,- = XrX'Xj^ 

for the transformation x* = x^. Comparison with the second line of (2.2) 
gives Tj* = Xffx“ and T;' = Xjx' and from (2.5) the transitivity of the trans- 
formations L —* Ti follows readily. The transformation equations (2.1) of the 
basic systems are thus 

= X4X^ XJ = XrfXix' 

^ ^ p“ = P':?px“ p‘ = rXrx\ 

3. The Group S ^ 2* of Admissible Transformations 

Although the transformations x —* x have been defined as changes of coordi- 
nates, it will be convenient in this section to regard them as point transforma- 
tions in order to facilitate the description of the transitive properties of certain 
objects transforming under them. We shall now establish the group properties 
of the transformations of the set 2: f"* = (r'*(x) characterized by | X^i" j ^ 0. 
We first observe that the identical transformation i*’ = x'* is in 2. Secondly, 
if w'e first transform from the point (x) to the point (f ) by a transformation of 2, 
thereby determinmg at (x) a unique set of functions L'g{x), and then transform 
to a third point (x) by any transformation x* = s*^{x) of a set which we shall 
call 2, where the elements of 2 are characterized by the property that 
1 X(jx“ 1 0, it is always possible to transform directly from (x) to (x) by an 

element of 2, that is, by a transformation x* — x*{x) for which | X^" 1 ^ 0; 
for it is merely necessary to form the determinant of both sides of ^2.5) and 
observe that [ X^x" | is the product of the two non-zero determinants | X^x" | 
and I Xfix" 1 and so must be likewise non-zero itself. It remains to show that 
if X X is an element of 2 the inverse transformation x <— x is an element of 2, 
that is, we must prove that if ] X^x” ] 0 then | X^x® ] 0. But this follows 

immediately from (2.6), 1 = 1 M X^x" j. Since it has now been proved 
that the most general transformation x -+ x with which we shall be concerned 
is compounded from an inverse transformation of the set 2 followed by a direct 
transformation of 2 we have the 

Theorem 3.1: Corresponding to any choice of the functions L‘^(x) in some arbi- 
trary but definite coordinate system x, the subset ^ of the general group G of analytic 
tran^ormations x^ = £^(x) for which | Xjjx“ | ^ 0 when taken in conjunction with 
all the inverse transformations of 2 constitutes a subgroup of G. 

An analogous theorem holds for the subset 2'" of G for which j X,x' [ 9 ^ 0. 
It follows that the transformations of the intersection set 2 2* likewise form 

a subgroup of G. 
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4. Factorization of Any Tensor 

The invariance of the independence condition \L^b\ 5^ 0 will now be estab- 
lished by proving that after an admissible transformation x & characterized 

by 1 I 7^ 0 and | ^bX^ | = 9^ 0 the new determinant | b | will 

be likewise non-vanishing. The transformation laws (2.7) for the double 
system = 0 become L^b^qS = and the conditions that these 

hold for arbitrary/ are L^ndqX^ = L^qAbX^. On forming the determinant of 
both sides it is apparent that | L^b | 0 is a consequence of | L^b | 0, I I 

7 ^ 0 and 1 | 0 as was to be proved. 

We shall call the matrix || L"*/, |1 the /actor /ra?yi€ of a name suggested by 

the definitions = AqL^vi of the factor components \a and X» corresponding 
to . Thus the left members XbJ o{ our underlying equations are factor 
components of the gradient d^/. In a new coordinate system the factor 
components of an arbitrary vector Kb are defined by \b = AqL^b . For the 
case Aa = Sa/ we know from (2.7) that \b = Xq^bX^- To verify that these 
hold for an arbitrary vector Aa we rewrite them as {L^qAbX^ — L^b^qX^)^a = 0 
and note that the coefficients of Aa vanish as a consequence of the definitions of 
and of the transformation laws (2.2) of the L^s. 

Up to this point we have considered only a factorization for a covariant vector 
Aa with factor components Xa = AqL^a transforming according to the laws 
Xa = XpXaX^ and X| = \rXix\ Because of the condition \L^ b\ 0 there exists 
a matrix || M^b || conjugate to || L'^b || satisfying M^qL^b == ^^b . As a basis 
for defining the factor components X"* of a contravariant vector A'^ we shall 
insist that X^Xg = A^Ag hold for A"* and Aa arbitrary. This leads to the defini- 
tions X"* = From the four sets of relations 

M% + M\Ufi = = 0 

M'i + MU"/ = + M \ L % = 0 

resulting from a = a these frame components are 

(4.2) X“ = X*' = - L%A0 

where the coeflScients and Af’, are defined by the conjugate relations 

(4.3) M“p(6'’^ - L % Uf ,) = M^(6^• - L ^ U ,) = fi*’,- . 

It will now be shown how a factorization of an arbitrary covariant vector 
will induce a corresponding factorization for an arbitrary contravariant vector. 
For if we define factor components X'* of A"‘ in two coordinate systems x and 
X by X'* = M'^qA® and X'* = the two sides of A'‘Aa = A’*Aq will be equal 

respectively to the two sides of X^'X.i = , or X“X« + X’X< = X'’(X«Xpl“) + 

X''(X,X,J‘) by virtue of our definitions of X^ and Xa . By insisting that these 
be identities in Xa we obtain the desired laws X“ = X'’Xpx“ and X* = X'X^^ 
It involves but a slight extension of thus demonstration to define factor com- 
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ponents X'*/! of a simple mixed tensor A^b by \^b = M^qA'^bL'^b and observe 
that they will transform by X"^ = X*, = \\XrX*^jx‘, X“, = 

X'‘,X fi°‘X ,x' and X’u = pC ,3^' X^x". The generalization to tensors of arbitrary 
covariant and contravariant rank is obvious. 

Let us now return to equations (4.3). Defining <“3 and by <“3 = 6“3 — 
L“rL'fi and <*, = S',- — L'^V j the equations (4.3) arc = {“3 and M'/j — 

6 'j . Their form suggests that 1 “$ , t' j , , and M'j are factor tensors and such 

is in fact the case. To establish the tensor character of <“3 it is sufficient to ob- 
serve that {L“rL'i,)X 0 x'' = {L" ,L‘ fi)X fX“ follows from (2.2) and (2.3). By use 
of the <’s the transformation laws (2.2) of the L’s may be written in the form 

(4.4) = UpCrx' -h t%d^' L\Xi£^ = + t'idrX". 

It is now apparent that corresponding to any contravariant vector there are 
the two sets of factor vectors 

X*“ = A“ - L^rA' X*‘ = A’ - L’pA' 

X" = ilf“pX*" X‘ = M%\*\ 


These two sets are identical when and only when the tensors Z/“rL 3 and 
vanish. 

Referring to the definitions in section 1 of the coeflScients N‘*b of the funda- 


mental Pfaffians, it may be seen that || N*qL 


«.ll = 


ahd therefore 


<“3 0 

0 6!| 

I N*q I • 1 I = 1 <“3 1 • I t'i |. But since | N^b \ = \ L^b |, as may be seen by 
multiplying the last N — q columns (index j) and the last N — q rows (index i) 
of I N*b 1 by —1, we have | L*b f = !•! t'l \ and in new coordinates x, 


TA I* 




Because the t’s are simple mixed factor tensors, | <“3 | = 

I <“3 1 and 1 t'i I = 1 t'j I, and hence | L*b I'’ = | L^b f. From continuity con- 
siderations under an infinitesimal transformation we finally have \ L*b' 

1 L'** |. Hence from L^adoX* = L^qAbX^ there follows the relation 

\Xfi“\-\Xi£'\. 


BbX^ 


5 . Covariant Differentiation and 'the Commutator Symbols 

We now assume the existence in S" of an affine connection L* bc.{x) in terms 
of wliich we define the covariant derivatives of arbitrary vectors by Ac.n = 
daAc — AqL^bc and A*,b = duA'* -1- A^L^bq . Similarly for the factor com- 
ponents of these vectors we define factor covariant derivatives by Xc.b = 
XbX (7 — Xjf^Bc and A,b = XbA -1- \^1*bq , where the Vs are functions to be 
called factor components of connection, undetermined as yet, such that these 
latter quantities \c,b and X'‘,s will be factor components of the former tensors 
Ac,» and A^,b respectively; Xc.b = Ag.,^*cL‘*B and 'A.bL^q = A^,qL*‘b . 
These conditions determine 


I^bcL^q c "I" b^qL^ c 


( 6 . 1 ) 
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as the relations that must exist between I* bc and L^bc • In a new coordinate- 
system i we have components of affine connection given by Z^BcSax^ *= 
L^qbSbx'^Scx’‘ + BbcX^ and these induce the transformation law 

(5.2) l^BC^t^ ” f qb^bX^^cX *1“ Xb^cX 
according to which 

+ Xf^yX" VjyX^" = l"„^iX'SyX' + 

(5.3) 

= VrSiX'XtX’ + I'fk^rX' = l\.^fX^Sa‘ + ^02kX' 

while Vffy , l^ik , I'iy and IV transform as factor tensors. 

The skew-symmetric portion Q^bc of the affine connection L^bc = T^bc + 
Q^bc is a tensor with factor components which may be computed from (5.1)^ 

(5.4) hiL\B - L\^)L\L\ = \{l\c - 1\b)L\ - hl\c 

where /'*«<? = — L'^cdgL^B so that I^y = 7‘,* = 0. The commutator 

(XbXc)/ is then (XbXc)/ = /Vc^o/ = M*<il\cL\dBf = X^bcXa/ where 
\^Bc = M*qI*‘bc- The quantities X'^bc will be called commutator symbols for 
the operator and in terms of them we have by (5.4), Q^qbL^bL^c — il(^***cr — 
Z^cb) — X^iic]7<'*o , and hence the factor components u * bc of Q* bc are 

(5.5) ^ W^BC — — 1*cb) — X Bc]. 

6. Intbgrability Conditions and Normal Coordinates 

The system Xgf = 0 will be completely integrable if and only if the com- 
mutators (XffXy)f = VfiyX^ -t- \'fiyXrf are linear combinations of Xgf. Hence 
XV = M'rTfiy = 0 are the conditions for integrability. Because of the tensor 
character of M'j and the circumstance that | M', | 0 we may write /V “ II 

in place of XV = 0 and for this reason we shall call I'sy an integrability tensor. 
When I'sy — 0 there then exist N — q independent solutions f(x) which repre- 
sent 00 ^“* subspaces /S*(c') of q dimensions when equated to arbitrary con- 
stants c’. 

Let us now consider the more general non-holonomic case wherein /V ^ 0 
and therefore X^f — 0 are not completely integrable. In this instance it be- 
comes more convenient to discuss the Pfaffian system dx* — L\ dx" = 0 cor- 
responding to X(if = 0 rather than these latter equations themselves. These 
equations determine an elemental g-spread of directions dx^ at points of and 
in the holonomic case the totality of these elemental g-spreads envelops the 
eo^"® subspaces /S*(c‘). For the sake of generality this non-holonomic view- 
point will be retained henceforth and the holonomic theory will become the 
special case characterized by /V = 0- Similar remarks apply to the Pfaffian 
system d*“ — L“rdx' = 0 corresponding to the complementary equations 
Xif = 0 whose integrability conditions are /",i = 0. 

The question naturally arises as to what conditions may serve to assure the 
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existence of an admissible coordinate system y* for which one set of the L’s, 
say L“i(y), vanishes. This is answered by the following 
Theorem 6.1: The factor tensor conditions 

(6.1) = 0 

( 6 . 2 ) L“rL% = 0 

are necessary and sufficient for the existence of an admissible coordinate transforma- 
tion from general coordinates to normal coordinates y^ for which L“j(y) = 0. 

Proof: Since and L‘‘Mf are factor tensors, if there is to exist a coordinate 
system y for which L“,(2/) = 0 it is certain that the conditions of the theorem 
must necessarily hold. To show their sufficiency we have in virtue of (6.1) 
that the system X^y = d/y + L^jdpy = 0 admits q independent principal .‘solu- 
tions y“(x) satisfying the initial conditions y“{xf , xj) = x“. Let y'{x) be any 
N — q functions independent of y“ for which j X,y' \ 0. We assert that 

y* — y^(x) constitutes a non-singular transformation to coordinates y for 
which L“ j{y) = 0. From the tran.sformation law VrXtX = X,i“ it follows 
on identifying x* with y"* that L“j(y) — 0. Furthermore the transformation 
X — » y is admissible, for | X^y* | = | L'^,y | has the initial value | 8 % — 

L“Mii !**_** = 1 5“/) I by (6.2). Finally from j day* | = 1 X/jy“ l-l X,y* 1 we see 
that I day* I 0 so that the transformation x — > y is non-singular. A similar 
proof holds for the complementary 

Theorem 6.2: The conditions = X^L'y — XyL'g — 0 and = 0 

are necessary and sufficient for the existence of coordinates y'* for which L'f(y) = 0. 

7. An Affine Connection for S ” 

By means of the equations (5.1) the factor components 1 '*bc of connection are 
uniquely determined by the components L* a c and conversely these latter com- 
ponents are uniquely determined by a choice of i'*Bc • In this section we shall 
adopt this converse viewpoint and shall define the factor components Z'*bc in 
the simplest way at our disposal. W'e first recall from section 5 that four sets 
of the connection components l*^ a c are factor tensors. We now restrict these 
to be zero 

(Rt.i) I'P-, = 0 T/i = 0 l^iy = 0 IV = 0. 

From «'*flc = - ^‘‘cfl) - X‘*Bc] as given by (5.5) it follows as a result 

of (Rt.i) that the quantities = W’' ii ~ X“,t) and «V = i(^W ~ X ^t) are 
factor tensors. We therefore make the additional restrictions 

(Rt.j) ^ ~ X Iffk — hfik 

which leave us with but two undefined sets of components l^gy and r,i . Thus 
an entire affine connection for is determined by (Rt.i), (Rt.*) and definitions 
of l“ 0 y and Vjk • 
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The restrictions just imposed on the factor components of affine connection’ 
simplify the formulas of covariant differentiation as follows: 


= Xfiky — 




(7.3) 


^y,3 X j\y ““ XpX^j 


Xjfc.j — X j\k 

Xa;,/3 = XfiXk 


X/yifc 

XfX ffk 


\\p = Xff\' + x“., = X;X“ + x"x“ 


x\,- = XyX' + \n\r X“.3 = 

We define parallel displacement of a contravariant vector along a curve 


= x^{s)j where s is an affine parameter, by the equations 


ds 


= 0 . 


For a curve lying in a subspace S®, holonomic or non-holonomic, the tangent 

dx^ dx^ 

vector = — with factor components = M'^q --- satisfies the Pfaffian 


ds 


ds 


system — Z/‘p = 0. From^- = it then follows that 

\ds ds / ds 


r = 


dx" 

ds 


dx^ 

The factor components of A^,q — = 0 may be written 


ds 


L^QdaX'^M^R ^ = 0 or ^ = 0 so that for parallel dis- 

/ ds ds 


placement along a curve in iS* we have 


(7.4) 


ds 


dx^ 

+ r„ ^ X' = 0 




pr^'x' = 0 

ds 


dx* dx^ ^ 
^ - L*p V = 0. 
ds ds 


For parallel displacement of a covariant vector A^ in S® the corresponding system 
dx^ 

Aa,q — = 0 has the factor components 


ds 


(7.5) 


dXflf . jp dx ^ 

Apt 9a ~y — U 

ds ds 


— X X*^ • 
ds 


dx^ 

ds 


^ dx* ^ i dx^ 

= 0 4 - L\ -4 = 0. 

ds ds 


A path of S* is defined as a curve whose tangent vector X“ 

undergoes parallel displacement with respect to the curve, 
equations of a path of are 


= ^ X* = 0 
ds’^ 

From (7.4) the 


(7.6) 


d*x“ , «, dx' dx' _ - dx* _ ji dx'' _ 
^ ds ds ~ ^ ds ' ds ~ 


8. The Riemannian S" 


In this section we shall consider only the completely holonomic case for which 
X‘*sy = ^"*>4 = 0 shall assume that S" is Riemannian with a metric tensor 
6 AS . Representing the Christoffel symbols by r'‘«c = ^**‘{d^cQ + dcfifso ~ 


ddSac) and their factor components by 



these latter quantities will be given 
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in terms of r'*«c and L^b by relations of the type (5.1). Wc desire the explicit- 


form 




in terms of the factor components Qab = GqbV^aLrb of the metric 
tensor and for this purpose shall make use of the circumstance that Gab.c = 0- 

and hence its frame components g^B.c = XcQab - ~ wiust- 

likewise vanish. Substituting into \{gAB.c + gAc.B - gac.A) = 0 and using 
the relations w^bc ~ i [({^ 5c} W) ~ J == 0 expressing the vanishing 
of the factor components of the skew-symmetric portion of T^bc we obtain 
after minor rearrangements ^ ~ ■*" 

0cQ^^BA)i where [BC, A] = UXbQ CA H" X(^ba — XaQbc\ Combining these* 
with - {®cb}) " ^bc we arrive at the desired expressions 


( 8 . 1 ) 


Qaq 




[BCj A] — ^{gSQy^^CA + OcQ^^^BA ““ 


We now ask if it is possible to restrict the metric tensor Qab^o that the quanti- 
ties {%c} will satisfy the conditions (R7.1) and (R7.2) imposed in section 7 on 
the general affine connection It may be verified that the conditions 

(R 8 . 2 ) X*^7 = 0 X“yjb = 0 g^ta = 0 

in conjunction with (R 7 . 1 ) and (R 7 . 2 ) are sufficient to assure compatibility, for 
on substituting these values into (8.1) we are left with but two sets of non- 


vanishing relations 


= [i^ 7 , a] and g 


■I’’ 

vo/iiiotiiix^ xc;i»uiv/iin jyap A q { — [jk/ f , w.j mixxv* j/irA *17 — IJ*^) *'J v»v/**xpvr- 

(a 1 U ^ 

nents | ^ | and | jA which together with (R7.1) and (R7.2) define the complete 


= [jfc, i] defining the compo- 


factor components 


(V) 


of the Christoffel symbols . Under these condi- 


tions there exist holonomic coordinates z for which L b{z) — S b and the metric 


Gaffiz'^) 0 

0 Go(z*) 

gaffji = 0 and g(,,y — 0 when written in normal form. 


tensor Gab(z) ~ gAsiz) is in the product form 


as follows from 


9. Contact Transformations 

In the study of contact transformations a change in notation is desirable. 
Here we are concerned with N = 2q variables commonly denoted by »* 
and Pi . We adapt the general factorization notation of the preceding sections 
to the contact group in 2g variables by choosing the two subranges to be 1, • • • ,q 
and g -f- 1, • • • , 2g. Vector components will be written in the form (covariant) 
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II Aa II = ||A<, A* II, (contravariant) || A"^ 1| = || A*, A< ||. This convention 
is in need of an additional notation to distinguish between covariant and contra- 
variant quantities with indices in the same position but we shall deal only with 
a few tensors whose transformation character is clearly understood so that no 
ambiguity will arise. A similar scheme will be used for non-tensor quantities; 
for example we shall write and . 

The full contact transformation group in 2q variables x* and p* may be defined 
as the totality of transformations X* = X"(x, p), Pi = Pi(x, p) for which 
Pr dX*" — pr dx' regarded as an expression in the 2q variables x* and p,- and their 
differentials is the complete differential of some function of the x^s and p's, that is, 


(9.1) • • . Pr(x, p) dZ"(x, p) - Vr dx" = dW{x, p). 

More generally, ■‘a Pfaffian form (Pq{u) du^ in 2q variables will be said to be 
preserved modulo a complete differential under the transformation w w if the 
relation {(pQ(fi)dBU^ — <Pb{u)) du^ = dW{u) holds, the necessary and sufficient 
conditions on the coefficients of du^ being (pQR(fl)dAU^dBU^ =* ^ab(w), where 
fPAB = ^a<pb — . From the general theory of Pfaffian forms the condition 

I ^A« I ^ 0 is necessary and sufficient for the existence of a transformation w — > x 
sending the PfaflSan du^ into a canonical form pr dx*'. A contact transforma- 
tion x^ may therefore be described as the most general transformation 

preserving the canonical form modulo a complete differential. For the canonical 
PfaflSan Ilgdx^ ~ Prdx*^ the matrix of — daliA is simply 


(9.2) I|n..l| 


n<, 

n/ 


0 

n*, 

n‘" 


0 


and the tensor transformation law Uaq5bx^ = Ilg b^aX^ of its elements contains 
in concise form the familiar equations of definition of the contact group 

(9.3) -5, Pi = d,fj a'pi = dix^' 


as was first recognized by Eisenhart and Knebelman (1). 

When the function TF(x, p) of (9.1) vanishes identically it may be shown that 
Pi(Xy p) and X\xy p) are homogeneous in the p's of degrees one and zero respec- 
tively. For this reason transformations x"^ x^ for which pr dx'" = pr dx*^ are 
called homogeneous contact transformations and they form a subgroup of the 
full contact group. By introducing two new variables, x®^^ and p^+i = — 1 and 
extending the transformation x^ — ^ x^ to 


X* = £\x, p) , Pi = Pi{x\ p*) 

+ W(.x\ Pi) = p^l = - 1 

(9.1) 'becomes Pp d^ =* £ P/» dxf. Since any contact transformation in 2q 
1 1 

variables may be written in this way as a homogeneous contact transformation 
in 2g + 2 variables we shall restrict our discussion henceforth to homogeneous 
transformations in 2q variables. 
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The coefficients |1 1| = H , 0 H of the Pfaffian p, dx' form a vector whose 

transformation law gives the relations 

(9.4) P,dX = Vi Prd'X' = 0 

which are equivalent to (9.3) plus the homogeneity relations Prd'X* = 0 and 
Prd'Pi = Pi and either set fully characterizes the homogeneous contact group. 
We shall need the factor components ta = and tab — UqbL^^aL^s 

for future reference. They are 

ll»-.*|| = \\p{,PrL"\\ 

II, 11= = -(.I^ii-Lii) -(«'<- LrtL'O 

ir*' id\-LriU*) (L‘^-L^*) • 


10. Normal Coordinates fob the Contact Frame 
Theorem 10.1: The factor tensor cxmditions 
(Rio.i) = 0 T*' = V’ - V' = 0 T* = pM* = 0 

are necessary and sufficient for the existence of a homogeneous contact transforma- 
tion from general coordinates x* to normal coordinates y* for which L*\y) = 0. 

Proof: The necessity of these conditions is obAHOus from their linearity in 
V’ and their tensor character. To prove their sufficiency we notice from the 
transformation equations V'X’^pr = of the frame components that if 
we identify i"* with the desired normal coordinates y* we must choose Y'{x, p) 
as solutions of the system X*F = 6*F + V'^drY = 0. The conditions /*’* = 0 
assure complete integrability of these equations so that we may find q func- 
tionally independent solutions Y\x, p) satisfying 

(10.2) d*F* -I- U%Y' = 0, 

and by the theory of section 1 for equations of this solved type the solutions 
Y' satisfy j dtY' \ 0. Contraction of equations (10.2) with pt shows that 

the solutions Y' are homogeneous in the p’s of degree zero. Because | bfY' \ ^ 0 
we may define q functions Q<(x, p) as the unique solutions of Qrd/F' = p,- which 
will be homogeneous in the p’s of degree one. By the contraction Qrid^Y' -f 
L**a,y) = 0 we find Qrd'‘Y' = 0 and hence y' = Y\x, p) and g* = Q,(x, p) 
satisfy the conditions (9.4) for a homogeneous contact transformation. 

We next ask for the most general contact transformatiim preserving normal 
coordinates. By identifying x* with y^ and x* with y^ in V'X^ = U’X,x* 
tr’d'2* as given by (4.4), it follows immediately that any transform^ion from 
normal coordinates y for which L*’(y) = 0 to a system j? for which also L'^{y) = 0 

must satisfy — = 0 and therefore must be an extended point transformation. 

dqi 

Hence the 

Theorem 10.2: The most general homogeneous contact transformation y^ — » 
preserving normal coordinates for which V’ = 0 is an extended point 
transformation. 
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11. 'Restrictions on the Contact Frame 

We shall impose henceforth the restrictions (Rio.i) assuring the existence of 
normal coordinates. If we define a union to be any subspace of 5** within 
which an arbitrary displacement dx^ at a point (x*) satisfies pr dx' = 0 it may 
be shown that such a subspace may be regarded as a point locus in the point 
space of coordinates x' together with all its tangent hyperplane elements with 
coordinates p< . Thus the maximum dimensionality of a union is g — 1. In 
terms of unions the restrictions (Rio.i) require that any q independent solutions 
of the system X*f = 0 when equated to arbitrary constants shall constitute a 
union of nuiximum dimensionality q — 1, for in normal coordinates the system 

becomes ^ = Oand its solutions y' determine the oo® unions y* — y\ consisting 

9qi 

of the point (yj) in the pouit space F* regarded as the envelope of its 
hyperplane elements . 

By operating on the transformation laws (2.2) with the invariant operator 
; prd' it may be shown that the quantities hjk = L,* — prd'Ljic and h’*‘ = + 

Prd^L* are covariant factor tensors, and since h* vanishes in normal coordinates, 
L* + Ptd’L^ = 0. As a second set of restrictions on the contact frame we in- 
troduce 


(Ru.i) — *■/* = Lyt — Lki = 0 hjk — Ljk — ptd^Ljk = 0. 

We next collect for future reference some of the more useful consequences of 
the restrictions of this section. From equations (2.3) we have LrkS'x* = 
— L"5jPr and hence Xjx' = X’p, . The transformation laws of factor vectors 
simplify to X,- = Xr^jX' and X* = for both the covariant vector || X. 4 1| = 

II Xi , X‘ II and the contravariant vector || X'* || = || X’, X,- 1| .so that an upper 
index of covariance has contravariant character and a lower index of contra- 
variance has covariant chamctcr. Under extended point transformations y' = 
Qi — QrBiy'i these laws reduce to the familiar form X,(y) = Xr{y)5jy', 
^^(y) = ^{y)^Ty’. The two tensors L'^L" j and of section 4 coincide to 

give just one vanishing tensor L"Lrj = 0 and the two mixed tensors and t'j 
reduce to the single Kroencker delta <*,■ = 6’,- . The transformation laws (4.4) 
of the I/’s are now 


( 11 . 2 ) 


Lirdjx' = Lrjdix' + d{pi L"drx‘ = U’d,x' 4- d’x' 


and from (9.6) the factor tensors va and vab have the same components as 
n.andn.a,||T.|| = |lpy,OlUlx.«|| = ll® 


conjugate to || || is 


M’y M'’ 
Mii M/ 




y the commutator ssmbols X bc have tl 


. The matrix || M^b || 
In normal coordinates 


0 

s*j -V’ 

-Lij 8/ 

he values X’’,*(y) = X*’*(y) = X*\(y) = 0, 


^iik{y) = Y jLik — YkLij, Xi,- (y) = —d La . 
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12, A Complete Determination op an Affine Connection for Contact 

Transformations 

We carry over into this section the restrictions (R7.1) and (R7.2) of the general 
theory of section 7. In our present notation these restrictions are 

(Ri».i) lo* = = lA = 1? = 0, 1A = XA, = 

and so a complete determination of factor components of affine connection will 
result when we have selected the two sets of components Vjk and This 
choice will be made by insisting that the covariant derivative of the factor 
tensor ttab be zero. From (7.3) the only conditions are XjTrk — TvT jk — 
ir/Xr;* = 0 and XV,* — = 0, which reduce by the values of 

the 7r^8 given in section 11 to 

(R 12 . 2 ) V ik + Xik/ = 0 li^ + X*^• = 0. 

These restrictions define the components Vjk and li^ so that a complete affine 
connection is given by (R 12 . 1 ) and (R 12 . 2 ). 

On expanding X*/ and X*\ as defined in section 5 we find X^/ = — + 

V^Ikir and X*^ = -aiL*' + so that Vik == d%i - V^hir 

and li^ = a,L^*. By contraction with pi we find p/jk = Ljk which will he 
interpreted in section (14). The formulas of covariant differentiation coincide 
in pairs to give 

Xt.y = A/X* - X/yt X*-' = AV + XV^r 

Xa-/ = AX - = AyX* + X7*,> , 

where the vector X is either covariant with components (X, 4 ) = (Xi , X’) or 
contravariant with components (X^*) = (X‘, X<). 


13. Holonomic Coordinates for the Contact Frame 

If we operate on (5.1), XdI/b = I^dbL^q — with Ac = and 

then form {XcXd)L^b = X^cdAqL'^b we obtain bcjJXq — qssL*^ bL'^ cL ^ d , 
where 7/^ BCD is the curvature tensor Z/^ BCD ~ ScL/^db — doLi cb + cqL^ DB "" 
L'^dqL^cb and the quantities bcd = XcI*db — XbI^cb + cJ^’^db — 
1'^dJ'‘‘cb — \^cdI*qb are its factor components. Under the restrictions of sec- 
tions 11 and 12 the only non-vanishing factor components of the contact curva- 
ture tensor are 


jkl — — l/kl ~ XiKjk — XkKji -H Xrk^it Xfj Xy* -h X AiXyr X.tzX y 

= AtX'^y -|- A^Xyt’ "1" X* rXyfc X.* X y X iX,> \rk X y 

and they reduce in normal coordinates to 

Vjkiiy) = dk{d*Lij) — di(d'Lk{) + d'Lkrd'Lij — d'LiXLkj 
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(13.1) 

I'ikiy) = -d^‘%ic . 


+ — Lr^'Lki 


We next seek the conditions for the existence of holonomic coordinates 
{z*) = («’, r,) for which simultaneously = 0 and Ljkiz) = 0. 

Theorem 13.1: The conditions 

(13.2) = X‘L^ - X*!,*'' = 0 - V' = 0 = 0 

(13.3) liik = XiLik - XkLii = 0 = Lii - L,i = 0 T',*' = 0 

are necessary and sufficient for the existence of a homogeneous contact transforma- 
tion from general coordinates to holonomic coordinates for which L^b{z) = 6^ b • 

Proof: From theorem 10.1 the first set of conditions is necessary and suffi- 
cient for the existence of normal coordinates for which V\y) = 0. In this 
coordinate system the left members of the last of (13.3) reduce to (13.1) so that 
if there is to exist a coordinate system z for which Ljkiz) = 0 it is at once obvious 
that the conditions (13.3) must necessarily hold. The sufficiency of the condi- 
tions of the theorem may be established by first applying theorem 10.1 which 
asserts the sufficiency of conditions (13.1) for the existence of normal coordinates 
y^. We then apply theorem (10.2) which states that the most general homoge- 
neous contact transformation y z preserving = 0 is an extended point 
transformation, 

T: z* = z\y’) r. = g. T"': y*' = y\z>) g.- = r. 


It remains to be shown that the conditions (13.3) are sufficient for the existence 
of q independent functions z\y^) such that T will constitute a transformation 
to coordinates z^ for which Ljkiz) = 0 as well as V^iz) = 0. To accomplish 

this we note that the transformation law Ljriy){^^ L»kiz)—^ = 

\dz ^r $ / 

^ + L,k{z) ^ reduces to L,>(j/) ^ ^ ^ extended 

a** ^ ' dr, a«* ^ dz’ dy' \dy’/ dz* 

‘0, /,,.(!,) = Differ- 


dy> 


point transformation T, and since 


entiating with respect to gy and solving for 
dz* 

— d'Ljic and thus arrive at the linear system 

dtr 

(13.4) a/ = ^/(y*) 

(13.6) a*Z,* = ZMlik 


\3y7 


we obtain = 

y*\dyV 


in g(g + 1) unknowns z' and Z,’ to be determined as functions of the g variables 
y*. Since the quantities Z,’ may be functions of only y' it is necessary that 
3^*‘Lihiy) — 0 and these are satisfied by the last of (13.3). The integrability 
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conditions of (13.4) are found by expressing the conditions that Zr\d^Ljk — d**!/*,) 
shall vanish for all Z/, namely d\Ljk — Lkj) = 0, and these are satisfied by 
the middle set of (13.3), Finally the integrability conditions of (13.5) are 
di{d*Ljk) — dk(d*Lji) + d^Lrid^'Ljk — d'Lrkd^Ljk = 0 and these are satisfi^ by 
the first of (13.3) as may be seen by differentiating in normal coordinates with 
respect to qi . Finally from the general theory of completely integrable sys- 
tems of the type (13.4) and (13.5) there exist solutions Z/ for which | Z/ 1 = 

I djZ* I 5^ 0. This completes the proof of the theorem. 


14. Introduction op a Metric Tensor 


The trajectories of a one parameter homogeneous contact group are solutions 
a:'^(«) of the system 


(14.1) 



Spi 

da 


-diC 


whose vector character is obvious when written in the form --- = 

da 

C(x, p) is necessarily homogeneous of degree one in the p^s and hence we may 
take C = 1 providing we exclude the singular locus C = 0 from our discussion. 
Since C is an integral of (14.1) the condition C = 1 will hold at all points of a 
trajectory if it holds at one point. 

We now choose the scalar C to be a solution of XJ = 0, 

(R14.2) dyC ” 1 - Lrid^'^C = 0 . 


di) ■ d^ 

Then the second set of (14.1) becomes ~ = Lri -r-. These equations have 

da da 

been discussed in section 7 where it was seen that they express the vanishing 

djc^ dtX/^ 

of Xi as defined by -r- = L'^oX® so that these latter reduce to X’ = — and 
ds ds 


dr) ’ do^ A 

= -f- — Lir — = 0. Thus the displacement dx is restricted to the non- 
da da 

holonomic subspace of where is the point space of points (x') and is 
characterized as a non-holonomic subspacc of by the arbitrariness of the 
differentials dx\ Furthermore it may be seen from (7.5) that the equations of 

dp ■ r dx^ 

parallel displacement of the vector (x^) = (p« , 0) arc — ‘ — pXti ^ ~ 

from the last of section 12 these become X.- = 0 so that the trajectories under 
consideration have the property that the vector x .4 xmdergoes parallel displace- 
ment along them. 

We shall now introduce a metric tensor Gab{x), whose factor components Qab 


will be of the restricted form H H 


9i3 

0 


0 I 

gii ! 


where g.vjr’’' 


We 


define g'’ in terms of the scalar H — ^C'\ where C is the scalar satisfying 
XjC = 0, by g*\x, p) = (X'H)''‘ reducing in normal coordinates to g'\y, q) =* 
q). From these definitions the components g'’{x, p) are homogeneous 
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of degree zero in the p’s. There is a theorem (4) which states that a necessary 
and sufficient condition for the Hessian determinant | | to be non-singular 

is that 1 ] be of maximum rank g — 1. Restricting our discussion to those 

solutions C of X if = a for which the rank of | | is g — 1 we have the two 

fundamental requirements, g'^ = g’' and | g*'’ [ 0, of a metric tensor fulfilled. 
On doubly contracting the tensor g” with the covariant factor vector n = p,- 
we obtain the invariant g'^'prP* which in normal coordinates is d^‘Hqrq$ = 2H 
and hence in all coordinates H — ig'’prP, ■ The system of trajectories (14.1) 

dx* dj) ' • 

which may equally well be written = d'H and -P = —dtH is now 

ds ds 

(14.3) ^ = g^pr ^ = -hdig'%p^ 

or in alternative form 


(14.4) 


dx 



We next seek additional restrictions on the frame L* b and the metric g'’ 
which will identify the trajectories (14.3) with the geodesics of the subspace X*. 
From equations (7.6) defining the paths of the point space X® we arrive at the 
equations of the geodesics by substituting the factor components of the Chris- 
toffel symbols in place of the affine connections components. Thus the geodesics 
are given by 


(14.5) 


dtx ' I \ ^ ^ _ Q ^ _ 7 ^ 

^Xra] dsla ~ Is *'Ts~ 


and it is this system that is to be identified with (14.3). 


15. Additional Restbictions on the Contact Fbamb 

We now investigate the possibility of restricting g'’ to be free of the g’s in 
normal coordinates, d'’g'\y*) = 0, as expressed by g”’* = 0. This will necessi- 
tate that H(y^) = ig”(g’)grg. be a solution of diH -f Lrid'H = 0. The condi- 
tions are 

(15.1) = —Li,g''q, 

and by repeated differentiation we derive the necessary conditions 
d4i^ = . 

If we introduce the curvature tensor restrictions 

(R«.,) lV = 0 

reducing in normal coordinates to d^“Lik(y) = 0 we are left with 
(15.3) dig* = — + d’Li,g^'‘) 
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which may be solved for the quantities d'Ljk as Christoff el symbols formed from 
Craiy^) - Oijiy'’), S'^itiy) = and hence 


(15.4) 


Lij(y\ ?m) = qrT''ikiy^). 


Conversely, if the expressions (15.3) resulting from (15.4) by differentiation are 
substituted into (15.1) it may be verified that these latter equations are satisfied. 

The restrictions just imposed on and Ljk are sufficient to bring the geodesics 
(14.5) into coincidence with the trajectories (14.3), for differentiation of the 
first of (14.3) in normal coordinates gives 

(iM ^'-rW)ff = o 


Under the present restrictions the equations (8.1) define 


jk 


by 


u- 


ig'"[(Xjgkr + Xkgjr — Xt{ijk) — (gjXkr + - gyA'yifc)] which reduce in 

normal coordinates to the familiar Christoffel symbols, r;i(^)} = T\k(y^)- 
Thus the normal form of the equations (14.5) of the geodesics is likewise given by 
(15.5) and because of the vector character of (14.3) and (14.5) this completes the 
proof of their equivalence. It is interesting to note that from the first of (1*4.4) 
and the relations pXjk = 0 resulting from the definitions \*jk = —VIrik of sec- 


tion 5, the first of (14.5) is given by 


The tensor V jk 


i*/ 


ds 


+ gWrg.t + x.gn - ^^r.)] ~ ^ = 0. 


reduces in normal coordinates to S'Ljk — ^^jk{y^) = 0 


and hence in all coordinates Vjk = 


jk 


The paths of X’ are therefore identical 


with the geodesics. We shall regard the affine connection of to be that of 
section 12 where the components Vjk as there defined now satisfy the additional 


relations I 


* " {%}■ 


Because of (R 16 . 2 ) the curvature tensor bcd has but 


one set of non-vanishing components Vjki = — iyVi reducing in normal coordi- 
nates to the Riemann curvature tensor R\ki{y"^) = ^kT\j — diT\j + — 

T*irT\j formed from the Christoffel symbols r*,A;(y^). 

The results of this section may be summarized by the statement that the 
three ostensibly distinct systems of invariantive curves consisting of 

dx^ 

1) the trajectories of II^q — = d^C where X,C = 0, 

as 

2) the geodesics of the point space X* with respect to the metric tensor 
g%, V) = hiX^Cy, 

3) the paths of X® relative to the connection Vjk = d^Lkj — V^Ikjr have 
been combined into just one system. 

16. Doubly Homogeneous Contact Transformations 

Let 2 be a projective space of jV — 1 dimensions, S an arbitrary hypersurface 
of 2 parameterized by the equations x* = ^*(w"), i = 1, 2, • • • , iV, a = 
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1, 2, • • • , JV — 2, and P an arbitrary point of S. The conditions on a set of 
hyperplane coordinates p< that they represent the tangent h 5 T)erplane at P 
may be found by insisting that the plane p,- cut an arbitrary curve = «“(<) 
in two coincident points at P whose parameter we choose to be < = 0. This 
means that p,x''(t) = ot* + < • • when written as a power series in i. Hence the 

conditions for < = 0 are Prx' = 0 and p, t n- = 0- But since these must 

^ ^ dt 


hold for an arbitrary curve u“(t) the conditions on the point-hyperplane element 
(*’(«), p,(u)) that it represent a point x'(u) incident with the plane P.(m) which 

dx^ 

in turn is tangent to the hypersurface S at x’ are p,x' = 0 and p, — = 0. But 

dually we may regard S as a locus of hyperplanes p<(m) and ask for the condi- 
tions on a point x* that it be a “tangent point” of S. By analogous reasoning 


these conditions are Prx' = 0 and x' ^ = 0. An iV — 2 spread of point- 

du‘‘ 

h 3 rperplane elements (x*(m), p,(w)) will be said to constitute a \inion after the 

terminology of Lie if the conditions Prx'' — OyPnr- == 0, x’’ =0 are satisfied 

du^ 


as identities in the arbitrary parameters 
Suppose now that the union of elements x^{u) viewed in S either as a point 
locus x^ = x\u) or as a hyperplane locus Pi{u) is subjected to a transformation 
x^ = If the new elements as functions of the same parameters are 

to form a union with the point locus x* = x\x^{u)) and hyperplane locus 
pi = pi{x^{y)) as a consequence of being the transform of a union we must have 

prXr = X(x, p)prx', Pr ~ = n{x, p)pr x' = v{x, p)x' ^ for au arbitrary 

parameterization m“. Expanding the last two conditions we have Prd.x’’ = Pi , 
prd'x' = 0, x^d'pr = vx', x'd,pr = 0, and differentiation of the first with respect 
to x' and p,- gives (X — ti)pi -f d.Xprx’’ = 0 and (X — v)x’ -1- d’Xprx’’ = 0. But 
these latter conditions must hold identically both when prX^ = 0 and when 
Prx' 0 so that 3 aX = 0 and \ = n — v = constant. There will be two distinct 
types of such transformations depending on whether X > 0 or X < 0. In all 
generality we may take X = 1 in the first case and X = — 1 in the second giving 
the two t 3 T)es 


da) 

( 11 .) 


prdiX' = Pi i'd^pr = X’ 

(Proper contact transformation) Ptx' = prx' 

Prd’x’’ = 0 dipr = 0 

(Improper contact Prd,® = — p,- . ^r _ _ r ^ ~ 

transformation) - VrX ^ ^ 


Let us next consider an element transformation sending the point locus 
X* = x*(w) into .the hsrperplane locus p< = pi(x‘(u)), and dually, the same locus 
when regarded as a hyperplane locus pi = pi{u) into the same barred locus 
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regarded as a point locus = x*(z®(«)). The conditions that the transformed 
elements *'*(«) constitute a union if the original elements x^{u) form a union 

di} do dx** 

are pri' = yprx', pr ^ = n'x' f' ^ = p'p, — , and again it follows that 

X' = a' = y' = constant so that the transformations under discussion fall into 
two classifications; 


, ^ ^ PrdiX' - 0 £' d*pr = 0 

(Ib) (Proper contact correlation) prx' = prx' 

prd'x' = x' Sc dip, = Pi 

> (Improper contact p,3iX = 0 - -r _ _ r — 0 

correlation) ^ ^ _p_ 

By differentiating cither the equations la or Ilb one may verify the bracket 
relationships 

(for la and lib) {x\ x^j = dtfr^jX — d/prSiX = 0, 

{Pi,Pi] = d'prdY - d%d'x = 0 
[pi , X^\ = d'prdjx' — djprd'x' = s'j . 


Similarly the transformations lb or Ib yield 

(for Ila and Ib) jx’, x'( = 0, {p.-,P/)=0, jp< , x^} = -5’,- . 

Using a device originated by L. P. Eisenhart and JVI. S. Knebelman (1) we 
employ the bracket relations to identify the expressions 

dx' = djx' dx’ + d’x' dpi dpi = B,p, dx‘ + 5^p,- dpj 

dx' = d'p, dx’ — d'x’ dpi dpi = — d,p, dx’ + dix’ dp, 


with the subsequent results 

(for I» and lib) 3,x’ = d'pj, d’x’ = —d'x’, 

In like manner we find 

(for Ila and Ib) 5,x' = —d'pj, d’x' = d'x’, 

These serve to establish the homogeneity properties 
St'ifix, kp) = cx’(x, p) 

(for la and 11*) (for Ib and lib) 

piicx, kp) = kpiixi p) 


djPi = -d,pj . 

d,Pi = dip, . 

x‘(cx, kp) = kx'ix, p) 
piicx, kp) = cpiix, p) 


so that the transformations may be written 

(I, and II,) x’ = x'dfX', pi = Prd'pi (Ib and lib) x' = p,d'x', pi = x'd,pi . 

It may be verified that the four elements I, , 11 , , Ib , lib form a group with the 
identity I, which is isomorphic with Klein’s four-group. 
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17. A Complete Determination op a Factor Frame prom an Appine 
Connection in a Flat Element Space 


We consider in this section a flat element space in which there exist normal 
coordinates y* for which the afline connection components L*Bc(y) — 0. Since 
ti^Bc = 0 the connection is symmetric and will be written as r"*flc . Confining 
ourselves to the doubly homogeneous contact group, we purpose to define a 
factor frame L^b in terms of and the element vector (x"*). To this end 
we first observe that the invariant numerical tensor Ilex has a vanishing co- 
variant derivative in normal coordinates, and hence in all coordinates 
IIoxr^Bc "b IIcgr^Bx = 0, or 

At, 7c ~ Afcjt 1 if — “1 ,*» 1 — 1 ,• 

(17.1) -1. i i- 

^ p*;. p.j* ^ ^ P^J. 


Since the covariant derivative of the vector satisfies x'*,fl — 5^*8 = 0 in normal 
coordinates wc have the zero tensor x‘*r'‘Bo whose expansion gives 


(17.2) Pr^ii = xTr,.- , = xT/‘', = xTr,*', PrV'U = xT/< 


when reference is made to (17.1). We define the factor frame La and V’ by 
Lii = r.-,- = prT'ij and V’ = P*' = prT'*’ so that T,, = T,. and and 

shall demonstrate that the quantities r„ and !’•' satisfy the conditions for a 
factor frame. First we note that the normal coordinates y'* for which 
T'^Bciy) = 0 are likewise normal for L'*b since L*B{y) = S*b . Recalling the 
results of section 3, the transformation group now under discussion is the inter- 
section group S /-s S* whore S and S* are characterized as all transformations 

for which I F,x^ | = 


from normal coordinates y* to general coordinates x* 


ax’ 




0 and 1 Y’pi | = 


dpi 

dqj 


dx’ 


^ 0. But since — . = 


2 and 2* comcide. 


= 

dy' dqj' 

Furthermore, from S', — X,yYrx’ = Y'piY,x' = a’’p,d,x’ = d'qrd/y' and from 
the bracket relationship d'q,djy' — djqrd'y = 5‘, it follows that the transforma- 
tions y —* X must satisfy 


(17.3) = 0. 

If in the transformation law 

(17.4) r^Bc = r^'BsSox^aBx'dcx” + 3ox^a*Bcx® 

we identify x'* with normal coordinates we have r'‘Bc(a:) = d(^x^^Bcy^, and 
on contracting with x’, xTr,* = x\d,p,d^fy' ■+• d'prd^j^q,) = y'd^J’q, . But on 
differentiating y"d,pj - 0, y‘d'‘id.pj) + dVa.p, = - (y*a*,*g, -f ^y'd/q.) = 0, 
and therefore 

(17.5) xT„* = xTr*j = 0. 

To obtain the transformation laws of the frame components sum (17.4) in the 
form f®fl«3gx'‘ac^* = T^qcBbx'^ + B’^BgX^dcS:*^ with the covariant vector (xx) = 
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(P< > Bud cx^ = XQT^tic5Bx’‘ + XadcidaX^^), and expand with reference 

to (17.2) and (17.5). The resulting equations fall into the three sets L,>5V = 
— Z/*'3,-p, , Ljrdkx' = L,kB,x'' + dkpi , L"drx'‘ = U'‘drX’ + d^x’ agreeing with 
the second line of (2.3) and with the form (11.2) of the first line of (2.2). This 
completes the identification of the quantities r„ and r’^ as components of a 
factor frame. 


18 . A Real Decomposition Under the Complex Group 

Let (x^) = (x*’, a:*) be 2q real variables in terms of which q complex variables 
are defined by z* = a:* + w*. If z* lie subjected to an analytic transformation 
z* = z*(zO the 2q real variables (i'*) = (x*, i*) defined by z* = x* + ix* will 
satisfy the conditions 

( 18 . 1 ) dix'‘ = -d,x*. 


These generalized Cauchy-Riemann equations fully characterize the complex 
group = x^(x) induced on the 2q real variables x"^ by the group of all analytic 
transformations on the q complex variables 2 ^. The conditions (18.1) may be 
written more concisely as the transformation law E^b^qX^ = E^qdsX^ of a 


simple mixed tensor E^b with the components 


E', E'i 


1 

o 

e\ E*i 


i'i 0 


m 


all coordinate systems. 

There is a marked similarity between the complex and contact transforma- 
tion groups which will become increasingly evident as we proceed. Just as 
= 0 served to characterize extended point transformations as a subgroup 
of the contact group, so here from the laws L\(d,x’’ + I/jdix) = djX^ + L\diX^ 
and = di^x + it may be seen on identifying x^ with a 

system of coordinates for which 


(R 18 . 2 ) 


L**(y) = 0 L*,(y) = 0 


and X* with a new set of coordinates y* with the same properties that these 
completely characterize the subgroup of the complex group consisting of all 
separated transformations of the form y* = v’iy') and jj* = <p^{y'). We accord- 
ingly define the Vs by (Ru.*) in some arbitrary but definite coordinate system 
y^ which will be called normal. As immediate consequences of these definitions 
we have VtVk = 0. 

L\Vj = 0, Vi + Vi = 0, Xfx' = Xi£\ 





We complete the choice of aflSne connection made in section 7 by stipulating 
that the covariant derivatives of the tensor b shall vanish, the conditions being 

€%./ = — c'rTjib + == 0 = Xj€\ — € X jk + kV }r = 0. 
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We define Vjk and V}t as the solutions 

(R».s) l*ih = \*jt I )» = X'j* 

of these equations. Because all components of the curvature tensor vanish for 
our present choice of connection the spaces iS** is flat. From section 3 the sub- 
groups S and S* of the full complex group corresponding to our choice of frame 
consist of all transformations from normal coordinates to general coordinates 
satisfying 


— . + L iiy) — . 


dx* 

9 ^ 0 and 



dx^ 

dy^ ' dy^ 


dyi 


dy^ 


dy’ 


so that 2 = 2*. 


19. A Complex Decomposition Under the Complex Group 
The transformation equations of the factor frame are satisfied by the quanti- 


ties with the components 


L*,- L’j 
L^i Vj 

systems, for they become —idji' — djx' 


—iS'j 

5',- 


in all coordinate 
J 


djx' — idjx' and —idjX* — dfX* = 


dji' — * which hold in virtue of the equations of definition oi 


group. The reciprocal matrix 1 1 M^b 1 1 is given by 
The equations 


M\ M'i 
M'i 


the complex 
2 *' 2 *' 
2^' 2^’ 


z* = x' + ix' 
T: , , 

Z* >= X* — ix' 


T-\ ^ 


represent a transformation from the 2g real variables x*^ to the q complex 
variables z' and their conjugates z'. The vector components Z and factor com- 
ponents X of a real covariant vector Ax and of a real contravariant vector A'* 
in the new complex coordinates z'* will be given by 


Z* = ^ (A* — t’A*) = |x*, .Z* = |(A* + iAji) = 

Z* » A* -H tA* = 2X*, Z* = A* - tA*’ = -2iX*' 

The following relations will be needed in our discussion and may be verified 
without difficulty: 
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(19.1) 


Xk => 2 




= 


d«»’ 





dz’ da* 


The symbol desi^ates the complex conjugate. Under the transformation 
2* = 2*(2*)» = 2*(a‘), the z components Za and Z'* of and transform by 


z* 




da* 


Z* = 

da' 



and by merely replacing Za with Xa and Z"* with X'* these same equations give 
the transformation laws of the factor components. 

We now come to the selection of an affine connection. Let us first consider 
a general affine connection bc{z^). Because of the separated form of the 
transformations a'* — ♦ a'* all components of affine connection will transform as 
complex tensors with the exception of the sets L’,* and L‘yt which will obey 


Tr _ ji 


d/^ d’a* 
'd2' da* dl' da*’ 


Jr. ^ da'da* d^a* 

'*31' ” dr’ da* da' da*' 


From (19.1) it follows that (L‘,*) ~ L*/* is a tensor and therefore we make the 
invariant restrictions 

(Ri».») L'iB — (L* jk). 

In selecting factor components of affine connection 1 "‘bc we retain the restric- 
tions of section 7 leaving us with but two sets of components i’,* and i*;* trans- 
forming by 

(5.3) VikXrx' = l\.Xix'Xkx’ + XjXtx' = l\i2ix*Xtx' X]Xtx' 

yet to be defined. From (19.1) it follows that T,* — 2L*,t and Vjt -j- 2iL'jt 
are tensors and therefore we define the only non-vanishing factor components 
of connection by 

(Ri..,) r',* = 2L‘,t Vjk=-2iV}t. 


The formulas (7.3) for the covariant derivatives of factor vectors are now simply 
multiples of the covariant derivatives of the complex vectors Z* , Z* and their 
complex conjugates. The restriction (Rm.*) identifies the complex conjugate of 
the covariant derivative of a vector Z with the covariant derivative of the 
complex conjugate vector 

The complex decomposition of this section is valid for the full complex group, 
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for the criteria for admissible transformations ® ^ * are j Zji* 1 

and 1 X/*’ 1 = 1^1 0. 

dz^ 


|£!! 


0 
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REPRESENTATION OF ERGODIC FLOWS 

By Warren Ambrose 
(Received December 28, 1940) 

Introduction 

The theory of measure preserving transformations and flows (a flow is a 
1-parameter group of measure preserving transformations) originated in the 
study of classical dynamical systems. The fact that von Neumann's proof of 
the mean ergodic theorem and G. D. Birkhoff's proof of the ergodic theorem 
make no use of the strong regularity conditions fulfilled by classical dynamical 
systems together with the fact that these theorems have applications in other fields 
where such strong regularity conditions are not fulfilled (notably in probability 
theory) has however led to a study of measure preserving transformations in terms 
of purely measure-theoretic formulations.^ The present paper is concerned with 
the theory of flows from this measure-theoretic standpoint. 

The principle result of this paper (Theorem 2) is a theorem which asserts that 
every (measurable) ergodic flow (an ergodic flow is one in which every set of 
positive measure sweeps out the whole space) is isomorphic (with respect to all 
measure properties) to a certain kind of flow that we call a flow ‘‘built under a 
function."^ This representation theorem has various consequences of which 
the most important probably is the following: In studying the flows of classical 
dynamics one is constantly picking out cross sections, drawing tubes about the 
trajectories and, generally speaking, considering separately what happens along 
and what happens perpendicular to the direction of flow. This isomorphism 
theorem makes possible a similar analysis, — for an ergodic flow, — ^ under the most 
general measure theoretic formulations. It makes possible such an analysis 
because for a flow built under a function there exist certain sets with the proper- 
ties of a cross section and the measure on the space is the direct product measure 
of a certain measure on the cross section with Lebesgue measure along the 
trajectories; these are the essential features necessary for such an analysis. As 
in the classical cases various properties of the flow become intimately tied up 
with the properties of a related transformation on this cross section. We re- 

1 See for example III, IV and X in the bibliography at the end of this paper. 

* Flows of this kind were first introduced in a special case, by von Neumann in X, p. 636. 

« Recently Prof. S. Kakutani has succeeded in extending this theorem to non-ergodic 
flows, using Theorem I of this paper. His method is similar to that which we use for the 
ergodic case. This and some other similar theorems will appear in a joint paper by Prof. 
Kakutani and the present author under the title, ‘‘Structure and Continuity of Measur- 
able Flows." I take this opportunity to express my indebtedness to Prof. Kakutani for 
very many very helpful discussions of all the matters with which this paper is concerned. 
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mark that this representation theorem also enables us to show (except for one 
trivial and highly uninteresting kind of situation) that the trajectory of any 
point is always a measurable set (this we prove even for non-ergodic flows). 

In section 1 we give our definitions and in section 2 we prove our general 
representation theorem. In section 3 we discuss the group of unitary operators 
always (since Koopman, Y) associated with a flow and establish a spectral condi- 
tion that a flow have a special kind of representation as a flow built under a 
function. We conclude by extending a theorem of von Neumann about differ- 
entiable ergodic flows to measurable ergodic flows; this extension is possible just 
because our isomorphism theorem enables us to obtain in the general case the 
tubes and cross sections for whose existence von Neumann assumed differenti- 
ability. 


1. Definitions 

Definition 1. A measure space is a space, on which a completed* (coimt- 
ably additive) measure, m{M), is defined, for which 0 < m(0) < » and such 
that there exists at least one measurable set, Af, for which 0 < m(Af) < m{Q). 

Definition 2. A measure preserving transformation, T, is a 1 : 1 point trans- 
formation of a measure space fli onto* a measure space $2* with the property that 
Mi = TMi is measurable (in fla) if and only if Afi is measurable (in fti) and for 
which mi{Mi) = mtiMt) for every measurable set Mi .* 

Definition 3. K flow is a 1-parameter family, Tt, {—«> < t < w) of 
measure preserving transformations of a measure space onto itself, which has 
the group property: TiT, = Tt+J for all t and s. 

Definition 4. Let T, be a flow on ft. The set Af C ft is invariant under 
if whenever P is in Af then P/P is in Af for all t. 

Definition 5. The flow Tt is ergodic if there are no measurable sets invariant 
under Tt except pdssibly sets of measure 0 and complements of sets of measure 0. 

Definition 6. Let Tt be a flow on ft' and let St be a flow on ft". Tt and St 
are isomorphic if it is possible to split ft' into two disjoint measurable sets whose 
sum is ft', fti and ft^ , and to split ft" into two disjoint measurable sets whose 
sum is ft", Qi and fti^, in such a way that: 

1) Each of fti and ftj is invariant under Tt and each of fti' and fti' is invariant 
under St . 

2) Both ftj and ft*^ have measure 0.* 

* The measure m(M) is completed if every subset of each set of measure 0 is measurable. 

‘We use the term “onto” with the customary meaning, that every point of (Iti is the 

image of some point in ih . 

' Here we use mi for measure on Ri and mt for measure on (k . Obviously P is a measure 
preserving transformation of Qi onto Qi if and only if P~> is a measure preserving trans- 
formation of Uj onto Ui . Usually Qi and Ui will be the same. 

’ If P and S are transformations then by "P — S” we mean that TP •* SP for every 
point P. 

* We allow the possibility that one or both of Q| and o" is empty. 
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3) There exists a measure preserving transformation, R, of ai onto Qi such 
that TtP = R~^StRP for all P in a( (and all t). 

Throughout this paper L will denote the real line taken with Lebesgue 
measure. If fl is a measure space then Q X L will denote the product space of fl 
with L, taken with the completed direct product measure defined in terms of 
Lebesgue measure on L and the given measure on Q. 

Definition 7. Let T, be a flow on a. Ti is measurable if the function T,P 
is a measurable (P, 0-function, i.e. if for every measurable set, M, in a the 
(P, 0-set for which TtP is in M is measurable in a X L.* 

Equivalent to this definition is the assertion that for every complex-valued 
measurable function /(P) defined on a the function /(TtP) is a measurable 
(P, 0-function. 

Definition 8. Let a be a measure space and T a measure preserving trans- 
formation of a onto itself. Consider the product space a X L of a and the real 
line L (where measure on this product space is defined multiplicatively in terms 
of Lebesgue measure on L and the given measure on a). Let /(P) be a real 
valued integrable function defined on a with /(P) > c > 0 for all P in a, and 
let n be the portion of a X L under the graph of /(P), i.e. let a be the set of 
points P = (P, x) for which 0 ^ x < /(P). Then a is a measure space. Define 
the flow Tt on H by 


( 1 . 1 ) 


'Tt(P, x) = (T"P, < -f- X - /(P) /(T"-‘P)) 

forn > 0 and /(P) -+-•••-}- /(T" ‘P) — x 

g < </(P) ••• +/(rp) - X, 

• Tt{P, x) = (P, < -f- x) for — X ^ < < /(P) — X, 

Tt(P, x) = (T-"P, t + x+ fCr^P) -t- . . . -I- /(T-”P)) 
forn > 0 and -f{T~^P) - ... - /(T^-P) - x 

^ t < -f(r~‘P) - ... - /(r"“+*P) - X. 


We call Tt the flow built on the measure preserving transformation T under the 
function f{P).^'‘ 

In this definition we have demanded that /(P) be integrable only to make S 
have finite measure; if we were considering flows on spaces of infinite measure 
then we would only have demanded that /(P) be measurable and > 0. We 
might have required that /(P) be positive everywhere rather than uniformly 
positive; this distinction is unessential but with /(P) uniformly positive some 
of our proofs are simpler. 


' In case Q is a topological space and the measure is “properly” related to the topology 
it is usual to define a measurable flow as one with the property. that for every open set 0 
in R the (P, t)-8et for which TiP « 0 is measurable in QX L. This apparently less restric- 
tive definition is however equivalent to ours. For a proof see IV, pp. 9, 10. 

>• We shall not prove that the Ti thus defined actually are measure preserving trans- 
formations. A proof that they carry measurable sets into measurable sets is contained 
in the proof of Theorem 1. An application of Fubini’s theorem then shows that they are 
measure preserving. 
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In considering flows built under a function it will be essential to consider the 
functions F{P) and G{P) defined by 

(1.2) F(P) = F(P, x) = /(P),“ 

(1.3) G(P) = G{P, x) = X. 

Intuitively, G(P) Ls the length of time since a particle now at P was last in ft, 
while F{T) is the length of time since it was last in ft plus the length of time 
before it will again be in ft. 

The sets defined by G(P) — constant give us cross sections for such a flow. 

If M is any set in ft we call the P-set defined by 

M* = [ Peilf] 

(p.*) 

a tube and we say that M* is based on M. If M* is a tube with P(P) ^ d > 0 
for every P in M* and if0^a<6^dwe call the set M*(a, 6)** defined by 

M*{a, 6) = M*.[o g G(P) < 6] 

p 

a box, and the set M*{b) defined by 

M*{b) = M*[G(P) ^ b] 

p 

a leftover of the tube. We say that M* is the tube through the box M*{a, 6).‘* 
Let M* be a tube and let Mk and M*,,- be defined, for each positive integer n, by 

Mk = [fc2~" ^ P(P) < (fc + 1)2""]. M*, fc = 0, 1, 2, . . . 

(1.4) _ ^ 

Mk.i = U2-" ^ G(P) < {j 4- 1)2""] .M* i = 0, 1, 1. 

F 

It is readily verified that 

(1.5) £ E Mk,i -^t,Mk = M* in-* oo). 

,’-0 ife-O 

This fact will frequently be useful in what follows because it shows that every 
tube is a limit of sums of boxes. 

2. The first representation theorem 

In our definition of a flow built under a function we specified that the measure 
on S be the direct product measure of a measure on Q with Lebesgue measure 
on the x-axis. Suppose, however, that we have a flow defined by (1.1) on a 
region S without assuming that the measure on Q is such a direct product 
measure, and suppose that we do not even have a measure defined on 12 (so that, 

“ We shall use the notations P and (P, x) interchangeably for points in ft. 

We shall adhere to this notation, M* for a tube, and M*(a, b) for a box through W*, 
throughout this paper. 

“ Obviously a box uniquely defines the tube through itself. 



REPRESENTATION OP ERQODIC FLOWS 


727 


in particular, we are not assuming that/(P) is a measurable function or that T 
is a measure preserving transformation). The following theorem shows that if 
the flow satisfies certain measurability conditions then it is possible to put a 
measure on for which T will be a measure preserving transformation and f{P) 
will be a measurable function and such that the given measure on Ls the direct 
product of this measure on with Lcbesgue measure on the x-axis. 

Theorem 1 . Let Tt be a flow deflned by (1.1) on a region 5, with a measure 
m{M) on S2. If Tt is a measurable flow ami if the functions F(P) and G(P) are both 
m-measurabley then there exists a measure m{M) on U for which f(P) is a measurable 
function and T is a measure 'preserving transformation and such that 'fh(M) is the 
completed direct product measure^^ of m(M) on Q with Lebesgue measure on the x-axis. 

Proof: We first define a Borel field'^ ffl? of sets in and put a measure, m(M), 
on it. We define SD? to be the collection of those sets, Af, in 12 with the property 
that M*y the tube based on Af, is m-mcasurable. Obviously, 3)? is a Borel 
field. It is trivial from the fact that F(P) is m-measurable that/(P) is measur- 
able with respect to 2)?. We define m(A/), for Af € 2W by 

m{M) = (l/c)m(M*(0, c)).'® 

We want now to show that m(Af) is a completed measure and that, with this 
measure on 12, T is a measure preserving transformation. 

Because F{P) and G(P) are m-measurable we know that if a tube is m-measur- 
able then so are its boxes and leftovers. Now we show that if a box is 
m-measurable so is the tube through it. If a box is m-measurable then any 
sub-box which has the same tube through it is m-measurablo because any such 
sub-box is obviously the intersection of the original box with a transform (by 
some Tt) of the original box. Also, if a box Af*(a, 6) Ls /Ti-measurable then the 
box Af*(0, b) is m-mcasurablc since the latter is obviously the sum of a finite 
number of transforms of the former. To show that the tube through the box 
Af*(a, b) is m-measurable we see from (1.4) and (1.5) that it is sufficient to 
show that (for large n) each Afjt., is m-measurable; the m-measurability of the 
Af*,; (for large n) follows from the fact that 

Mk.i = g F(P) < (fc + 1)2""]). 

P 

The region 12 is not a product space unless f{P) = constant so it cannot be precisely 
correct to say that fn(M) is a direct product measure. Precisely expressed what we mean 
is that if we define m'(Af') on 0 X as the completed direct product measure of m(Af) 
on il and Lebesgue measure on L then the following is true : if Af C 12 then M is Af-measurable 
if and only if it is m'-measurable and if it is Af -measurable then ih{M) « m'(A?). 

** By a Borel field we mean a collection of sets closed under the operations of comple- 
mentation and countable addition. 

The notation M*(o, b) w^as introduced above. The number c here and in the remainder 
of this proof is some fixed positive number with the property that/(P) > c for all P in U. 
It is easily seen (and in fact is a direct consequence of a later part of this proof) that m(Af) 
is independent of the particular choice of c. 
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It follows readily from what we have just shown that m{M) is a completed 
measure. We shall now show that T preserves m-measure. Let Af « SW and 
N = TM] we shall show that the m-measurability of M*{0, c) implies the 
TO-measurability of N*(0, c) and that these two sets have the same >Ji-measure. 
This will prove that if M « 2W then TM c and m(Af) = m(TM). A similar 
proof shows that also has these properties so this will complete the proof 
that T is m-measure preserving. We define, for each positive integer n, the sets 

g F(P) <(k+ 1)2”"] |fc2"“ - c ^ G(P) < *2""]. 

It is readily verified that 

r. £ M* W*(0, c) 

« * ° (n— ^ «). 

i: M*(0, cf 

Jb“0 

Because M* is m-measurable it follows from this that ^*(0, c) and hence N* is 
m-measurable. Because in each of these sums the summands are disjunct it 
follows that c)) = c)) and hence that T is ?n-measure pre- 

serving. 

Now we consider the space Q X L and in this space the Borel field S* deter- 
mined by all sets of the form M X {a, b) where M e SD?.'* Defining measure 
multiplicatively in 0 X •£<“ we have a measure, m'(B*), defined for all 6 . 

Completing i8* with respect to this measure we obtain a Borel field SK* . Now 
we note that c iB* ; this follows from (1.5) applied to the tube M* = S. We 
define 93' to be the Borel field of sets of the form wfiere e 93* , and Sfl' 
to be the Borel field of sets of the form M*0 where AT* e 93?* .*® Let iK denote 
the Borel field of m-measurable sets. Then what we want to show is that 
93?' = IK and that for sets M we have m'(M) = m(M). 

We now define jj' to be the field®* consisting of those sets which are finite 
sums of boxes and leftovers of m-measurable tubes. Now the Borel field deter- 
mined by 5' is ©'.®® To see this we note first that 93' is the Borel field deter- 


” The sets Aft and Aft.i are defined in terms of a given tube which we here take to be 
the tube through A/*(a, b). 

*' By the interval (a, b) we shall mean the interval taken with its left end point a but 
without its right end point 6. The Borel field determined by a collection of sets is the 
smallest Borel field containing that collection. 

For a discussion of product measures in abstract spaces see VI. 

An equivalent definition of SI?' would have been to say that it is the Borel field ob- 
tained by completing SB' with respect to m'-measure. 

By a field we mean a collection of sets closed under the operations of complementation 
and finite addition. 

** For a discussion of fields, Borel fields, etc. see VI. 
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mined by all sets of the form {M X (g, 6)) *12 where M € 9)?.*^ Now each such 
set is easily seen to be the sum of a box of some m-measurable tube and a left- 
over of some m-measurable tube; on the other hand, every m-measurable box, 
every ^measurable tube and every leftover of an m-measurable tube is in SB', 
so 5' d SB'. This proves that SB' is the Borel field determined by 

Both F(P) and G(P) are measurable with respect to SB'; this is true for F{P) 
because the P-set for which F{P) > b is, for any 6, an m-measurable tube and 
such a tube we already know to be in SB'. This is true for G(P) because 

[(?(P) < 6] = [F(P) <b] + [F(P) ^ 6] {G(P) < b]. 

p p p p 

The first set on the right side of this equality is an m-measurable tube and the 
second is an m-measurable box, so G{P) is measurable with respect to SB'. 

We shall now prove that W C and that if M eW then m'(M) = fn{M). 
We know that every m-measurable box belongs to and that every leftover 
of an m-measurable tube belongs to 3^; it follows that and then S3' is included 
in SR. We shall show that if M c 33' then m'(M) = m(M). This trivially im- 
plies that 9)2' C and that m'-measure and m-measure agree on 9)?'. Con- 
sider an m-measurable box, ikf*(a, b); let n be a fixed positive integer and write 

M*(a, b) = Af*(a, a -f [6 — a]/n) + M*{a + [6 — a]/n, a -f 2[?> — a]/n) 

+ ••• 


+ M*{b -[b- a]/n, b). 

These sets are all disjunct and are transforms of one another (under members 
of the group Tt)] so each has m-measure equal to (l/n)m(M*(a, b)). It follows 
readily that for y real and a < y < b we have 

(2.1) y)) = [{y - a)/{b ^ a)]m(M*(a, 6)). 

From the definition of m'-measure we have 

(2.2) m'(Af*(0, c)) = c(l/c)?7i(M*(0, c)) = m(^*(0» c)). 

Taken together (2.1) and (2.2) imply that m'(M) = in{M) whenever M is an 
m-measurable box. By (1.5) it follows that this is true whenever is an 
7w-measurable tube and hence for all M in g'. Hence m'(Af) = m(Af) for all 
M 6 33'.^^ Hence 9J2' C and for sets in 9)?' the measures m' and m agree. 

This is a consequence of the following trivial lemma: If Ui D ih , |Fa} is a collection 
of sets in Ut , is the Borel field determined by the Fa , and Ua «5Bi then the Borel field 
of sets of the form Miih where Mi c33i is the same as the Borel field determined by sets 
of the form FaOi . 

The fact that if two (countably additive) measures agree on a field then they agree 
on the Borel field it determines is best proved by use of the theorem (VI, p. 85) that the 
normal family determined by a field is the same as the Borel field determined by the field. 
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Now we shall prove that each Tt takes sets of 33' into sets of 33' and sets 
of 3K' into sets of 9K'. Because we know that ilW' C SJl and that the Tt are 
wi-measure preserving it is sufficient to prove the former, and because the Tt 
form a group it is sufficient to prove this for 0 ^ < c. Because the m-measur- 

able boxes are a determining collection for 33' it is sufficient to show that any 
j^-measurable box goes into a set of 33'. Let then M*{a, b) be an m-measurable 
box and t a fixed real number, with 0 ^ < < c. Let M* be the tube through 
M*(a, b), M the base of M*, N = TM and N* the tube based on N. Then it 
is easily seen that 

TtM*(a, b) = M*.[a + t g (?(P) < 6 + t] 

P 


+ lim £ ^b + t- FiT-t'P) < (fc + 1)2""] 

n-*co A;—0 P 

•]fc2"" 4- o - 6 ^ G(P) < k2""]. 

P 

Now M* and N* are w-measurable tubes and hence in 58'; the set for which 
a t ^ G(P) < 6 + < is in 33' because G{P) is measurable with respect to 33', 
and the sets under the summation are m-measurable boxes and hence are in 35'. 
Consequently TtM*(a, b) 1 33'.*® 

It remains to show that Ji? C 2W'. Define the set H by 

H = [(?(?) < c]. 

p 

To show that SJ? C 90?' it will be sufficient to show that if M e and M (Z ff 
then M c 90?'. This is sufficient because any set in 5? Ls obviously the sum of a 
countable number of transforms of sets in ^ which are included in R and we 
know that each Tt takes sets of 90?' into sets of 90?'. 

Now we consider the product space QX L {Lis the real line and ? will denote 
the Lebesgue measurable sets) and in this product space four Borel fields; 
90?' X 8, 90?' ® ?, 2J? X 8, ®? ® 8. These are defined as follows: M' X 8 is the 
Borel field determined by sets of the form M X E, where Jlf « 90?' and E (2; 
90?' ® 8 is the completion of this Borel field with respect to the multiplicative 
measure defined on it. IK X 8 and M ® 8 are defined similarly in terms of iK 
and 8. From the fact that 90?' C 5J? it follows that 90?' ® 8 C ill] ® 8 and that 
if JkT « 90?' ® 8 then the measure defined for it as a set of 90?' ® 8 is the same as 
the measure defined for it as a set of SR Q 8. We shall denote this measure in 
8 X L by fhiM). 

In 8 X L we are considering points (P, x, t). If itf is a (P, x)-8et and Mi 

** What we are proving here is that a flow defined by (1.1), with measure taken as a 
product measure, takes measurable sets into measurable sets. 
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is a (P, and if M contains the same pairs (P, y) as Afi we shall write M = 
Ml . If M d ^ y, L we shall use the following notations: 

^(P.*) = [{P, X, 1) € M] 

t 

M* = [ (P, x, 0 « M] 

(p.*) 

M, = [ {p, X, t) t m]. 

(P.O 

Now we consider the transformation S of H X L onto itself defined by (S(P, x, t) 
= (P, X, t x). This transformation takes sets of any one of our four Borel 
fields in n X P into sets of the same Borel field and preserves m-measure. We 
shall indicate the proof of this fot^^ X ? and SJJ ® the proof for the other two 
being the same. First, if M = Af X (a, b) then obvioasly SM is a limit of finite 
sums of such sets. Since S takes sums into sums and complements into comple- 
ments itjollows that S takes sets of SR X ? into sets of SR X ?. The <-sets M(p.x) 
and {SM)(p,x) are obviously congruent (for all (P, x)) and .so have the same 
<-measure. Hence, by Fubini’s theorem M and SM have the same fn-measure. 
Because S preserves the measure of sets in X it must take sets of SR (8) ? 
into .sets of SR ® ?. 

Now let M « 21?, M C //, and consider the set *M defined by 

*M = (S. [TtiP, x)eM])( [0^t<c] • [ 0 ^ x < c]). 

iP,X,t) (P,X,i) iP,X,t) 

Because Tt is a measurable flow and S is a measure preserving transformation in 
^ X Lj M €Wl ® We shall call this *M the associated set of M, It has the 
following readily established properties: 

(2.3) forO ^ a: < c: *AIx = M 

(2.4) forO ^ ^ < c: = P [ PeMj."® 

(p.*) 

We now prove a sequence of assertions which will show that M C 9W'. We 
number them for convenience. 

1) If M € Ti and *M is its associated set then for almost all t, is in 9D?' 
and for almost all x, Mx is in 2)?. 

Let M then for almost all t, is m-measurable (by Fubini’s theorem) 
and for all < it is a box; hence *M^ cJW' for almost all t If < is such that *M* 
€ SD?' then it follows from (2.4) that Mt € 2)?.^® Hence Mx c 2)? for almost all x. 
We now define ^ to be the collection of all sets M included in 

H ^ [O^xKc] • [0^t<c]. 
denotes the P-set: [(P, 0 
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and belonging to iSl ® 8 which have the property that for almost all x, J&, e 2M'. 

2) Ifi&C#andJ0^elK X 8 then i0^ e 

To prove this it is sufficient, — since ^ is obviously a Borel field,” — to show 
that 501 contains all sets of the form M X (a, b) where M « 501, so consider such a 
set. We know from 1) that for almost all x, M, belongs to 3)?. Now (M X 
(a, b))x = 501x X {a, b) which is in 2)1' for almost all x. 

3) If « 501 (and M CZ R) then 

fh{Si) = f m(M‘) dt = c f in(Mt) dx. 

Jo Jo 

This is a consequence of Fubini’s theorem and the fact that m{M*) — cm(Mt). 

4) If e 5K (and f} CZ ff) and has m-measure 0 then m(Rx) = 0 for almost 
all X in (0, c). 

If ff has TO-measure 0 then 

[ T,iP,x)€N] 

(p.*.o 

has m-measure 0 (by Fubini’s theorem and the fact that Tt is measurable). 
Hence the associated set, of R has m-measure 0. Then from 

0 = = c f miRx) dx, 

Jo 

we see that Rx has m-measure 0 for almost all x in (0, c). 

5) If i0" « ^ (and M <Z H) and m(M) = 0 then fn{Mx) = 0 for almost all 
X in (0, c). 

By definition we know that Mz « 50?' except for an x-set (which we call 0i) of 
Lebesgue measure 0. Also M(j»,x) has ^-measure 0 except for a (P, x)-set in 5!K 
of m-measure 0. Denote this exceptional (P, x)-set by iV. Then, by 4), except 
for an x-set (which we call ^ 2 ) of Lebesgue measure 0 we have m(i?,) = 0. We 
shall now show that if xi di -f- 6t then m(Mx) = 0. Coasider such an x. Then 
Mx « 5D?'. Then W* has m-measure 0 and for P outside Rx we know that 
m{^(P,x)) — 0. Hence, applying Fubini’s theorem to the set Mx (using the fact 
that it is in 3W' and has ^-measure 0 for almost all P) we see that m(J&i) = 0. 

6) If M C H and M « 5K (gi 8 then iB’ * 501. 

We already (by 2)) know this to be true when Jjf « X 8, so it will be suffi- 
cient to show that if 10” « 20 X 8 and m(i0) = 0 and if R CZ M then R 
This is true because we know by 2) and 5) that for such an J0 we have Mx e 5K' 
and fn(Mx) = 0 for almost all x, which implies that Rx « 5D?' for almost all x. 

We can now conclude our proof. Let 10 e 5E0, Af C H. Then the associated 
set *M e 502 ® 8 and *M C S ; hence by 6) 10 € 501, so *10, c fEfl' for almost all x 
in (0, c). Since *10, = 10 for all x in (0, c) this means that M e 501'. Thus 
20 C 501' and hence 20 = 501'. 

*» I.e. is a Borel field when only sets within B are considered and complements are 
taken with respect to S. 
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Theorem 2. Every measurable ergodic flow is isomorphic to a flow built under 
a function. 

Proof: Let St be the flow, fl* the space on which it occurs, and m*{M*) the 
measure on fl*. We want to find three things,— a space 12, a transformation T, 
and a function /(P),— such that the flow T, defined in terms of them by (1.1) 
is isomorphic to the original flow. Then we shall be able to apply Theorem 1 
to conclude that Tt is built under a function, i.e. that the measure involved is a 
direct product measure. The 12 we choo.se will be a certain subset of 12* obtained 
by a judicious picking of sequences of points along the trajectories of St , the 
transformation T on 12 will be the one taking each point of 12 into the next point 
along the trajectory (under St) which lies in 12, and the/(P) will be the length of 
time (measured in terms of St) it takes to move (under St) from P to TP. 

Let M* be an m-measurable set with 0 < m*(M*) < to*( 12*) and let <p{P*) 
be its characteristic function. For P* fixed and outside a certain invariant 
(under St) set Nt, of m*-measure 0 <fi{StP*) is a measurable ^-function. By a 
theorem of Wiener** we know that 

- ( <p{StP*)dt-^,p(J>*) («^0), 

e Jo 

for almost all P*. Hence (applying Egoroff’s theorem) it Is possible to choose 
a number, a, with 0 ^ a < 1, such that for <t'(P*) defined by 

$(P*) = 1 r ,p{StP*) dt *’ 

d Jq 

the P*-sets 

Mt = [«>(P*) < i], Mt = [MP*) > f] 

p« p* 

both have positive m*-measure. Also, for P* i N* the ^function is 

continuous. In fact it is obvious that, for P* 4 N* , 

(2.6) I mP*) - MS.P*) I g (2/a) \t-s\. 

Applying the ergodic theorem we know that for P* fixed and outside a certain 
invariant set Nt of m*-measure 0 the trajectory StP* will have points in common 
with each of Mt and ilf* for arbitrarily large and negatively arbitrarily large t. 
Now we write ft* = ft* — [N* + iV* ] and ft* = N* + Nt ; then ft* and ft* are 
m*-measurable invariant sets and m*(ft*) = 0. We define ft by 

ft = nt-l^P*) = h $(S|P*) > J for alU in 0 < i ^ a/8]. 

p* 

For the moment we shall not prove that ft is an m*-measurable set; this follows 
from the fact, proved below, that G(P) is an m-measurable function. 

“ Wiener, XI, Theorem III', p. 2. 

^ ^(P*) is obviously m*-measurable. Throughout this proof a is a fixed number. 
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Now we show that for any P* in Q* the trajectory StP* has points in common 
with Q for arbitrarily large <; the same proof shows this to be true also for arbi- 
trarily negatively large t. If to is any positive number then there exist ti and 
<2 such that to < h < k and SuP* e Mt , St^P* « M* . Because ^{StP*) is 
continuous in t there exists a < in (h , to) for which <f>(<S<P*) = We choose 
t' to be the greatest such t in (<i , < 2 ). Then SfP* e Q because ^{SfP*) — J while 
(2.5) implies 

\to-t'\^ (a/2) 1 - HS,.P*) 1 > 0 / 8 , 

and hence that ^(StSfP*) > ^ for all < in 0 < < ^ a/8. 

We define T and f(P) as follows: if P e fl then there is a smallest positive num- 
ber, < 1 , for which S|^P t Then TP — (S(,P and /(P) = . We note that 

/(P) > a/8 for all P in Q. 

Now consider the region Q under the graph of /(P)’’, i.e. the set of points (P, x) 
for which 0 g a; < /(P), and let 7\ be defined on i) by (1.1). We establish a 
1 : Icorrespondence, R, between and H as follows: if (P, x) e fi then P* = S^P 
is its corresponding point in Hj". This is obviously a 1 : 1 correspondence which 
carries St into Tt , i.e. if P* = R(P, x) then StP* = RTj(P, x) for all t. In 
other words, StP = R~^TtRP for all P in Q. Now let m(M) be the measure on 
n carried over from Q* by If we knew w-measure to be the direct product 
measure of a measure on fl (for which T was a measure preserving transformation 
and /(P) a measurable function) with Lebesgue measure on the x-axis then our 
theorem would be proved. To show this it is sufficient, by Theorem 1 , to show 
that the functions F(P) and G{P) are w-measurable. 

To show that G(P) is m-measurable let b be any number ^ 0 ; then 

R[G(P) ^ 6] = E SA 

P O^t^h 

SO we most show the set on the right side to be m^-measurable. This is shown 
by the following equalities (in these formulae some of the indices range over a 
whole interval; we adopt the following convention: when such a sum or a product 
is primed then the summation or product is to be taken over all rational numbers 
in the interval plus the end points of the interval): 

E S,Q 

0£tib 

= E StmP*) = m(S,P*) > i for0<«go/8]} 

That there exists a positive number h with StiP e U follows from the last paragraph; 
there will be a smallest one (and it will be > (o/8)) because if P e U then none of the points 
StPf for 0 < < ^ (a/8), are in U. 

Ip this discussion we sometimes consider U as a subspace of 0* and sometimes as a 
space by itself. 

” I.e. a set Sf is ^-measurable if and only if its correspondent in Ui is m*-measurable 
and its measure, 7fi(St)^ is the m*-measure of that correspondent. 
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= Z ([$(«_, P*) = i][#(S._,P*) > § forO < s g a/8]} 

= II Z' {[1$(-S_,P*) - II < l/n][^>(S._,P*) >1 forO < « g a/8]} 

= n Z' l[|^(-S-.P*) - 1 1< l/n] n ms..,p*) > I for l/k^8^ a/8]| 

n-1 O^t^h [ Jfc-l j 

= II Z' ([1$(-S-.P*) - II < l/n] II E [#(^.-.P*) ^ I + 1/m 

n-1 OgJSh I, *-l m-1 

for 1/A: ^ s ^ o/8]| 

= n z' {[i Hs-iP*) - 1 1 < l/n] n E n' [^(s._,p*) ^ i + i/m]l 

n-1 d^t^b I, k-l m-1 llkg,£a/S ) 

which Is obviously an m*-measurable set. 

To see that F(P) is m-measurable we note that 

[P(P) >b]= E' T.,[G(P) ^ b]. 

P p 

We remarked in the introduction that Theorem 2 implies that, except for a 
trivial kind of exception, the trajectories in a measurable flow are always meas- 
urable sets. We shall now prove this. If St is any measurable flow on a space 
U* then we can subdivide 12* into disjoint m*-mcasurable invariant sets: 

12* = 12o + ^1* + • • • + + • • • ) 

(it may be that a finite or an infinite number of the 12^ are empty; in fact for an 
ergodic flow all but one will be empty) in such a way that: 1) if n ^ 1 then either 
12n is empty or else m*(12n) > 0 and St is ergodic on 12n , 2) either 12o is empty or 
else St is completely non-ergodic on 12* , i.e. if M* is any measurable invariant 
set of positive measure then M* contains an invariant set, iV*, for which 
> m*(N*) > 0. We see that every trajectory lying in 12* is measurable as fol- 
lows: for each € > 0 it is clear that 12* can be divided into a finite number of dis- 
joint measurable invariant sets (whose sum is 12*) each of measure < e. Each 
trajectory in 12^1' will lie in one of these sets. Hence each trajectory in 12* lies 
in some set of measure < c, and this for arbitrary positive €. Consequently 
each trajectory in 12* lies in a set of measure 0 and therefore (since we always 
assume our measures to be completed) each trajectory in 12o is a measurable 
set of measure 0. 

Since on each 12!l (for n ^ 1) which is non-empty St Ls ergodic (and since we 
took care of 12^1* in the last paragraph) the matter of the measurability of the tra- 
jectories will be cleared up completely if we can clear it up for ergodic flows. 
By Theorem 2 it will be sufficient (in considering ergodic flows) to consider flows 
built under a function. Let St be such a flow, on a region S, and let 12, T, f{P)t 
m{M) have their usual meanings. Clearly the ergodicity of St implies that 
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T is ergodic on fl. We now distinguish three cases : 1) every point in 0 is m-meas- 
urable and of m-measure 0, 2) every point in fi is m-measurable but some point 
has positive measure, 3) some point in Q fails to be m-measurable. First we 
consider case 1) (the usual case). Let be any trajectory; this trajectory 
intersects i1 in a sequence of points P„ = (P„ , 0). Then this trajectory is the 
set 

t [P-Pn] 

n— — 00 (P,») 

which is m-measurable and of m-measure 0, since our measure is a direct product 
measure. In case 2) the ergodicity of T implies that 12 consists of a finite number 
of points of equal positive m-measure plus perhaps a set of measure 0. Then St 
is obviously isomorphic to the well known periodic flow on the circle (StX == x 1 
mod a, a > 0). In this case all the trajectories are m-measurable sets but 
certain one of them has positive measure while all others have measure 0. In 
case 3) it is clear (since m-measure is completed) that the m-measurable sets will 
contain a “chunk/’ i.e. an m-measurable set, Af, of positive m-measure and 
such that if N is m-measurable and contained in M then either m{N) == m(Af) 
or m{N) = 0. The ergodicity of T implies that M has a finite number of trans-^ 
forms and that every m-measurable set of positive m-measure differs^ by at most 
a set of m-measure 0 from some finite sum of transforms of M . Then our flow 
is essentially the same as in case 2) except that instead of all the measure being 
concentrated on the trajectory swept out by a single point all the measure is 
concentrated on the set swept out by M; clearly every m-measurable set must be 
(to within a set of m-measure 0) of the form: 

E StM, 

t i K 

where E is any Lebesgue measurable ^-set on some finite interval (0, a), (Ob- 
viously in this case it is possible to set up a measure preserving «e^-correspondence 
between this and a flow of case 2) so in a certain sense this is the same as case 2)). 
In this case there will be at least one non-measurable trajectory inside the set 
swept out by M. This is the only case in which there can be any non-measurable 
trajectories and this case is obviously of not the slightest interest. 

To summarize the results of this discussion we may say that if Tt is any 
measurable flow then the space on which it occurs can be split into a completely 
non-ergodic part, in which all trajectories have measure 0, plus a denumerable 
number of ergodic parts (where a finite or infinite number of these parts may be 
empty) and that on each ergodic part there are three possibilities: 1) each 
trajectory may be measurable and of measure 0, 2) each trajectory may be 
measurable but with one of the trajectories (necessarily a periodic one) having 
positive measure, in which case the flow is isomorphic to a rotation on the circle, 
3) all the measure may be concentrated on the set swept out by a single set, Af, 
of measure 0 in such a way that the only ni-measurable sets are sums of trans- 
forms of M; in this case non-measurable trajectories are possible, but it is possible 
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to establish a measure preserving set correspondence between such a flow and 
a rotation on the circle. 

3. The group Ut and a second representation theorem 

Let St be a flow on a space 12* and let Z /2 be the space of (complex-valued) 
functions g{P*) of integrable square on 12*. We define the operator Ut (for all 
real t) by 

(3.1) U,g{P*) = g{SJ>*).^^ 

Obviously the Ut are unitary operators and form a 1-parameter group: UtU, = 
U t +, . It is known that if f7< is a continuous <-function (in the sense that, for 
any g in Li,\\Utg - ff || -» 0 as 2 0) then 17, has a spectral resolution, i.e. 

there exists a unique spectral family Ex for which 

Ut= f e'^UEx,^ 

V— >00 

and it has been shown by Doob (III, Theorem 7) that if Ut is defined by (3.1), 
where St is a measurable flow, then Ut is a continuous ^-function.^® Hence Ut 
will have a spectral resolution in all cases we arc considering. 

We now define a special kind of flow built under a function and show that a 
measurable ergodic flow is isomorphic to a flow of this kind if and only if the 
group U t has an eigenfunction of eigenvalue 9 ^ 0. This result was proved, — 
except for the measure theoretic considerations,— by G. D. Birkhoff (II, p. 144) 
and our proof consists essentially in using his argument and then applying 
Theorem 2 to take care of these measure-theoretic considerations. 

Definition 9. An eigenfunction of the group t/< is a function ^(P*) in L 2 
which is diiferent from 0 on some set of positive measure and such that for some 
real number X, 

U 

(for all real t). The number X is called the eigenvalue of \f/. 

Definition 10. If a flow is built under a function /(P), and /(P) is a con- 
stant function^® then we say the flow is well built. The number /(P) is called the 
height of the flow. 

** The introduction of this Rroup of unitary operators and the idea of attempting to 
characterize the properties of a flow in terms of properties of the spectral resolution of 
this group of operators is due to B. O, Koopman, V. 

See VII and IX. 

“ If /St is a measurable flow and U t is defined by (3.1) then (by Fubini’s theorem) {U tf, g) 
is a measurable t-function for each / and g in Lg and Stone (VII) and von Neumann (IX) 
have shown that in case Lt is separable this implies that 17 1 is a continuous ^-function. In 
our case, however, where no separability conditions are assumed, it is necessary to use 
the deeper result of Doob to prove that I/t is a continuous ^-function. We remark that 
for a measurable ergodic flow this continuity follows easily from Theorem 2. 

By constant we mean constant everywhere. 
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Theorem 3. A measurable ergodicflow is isomorphic to a well built flow if and 
only if its corresponding U t group has an eigenfunction of eigenvalue ^ 0. The 
heights of the well built flows to which it is isomorphic are the numbers 2Tr/\ X j, 
where X is an eigenvalue of the Ut . 

Proof: If Tt is a well built flow of height a and if X is defined by 2t/X = a 
then obviously the function ^(P, x) defined b}’^ 

x) = 

is an eigenfunction of eigenvalue X for the corresponding Ut . Since the eigen- 
values form (for an ergodic flow) an additive group of real numbers’’^ —X is also 
an eigenvalue. Hence if a measurable ergodic flow is isomorphic to a well built 
flow of height 27r/ | X | then both X and —X are eigenvalues of the corresponding 
group U t . 

Now let be a measurable ergodic flow on a space Q* and let the corresponding 
U t have an eigenfunction ^ of eigenvalue X, (X 0). Then if/ is an eigenfunction 
of eigenvalue — X.^^ One of X and —X is positive; we suppose X is positive and 
from now on work with X and ^ (if —X were the positive one we would work in 
the same way, but with —X and ^). Because ^ is an eigenfunction we know 
that for each t we have 

for almost all P*. By changing ^(P*) at most on a P*-set of measure 0 we can 
make this equality hold for all P* and tf^ we suppose ^ to be so altered. Now 
I ^ I is an invariant function (i.e. | \KStP*) | = | ^(P*) |) and hence (since St 
is ergodic) | ^(P*) | = constant = k > 0 except for P* in some m*-measurable 
set, N*j of m*-mcasure 0.*® Because ^(S(P*) = for all P* and t we 

see that N* is an invariant set. Now write Q* = JV’* and = i2* — N*, Then 
define 12 by 

12 = 121*- [^(P*) = fc] 

p* 

(where k is the constant mentioned above). We establish a 1 : 1 correspondence 
between 12? and 12 X (0, 27r/X) as follows: if (P, x) is in 12 X (0, 27r/X) then make 
correspond to it the point P* in 12? defined by P* = S^P. We define the trans- 
formation r on 12 by TP = S 2 r/\P- Then this correspondence obviously carries 
St on 12? into that flow on 12 X (0, 27r/X) which is built on the transformation 
T on 12. As in the proof of Theorem 2 this correspondence gives rise to a measure, 
fh{M), on 12 M (0, 27r/X) and the only thing remaining to be shown is that this 
measure is the desired sort of product measure. To prove this it is sufficient, by 
Theorem 1, to show that the functions F(P) and G(P) defined by (2.1) and (2.2) 
are m-measurable. Now G(P) is m-measurable because the set in 12? correspond- 
ing to the P-set for which G{P) < b is the P*-set for which arg \I/(P*) < b\, 
P(P) is m-measurable because it is a constant. 

See X, p. 625. 

See IV, Lemma 9.1, p. 27. 

*• This remark is due to Koopman, V, p. 318. 
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To conclude we point out that our first representation theorem can be used to 
generalize a theorem of von Neiunann’s about the spectral family E\ associated 
with the group U t . Let @ be the closed linear manifold spanned by the eigen- 
functions of the group U t . Then E\ is still a spectral family when considered 
only on L2 — the orthogonal complement of The set of points of in- 
creased^ of this spectral family when it is considered only on Z/2 — @ is called the 
band spectrum of the original spectral family. 

Theorem 4.^^ For a measurable ergodic flow the band spectrum is either the null 
set or the whole real line. 

Proof: We shall not give a detailed proof of this theorem. We merely remark 
that von Neumann proved this assuming the flow to be differentiable in order to 
find,— in case the flow was not rotation on the circle, — cross sections whose 
translations over large time intervals were all disjoint. Using our representation 
theorem (and an unpublished but easily proved lemma of P. R. Halmos to the 
effect that on a space containing sets of arbitrarily small measure there exists, for 
every ergodic measure preserving transformation, T, and positive integer, w, 
a measurable set of positive measure whose first n transforms by T are all dis- 
joint) we are able, — in case the flow is not rotation on the circle, — to obtain such 
cross sections without any differentiability assumptions. As soon as this is 
noticed von Neumann’s proof can be carried through exactly as in the differen- 
tiable case.d^ 

The Institute por Advanced Study 
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ON THE EXPONENTS OF DIFFERENTIAL IDEALS 

By Ellis Robert Koixihin 
(Received April 4, 1940) 

Introduction 

In the theory of polynomial ideals, in algebra, there are methods, stemming 
from the theorem of M. Noether, and associated with the names of E. Bertini, 
E. Lasker, F. S. Macauley, K. Hentzelt, H. Kapferer and P. Dubreil, for finding 
the exponent of an ideal, or at least a bound for the exponent. 

When one seeks to create a notion of exponent for ideals of differential poly- 
nomials, one is forced, because of a situation revealed by H. W. Raudenbush,^ 
to admit infinite exponents as well as finite ones. The investigation of such 
exponents, finite or infinite, to some extent for differential ideals of a general 
character, and to a deeper extent for differential ideals generated by a form in 
one unknown of the first order, is the object of the present paper. 

If we may refer to §2 below for a definition of the exponent of a differential 
ideal, we shall proceed to enumerate our results. 

Part II, which presents what is possibly the most interesting portion of our 
work, deals with differential ideals generated by a single form A, in one un- 
known, of the first order. The concept of multiplicity of a singular solution of A 
is introduced (§6) and it is shown (§7) that if A has a singular solution of multi'- 
plicity exceeding unity, then the differential ideal generated by A has exponent 
infinity. Forms A which have singular solutions, all of multiplicity unity, are 
discussed in §§8~10. Such singular solutions are divided into two classes, and, 
guided by a general theorem due to J. F. Ilitt, we secure a decomposition of the 
differential ideal generated by A which puts these two classes into evidence 
(§8). In §10 it is proved, under an additional assumption {regular type) that 
the exponent of the differential ideal generated by A is unity or two according as all 
the singular solutions are in the first class or at least one singular solution is in the 
second class. The differential ideal generated by a form A which has no singular 
solutions, is shown, under a certain additional assumption, to have exponent 
unity (§11). Part II concludes with a discussion of a type of form which we 
call hyperelliptic. The ^‘intermediate ideals” are found, and they are shown to 
fall into chains of a fixed length. 

Part III contains a brief discussion of chains of differential ideals. A theorem 
is proved which gives a bound for the exponent of a so-called principal chain 
in terms of the length of the chain (§14). 

Part I begins with a statement, in abstract form, of a decomposition theorem 
due to Ritt. After the definitions of relative exponent and other terms, there 

* Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 371-373. 

740 
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is proved a theorem connecting the relative exponent of a differential ideal with 
those of the factor ideals in the decomposition just mentioned (Theorem 1). 
Also, a result is presented which relates the existence of a strong basis in a- 
differential ideal to the existence of such a basis in the factor ideals (Theorem 2). 
The remainder of Part I deals with special questions whose treatment is im- 
portant for the sequel. 

In Part I, use is made of the theory of resolvents. This theory, as developed 
by Ritt, applies to a differential field whose elements are meromorphic func- 
tions. To permit the use of abstract fields, there is given, in an appendix, a. 
discussion which supplements Ritt^s proofs, making them valid in any differential 
field of characteristic zero. 


Notation 

Differentiation (of elements in a differential ring^) is indicated by subscripts; 
thus ay means thej-th derivative of a. If a single letter is used with different 
subscripts to denote different ring elements, then differentiation is indicated by a 
second subscript; thus, the j-th derivative of a* is a*,- . 

Square brackets [ ], curled brackets { ), and parentheses ( ), when not used 
as symbols of aggregation, will mean, respectively, the differential ideal, the 
perfect differential ideal, and the (ordinary, algebraic) ideal generated by the 
set of elements they include. These various ideals are supposed to be formed 
in a fixed differential ring which underlies the discussion. When forming an 
(algebraic) ideal, the differential ring is considered as an (algebraic) ring. 

Membership in a set is denoted in the usual way by the symbol €. Set inclu- 
sion is indicated by C, proper inclusion by C. The symbol for the intersection 
of sets is n. 

The notations 


a = 6 

(m, n, • 


a ^ b 

[m, n, • 


a = b 

{m, n, 

... ) 


will mean, respectively, 

a — 6 € (m, n, • • • )> a — 6 € [m, n, • • • ], a — 6 € {m, w, • • • }. 

The product of a finite number of differential ideals is defined as their product 
when considered as (algebraic) ideals. This is readily seen to be a differential 
ideal. If <ri , ^ 2 , • • • , are differential ideals, their product is denoted by 

If <r is a 'perfect differential ideal in a differential ring and if d « then 

* The definitions of differential ring, differential ideal, and other terms, are to be found 
in a paper by Raudenbush, Transactions of the American Mathematical Society, vol. 36 
(1934), pp. 361-368. 



742 


EtiLIS ROBERT KOLCHIN 


aid, the quotient of <r by d, is defined as in algebra to be the totality of elements 
a € such that ad ^ a, aid \b itself a perfect differential ideal. 

If g is a differential field, then ^{u, • • • ) means the differential ring obtained 
by the differential ring adjunction of u, ••• , The result of differential field 
adjunction will be denoted by • • • ). 

As is customar}^, the word form will be used as an abbreviation for differential 
polynomial. 

By a solution of a set of forms in > * * • > 2/n}, is meant a set of elements 

, * • • , ^ 7 n of some differential extension field of which annul the forms of 
the set when substituted for t/i , • • • , y« , respectively. 

Part I. Some General Theorems 

1. The product representation 

Consider a differential domain of integrity J) which contains the rational 
numbers. We suppose that every infinite system in has a basis. The set of 
forms in a fixed finite number of unknowns, with coefficients in an underl 3 dng 
differential field of characteristic zero, is such a differential domain of integrity.® 

A set of differential ideals in ® will be called separated if 1 = 0 {cn, a^) for each 
pair of distinct ideals <ri , 0-2 in the set. 

A differential ideal will be said to be connected if it is not the intersection of 
two separated differential ideals. Since the two ideals are required to be 
separated, '^intersection'' may be replaced by "product."^ 

A theorem due to Ritt may be formulated abstractly as follows: 

Let a be a differential ideal in 3). Then a is connected if and only if [a] is. 
If a is not connected, it has a representation as the intersection ( = product) of a 
separcUed finite set of connected differential ideals. This representation is unique. 
If o’io ’2 • • • cr, is the representation of a, then {ai\{a 2 ] • • • [ag] is the representation 
for\a].^ 

We shall call the representation described in this theorem the product repre- 
sentation of or. Each cTi will be called a factor of the product representation. 

2. Exponents 

Lemma 1 : Let a and r he differential ideals in 3) such that o' C {o-} . Then 
the product representation of a has the same number of factors as that of t, and, with 
a suitable assignment of subscripts, we may write for these representations 

0 - = o-i<r 2 • • • O', , r = rir 2 • • • r, , 

fTi C U C {o-*}^ i = 1, ‘ , 5. 

Proof: The theorem of §1 shows that we may write for the product repre- 
sentations 

• See the paper cited under footnote 2. 

* See B. L. van der Waerden, Moderne Algebra, vol. 2, Berlin, 1931, p. 46. 

» Ritt, Proceedings of the National Academy of Sciences, vol. 26 (1939), pp. 90-91. 
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<T = • • • <r, , T = Tin • • • T, , 

{<^.} = {t<}, i = 1, ,8. 

Here product is the same as intersection, and <r C r C n , so that 

ff = (<Ti n Ti) n (Tj n • • • n <7, = (irj n Ti)<r2 • • • <r, .* 

Since the product representation is unique, this implies that <ri = <7i fl n , that 
is (Ti C ri . Similarly, every <r{ C r,- . 

Consider two differential ideals <r and t in If there is a positive integer q 
such that T* C ®'> let p be the least such q] if no such q exists, let p = w. We 
shall call p the exponent of a with respect to t, and shall denote it by Uv. The 
exponent of a with respect to {<r} will be called, simply, the exponent of a. ' 
In discussing l,<r we limit ourselves to cases for which <7 C r C {<r). If 
r $ {<r}, then Z,<r = « ; if a $ t, we may let t' = {a, r), and then a C t', 

lj(T ^ lr*Cr» 

1"heorem 1: Let a and r he differential ideals in ® sitch that or C ^ C lo*}- 
Let the product representations of a and t he given hy {\), Then 

Ij (T ““ IXlSiX /x j • 

»*“!,• • •,« 

Proof: Let p = max Zr»<r, , q = her. If p = oo, then q ^ p. Suppose 
p < 00. Then 

= (ri • • • t,Y = rf • • • rf C 0-1 • • • = O’, 

SO that in either case q ^ p. It remains to prove that p ^ q. 

If g = 00 , then p ^ q^ Suppose q < Then 

O’! • • • = (oTi . • • <T»y = a'' C r = ri • • . r, . 

But <tI y • • • , are obviously the factors of the product representation of 
(Ti • • • (Tt . Hence, by Lemma 1 , (t? C n* , i = !,•••, s, .that is, p S q. 

3. Strong bases 

In this section we present a theorem which will not be used in the rest of the 
paper, but which may be of some interest on its own account. 

Let <r be a differential ideal in T). If c has a strong^ basis 6i , • * • , 6* , let 
q = L[6 i , • • • , 6 a]; of all integers so obtained, let p be the minimum. If <r has 
no strong basis, let p = <» . We shall call p the basis index of <r. 

• It is easy to see that <ri fl ti , 0*2 , • • • , <r» are separated. For example, because 
, <^2 , • • • , <r, are separated, there are elements hi e ai and ht c <r2 such that 1 =■ 4- 62 . 

Choosing, as we may, p large enough so that /i? € n , we have /if e <ri 0 ti , 4- 

* • • 4* /if « <^2 and 1 * /if 4- 4- • * * H" /if • 

’ A basis of a is said to be strong if there is a single integer such that is in the differ- 
ential ideal generated by the basis, for every g t a. There exist differential ideals which 
do not have a strong basis. See Theorem 6 below; also, Kolchin, Bulletin of the American 
Mathematical Society, vol. 45 (1939), pp. 923-926. 
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Theorem 2: Let the differential ideal a in 3) have the 'product representation 
a = ffi ... a, . Then the basis index of e equals the maximum of the basis indices 
of the ffi . 

Proof: We know that there exist elements , with derivative mn e <r, such 
that <r< = (ff, mi), i = !,•••,«.* Let h , • • • , be a strong basis of <r, with 
L[i>i , • • • , b*] = p. Then 


fff = (<r, mi)' C (ff', m.) C [bi , • • • , b* , »»,]. 

Thus, for each i,bi, • • • , b* , m,- is a strong basis for <r,- , and Z,<[bi , • ■ • , bA , m,] ^ 
p. Hence the basis index of «r is not less than that of each <r,- . Now let 
bi*\ ■■■ , b*)’ be a strong basis of «r,- , and let q ^ LJbi*’, • • • , bj[j’], f = 1, • • • , 8. 
Since <r< = (a, mi), we may write, fdr each i and j. 


6<« = <<«+cfm, 


/•) 


€ e. 


Then 


= (»!••• (T,)* — oi ... 

c[b{“, ...,bj[|>]...[b{*’, ...,b^:>] 

C • • • , <*!’, mu , • • • , m,i , mi • • • m.]. 

Thus, <r has a strong basis whose associated exponent is less than or equal to q, 
so that the basis index of a is not more than the greatest basis index of the v,- . 

4. Invariance of the exponent under differential field adjunction 

In this section we specialize ^ to a differential ring of forms. 

Let 5 be a differential field of characteristic zero. Let be a differential 
extension field of 5 C 5^ Throughout the present section p,-, , w will 

denote unknowns. 

If is a set of forms with coefficients in %, we shall use (4>), [4>], {'^ } to denote 
the algebraic, the differential, and the perfect differential ideals, respectively, 
generated by # in the differential ring of forms with coefficients in If is a 
set of forms with coefficients in 5', the algebraic, the differential, and the perfect 
differential ideals generated by $ in the differential ring of forms with coeffieients 
in 5' will be indicated, respectively, by (4>)', [4>]', and {#}'. It is clear that if 
Z is a differential ideal of forms with coefficients in g, then (S)' = [S]'. 

Theorem 3: Let 2 and A be differential ideals in 5{yi , • • • , p„}. Then 

= f(A)'(2)'. 

Proof: Let p = IaS, q = lfq= oo, then p ^ q. Suppose ? < «, 

and let G « A. Then G e (A)', so that G* c (2)'. But G* e jjjpi , • • • , p*}. 
Hence G* c 2,' so that p ^ q. 

* Ritt, loo. cit. under footnote 6. 

* See proof in van der Waerden, loc. cit., p. 67. 
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If p = 00 , then q ^ p. Suppose p < «> , and let G e (A)'. Then there is a 
relation 


Hence 


G = ^H^G„ 

M-1 


Gn € A. 




p! 


»1+* • •-Kin'“P 




so that q ^ V* This completes the proof. 

Theorem 3 , by itself, yields no information as to how the exponent of a differ- 
ential ideal is affected by a differential field adjunction, for there is no obvious 
reason why { 2 } ' should equal ( { S j )'. These two ideals, however, are identical. 
We devote the rest of this section to the proof of this fact. We use three lemmas. 

Lemma 2: Lei ilbea prime differential ideal m S 1 , • • • , Wa , 2/i , • • • , yp) , 

vnth basic set 


(2) A, , • • • , Ap 

introducing in succession Wj 2 /i , • • • , ^p . Let A be algebraically irreducible 
over ^7 let each A i be of order zero and degree unity in yi . Then ( 2 ) is a basic 
set for {i])'. 

Proof: Let JSi , • • • , 7?, be the irreducible factors of A over Let S and 
I be the separant and initial, respectively, of A ; let /» be the initial (= separant) 
of Ai . Each Bi is of the same order (call it r) in ii; as A is, for otherwise A 
would be reducible over Let be the separant, /, the initial, of . We 
have 


7 = Ji . . . J. , 

S = T1B2 • • • Bt ~h B1T2 • • • Bg -f- . . . -j- B1B2 • • • T* . 

Now, = \A, Ai , • • • , Ap] :ISIi •••Ip. Let 

= {75* , Al y • • • f Ap] ij xTyJl ••• Ip y f == 1 , • • • , 5. 

Then each iU is a prime differential ideal in ^{ui, • • • , u, , w, yi , • - . , Pp}.^® 

Moreover, 


Proof: Let For appropriate k we may write (/i • 7p)*C » C', 

(7i • • • IpYD s Z)' [A 1 , • • • y Ap] where C' and D* are forms free of , ••• , yp . Of course 

&D* e Qi . We prove one of C\ Z)' is divisible by 75* , Suppose neither is. Then there 
are forms M and Ny free of yi , • • • , yp , such that E « M{C*D‘TiJ »/i • • • Jp) + , 

where E is & nonzero form free of yi , • • • , yp , of order less than r in w. Clearly 

E t [Bi t Al y • •• y Ap]. It readily follows that (TJi • • • IpYE e (Bi) for some positive 

integer 1. Since Bi is irreducible, this implies that E € (Bi). But the order of ^ in w is 
less than r. Hence ^ « 0. This contradiction shows that either C' or D' is divisible by 
Bi y say C' is. Then C c «* . Thus, fl, is prime. 
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{ 0 }'= 

= (jfii A^y n...r){B,,Ai,... , A,y):ish • • • /„ 

= {\B^,Ax,... ,A^y:ISIi... I,) n ... 

n({5.,A,,...,Ap|':/S/i.../p) 

~ ({-Bi j Ai , • • • , Ap}'’Ji . . . J ,TyBt . . . BJi . . . /p) 

n . . . n ({B. , , . . . , ApY-.ji . . . j.BiBi . . . r./! . . . Zp) 
= (fli iji ... J ,Bt . . . B,) n . . . n (fl, iji ... z t-iBi . . . B,-i) 

= Qi n . . . n n. 

{fl}' does Hot contain a form of class 9 + 1 of order less than r in w, because 
does not. Let C be of class 3 + 1 and have order r in w, and suppose that 
C « (fi)'. C e Hi, and is therefore divisible by B, , f = 1, . . . , s. Hence C is 
divisible by A. From this it follows that (2) is a basic set for {12)'. 

Lemma 3: Let 5 contain non-constant elements}^ Let X be a prime differential 
ideal in 5{mi , . . . , w, , J/i , . . • , 2/p}, with arbitrary unknowns Wi , . . . , u, 
r^(S)'={Sl'. 

Proof: It suffices to show that {2}' C (2)'. Let A = 0 be a re- 
solvent for 2, and let H be the associated prime differential ideal in 
g{Mi yi , ... , 2/p|, with basic set (2), where A is of order r in w, 
and each A < is of order zero and degree unity in We know that 

2 = a n 5 {mi, ••• ,m«, 2/1, ••• ,2/j-|. 

Let G € (2)'. We may write 

G = Go -y Giui -f- . . • G„(i)m 

where each Gp e 5 {mi , ... , w* , 2/1 , • • • , 2/pI, and where 1, «i , . . . , w*. are ele- 
ments of i5', linearly independent over 5 . We shall show that each Gp e 2. 

Let S and I be the separant and initial of A ; let Z,- be the initial of A< . Evi- 
dently there exist non-negative integers o, b, aj such that 

(3) Z'B^ZJ* ...r^Gp^ Bp(a), M = 0, 1, . . . , m, 

where each is reduced with respect to the basic set (2). Then 

(4) • • • T^pG = iBo “f“ RlO^l 

But, by Lemma 2, (2) is a basic set for {Q}'. Hence the second member of (4), 

The parentheses in these equations are symbols of aggregation. 

An element of ^ is called constant , if its derivative vanishes. 

“ The Ui need not actually occur. 

See Appendix. 
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which is in {fl}', yet reduced with respect to (2), must vanish. Since 
1, «i , • • • , wm are linearly independent over 55, it follows that each vanishes. 
(3) then shows that each (?„ e Q. Since is also in gjwi , • • • , u, , , • • • , yp}, 

we have « S, /* = 0, 1, • • • , m. 

Hence G e (2)', so that (2)' C (S)'. 

Lemma 4: Let 55 consist purely of constants-, let 55' = where x is an element 
whose derivative is 1. Let "Z be a prime differential ideal in 551^1 )••*, ^n)* 
Then(zy = {2}'. 

Pboof : We must show that { 2 } ' C (2)'. Let G t (21'. For a suitable non- 
zero element (p t ^{x), we may write 

<pG = Ho -{- HiX -|- . . . -f Hmx”', 

where the //), are in g(yi , • . • , y„). For a large integer r, G' e (2)'. Hence 

m + rHl-'HiX -!-•••+ 6 (2)'. 

Thus, we see that we may write 

HI + rHl~'HrX Hlx’^' = d.S^ + .■■+d,Sk, 

where each Si e 2, and each d,- « 55(^)- Let ui, • ,ut be elements of ^{x) 
such that 1, X, • • • , wi , • • • , are linearly independent over ^.nd such 
that each is linearly dependent on 1, x, • • • , x"”", coi , • • • , . Then there 

is a relation 

m + rHr'HiX + ‘ + Hlx^^ = To + • • • + + • • • + , 

where the T,- and (U are in 2. By the linear independence it follows that 
HI = Tq j so that Hq € 2, Hence 

Hi + H2x + ... + nmx'^-\\xy. 

Continuing, we find every « S. Therefore G e (2)' and {2}' C (S)'. 

We are now in a position to prove our theorem. is again any differential 
field of characteristic zero, and a differential extension thereof. 

Theorem 4; Let Z be a perfect differential ideal in 5{2/i » * * * > 2/n). Then 
(2)' = {2}'. 

Proof: Let 2 = 2i fl • . • fl 2* be the decomposition of 2 into essential prime 
differential ideals. It is easy to see that 

( 5 ) (21' = {2ii'n ••• n (2.!'. 

We shall prove that 

(6) (2)' = (2,)' n . . . n (2.)'. 

Indeed, since 2 C 2< , we have (2)' C (2j)', t = 1, • • • , s, that is 

(S)' C (2,)' n . . . n (2,)'. 

Now let G c (2,)', f = 1, • • • , s. We may write 
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G — Go'^ + + • • • + Gm^Um , 

where each Gi’^ « S,- , and 1, «i , • • • , Wm are elements of linearly independent 
over 5- The linear independence shows that = . . . = G^*^, t = 0, 1, • • • , m, 
so that each G,-’’ « 2i D • • • D S, = 2, and G e (2)'. Hence 

(2)' □ (2,)' n . . . n (2.)'. 

This proves (6). 

If 5 contains non-constants, then, by (5), (6) and Lemma 3, {2}' = (2)'. 
Suppose 5 consists purely of constants. Let 5* = where :e is an ele- 
ment whose derivative is 1, and let {5* = %'{x). By Lemma 4 and equations 
analogous to (5) and (6), 

(2)* = (20* n ... n (2.)* 

= {2i}*n ... n {2.}* = {2}* 

Hence, by the part of the theorem already proved, 

(2)t = ((2)*)^ = ({2}*)* 

= ({2}*}t= {2}*. 

Thus, (S)^ is a perfect diflferential ideal. 

Now, (S)^ = ((2)')^ Suppose that (2)' 9 ^ {2}'. Then there is an 
F e WlVi ) • • • iVn] such that F € {2}', F i (2)'. Clearly F c {2}^, that is, 
F € (2)^ = ((2)')^ Since F e , • • • , 2/n}, this implies that F e (2)'. This 
contradiction shows that (2)' = {2j', and completes the proof. 

Corollary 1: Let X be a differential ideal in , • • • , 2/n}. Then the ex- 
ponent of 2 equals that of (2)'. 

Proof: By Theorems 3 and 4 

i![2)2 = Z({j})/(2)' = J|(2 j}K 2)' = i{2)'(2)'. 

6. A certain differential ideal 

Let S be any differential field of characteristic zero, and let y be an unknown. 
We work in the differential ring The following theorem uses an idea 

due to Raudenbush.^^ 

Theorem 6: [yf does not have a strong bcLsis, 

Proof: Assume that [yf has a strong basis. Then it has a strong basis con- 
sisting purely of forms yiy , . Let s be an integer so large that the set of forms 

(7) yiyi , 0 ^ i ^ ^ 

is a strong basis of [yf. Let p be the exponent with respect to [yf of the differ- 
ential ideal generated by the basis (7). Let a be a positive integer whose value 
(large) is to be given later. 


See paper cited under footnote 1. 
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Consider the forms 

(8) * • • Viip ) *!+•••+ tip — a. 

Each form (8) is in [y]*”. Considering degree and weight, we see that each form 

(8) is a linear combination, with coefficients in g, of forms 

(y^VdiVii • • • Vhp-t , 

(9) 0 ^ i ^ j g s, i+j + k+ji + ---+ = a. 

Hence the number of linearly independent forms (8) does not now exceed the 
number of forms (9). Since the totality of forms (8) are linearly independent, it 
follows that the number of distinct forms (8) is less than or equal to the num- 
ber of forms (9). 

Now, the number of expressions (8) is clearly at least 

J_^ +1 

(2p)!V2p^ " 

if we suppose that a is divisible by 2p. For, we may assign , • • • , f 2 p-i arbi- 
trary values from 0 to a/2p, and then 'kp is uniquely determined; moreover, 
the number of times a given form (8) can be produced in this way Is at most 
(2p) ! On the other hand, the number of expressions (9) is surely not more than 

Ks + l)(s + 2)(a + 

for the number of forms in the basis (7) is (s + l)(s 4- 2)/2. But if a is suffi- 
ciently large, then 

(^! 0 ^ ^ 

Hence, the number of forms (8) exceeds the number of forms (9). This contra- 
diction completes the proof. 

Corollary 2: Let F c 5(2/} be of order zero. Then the exponent of [P] is oo 
or 1 according as P has or has not a multiple factor. 

Proof: By Corollary 1 we may suppose that g contains all the roots of 
P = 0. Let 

P = 6(2/ - ... (2/ - rii 9^ rii if i 9^ j, 

be the factorization of P into linear factors. It is easy to see that 

(10) [P] = [(y - 1,0**] ■■■[(y- 1,.)**] 

is the product representation of [P]. If = 1, then [{y — i,0**] = [y — i,<] 
obviously has exponent unity. If ki > 1, then [(y — i,0**] has exponent <». 
For, otherwise (y — i,0** would be a strong basis for [y — i,<]*, a contradiction 
of Theorem 6. Since by Theorem 1 the exponent of [P] equals the maximum 
of the exponents of the [(y — i,0**l> the proof is complete. 




750 


ELLIS ROBERT KOLCHIN 


Part II. The Differential Ideal Generated by a Form in One Unknown 

OF Order Unity 

6. Preliminary remarks 

Consider a form A in a single unknown of order unity. We seek the ex- 
ponent of [A], We shall work in a fixed differential field § of characteristic 
zero, which contains the coefficients of A. By Corollary 1, we may (and do) 
assume, without further mention, that ^ is extensive enough to contain certain 
solutions of A which we shall discuss. 

The exponent of [A] will be found to depend on the nature of the singular 
solutions of A, that is, the solutions of A which annul 8, the separant of A.^* 
A singular solution of A must annul the resultant with respect to yi , the deriva- 
tive of i/, of A and S. This resultant is a nonzero form of order zero, or is 0, 
according as A has no multiple factor of order unity, or has such a factor, that 
is, according as A and S have not or have a common factor of order unity. In 
the former case, A has only a finite number of singular solutions, and these are 
easily found. 

If y = 1 / is a singular solution of A, we consider A as a form in z = y — i;, 
and write 

( 11 ) A = t.py’zu 

|H-0 

where each Pv either is of order zero and not divisible by z, or vanishes, and 
where the p, are definite non-negative integers.^^ We suppose that the degree 
of A in is w, so that Pn ^ 0. 

Let m be the minimum of the total degrees of all terms effectively present in A 
considered as a polynomial in z and Zi , We shall call m the multiplicity of the 
singular solution y = i;. It is obvious that if A has a multiple factor, any solu- 
tion of that factor is a singular solution of multiplicity greater than unity. 

7. Singular solutions of multiplicity exceeding unity 

We shall prove that if A has a singular solution of multiplicity exceeding unity, 
then the exponent of [A] is oo . 

(a) Let y = 77 be a singular solution of A of multiplicity at least 2, and suppose 
that 2 / = 17 is an essential manifold of A. Let z = 7 / — 17 . The product repre- 
sentation of [A] must have a factor whose manifold ia y = rj, that is, a factor 
2 i such that {2i} = {z]. Now, it is known that 

(12) 2i = [^**L 


The definition here of singular solution is broader than that given by Ritt in his book, 
Differential equations from the algebraic standpoint, and used in the Appendix of the present 
paper, for A is not assumed here to be algebraically irreducible. 

If Pp •» 0, we let Pp be any fixed non-negative integer. 
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where q is any sufficiently large integer.** Because j/ = t; is of multiplicity at 
least 2, it follows that A t [z*, z?]. Hence, by (12), 

2i C [«*, zi]. 

Thus, the exponent of Si is not less than that of [z*, z?], which, by Theorem 5, 
is 00 . Therefore, using Theorem 1, we see that the exponent of [A] is oo . 

(b) Suppose that y = 17 is a singular solution of A of multiplicity greater 
than unity, which is not an essential manifold of A. Let y — ij = z. We shall 
show first that (A) contains a form which, when considered as a form in z, 
has at least one term of the first degree. 

Let Cl , • • • , C, be the distinct irreducible factors of A of order unity, and 
let iP = Cl • • • C, . If r denotes the separant of F, the derivative of is a 
form Tz 2 + U, where {/ is a form of order not exceeding unity. Hence 

-U [F]. 

It follows, by successive differentiations and eliminations, that 

= Vi [F], f = 2, . . . , n + 2, 

where the a,- are appropriate integers, and the F,- are forms whose order is not 
greater than unity. Letting a be the maximum of the Oj , we have 

T%^Wi [F], 1 = 2, ...,n + 2, 

where TF< = . 

Let J be the initial of F. Then J is of order zero. Clearly, there exists a 
non-negative integer b such that 

J V.- ^ Xi (F), t = 2, . . . , n + 2, 

where each X,- is of order not exceeding unity, and is of degree less than n in Zi .** 
It follows that 

J‘rz.- = Xi [F], f = 2, . . . , n + 2. 

The n -f 1 forms Xi are linear combinations, with coefficients which are poly- 
nomials in z, of the n quantities 1, Zi , • • • , Zi~'. Hence, some linear com- 
{)ination of the X< , with coefficients which are forms of order zero, not all 0, 
must vanish: 

n+2 

E KiXi = 0. 

t-2 

We assume, as we may, that the Ki are not all divisible by z. Referring to the 
last congruence, we now see that 

Ritt and Kolchin, Bulletin of the American Mathematical Society, vol. 45 (1939), 
pp. 896-898. 

The degree of F in zi is at most n. 
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J^TM s 0 [F], 

where M - 

Since not every Ki is divisible by z, M has at least one term of degree unity. 
Consider the form y — where f is cither a common solution of TJ and F, 
or a root of a factor of A of order zero, but is distinct from rj. Let N be the 
product of all such forms ^ — f, and let Z = MN. 

Z, like M, has at least one term of degree unity (when considered as a form 
in z). Z vanishes for all solutions of F with the possible exception of y = ?/, 
and for all the solutions of A which are not solutions of F, again with the possible 
exception of y = 77 . That is, Z vanishes for all solutions of Ay save possibly 
y = rf. Since 2 / = 77 is not an essential manifold, Z must also vanish for y = rj. 
By the analog to the Hilbert-Netto theorem,^® then, Z e {A}. Z is the form 
whose existence we were to prove. 

Thus, {A \ contains a form zy + ff, where considered as a form in z, has 
each of its terms either of order less than j or of degree greater than unity. 

Assume, now, that the exponent of [A] is finite, say q, Then^^ 

(zy+y, + Hn) • • • ^ 0 [A] 

for all non-negative integers , • • • , tg . Since y = 77 is of multiplicity at 
least 2, as a singular solution of A, it follows that A c [z^ z?]. Hence 

(zy+n + Hi^) • • • (zy-K, + Hi^) = Oy [z^, z?]. 

If we compare terms here of degree q and weight qj + ii + * • » + iq , we obtain 

Zy-|-»i • • • Zj^i^ = 0 [z , Zi], ti , • • • y iq = 0, 1, 2, • • •• 

This is easily seen to imply, however, that [zf has a strong basis. This contra- 
diction of Theorem 5 completes the proof. 

Example 1. Let A = Qyyl (n ^ 1), where the Qy are forms of order 
zero with constant coeflScients, and where Qn ^ 0. 

If A has no multiple factors of order unity, the singular solutions must be 
constants, for they must satisfy an algebraic equation with constant coeffi- 
cients;^^ since S = vQvy\~^^ it is evident that the singular solutions of A 
are precisely the common zeros of Qo and Qi . A singular solution is of multi- 
plicity exceeding unity if it is a multiple zero of Qo • Thus, if A has a multiple 
factory or if Qo has a multiple factor which is also a factor of Qi , then the exponent 
of [A] is 00 . 

8. Singular solutions of multiplicity unity; the product representation 

Throughout §§8-10 we suppose that A has singular solutions, and that they 
are all of multiplicity unity. In the present section we shall show that all the 

*• See the paper cited under footnote 2. 

Hij, is the u-th derivative of H. 

** The equation obtained by eliminating zi from A « 0, /S ■■ 0. 
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singular solutions are essential manifolds, and shall find the product representa- 
tion of [/I]. With an additional assumption, we shall determine the exponent 
of [A] (§10). 

Since A has no singular solution of multiplicity exceeding unity, A has no 
multiple factors. Hence A has only a finite number of .singular solutions (§6). 

Let y = be a singular solution of A , and write z = y — rj. Since S must 
vanish for y = ri,wc see from (11) that either Pi = 0 or pi > 0. This means, 
since y = jj is of multiplicity unity, that Po 9^ 0 and po = 1. (11) thus becomes 

(13) A = Poz + ll Py'z{. 

It now follows from a theorem of Ritt that i/ = t; is an essential manifold of ^4.^^ 
We now turn to the product representation of [^4]. 

Let 1 / = rii y i = 1, • • • , s, be the singular solutions of A ; we denote y — ifn 
by Ui . It is evident that we may write 

(14) [A] = 2o2:x . . . 2. , 

where the manifold of So consists of the non-singular solutions of A‘^^ and where 
the manifold of S* , i > 0, is 2 / = , that is, {2,} = |ut}, i = 1, . . . , s. 

Referring to (13) and making use of a known result, we see that 

(15) Si = [ui]y i = 1, • . . , 5 . 

The determination of So is more difficult. The first step will be to find {So}. 
If z is one of the Ui , then (13) holds. Differentiating (13) we obtain 

Ax = PoiZ + E P.iz^’z’i + ZI (po + E p,P,z’’'-'zA -I- E rP^z^'zr -z,, 

where Ppi is the derivative of Py . But by (13), 

(16) Poz = -ZiEP,z’’'2i'“' (A). 

Hence 

PoAi = PolPoZ + PoZi E P.xz'-zr^ + PoZl (Po + E p.P.z'’'"‘zn 

F-1 \ F-1 / 

-I- (py'-'-Poz + Pozi E vpy’zr^ Z2 


“ Ritt, Annals of Mathematics, vol. 37 (1936), pp. 552-617. See especially §5. Professor 
Ritt's proof is not applicable to abstract differential fields, as it involves function-theoretic 
concepts. But an abstract proof of the sufficiency part of the theorem (we need only the 
sufficiency) has recently been achieved by H. Levi, and may be expected to appear in the 
literature shortly. 

If A is algebraically irreducible, the manifold of So is the general solution of A, 

*• Sec §2 of the paper cited under footnote 18. 
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2 l ( -Poi Z P» 2 " 2 r‘ + Po Z P,l3^’zr^ + Po fPo + Z P,P, 2 ""‘ 2 r) 

\ r-1 r“l \ r-*l / 

+ (-Pi 2 '*~* Z P.z’^'zr + Po Z yP,z^'zr^ , (A), 


so that 

(17) 

where 


P«Ax a ztiUzi + V) (A), 

U = -Piz”'"* Z P,2’’'2r‘ + Po Z yPy^'Zr^, 


(18) 


1^-1 


»-2 


V = -Pox Z P,2"2x'-‘ + Po Z P.l2"'Zx'"* + Po(Po + Z P,P.Z^'~"z’X 

F«“l r— 1 \ F—1 / 


From (17) and (16) we find that 

z(P,Uz, + PoV) s 0 (A, Ax). 

This implies that 

{A} = \z} n {A, PoUzi + PoV}. 

The two ideals in the second member here are separated, for by (18) 

(19) PoF ^ Pi fiO [z], 

so that P(iUz 2 + PdV ^ 0 [z]. 

Now, z represents any one of the m< . Let 

(20) li = PoU, Ji = PoF when z — Ui , f = 1, • • • , s. 
Then by the above, for i = 1, • • • , s, 

{A} = {w<} n {A, liUit + Ji\, 

(21) Ui{Ima + «ft) — 0, UtiiliUii + J,) =0 (A, Ax), 

and y = rn is not a solution of /.wa + J,- . It readily follows that 

(22) {A} = {A. 7xMi 2 + /i , • • • , I.U .2 + J.} D {ux) fl • • • D \u.}. 


The 8 + 1 differential ideals, whose intersection appears in the second member 
of (23), are separated, so that we may replace intersection by product. 
Comparing (22) with 

{A) = {So} n {Sx} n ... n {s.} 


(which follows from (14)) and with (15), we see that 

(23) {So} = {A, /x«xj + 7x , . • . , liUa + *ft}. 


We shall now obtain two forms M and N such that 
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(24) ... {u.), Ar*{2o}, MN t[A], M + N = 1. 

This will enable us to determine Zo . 

Let 


and let 


Bi = I(Ua Ji , 


i = 1, 




Qi - Po when z = Ui, i = 1, . . . , s. 

Then Qi is not divisible by U{ , and, by (19) and (20), 

(25) Bi - Qi = liua (m< , «<»). 

Since Qi is not divisible by Ui , there is a form C* of order zero, and an element 
ai € 5, such that 


1 = aiQ\ + CiUi 


This may be written 

1 = [Cflii — ai(Bi — oj)] + UiBi . 

By (21), (25) and the definition of B , , moreover, 

[C,Ui - ai{Bi - Qi)]-aiBi = 0 [A], 

provided li =0 (w, , Un), that is, provided Pj = 0 or ps > 0 when z = w,- (we 
refer to (20) and (18), and the fact that pi > 0). If this is not the case, then 

[CiUi - aiiBi - Qj)].(o.B.)^ = 0 [A], 

because u^Bi = 0 is a consequence of unBi = 0, and the latter congruence 
holds by (21). 

Accordingly, we separate the singular solutions of A into two classes. A 
singular solution y = ri of A will be said to be of theirs/ class if in A, considered 
as a form in z = y — ij, the coefficient of z? is divisible by z; a singular solution 
which is not of the first class will be said to be of the second class. 

We suppose the singular solutions tji ordered so that vi, • • • , Vr are of the 
first class, and tjh-i ,•••,>?• are of the second class. This is the same as sup- 
posing that 


Pj = 0 or P 2 > 0 when z = , 

(26) 

P 2 7 ^ 0 and p 2 = 0 when z = m,- , 

We let 

Mi = CiUi — ai{Bi — Qi), 

Mi = [CiUi - ai(Bi - Qj)]* 

(27) -I- 2[C{Ui - ai(Bi - Q?)].o<P.- , 

Mi = OiBi , 

Mi = (aiB,)^ 


i = 1, • • • , r 

f 

i = r + I, ,s. 


i = 1, 


i = r -f 1, . . . , s, 
t = 1, • • • , r, 
i = r 1, . . . , «. 


*• It will be observed that a< 5^ 0. 
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Then Af,- c {wi}, Nt «(So}, Af,- + = 1, MiNi « [^4], i = 1, - ■ ■ ,s. Letting, 

therefore, 

M = Afi . . . M. 

(28) 

N = (Ml + Ni) • - ‘ (M. + N.) - Ml ■■■ M. = I - M, 
we see that (24) holds. 

We refer now to the paper cited under footnote 5. The proof in that paper 
shows that So = M, N]. But, by (28), W s 0 (Ni , • • • , N,), and Ni = MNi + 
NNi s 0 [i4, N]. Hence So = [A, JVi , • • • , N,]. Referring to (27), we see, 
finally, that 

(29) So = [4, , . • • , 5, , Rr+r, • • • , -B?]. 

The product representation of A is given by (14), (15) and (29).*’ 

9. Continuation 
The purpose of this section is to prove that 

(30) [A,Bi,... , B.f C So . 

By (29) it suflSces to show that 

(31) B,iBri = 0 (So), or, r = 1, . . . , s, i,j = 0,1,2, ... . 
Let Izt + J represent any 5, = I,un + J«. We shall prove that 

(32) (Izi + JUIz 2 + J)i s 0 (So) 
for all i, j. 

From (21) we see that 

(33) 2(/a* + J) s 0, zi(lz, + J) = 0 [A]. 

Differentiating the second congruence here Z + 1 times, we find that 

(34) £ ^ z\+i(Izt + «/)j+i-x = 0 [4]. 

By (29), (32) holds for i — 0, j = 0. We assume that (32) holds for i = 0, 
1, ..., I — 1 and j = 0, and prove it for i = I, j = 0. 

Multiplying (34) by /zt + J, we obtain, using (33) and the induction 
assumption, 

(I + l)z 2 (Izt + J)i(Izi + ,/) s 0 (So). 

But Izi(lzi + J) s — J(Izi + J), (So). Hence 

J(Iz% + J)t(Izt A- J) = 0 (So). 

” Actually, So may not be connected. This will occur if A has more than one factor of 
order unity. 
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However, by (20) and (19), J is congruent, modulo (g, zi), to a nonzero element of 
g. Hence, by (33), (/z* + J)j(/zs + y) = 0 (2o). 

Thus (32) holds for all i when j — 0. 

To prove (32) for all i and all j we again use induction. Assume (32) to be 
valid for all i and for j = i — 1. Differentiating (32) for j = i — 1 we see that 

{IZi + J)i+i(IZ 2 + J)l-1 + (IZ2 + J)t{IZi + ./)/ = 0 (So), 

SO that, by the induction assumption, (Izt + J),{Izi + J)i s 0 (So). This 
proves (32) for all i and j. 

Thus (31) holds whenever <r = t. To prove (31) in the general ease, consider 
BriBrj. It is sufficient, of course, to suppase that a > r, for .6, « So if v g r. 
Now, the remainder of Br, with respect to B, is a form in (So) of order not ex- 
ceeding unity. Such a form must be divisible by A . Hence, for an appropriate 
integer m, T^Brj = 0 [A, B,]. Hence, since (31) holds when t = a, i^B.iBr, = 
0 (So). But (T > r, so that (see (26), (20) and (18)) I, is congruent modulo 
(m, , M,i), to a nonzero element of g. Hence, by (21), s 0 (So). 

10. The regular type 

We shall say that A is of the regular type if 

(35) 1 ^0 (So, 

In the present section we assume that A is of the regular type. 

We shall prove that the exponent of [A] is 1 or 2 according as all of the singular 
solviions of A are of the first class or at least one singular solution of A is of the 
second class. 

(a) Let all the singular solutions of A be of the first class, and let G € {So}. 
We shall show that G « So . 

For each i we have, for an appropriate integer hi , /<‘G = G,-(B,], where G^ 
is of order unity, at most. Since G,- « (So), G,- must be divisible by A. Hence, 
for i = 1, • • • , s, /**G = 0 [A, B,]. Similarly, for a suitable c, B'G s 0 [A]. 
Now, by (35), there are forms Xi , and a form T « So , such that 

1 = 7-1- -!-•••+ A'./J*. 

Therefore, 

G = (7 + Ao-S” + -!-•••+ X,ll-)G = 0 [A, Bi , • • • , B.]. 

But all the singular solutions of A are of the first class. Therefore, by (29), 
So = [A, Bi , • • • , B,]. Hence, G c So. 

Thus, the exponent of So is unity. But the exponent of S< = [m<], i = 1, • • • , «, 
is obviously unity. Hence, by Theorem 1, unity is also the exponent of [A]. 

(b) Let A have at least one singular solution of the second class, and let 
G « I So) . As in (a) we see that G « [A, Bi , • • • , B,]. This, together with (31), 
proves that the exponent of So does not exceed 2. Hence the exponent of [A] 
is no greater than 2. 
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To prove that the exponent of [j 4] is exactly 2, it suflSces to exhibit a form in 
{A } which is not in [A]. To this end, we let 2 be any u< with i > r, and show 
that ( 2o} contains a form Zk + H, where hm& sufficiently large positive integer, 
and H is & form, of order less than h, contained in [z]. 

By (36) there is a relation 

(36) 1 = T + Zo-S + Zi/i + . . • + X./. , r e So . 

Let h(^ 3) be an integer such that h — 1 exceeds the orders of T, Xo , • • • ,X,. 
If we differentiate each Bi , written as a form in 2 , A — 3 times, we obtain relations 
liZk-i + Ki ^ 0 {So}. Similarly, differentiating A h — 2 times we obtain 
Szh-i + Xo s 0 {So}. All are forms of order less than h — 1. These rela- 
tions, together with Tzk~i s 0|So|, yield, because of (36), a relation Zk-i + K ^ 
0 { So I , where X is a form of order less than h — 1. 

Let a be the term of K free of 2 and the derivatives of 2 . If a = 0, then 
{zh-i + K)i is a form 2 * -f as described above; if a 5 ^ 0 , then a(a“‘( 2 »_i + K))i 
is such a form. 

Now let E be the product of all the m,- other than 2 , and consider Efzh + H), 
where 2 * -H H is the form whose existence we have just proved. We see that { A } 
contains a form Ezk + F, where ^ is a form of order zero, not divisible by 2 , 
and F is a form of order less than h. 

We shall now complete the proof by showing that Ezh -f- F 0 [A]. The 
method will be to assume that Ezh -f F s 0 [A], and to force a contradiction. 

Let then 

(37) .F2» -t- F = CoA -1- CiAi -h • • . + C,A, , 
where A,- represents the j-th derivative of A. By (17), for all i > 0, 

PoAj s (zi(Uzi -t- F)),-i (A, Ai, • • • , A<_i). 

It follows from (37), therefore, that 

PliEzk + F) = DoA -1- DxZiiUzt V) 

(38) -1- D*(2,(C72, -H V)i -P 2,(1722 + V)) 

+ • • • + A E (‘ T ^)2*^.,(t72, -1- 

We now consider the various forms in (38) as polynomials in the Zi . We shall 
modify (38) in such a way as to make evident a contradiction 
Consider a power series*® ^ such that A vanishes when 

is substituted for z. Such a power series exists, as by (13) = 0 , 2 « 0 renders A 

zero and leaves — nonzero.** 
dz 

All power series which we mention are formal. 

^ The '^implicit function theorem’’ for abstract fields of characteristic zero may be 
proved by the method of undetermined coefficients. The proof is simpler than the one in 
analysis, because the series is formal and no questions of convergence arise. 
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Substituting 2/3,zl for 2 in (38), we find a relation 

E% + F' = DUi{U% + Wo) + + TTi) + zo{U% + Fo)) 

(39) (-1 A _ ,\ 

+ ^ ^ j Zi+i(,U'zt+i-i + Fi_i_<). 

Here E', F', U', the i)< and the F< are power series in Zi with coefficients which 
are polynomials in the 2 < with f > 1. Each Wi is free of 2 ,- with j > t + 1. 
Moreover, E' and U' involve only 21 , and have nonzero terms of degree zero. 
For E' this is true because P^E is not divisible by 2 ; for U' because Pj 0 and 
p* = 0 (2 is a w< with i > r; see (26) and (18).) 

Ijet 

(40) wi = Zi, Wi = U'zi + Wi-t , i = 2, 3, • • • . 

Since U' has a nonzero term of degree zero, the equations (40) may be inverted 
to obtain 

(41) Zi = Wi, Zi = Ywi + Zi, i = 2, 3, • . . , 

where F is a series in Wi with a nonzero term of degree zero, and each Zi is a 
series in Wi with coefficients which are polynomials in icj , • ■ • , Wi^i . The equa- 
tions (41) define a sukstitution, with inverse substitution (40). Applying sub- 
stitution (41) to (39), we obtain a relation 

QWh + R = LiWiWt -t- Li (wiWt + (Ywi Zi)w^ 

(42) 

-1- . • . -f Lt{wiwt+i -f (< - l)(Fwj + Zi)w, (Yw, -f Zt)wi), 

where Q is a series in wi with a nonzero term a of degree zero, and R is free of 
the Wi with i ^ h. 

For the second member of (42) to produce the term awh which appears in the 
first member, some L, with i ^ h must have a nonzero term of degree zero, 
because each term in the coefficient of Li is of at least the first degree in 
Wi ,v}i , • ■ • ,Wi. Thus, some of the Li have a term which is simply an element 
of %, and hence certainly terms hw[{j3 ( b 0, j ^ 0). Let Lp be the L< of 
highest subscript, with this property. Then p ^ h. Of all the terms of Lp of 
the above mentioned type, let cwi be the one of least degree. Then 

Lp{wiWp+i -f- . . . + {Ywp + Zp)wt) 

contains the term cwi^^Wp+i. This term does not appear in the first member of 

(42) , and must therefore be cancelled by terms in some expression 

(43) Li{wiWi+i -|- • • • -|- (Fw< -f- Zi)wi) 

with i p. But if i < p, then each term of (43) is divisible by some Wj with 
2 ^ j ^ p. Hence cwX^^Wp+i must be cancelled by terms from expressions (43) 
with i > p. This implies that some L,- with t > p has a term of the type 
(b « b 0). This contradicts the definition of Lp , and completes the proof. 
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The following example shows that of the forms A with constant coefficients, 
which have singular solutions, all of multiplicity unity, those which are not of 
the regular type are exceptional. It also shows that, for any preassigned pair of 
integers r, s (0 ^ r ^ s, s > 0), there exist forms of the regular type having r 
singular solutions of the first class and s — r singular solutions of the second class. 

Example 2. Let r, s, m, n be integers with O^r^sgm, s>0, n^3, 
let M,- = y — , t = 1 , •••,«, where jji , • • • , ij, are distinct constant elements 

of a differential field @ of characteristic zero, and let 


m— « m— • m— r 

^0 ~ 2 /* } Qi ~ 23 2 /* f ^2 ~ 23 2 /* > 

ItmtQ fiamQ fimtQ 

m 

Qv ~ 23 » V = 3 , • • • j 71,^ 

M-O 

where Ooo , Ooi , • • • , Omn is a set of constants, algebraically iruiependent with 
respect to Consider the form 

n 

A = QoUi •••«, + QiUi • • • M,j/i + QiUi - • • Uryl + Q^yl 

»-s 

with coefficients in 5 = ®{aoo , ooi , • • • , Omn). 

Wc shall show that the singular solutions of yl are »;i , where yi, - • - ,i)r 

are of the first class, and ijr+i ,•••,% are of the second. We shall prove, more- 
over, that A is of the regular type. In fact, we shall prove the stronger result 
that 

(44) 1=0 {A,S,It, ... ... , J.). 

Let R be the resultant with respect to yi of .4 and S. i2 is a polynomial in y 
and the a ,., . If we let the a,,, take on special values, such that A becomes 
Ml . . • M. + 1/1 , then S becomes nyi~\ so that R becomes n”(Mi • . • m,)"~* 0. 

Since R is not 0 for special values of the a ,,, , R does not vanish for unknown a„, . 

Now, each singular solution is a solution of R, which is of order zero and has 
constant coefficients. Since R 7 ^ 0 , this implies that all the singular solutions of 
A are constants. Hence, from the expression for A and the expression for S 
derived therefrom, we see that a singular solution of A must annul QoMi - • • u, 
and QiMi u, , that is, must be one of the ij,- . That each rji is a singular solu- 
tion is obvious. Thus, the singular solutions of .4 are i/i , • . . , 17, . It is appar- 
ent that these are of multiplicity unity, and that iji is of the first or second class 
according as t ^ r or f > r. 

We find, using (20) and (18) that 

li = Qo(Mi . ' . M<_iM<+x . . . U,yi, Ji = (QoMi . . . Mi_iU<+i • . . U,yj, (4), 
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where 


I = 


n 


QlUl ••• tig • • • '^rVl Ql QyVl 

f-3 


n 


+ 2 Q 0 Q 2 U 1 • • • Wr + Qo 2 ^ 

f-3 


n 


J = (QoMi • • • u.y + iQiUi • • • u,yyi + {QiUi • • • «,)']!/? + X) Q'pVI, 

F— 3 


accents indicating diiferentiation with respect to y. Hence, 

{A,S,L, ■■■ ■■■ ,J.) = (A, S, Qol, QlJ). 

Suppose, now, that (44) is false. Then there is a pair of values y = y, yi = yi 
which annul the polynomials A, S, QJ, QIJ. When y, = 0, ^4, <8 and QIJ 
become, respectively, QoUi ■■■ u, , QiUi ■ . ■ u, and QliQoUi ■ • • u,)', and these 
polynomials have no solution in common. Hence y^ ^ 0. Also, the resultant 
with respect to yi of S and 


QiUi • • • u, + Q2W1 • • • Urj/i + 2 Qpyl ' = — — 

p-i y\ 

is a nonzero polynomial in y, relatively prime to Qo Hence y is not a root of 
Qo = 0, so that y, y\ annul I and J. 

Let M be the resultant with respect io yi, N the resultant with respect to y, 
of J and 

nA — y\S - nQaUi • • • w, + (n — 1 )QiMi • • • u.iji 

n—1 

+ (n - 2)02 Ui • • • Uryl + S (n — v)Q,yl. 

f“3 

Af is a polynomial in 2 /, AT is a polynomial in yi , each with coefficients which 
are polynomials in the not including Oon . Moreover, M and N are not 0.^^ 
Now, yi annul M and N. Thus, y and yi are algebraic functions of the 
other than Oon . Since A vanishes for y = y,yi = yi j and since yi 9 ^ 0, it follows 
that Oon is an algebraic function of the other , This contradiction completes 
the proof. 


This resultant is nonzero because it is nonzero when A =» 2/7 -f wi • • • ujji ; it is prime 
to Qo because its coefficients are independent of ooo , * • • i . 

If we specialize some of the anp so that A = ^7 -f 2 /"“^ -f Qo^i • • • , then 

J (QoWi * * • nA - yiS » nQoWi • • • “W. H- 2/? , and M = {QoUi • • • 9 ^ 0, so that 

M does not vanish before we specialize. If we specialize A further by setting yi — 0, then 
J “ (QoWi • • • w,)', nA — yiS = nQoUi • • • w, , and N is the resultant of nQ oMi • • • w, and 
(QqUi • • • w,)S which is not 0. Thus, N is not 0 before the specialization. 
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Example 3. Let n ^ 2, and let A = Qyi + P, where P and Q are relatively 
prime nonzero forms of order zero with constant coefficients, P being of positive 
degree and without multiple factors. The singular solutions of A are the roots 
of P = 0, and are all of multiplicity unity. 

If z = y - ri, where ij is a root of P = 0, then iji = 0, and we may write 
A — fPlz)z + Qzi . Thus, referring to (18), we see that 

U = n{P/z)Qzr\ 

V = -(P/z)'Qzr + {P/z)Q'zl + (PA)*. 

Hence, if ,•••,»?, are the roots of P = 0, then (see (20)) 


\y - w 



Since the roots of P = 0 are distinct, it follows that Qj/""* s 0(/i , • • • , /.), 
so that P = 0(A, /i , • . . , I,). Since P and Q are relatively prime, then, s 
0(A, Ii, • • • , /,), so that 

.0 i-l....... 

From this it follows that 1 s 0 (A, /j , • • • , 7, , Ji , • • • , J,), so that is of the 
regular type. 

The coefficient in A of yl is divisible by y — ij< if and only if n > 2 (in which 
case the coefficient vanishes). Thus, the singular solutions of A are ail of the 
first class or are all of the second class according as n > 2 or n = 2. Conse- 
quently, the exponent of Qyi -b P is 1 or 2 according as n > 2 orn = 2. 

Example 4. Let A = xyl — 2yyi + y, where x is any element whose deriva- 
tive is 1. Then S — 2(xyi — y), so that the singular solutions of A are y = 0 
and y = X. We may write A = x(,yi — 1)* — 2(y — x)(yi — 1) — (y — x). 
Both singular solutions are of multiplicity unity, and are of the second class. 

If we let yi = 0, 1^2 = *, we have, referring to (20) and (18), h — 
2(xyi - 2y -I- x), 7* = -2(xyi - 2y). Hence 1 = (7i + Ii)/2x, so that A 
is of the regular type, and the exponent of [d] is 2. 

The following example shows that not every form with singular solutions, all 
of multiplicity unity, is of the regular type. 

i^juwLE 5. Let A = yt + yl + P, where P is a form of order zero, with 
constant coefficients, and with distinct zeros yi , * • • , y, . The singular solutions 
of 4 are yi , • • • , y. , all of multiplicity unity and of the first class. S = 4yJ + 
3y!. By (18) and (20), 

^ (4l^’ + 3yi), 
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It follows by (29) that So = [A, B] = {A, [B]), where B = (4yJ + Zy^yt + P'. 
Hence 

(So , B, /i , . . . , L) = {y\ + j/J + P, 4y? + 3yi , B, Bj , B* , • . • ) 

= (256P* - 27P, 9yi + 64P, B, Bi , B, , • • • ) 

= (256P - 27, P', 9y, + 64P, Bi , B, , • • • )• 

Thus A is of the regular type if 266P — 27 and P' are relatively prime. How- 
ever, if 256P — 27 and P' have a factor in common which is relatively prime to 
P", then A is not of the regular type. This is easy to see from the congruences 

Bi = (4y? -f 3yi)j/s + (8yi + 3)^* -f- P"yi 

= -3y| - iP" (256P - 27, 9yi -f- 64P), 

Bj = (4yi -|- Zyi)yi + 3(8yi -|- Z)yiyz -(-••• 

= -Qy2yz + Hi (256P - 27, 9yi + 64P), 

Bt = -Z{k + l)ytyk+i + Hk (256P - 27, 9yi + 64P), 

where Hu is of order not exceeding k. 

11. Case in which no singular solution exists 

In this section we suppose that A has no singular solutions. By the analog 
of the Hilbert-Netto theorem this means that 

1=0 (S, Bi , • • • , Sp , A, Ai , • • • , A^ 

for sufEiciently large integers p and q. 

We shall consider only those forms A for which p may be taken as 0, that is, 
for which there is a g such that 

(46) 1 s 0 (B, A, , . • . , .4,). 

We prove that if (45) holds, than the exponent of [4] is unity. 

Indeed, let (?« {il}. It is required to show that G e{A]. Performing a 
partial reduction of G with respect to .4, we see that there is a positive integer 
j such that 8^G as G*[A], where G' is of order less than or equal to unity. 
G' « {.4}, and hence is divisible by A. Therefore S’G s 0 [4]. Of course, 
4<G » 0 [4], t = 0, 1, • • • , g. By (41), however, 1 s 0 (5^ 4, 4i , • • • , 4,). 
Hence, G = 1-G s 0 [4], q.e.d. 

The following example shows that a form 4, which has no singular solution, 
for which (45) fails to hold, is exceptional. « 
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Example 6. Let ^ be the differential field obtained by adjoining the un- 
knowns o^, (#1 = 0 , • • • , to; K = 0, • • • , n) to some differential field of charac- 
teristic zero. We consider in the form 

/I— 0 I'—O 

We shall show that A has no singular solutions, and that (45) holds, with g = 1. 

Ai is linear in 2 / 2 . Let Ai = Sy 2 + T, We must prove that 1 = 0(^, S, T). 
Suppose 1 ^0{Aj S, T), Then there is a solution y — y, yi = y\ of the poly- 
nomials A, Sy T, Now, y and yi must annul, respectively, the resultant with 
respect to 2/1 and the resultant with respect to 2 /, of S and T. These resultants 
are nonzero polynomials in y and y \ , respectively, with coefficients which are 
polynomials in the and , not including aoo . It follows, since y = y^ 
J/i = is a solution of A, that Ooo is an algebraic function of the other and 
the a^pi . This contradiction completes the proof. 

There exist forms A for which (45) is satisfied for some g > 1, but for which 
(45) is not satisfied if ^ = 1. This is shown by 
Example 7. Let ^4 = 1 + 22/1 + (1 — y^)yi • Then S = 2 + 2(1 — y^)yi , 
and A has no singular solutions. Now, 2/1 + 1 = A — (yi/2)Sf so that 

(S, A) = {y\ 2/1 + 1). 

Also, Ai s -3yVi + 2(1 -h (1 - ^ Zy\S, A). Hence 

(S, A, Ai) = (y*, yi + 1). 

Again, At = -Qyyl - iVj/iy* + 2(1 - y^)yl 

+ 2(1 + (1 - y*)yi)yz = -&y + 2yl {S, A, Ai), 

so that 

(S, A, Ai , At) = (y*, yi + l,y\- 3y). 

Finally, At = -6yl - Myylyt - 3%y^yiy\ - 2\y^y\yt -|- 6(1 - y^)yiyt + 
2(1 + (1 — y^)yi)y* = 6(1 + 9yyt — ytyt), (S, A, Ai, A*), so that 1 s ^*(^3 — 9j^), 
(5, A, Ai, Aj, A3), and 1 s yJ(j/, - 9y)* = 9y\yt - 9y)* = 0 (S, A, Ai, A*, A3). 
Thus, (45) holds for q = 3, but for no lower value of q. 

12. The intermediate ideals for hyperelliptic forms 

We have seen in §10 that if A has singular solutions, all of multiplicity unity, 
at least one of which is of the second class, .and if A is of the regular type, then 
[A] is properly included in {A}, and has exponent 2. It is natural now to ask 
what differential ideals there are between [A] and {A}, that is, what differential 
ideals .A there are such that [A] C A C |A}. We shall call such a A an inter- 
mediate ideal. In the present section we answer this question completely for 
the forms of Example 3 with n — 2. 

We are dealing then with a fjrm A = Qy* -f- P, where P and Q have constant 
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coefficients, are of order zero, and are relatively prime. P is assumed to be of 

positive degree, relatively prime to P' = ^ P. Such a form A we shall call a 

ay 

hyperelliptic form. 

Our first task will be to find a suitable basis for 2)o . 

Let , • • • , be the singular solutions of A, that is, the roots of P = 0. 
We have seen that 

(46) 2o = [A, (hy2 + Ji)\ . . . , (Ly2 + J.)V' 
where 

(47) (y - Vt)(Iiy 2 + Ji) = 0, yi(Iiy 2 + Ji) = 0 [A], 

and 

(48) 1^0(4,/i, ...,/,). 

Congruence (48) shows that there is a form if, with constant coefficients and 
of order less than 2, such that 

(49) y2 + K^0(A, Iiy2 + ••• , hy^ + J.). 

We shall show that 

(50) 2o = [A, (y 2 + K)% (2.) = [A, + K\, 

and that 

(51) (y - »?i) • • • (y - »j.)(y* + X) s O, yi(y* + fC) = 0 [A], 

Now, (51) is obvious from (47) and (49). As to (50), it is evident from (46), 
(49) and the fact that 2o is of exponent 2, that [A, (y* + iiC)*] C So . To prove 
the inclusion in the opposite direction, coasider any 1,^2 + J, . We have 

liVi + t/< = liiyt + iiO + ~ 

Hence Ji — IJC t {2o}. Since the order of — hK does not exceed unity, 
this form is divisible by A. Thus, 

It yi + •/< = 0 {A, y* + K), 

so that 

{im + /.)* ^ 0 [A, (y, + ii:)’], i = 1, . . . , S. 

This, in conjunction with (46), shows that 2o C [A, (yo + if)*], and completes 
the proof of the first part of (50). The second part of (50) is now obvious. 
The congruence (50) gives the basis sought for 2o . We have, as a result. 


** Since P has constant coefficients the rn are constants, so that (y — iy»); » y/,- 
* - 1, • • • , «, i - 1, 2, • • • . 
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(62) [A] = [P].[A, (y, + Kn {A} = [Ph[A, y, + K], 

for P is a constant times the product of the y — ij, .** 

If we refer to (51), the first intermediate ideals which present themselves are 
of the type 

(53) [P]. [il, (y, + K)\ (y - Vn) • * • (2/ - 

where t'l , • • • , i, are distinct integers from 1 to 8. If jf = 8, the ideal (53) is 
[A],ifff = 0, (53) is (A). 

We shall show that ihe ideals (53) are distinct from one another, and that every 
irUermediate ideal is one of the ideals (53), that is, the ideals (53) are the only 
intermediate ideals. 

To prove that the ideals (53) are all distinct, it suffices to show, h = 1, • - • , s, 
that 


[P].[4, (y* + K)\ (y - ,.•.) . . . (y - ,.-,_.)(y, + K)] 


For, if 


and 


IP]- [4, (2/8 + K)\ (2/ - n<.) • • • (2/ - Vi,)(yi + K)]. 


[P]-[A, (y 2 + K)\ (y - Vi,) . . . (y - n.J(y, + K)] 


[P]-[A, (y* + K)\ (y - ,„) . . . (y - y,y)(y, + if)] 
were equal, they would both equal 

[P].[A, (y, + Kf, (y - y*.) • • • (y - ,*,)(y* + K)], 
where ki, ••• ,ki are the integers common to ti , • • • , u and ji , • • - ,j/ and if 
[P].[A, (y* + K)\ (y - vu) • • • (2/ - Vi.-Mv^ + fC)] 

= [P].[d, (yj + K)\ (y - Vi,) • • • (2/ - nO(2/* + fi^)], 
with d > 1, then we would have 
[Ph[A, (y, + K)\ (y - vi,) ••• (y - y.*-.)(j /2 + K) 

- [P]-[-A) (2/2 + Kf, (y - Vi,) • • - (2/ - viOiyt + Ji^)]- 

For h = s this means we must show that 


[A] C [P]'[d, (yj + Kf, (y - ij.-,) • • • (y - Vi.~,)(yi + K)] 
for all distinct *!,•••, i,-i . This will be proved, however, if we show that 
(54) (y - Vi,) • • • (2/ - Vi..,){ys + if.) 0 [A],** 

for the first member here is in 


•» See (10). 

**Kfia the j-th derivative of K. 
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[P]’[A; iVi + Kf, (y — iji,) • • • {y — )(j/s + if)].” 

The relation (54) may be established in the same way in which (37) was 
disproved. 

From (64) it easily follows that 

(y ~ Vii) {y ~ Vi.-i)iyt + k) ^ o (Zo). 

For A < 8 we proceed by induction. Assume that 

(y - Vit) • • • (y - n.y-i)(y - >/<<+,) (y - i?.*+i)(yii + K) 

(55) 

fi 0 [A, (ys + Kf, {y - ,.-,) • • • (y - y,*,,){y* + if)] 

for all distinct !,•••, ih+i and all j = 1, • • • , + 1. (For h — a ~ 1 this has 

just been proved.) 

Suppose, say, that 

(y — vi) • ‘ - (y — Vk-i)(yt + if) 

s 0 [A, (y, + K)\ (y - ,0 . . • (y - n*)(y» + K)]. 
Then, for t sufficiently large, 

(y — yi) • • • (y ~ >j*-i)(y — VK+iYiyt + K) 

= 0 [-4) (yj + 7f)*, (y — yi) • • • (y — i?*+0(yt + -K^)], 
Combining this congruence with 

(y — ’ll) • • • (y — y*+i)(yj + K) 

s 0 [A, (yj + Kf, (y - y,) . . . (y - i,*+,)(yj + if)], 

we see that 

(y ~ yi) • • • (y ~ nit-i)(y — »?*+i)(y* + if) 

s 0 [A, (y* + if)*, (y — i?i) • • • (y — vk+diyi + if)]. 

This contradicts (56), and completes the first part of the proof. 

As for the second part, let S be a differential ideal between 2o and {Zo}, 
distinct from {Zo}. We shall complete the proof by showing that Z coincides 
with some ideal 

(56) [A, (y, + if)*, (y - vh) • • • (y - yv)(y, + K)]. 

** The first member of (54) is in [P] because it is in [yi] and j/i < [P]; the first member of 
(64) is in [A, (y* + A)*, (y - «Ki) • • • (y - ’K.-i)(yi + A)] because ((y - vh) • • • (y - ev.-i) 
(yi + K))i - i(y - tin) • • • (y - ni-.-i))'yi(y» + A) + (y - ij<,) • •• (y - tj„_,)(y« + K,) m 
(y - Vii) (y - Vi,-i)(v* + Ai), (2o). Moreover, the ideals [Pj and (A, (yj + K)*, 
(y — Vti) • • • (y “ «K.-i)(yj + A)1 are separated, because P and y» + A have no solution 
in common. 
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Let q be the smallest integer for which some ideal (56) with g = g is included 
in S. g is an integer from 1 to s. Suppose, say, that 

A C2, 

where 

A = [4, (y, + K)\ {y - ri,) ... {y - + ii:)], 

but that 

\A, (j /2 + Kf, (y - Vi) (y - vi-i)iy - m+i) • • • (y - Vq)(y 2 + K)] $ s, 

i = 1, • . . , g. We shall prove that S = A. 

Assume to the contrary that F t'S, F 4 Since F « {2o) = [A, y* + K\, 
we may write 

(57) F = C,A + Cx(yt + K) + ... + Ct{yw + K^-x). 

Let Dt be the remainder of Ct with respect to yq + K. Since^ (y,+i + ,_i) 

{yt+x + Kt-i) = 0 (A), i = 1, 2, • . . , we have, by (57), 

(58) F = Ci(j /2 + jff) + • • • + Ct-x(yt + Kt-i) + Dt(yt+x + Kt-x), (A). 

Z)i is a polynomial in y, yx . Let Et be the sum of the terms of D« free of yx . 
Since, by (51), (yxiyt + K))t-x — 0 (A), it follows that 

(59) yx{yw + Kx-x) = -(< - l)y2(y, + Kx- 2 ) yxiyt + K), (A). 

From this and (58) we see that 

(60) F = C'xiy, + K) + ... + CLxiyx + K,^^) + Exiy,.x + X.-i), (A), 

where the C'i are new forms. 

Let Ht be the remainder obtained on dividing Et by (y — Vi) • • • {y ~ Vv). 
Since ((y - vi) (y - Vq){yt + K))i-x = 0 (A), 

(y — Vi) ••• (y — Vq)iyt+i + Kt-x) 

= -(< - i)((y - Vi) ••• {y - vq))i(yt + Kt-x) 

-••• - {(y - vi) (y - Vq))i-i(y 2 + K), (a). 

Hence, it follows from (60) that 

(61) F = Cx{y 2 + X) + • • • + C't-xiyt + Kt- 2 ) + Ht(yt+i + Kt-x), (A), 
where the C" are new forms. 

Treating the first t — 1 terms in the second member of (61) as we did the 
second member of (57), we obtain, after t — 1 more steps, a relation 

(62) F s Hx{y 2 + K) + ...+ Ht(yt+x + Kt-x), (A), . 

where each Hi is a form of order zero and degree less than g. 

At least one H, must be nonzero, else F t A. We may (and do) suppose that 

Ht 0. 
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From the congruence yi{yi + K) ^ 0 (A), we obtain relations 
(63) y{(yj+i + X,-,) = 0 (A), j= 1,2,.... 

Therefore, if we multiply (62) by yi~^ we find 

+ K^i) = 0 ( 2 ). 


Now, by (59) and (63), 

yr’(ym + if,-.) ^ -U- i)y{"V2(y,- + X,_j) 

- U - DyrXiyi + K,-.,), (A), 

so that 

yr\yi+i + if.-i) ^ (t- l)!if‘"'(2/2 + K), (A). 

Hence, 

HJC‘-\yi + K) ^0 ( 2 ). 

If L is the sum of the terms of K free of yi, we find, since j/,(j /2 + if) s 0 (2) 

■H,L‘-\y2 + if) = 0 (2). 

But (y — ni) - - ‘ (y ~ vdivt + if) = o (2). Hence, if J is the greatest common 
divisor of and {y — rji) ... {y — ijg). 


J(yi + if) = 0 (2). 

But L is prime to (y — .ji) • • • (y — y,), for otherwise the ideals [y — y,], • • • , 
[y ~ yJ, [^, y 2 + if] would not be separated. Hence J is a divisor of , is 
of degree less than q, and is a proper divisor of (y — y.) • • • (y — y«). This 
contradicts the definition of y as the least g for which 2 includes an ideal (56), 
and completes the proof. 

The results just established show that the ideals between [X] and {A ) can be 
organized into ascending chains, all of the same length s. That is, if A, , • • • , 
Aa_i are intermediate ideals such that 


[ylJCAiC •••CAa_iC M) 

(chain of length h), then there are s — A other intermediate ideals which to- 
gether with [.d], Ai , • • • , A»_i , {,4 } form a chain of length s. Moreover, there 
exist no chains of length exceeding s. This illustrates a phenomenon which 
we shall discuss in Part III. 


Part III. Chains 
13. Generalities 

We return now to an abstract differential domain of integrity with basis 
theorem, which contains the rational numbers. 

The n -f 1 differential ideals <ro , .rj , • • • , <rn_i , <r* are said to form a chain if 

(64) <ro C (Ti C . . . C (Tn-i C a*. 
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n is called the length of the chain. We shall call cn and <r* the end 
ideals, ai, ••• , <r„_i the intermediate ideals, of the chain. The ideals <Ti-i , at 
(also, On-i , a*) will be said to be contiguous. A set of ideals of the chain will be 
called non-contiguous if no two ideals of the set are contiguous. A chain is 
called a principal chain if no pair of contiguous ideals have a differential ideal 
properly between them. A principal chain may be expressed schematically by 
means of dashes: 

CTo — (Ti — • • • — O’n— 1 — 

The notation <r — r means that <r C r, but there is no w with a Ccj Cl r. A 
chain with end ideals ao , cr’*' Ls said to be a refinement of the chain (64) if each 
intermediate ideal of (64) is an intermediate ideal of the chain in question. 

Let (To , 0 - 1 , • • • , <Tn-i , cr* be a principal chain, and let there be a second 
principal chain o-o , o-i , • • • , , n , , • • • , o-n-i , with cr*- 7 ^ Ti , that is, 

schematically, let 

VDOy <ro — O’! "" • • • — — ... — (Tn-l — O’ . 

We shall say that the first chain is jkxible at the intermediate ideal <r» , and that 
the second chain is obtained from the first by a flex. 

The first theorem on chains that we shall state is that of Jordan-Holder- 
Schreier. A differential domain of integrity 35 forms a group under addition. 
As a set of operators on this group we may consider 1. multiplication by an 
element of 3), 2. differentiation. The permissible invariant subgroups of this 
group with operators are precisely the differential ideals of 3). Thus, we may 
state 

Theorem 7 (Jordan-Holder-Schreier) : Two chains with the same end ideals 
have refinements of equal lengthy with differential rings of remainder classes which 
are isomorphic {in some order) 

Proof: See van der Waerden, Moderns Algebra^ vol. 1, 2nd edition, §46, or 
H. Zassenhauss, Lehrbuch der Gruppentheorie, vol. 1, chapter 2, §5. 

As a consequence of Theorem 7, we see that all principal chains with the same 
end ideals have the same length. 

Theorem 8 (Ore): Two different principal chains with the same end ideals^ 
can be obtained from each other by a finite number of successive flexes. 

Proof: See O. Ore, On the foundations of abstract algebra, I, Annals of Mathe- 
matics, vol. 36 (1935), pp. 406-434. 

14. The exponent of a principal chain 

By the exponent of the chain (64) we shall mean . We shall be concerned 
with principal chains, exclusively. Of course, if <r* ^ { 0 * 0 }, then the chain (64) 
has exponent so we may limit ourselves to chains for which o-* C 

^ By the differential ring of remainder classes of a chain (64) is meant the differential 
rings criAo , , • • • , . 
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Our chief result may be stated as follows. 

Theorem 9; Let 

(66) (To — <ri — • • • — O’*-! — o*, ff* C {ffo}, 

be a principal chain which is flexible at r non-contiguous intermediate ideais.” 
Then the exponent of the chain (66) does not exceed n — r + 1. 

As a consequence of Theorem 9, we see that if a differential ideal <r has finite 
exponent p, then there is a chain, with end ideals a and {»), of length p — 1. 
Proof: We begin by showing that, U oo — <ri , and <ri C {^o}, then L,(7o = 2. 
Indeed, let Z»,<ro > 2. Then there is a & c <rt such that 6* < <ro . Hence 

<ro C [ffo , 6*] C <ri . 

Since oo — <ri , we see that <ri = [<ro , 6*]. In particular, 6 « [«ro > h*], so that 

6 s A (ffo), 

where A is a form in b with coefficients in J), which has no term of degree less 
than 2. Using the iterative process introduced in the paper cited under foot- 
note 19, we see that 6 s 0 (<ro). This contradiction shows that = 2. 

We now show that the exponent of the principal chain (66) does not exceed 
n ”|- 1. 

For chains of length 1 we have just given the proof. Let n > 1, and assume 
the result for chains of length less than n. 

By the assumption, a*" C <ri ■ Suppose ^ oo • Then 

<ro C (ffo , ff*"'*'*) C O’! . 

Since ao — oi, we see that ci — (<ro , <7*"''’’). Hence 
a*"" = C <r*<ri = <r*{oo , <7*"'^‘) 

C (<ro , C (<ro , <7*Vi) 

C (ffo , (<ro , o-*"'*^)) = (ffo , o-*""*^) 

C--- C(<ro,<r**") C(<ro,<rJ) C<ro. 

This contradiction proves our statement. 

We are now ready to complete the proof of our theorem. What we have just 
shown is that the theorem is valid for r = 0. We proceed by induction. Let 
r > 0 and suppose the theorem holds for fewer than r non-contiguous ideals. 

Let <r,- be the intermediate ideal of (66) of lowest subscript, at which the 
chain is flexible. Then we have, with oi rt , the situation depicted by (65). 
Now 

fff — ffj+i — • • • — <r»~i — <7* 

” Clearly, r is an integer between 0 and the greatest integer in n/2, inclusive. 
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and 


n — (Ti+i 


— O-n-l 


- n* 


are both principal chains of length n — t, flexible at r — 1 intermediate ideals. 
Hence, by the induction assumption, C <rt , C Ti . But 

<ri-i C n T* Cl (T, and <r»_i — or^ , so that <7»-i = < 7 , fl r< . Therefore, 

*n— i--r+2 /— 

CT C O’*-! • 

Suppose, now, that $ o-o . Let o-* be the o-,- of least subscript, such 

that C <r, . Then 1 ^ A: ^ t - 1 and 

C cTit , a* $ (Tk-i , C . 


Hence 

<rt_i C ((r*_i , C <r* , 

so that, since at-i — <r* , <r* = Thus, 

jan— A:— r-f2 ± jan— A:— r-fl ^ ja 

cT == o-V’^ C <7*(rib 

*/ aw—A:— r-|-2\ 

= , <r* ) 

C / jan— A;--*r+8\ 

((Tjfc-i , or’** ) = (r*-.i . 

This contradiction completes the proof of Theorem 9. 
Example 8. Consider the chain 


yi],\y\ y^\,-‘ ,\y\yi\Ay] 


in any differential ring 5(^1 • It is easy to prove that this is a principal chain, 
flexible at none of its intermediate ideals. The length is n and the exponent 
is obviously n + 1. Thus, the bound on the exponent given by Theorem 9 is 
the exponent itself. 

The necessity of the non-contiguity condition in Theorem 9 is shown by 
Example 9. Let 5 be a differential field of characteristic zero, which con- 
tains an element x with derivative 1. Consider the chain 


[y^, yyi , y*), [y*, y\ , ytl [y*, yd, [y] 

in S{y}. This is a principal chain of length 3. Since 

Ay\y\,y^\ 

[y*, yyi , y^( /[y*, yJ 

^ [y*,yi] / 


and 


[y*, yd 


[y*, y? , yd 


M 


[y'’y^"^] 


/ 


[yl, 


the chain is flexible at two intermediate ideals. Yet its exponent is 3. 
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Appendix. General Solutions and Resolvents 

Liquidating an obligation incurred in Part I, we give here an abstract, purely 
algebraic treatment of the subject matter of Chapter 2 of Ritt's book, Z)z/- 
fereniial equations from the algebraic standpoint.^^ We shall make free reference 
to this book, designating it by (72), and shall give proofs only when they differ 
from thase in (72). 


1*. The general solution of a form 

We work in an abstract differential field 5 of characteristic zero. The letters 
Ui , yi and w will denote unknowns. 

We establish the following fundamental lemma as a substitute for the exist- 
ence theorem for differential equations. 

Lemma 1*: Let A be an algebraically irreducible form in g{!/i , . - . , i/n} of 
positive class. Let , • • • , be nonzero forms in 5{?/i , • • • , y„l, reduced 
with respect to A. Then Bi ^ Bt i [A], 

Remark: Lemma 1*, together with the analog to the Hilbcrt-Netto theorem, 
shows that every algebraically irreducible form of positive class has a regular 
solution, that is, a solution for which the separant S and initial / of A do not 
vanish. For otherwise IS would be in {A}. 

Proof: Let m be the class of A, r the order of A in . Suppose 
J8i • • • € {A }, that is, {Bi • • • BtY e [A], for some positive integer p. Now, 

A and (Bi • • • BtY are relatively prime. Hence there is a nonzero form C, 
either of class less than m, or of class m and of order less than r in t/m , such that 

C = 7)A + E(Bi . . . 

where B and E are forms in 55{2/i , • • * > ^n}. C e [A], so that we may write, for 
suitable q and Q,- , 

(1*) C = QoA + QiAi + • • • + QqAg . 

Now, A* = Sym,r-hi + Ti , where Ti is a form of order less than r + iinym • 
Hence, if in (1*) we consider the forms as polynomials in the letters y,-, , and let 

Ti 

ym,r-^i ~ ~ I = 1, 2, • • • , 

we see that S^C is divisible by A for a suflSciently large integer h. Since neither 
S nor C is so divisible, we have a contradiction, completing the proof. 

We now are in a position to follow (72). 

Let A € > • • • » ^n} be algebraically irreducible and of class n. Let S 

and I be the separant and initial, respectively, of A. Let 2i be the set of all 
forms in , • • • , yn} which vanish for all regular solutions of A, or what is 
the same thing, let Si = {A } :IS. 


“ American Mathematical Society Colloquium Publications, vol. 14. 
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Following (R), we can show that Hi is a prime differential ideal. The manifold 
of 2i is called the general solution of A. 

The following three results are proved as in (B): 

2i is an essential prime differential ideal in the decomposition of {A\; the other 
essential ideals contain S; 

2i is independent of the order of the unknowns. 


2*. The resolvent of a prime differential ideal 
Let 2 be a perfect differential ideal in , • • • , j/«j. Let 

( 2 *) Ai,...,Ar 

be a basic set of 2. We denote the separant and initial of At , i — I, ..., r, 
by Si and /,• , respectively. Let 2' = {Ai , • • • , Ar} ihSi • • • IrSr , that is, let 
2' be the set of all forms in JJfpi , • • • , y„l which vanish for all regular solutions 
of the basic set (2*).“ Clearly, 2 C 2'. 

Following (R), we see that if 2 is prime, then 2 = 2'. In particular (2*) has 
regular solutions. Also, 2 is the only prime differential ideal mth basic set (2*). 

Let be the set of all constants (that is, elements with vanishing derivative) 
in (S itself is a differential field of characteristic zero. 

We shall need the following 

Lemma 2*: m ,•••, Vn t ^ are linearly dependent over ® if and only if 


(3*) 


• • • 17n 

IJll • • • »?nl 


^l,n— 1 • • • ^7n,n— 1 


Proof: If c,ij, = 0, where the c, are in 6 and not all 0, then JZiLi c,n,i — 0, 
i = 0, 1, • • • , n — 1, so that (3*) must hold. Conversely, let (3*) hold. If 
n = 1, the lemma is obviously valid. Let n > 1 and suppose the lemma 
holds for fewer than n elements y, . Let 


Mr 


= (-l) 


n-Hr 




1?M-1 




* * * Vn,n^2 


r = 1, • • • , n. 


If pn = 0, the lemma fbr h 1 shows that the y, are linearly dependent over 
(5. Assume that pn ^ 0. By (3*), 


(4*) 


2 llriMr = 0, 

I**! 


* = 0, 1, • • • , n — 1.** 


** A solution of (2*) is called regular if it does not annul hSt • • • IrSr . 

« For i » n — 1, the first member of (4*) is the development of the determinant in (3*) 
by the minors of the elements of the last row. For i < n — 1, (4*) is a statement of the 
vanishing of certain determinants with two identical rows. 
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Differentiating the first n — 1 equations (4*), we find 

n n 

^ “1” 23 i = !,•••, W"" 2, 

r- 1 r“l 

Taking into account the last n — 1 equations (4*), we see that 23l^i Vwifipi = 0, 
i = 0, 1, • • • , n — 2. These equations may be written 

n-l 

23 ~ ^niMnl j 2 = 0, 1, • • • , 71 2. 

F-*l 

Solving these equations in /in , • • • , /Xn-i.i by Cramer’s rule, we obtain 

Mm - . 

MfI = ~ “ Mm v = 1, . . . , n — 1. 

Mn 

Hence (MF/Mn)i = (MnMPi — MniMF)/Mn == 0, so that Mf/mh = Cy ^ v = 1, . . . , n, 
where the are constants, not all zero (Cn = 1). Using (4*) with i = 0, we see 
that 23^-1 which completes the proof. 

Lemma 3*: Let % contain a non-constant element Let A he a nonzero form 
in 55(^1 > • • • ; 2/n}* Then there are elements 771 , • • • , 7?n e 5 ^4 0 

iyfc?n 7/1 = 7/1 , • • • , 2/n = T/n . 

Proof: It suffices to consider the case n = 1, for the cases n > 1 follow by 
induction. Let A €%{y] be of order p, and let i = 

0, 1, • • • , p, where the c» are new unknowns.^^ The Jacobian of the p + 1 
functions F; of the p + 1 variables Ci is 



1 

$ 

e 

... {p 

(jO = 

0 


(i*)i 

• •• (^1 


0 

ip 

i.t)p 

• •• (^p 


If w were 0, £ would be algebraic over S (by Lemma 2*) and would therefore 
be a constant, so that w 0. Hence Fo , * • • , Fp , considered as polynomials 
in Co , • • • , Cp , are algebraically independent.^^ Therefore, if we substitute 
Fo , Fi , • . • , Fp in i4 for y, 2/1 , • • • , Pp , respectively, A will go over into a 
nonzero polynomial C in the c, . Choose integers 70 , 7i , • • • , Tp such that 
C 7 ^ 0 when c* = 7 ,- , 2 = 0, 1, • • • , p. Then the element 77 = c 5 

leaves A nonzero when substituted for y. 

Using Lemma 3*, we can follow’ the proof of §25 in (R) to obtain the following 
result. 

Let X be a non-trivial prime differential ideal in S5{wi , • • • , , yi , • • • , yp} 

with arbitrary unknowns Ui , • • - ,Uq{q may be 0.) If ^ contains a non-constant, 
then there are elements mi , • • • , Mp « 5, (^nd a nonzero form G c 5{t2i , • • • , Uq}, 
snich that if 

{^)i is the J-th derivative of 
^ See O. Perron, Algebra, vol. 1, Berlin, 1932, p. 134. 
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(5*) iii, ,yp and ui , ■ • ■ ,u, , y", • • • ,yv 

are two distinct solutions of 2, then either G{ui ^ • fUg) = 0, or 

jui(2/i - Vi) + • • • + fJLpiy'p - Vp) 9^ 0. 

Taking over the proof in §26 of (/?), we obtain: 

Let 5 be any differential field of characteristic zero. Let 2 be a nontrivial prime 
differential ideal in r • • • > > 2/i > • • * » 2 /p1 arbitrary unknowns 

Wi , • • • ,Uq. We suppose that q > 0. Then there are forms 

G , M\ ) * f M p € ^ { Ui y • * • f Up I f 

with G 7 ^ 0 , such that if (5*) arc two distinct solutions of 2 , then either 
G(ui y ••• yUq) — 0 or 

Mi{ui , . . . , Ug)-(y'i - yi) + - • + Mp{ui , . . • , Ug)^iyp - 2 /p) 0. 

Henceforth we shall deal with a non-trivial prime differential ideal 2 in 
j • • • yUq y yi y • • • f yp\r with arbitrary unknowns , • • • , w, , and we 
shall assume that either 5 contains non-constant elements, or the arbi- 
trary unknowns really exist. Then there exists a triad of forms (?, P, 
Q € J5{wi , • • • yUqy yi y « • * , } , with G free of the yi , and not 0, and with 

P i 2 y such that if (5*) are two distinct solutions of 2 for which GP 9 ^ 0, then 

Q(ui , ,y'„) ^ QCui , • • • , m, , y'l', • • • , y'p) 

,u^,y[, ,y'p) Piui, '■■,uq,yi, 

Following (R)y we form the ideal 

a = {X, Pw - Q\:P <Z 5{mi , - ,u,,w,yi, , y^]. 

a is prime, with arbitrary unknowns Ui, - ,Uq. Further, 

2 = a n g{wi, ••• ,M,, yi, ... ,yp\. 

Let 

(6*) A,A,,...,Ap 

be a basic set for a, introducing w, yi ,•••, yp in succession. We take, as we 
may, A algebraically irreducible. 

We shall show that each Ai is of order zero in y,- and is linear in y,- . The 
equation = 0 is called a resolvent of S. 

Suppose that not every A ,• is as described. Let A ,■ be the first A < which either 
is of positive order or is not linear in y,- , and suppose that the order of Aj in yi 
is r, with r positive. 

Let U be the remainder of ISIiSi - - • IpSpGP with respect to (6*), where the 
J’s and J’s are the initials and separants of the forms of the basic set {&*). 
Then U has the properties: 1. The order of C/ in w is not greater than that of A ; 
2. The order of C/ in y,- , t = 1, ... , j, is not greater than that of .4,- ; 3. C/ is free 

of ym , ■ • • , yp i U 
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Of all the forms in (U, Q) which have the properties 1-4 listed for U, let V 
be one of least rank in yj . 

We shall prove that the order of V in yj is less than r. Suppose it equals r. 
Then the degree of V in yjr is no higher than that oi A, . Let J be the initial 
of V. Then J iQ. 

For an appropriate integer m, we have 

rAj =- EV A- F, 

where £ is a nonzero form of lower degree than A , in y,r , and where F has the 
properties 1-3 and is of lower degree than V in yjr . Hence F « so that 
EV € whence F e ft. 

Let E = Ho A- Hiy,r + • • • + Hiijirt, where Hi 0, and each Hi is free of 
^j+i I ••• tVp O'"*! is of order less than r in y, . The initial of J”'Aj is identical 
with that of EV. Hence //< 4 ft. 

It is easy to see that there exist positive integers a, ui , • • ■ , a;_i such that 

riV • • • IV-A^Hi = H'i (ft), f = 0, 1, . . . , 

where each Hi is reduced with respect to the ascending set .4, Ai , • • • , A j-i , 
Since Ht 4 ft, we have H[ 9^ 0. Thus, //o + H'iy,r + • • • + Hly^jr is a nonzero 
form in ft, reduced with respect to the basic .set (6*). This contradiction shows 
that the order of V in y, is le.ss than r. 

Now let 

(7*) wi , • • • , , M), yi , • • • , jip 

be a solution of ft for which V (and consequently ISIiSi ■ • ■ IpSpGP) does not 
vanish. For Ui, • • • ,Uq,w,yi, • • • , y,_i , the forms /li , • • • , A,_i all vanish, 
Aj becomes a nonzero form A, in y, of order r, A, , i = j A- • • • ,p, becomes 
a form A, of order zero and linear in y,- , and V becomes a form V in yj of order 
less than r. It follows, by Lemma 1*, that ( 2 /, — y,)V' does not hold Aj . 

Let yj be a solution of Aj for which (y, — y,)V does not vanish. When 
y, = yj,Ai,i = jA-i, - becomes a linear form of order zero in yt alone. 
The new forms Ai , i = j 'A- 1, • ■ • , p, may be solved to obtain a solution 
Vi+i » ' ’ ■ ) • 

Then ui , • - • , u, , W, gi , ■ ■ • , p,_i , yj pp is & solution of ft for which 
GP does not vanish, is distinct from (7*), but has the same w — w and the same 
Ui = Hi, i = 1, ••• ,g. This contradicts the fundamental property of the 
triad G, P, Q, and shows that ^4 ,• is of order zero in p,- . 

That A j is of degree unity in yj may be proved as in {R). This completes the 
proof. 

The rest of Chapter 2 in {R), except for §33, may now be taken over, word for 
word. 

Columbia University, 

New York, N. Y. 
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HANKEL AND OTHER EXTENSIONS OF DIRICHLET’S SERIES 


By R. E. Greenwood 
(Received December 14, 1939) 

1. Introduction 

Series of the type 

(1.1) /(s) = 23 a» exp (-XnS), 

n-»l 

where (a) s is the complex variable, s = a it, a and t real; 

(b) the numbers a„ are all complex constants; 

(c) Xi < X, < Xs < . . . < X» < • . . 

lim X» = 00 

n-»oo 

are known as Dirichlet series, and their theory has been considered by numerous 
investigators. Widder^ has generalized these series by the consideration of a 
Stieltjes integral. 

If we consider series of the type 

00 

(1.2) g(8) = 23 On exp (— X„s)G(X.s) 

n-1 


it may be possible to establish convergence properties, subject to certain restric- 
tions on the function (7(z), for the series (1.2) similar to the well known con- 
vergence properties of the Dirichlet series (1.1). 

In particular, this method of generalizing Dirichlet series was suggested from 
a consideration of series of the type 


(1.3) h{s) = E anitXr.s)^Hi^\iX„s), 

n— 1 

where Hi^\z) is the Hankel function of the first kind of order v and is related 
to the more familiar Bessel functions Jy(z) and J-y(z) by the relation 


(1.4) 


^ J-.(z) - exp {-v7n)Jy{ z) 
i sin VTT 


The function Hi^\z) has the integral representation^ for yi{v) ^ 


1 D. V. Widder, Generalization of Dirichlet Series,’^ Transactions of the American 
Mathematical Society, Vol. 31, p. 694f. (1929). * 

* G. N. Watson, ‘The Theory of Bessel Functions,’* page 168. 
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( 1 . 5 ) »;■■&) = ( 1 ) 




r(.' + h) 

If we replace z by tz and define 

MXz) = exp du 

r(i' + h) 

we see that 

(1.8) {tz)^ Ili^\iz) = il, exp i—z)M,{z). 

Therefore the series (1.3) can also be written as 

00 

(1.9) h(s) = CLnAy exp ( — XnS)ilfv(XnS) 


- exp du. 


( 1 . 6 ) 

(1.7) 


A. 


and thus is formally identifiable as a series of type (1.2). 

For convenience we shall call series of type (1.2) modified exponential series, 
and the particular series of type (1.9) Hankel series. Moreover we shall suppose 
that we are given a fixed Xn sequence satisfying 

(a) 0 < Xi < X 2 < Xs < • • • < Xn < • • • , 

(b) lim Xn == 00 . 


The symbol K{a) will be used to indicate a positive constant, depending per- 
haps on a. 


2. Lemmas Concerning the Ftmetion G{z) 

In order to establish convergence properties for the modified exponential 
series (1.2) we shall assume that the function G{z) satisfies the following prop- 
erties (which properties are understood to be assumed whenever G{z) is men- 
tioned hereafter): 

Property 1. G{z) is analytic for dt{z) > 0. 

Property 2. G{z) is hounded for 9t(2) ^ zo > 0, i.e. say 

1 G{z) 1 < K(zo) for 5W(z) ^ zo > 0. 

Property 3. G{z) has an asymptotic expansion for large z of the form 


( 2 . 1 ) 


G{z) ^ 60 + — + ^ + 


where bo ^ 0 . 

On the basis of these properties we can establish a number of lemmas, which 
we shall state for the function G(xs) where * is a real variable. 
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Leuma 1. There exists a constant r such that for 

(a) a: ^ Xi > 0, 

(b) 9?(8) ^ r > 0, 
we have 

I 0{xs) I < Kx{t)\ 

Proof: This is merely a restatement of property 2. 

Lemma 2. Given r > 0, there exists an integer No^r) such that for 

(a) X 1 X„ , n ^ JVo(t), 

(b) 9?(s) ^ r > 0, 
we have 

0 < Ki{t) g. 1 Gixs) 1. 

Proof: Using the asymptotic expansion 

(2.1) Gixs) ^bo + ~ + • • • , 

xs x^s^ 

and noting that bo 0, we can get 

D 

I Gixs) ~ bo 1 < — for large x 

where B is a constant, and hence we can clearly select x values and a constant 
Ktir) so that we obtain 

0 < Kiir) < 1 Gixs) 1. 

Lemma 3. Given Xi > 0, there exists a real number {(Xi) such that for 

(a) X ^ Xi > 0, 

(b) m ^ 5 > 0, 

we have 

0 < K>ir) < 1 Gixs) 1. 

Proof is similar to that of lemma 2. 

Lemma 4. For 

(a) 91(8) ^ 9?(8 o) = r > 0, 

(b) X ^ X„ , n ^ Ntir), 

* In reality K\ depends also on Xi , but we are considering the X* sequence as fixed and 
do not indicate this dependence. 
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we have 


Gixe) 

G(^) 


^ KM; 


as follows at once from combining lemmas 1 and 2. 

Now the asymptotic expansion for dG{z)fdz can be obtained from the asymp- 
totic expansion, 


(2.1) G(«)sb. + |! + Ji.+ ..., 

by termwise differentiation/ thereby leading to 


(2.2) 

dGixs) 

bi 

1 

1 

1 


ds 

xs^ 


(2.3) 

dGixs) 

bi 

— - - - 

_ _ 

dx 

x'^s 

3^S^ 

(2.4) 

d^G{xs) 

dxds 

- + 

4bi 

X*s9 ■■■ 


and from these expansions we obtain 

Lemma 5. For $K(s) ^ r > 0 there exists an integer Ni{r) such that for x K y 

n ^ Ni{t) we have 

I dG{x8) I , V 


dxds 


ds 

dGixs) 

dx 

d^G{xs) 




< ifeW, 




Lemma 6. For 9?(s) ^ r > 0 there exists an integer N 2 {t) such that for q ^ 
V ^ -^ 2 (r) we have 



dG{xs) 

dx 



1 1 ^ Ksir)^ 

rXgJ ”” rXp 


Proof. This follows immediately from the asymptotic expansion (2.3). 
The inequality 


\fiz + h)\-\f(.z) \ 
h 


\f{z + h) -f(z)\ 


* Bochner, “Fourier Analysis/' (planographed notes, Princeton University), pages 7 
and 29; also Knopp, “Theorie und Anwendung der Unendlichen Reihen,” third edition, 
p. 560. 
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shows that 


d\Si.z)\ 


dz 


dm 

dz 


and thus leads to 

Lemma 7. For 5R(s) ^ t > 0 and for q ^ p ^ JVs(t) we have 


L dx 


rXo 


Lemma 8. For 5R(s) ^ 31(so) = t > 0 and for x ^ X» , n ^ max [2 Vi(t), iVi(T)] 
m have 


dG{x8o) dG{xs) 


dx 


dx 


^ Km\8- 


G(xso) G(xs) 

Proof. Writing the function as the integral of its own derivative, we have 


dG(xsa) 

dG(xs) 


di^G{xz) dG(xz) dG(xz) 

dx 

dx 


f* dzdx dx dz ^ 

G{X8q) 

(j(xs) 


L [G(xz)? 


i 


• K7iT)Kr(r) + KmKm 
■[/f2(r)P 


dz 


^ iCoWI S — So 1 


by applying lemmas 1, 2, and 5. 

In particular, the function A/,(z) defined by 


( 1 . 6 ) 


M, 


.(z) = jf exp (-«)«' 


satisfies Properties 1, 2, and 3. For My{z) is analytic both in z and in v, and has 
the asymptotic expansion^ 

M(z)^t r(v + i)r(v + f + m) 
m!r(.- + h - m)(2z)-» 

. , t M] 

and thus, since bo 5 ^ 0, properties 1 and 3 are satisfied. Property 2 can be 
established by taking an upper bound to the complex valued integral repre- 
sentation (1.6) for 9i(z) ^ Zo > 0. 

Thus any convergence proof for the modified exponential series 


( 1 . 2 ) 


?(«) = H On exp (-Xn8)(7(X„s) 


n—1 


•Watson, I.C., p. 198, and Bochner, l.c., page 16. Care must be taken in interpreting 
the notations in these references for the case m » 0. 
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which uses only properties 1, 2, and 3 of the function G( 3 ) shows at the same 
time that the corresponding Hankel series 

00 

(1.9) h{s) = exp (-X„8 )M,(X„s) 

n— 1 


satisfies the same type of convergence. 

For convenience we state a familiar lemma. 

Lemma 9. AbePs lemma on partial summation. We have identically 



n-p 


f/n7„ 


n — g— 1 r* m— n “1 n—g 

£ iVn - F^-l) £ t/„ + F, £ Un. 

n"»p _ m— p _ n—p 


3. Conveigence of the Modified Exponential Series 

Theorem 1. If the modified exponential series (1.2) is convergent for 5o = 
(To + iU where (Tq > 0, then it is convergent for any s satisfying 5R(s) ^ 9?(so) = cro . 

Proof: The proof of this theorem is contained in the more general theorem 
which follows. 

Theorem 2. If the modified exponential series (1.2) is convergent for so = 
(To + ito where ao > 0, then it is uniformly convergent throughout the angular sector 
about the point So in the s plane defined by the inequality 


1 am (s - sj) 1 ^ ^ 

Proof: We need only show that for s in the angular sector, given 5 > 0, 
we can find an integer rio such that for g ^ p ^ no we have 

n— g I 

2 Un eXp { — \ nS ) G {\ nS ) j < 5. 

n—p I 


In Abel’s lemma on partial summation we identify 
Un = On exp (— Xn5o)(?(XnSo), 

G{\nS) 


Vn = exp [— (s — So)Xn] 


G {\ nSo ) ’ 


SO that we have 

I 


£ o„ exp (-X„s)G'(X„8) 


n-p 


n— g 

£c/»F„ 

n-p 


(3.1) 


n— g—1 

^ £ 

n—p 


exp 


l-(s - So)\n] - exp [-(s - 8 o)Xh.i] 


+ 


exp [ — (s — So)Xg] 


G(XqS) 

G(XqSo) 


G(Xn-{.lSo) 

n— n 

£ o« exp (-K,sa)G(XmSo) 

rn— p 
m-g 

£ a„ exp (-X»so)G(X.,8o) . 
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By hypothesis, given an e > 0, there exists an integer ni such that for q ^ 
p ^ ni we have 


23 0„ exp (-XnSo)G(XnS») 

n-p 


< 6 . 


We take no = max [No{t)j Ni{t), ni], where No is given by lemma 4 and Ni by 
lemma 5. Then (3.1) becomes 

n-(j 

22 ttn exp ( — XnS)G(XnS) 
n-p 



(3.2) 


n— < 7 — 1 


n-p 


exp [— (s — 8o)X„] 


g(XnS) 

G{\nSo) 


exp [-(s - 8o)X„+i] 


C^(Xn+l8) 

G'(X»+lSo) 


+ e 


exp [-(s - 8o)X,] 


G{\,s) 

6(Xg8o) 


Writing the function as the integral of its own derivative, we have forn ^ no 


exp [— (s — so)X«] 


G{\nS) 

G(X„8o) 


expl-(s - So)X»+i] 


G(Xn+l8) 

<7(X»+i8o) 
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(3.3) 


+ 


r 


( dGixso) dG{xs) 

«p [-(, - ^ ^ 

G{X8o) [ G{xSo) G{x8) 

r^n +1 


1 j 

^ Ki{ao) • i ® ^ I • I exp l^(s — so)a:] dx 

+ Ki(<r(,)Kt{<fo) • I s — .So 1 • j exp [ — (s — «o)a:] dx 


by application of lemmas 4 and 8, and hence 

g ii:4((ro)(l + KtM) - ^r^ - X [exp [-9?(s - so)X„] - exp [-^{s - 8o)Xh.i]1. 

— So; 

Substituting this inequality in (3.2) we get 



Fig. 2 


n— q r 

53 On exp (-XnS)G(X„s) 

n-p 


^ 4^ ^U: 4 (<ro)[l + if 9 ((ro)][exp [~5R(s -- 5o)Xp] - exp [-9t(s - 5b)Xj 


(3.4) 


9J(s — So) 
*1 8 - So 1 

91(8 - so) 


^ eKjoCo’o) 


+ eKiiao) exp [—91(8 — so)X, 
jK'4(o-o)[ 1 + ifo(<ro)] exp [-91(s - so)Xj 
8 - Sol 


91(8 — So) ’ 


Now for am (s — So) = I S I ^ < 2 i we get 


Is - Sol 
91(8 — So) 


= sec S ^ sec 4', 
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and thus (3.4) becomes 


23 exp (-X«s)Cf(X»8) 

n-p 


^ eKio(ffo) sec 


which holds for all s in the angular sector and for g ^ p ^ no , and thus the 
required condition is satisfied if we specify that we choose « = d/(Kii)(<ro) sec 
and the proof is complete. 

Definition: We suppose that the modified exponential series is not iden- 
tically zero. Then, as is the case with Dirichlet series, the series (1.2) may: 

(a) Converge for all s, 9t(s) > 0 

(b) Converge for no s, fH(s) > 0 

(c) Converge for some values of s, 9l(s) > 0. 

In the latter case there is a real number a such that the series is convergent for 
all 8 satisfying 3f(8) > a, and divergent or oscillatory for all s satisfying 0 < 
91(8) < a. The number a is called the abscissa of convergence of the modified 
exponential series, and the line defined by 91(8) = a is called the line of con- 
vergence. The symbol a will be reserved for the abscissa of convergence of the 
modified exponential series (1.2). The remarks of Hardy and Riesz* relative 
to the convergence of a Dirichlet series on the line of convergence are applicable 
also to modified exponential series. In section 7 of this paper we consider a 
special case where the line of convergence for the Hankel series (1.9) contains at 
least one singular point. 

We shall now prove two theorems which will show equi-convergence of the 
Dirichlet series and the modified exponential series. 

t 00 

Theorem 3. If the Dirichlet series ^ an exp (— Xns) converges for the point 

n—l 

GO 

8# = (To + t/o , Vo > 0, then the modified exponential series ^ a„ exp (— X«8o)G(XnSo) 

n-l 

is also convergent. 

Proof: In Abel’s lemma we identify 

(7n = o, exp (-X„8o), 

Fn = G(\„So), 

and thus we get 
W 

23 0» exp (-Xn8#)G(Xn8o) 

(3.6) B 25 [G'CXi.*) - <?(W«o)]r2 a«exp 

n— p L***“3® 

+ G(X,8o) 2^ o* exp (-X«ao). 

mp*p 



•Hardy and Riesz, *The General Theory of Dirichlet^s Series,” page 9. 
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Now by hypothesis, given e > 0, there 'exists an integer no such that for q ^ 
p ^ no we have 


n^q 

2 exp (-X„« 

n—p 


< e. 


Now choose ni = max [no , iV8(<ro)] where Nt is given by lemma 6. We get for 

9 ^ p ^ ni 

n-»< 7 — 1 p m— n “I I 

^ [^(XnSo) ^(^n-flSo)] I ^ ^ 6Xp ( | | 


(3.6) 


L*n-p 

m— n 

— exp 

n—p m—p 


( Xjn So) J* 


r^n+1 

dGixSo) 

A 

dx 


dx 


s-/’ 


* 0G(a:so) 
dx 


, . cX8((ro) ^ ciiTgCcro) 

* s ^.x7 s 


on application of lemma 6. 

On reducing (3.5) by use of (3.6) and lemma 1, we get, for g ^ p ^ ni 


23 0.n exp ( — XnSo)(?(Xni 


g ^ eKiao), 

CoAl 


and thus the convergence of the modified exponential series is established. 

oo 

Theorem 4. If the modified exponential series 23 exp {—\ns)G{\ns) con-- 

n=*l 

oo 

verges for the point So = <ro + ito , o-q > 0, then the Dirichlet series 23 ®n exp (—XnSo) 

n-l 

is also convergent. 

Proof. In AbeVs lemma we identify 

Un = an exp (— X„so)G(Xn5o), 

1 


Fn = 


(j(X„So) 


Now, by hypothesis, given e > 0, there exists an integer no such that for q ^ 
p ^ Ho we have 

n -<7 I 

22 On exp ( — X„So)G'(XnSo) | < «. 


Now choose ni = max [iVo(<ro), no] where No and No are given by lemmas 

2 and 6 respectively. Similar to the proof of the previous theorem, we get, 
for 9 ^ p ^ ni 


1— 


1 

G'CXn+lSo) 



Om exp {-\mSo)G(\„ 8 o) 


] 
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n— <7—1 m— n p^n+l 

£ Om exp ( — XmSo)G(XmSo) / 

n-p m— p •'Xh 


*•1 


p I m-p 

dG(xso) 


I l*^n+l 

G(a»o)) 

1 •'Xh 

dx 


€g8(cro) 

(roXp[/iC2(o'o)P 


by application of lemma 2 and lemma 6. 
AbeFs lemma then takes the form 


n— « 

22 On exp ( — X„so) 

n— p ' 

^ I [cob - 5(jd^)][l I 

I ^ m— (Z 

”1“ W/x \ ‘ ^ ^ ttm ^Xp ( ““XfnSo)CT(X»jSo) 

I Cr^AgSoy m— p 

<roXp[A2(o’o)P /V2 (<To) 

for g ^ p ^ ni , and thus the convergence of the Dirichlet series is established. 


4. Absolute Convergence of the Modified Exponential Series 

Theorem 5. If the modified exponential series (1.2) is absolutely convergent for 
= oTi + iti where <n > 0, then it is absolutely convergent in the half plane 
5R(s) ^ (7i . 

Proof. We need only show that for s in the half plane 9?(5) ^ ai, given 
6 > 0, we can find an integer /to such that for g ^ p ^ no we have 

I a« I exp (-X„ff) I G(X„s) | < 5. 

n^p 

But by hypothesis, given e > 0, there exists an integer ni such that for g ^ 
p ^ m we have 

n— g' 

22 1 On 1 exp (-Xnffl) I G(X„Sl) 1 < f. 

n-»p 

We take no = max [ni , iVo(<ri)] where Nq is given by lemma 2. Then for g ^ 
p ^ no we get 

2 1 o„ I exp (-x„<r) 1 G(X„s) I 

n-p 

^ S 1 On 1 exp (-X„ffi) I G(X„si) I cxp [((Ti - (r)X»] 

n-p trtAnSl) 

^ 6iFir4(o-l) 

by iise of the above and of lemma 4, and thus the proof is completed. 
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Similar to the case of convergence, there may exist a half plane of absolute 
convergence for the modified exponential scries, and p will be used to denote the 
abscissa of absolute convergence and the equation 5R(s) = will be used to denote 
the line of absolute convergence. 

The following two theorems will show equi-absolutc convergence of the 

Dirichlct series and the modified exponential scries. 

00 

Theorem 6. If the Dirichlet series 2 exp (— X„Si) is absolutely convergent 

n— 1 

00 

ond 9?(si) = <ri > 0, then the modified exponential series ^2 On exp (— X„Si)G(Xn8i) 

n—1 

is also absolutely convergent. 

Proof. The proof is essentially a repetition of the argument of theorem 3 

except that lemma 7 must be used instead of lemma 0. 

00 

Theorem 7. If the modified exponential series ^a„ exp (— X„s)G(X„s) is 

n*“l 

absolutely convergent for s = Si = <ri + iti , where ai > 0, then the Dirichlet series 
00 

X) an exp ( — XnSi) is also absolutely convergent. 

n— 1 

Proof. The proof follows that of theorem 4 except that lemma 7 must be 
used instead of lemma 6. 

5. Uniform Convergence of the Modified Exponential Series 

00 

Theorem 8. If the modified exponential series g{s) = X exp { — \ns)G{\nS) 

n—l 

is absolutely convergent for s = Si , yi{si) = 0 > 0, then the series is uniformly 
convergent for di{s) ^ 0. 

Proof. The method of proof for theorem 5 establishes also the above 
theorem. 

However, it may happen that the series is uniformly convergent for a certain 
range of values of s for which it is not absolutely convergent. Indeed, the series 
will in general have a half plane of uniform convergence, and we use y to denote 
the abscissa of uniform convergence. It follows at once that the three abscissae 
of convergence satisfy the inequalities a ^ y ^ 0. 

Furthermore, the Dirichlet series and the modified exponential series are 
equi-uniformly convergent as is shown by the following two theorems. 

QO 

Theorem 9. If the Dirichlet series f{s) = X) (~hns) is uniformly 

n— >1 

convergent for 9?(s) ^ 7 > 0, then the modified exponential series g(s) = 

CO 

2 exp (— X„s)G'(X„s) is also uniformly convergent for 9i(s) ^ 7 > 0. 

n—1 

Proof. In Abel’s lemma we identify 

Un = a„ exp (— X„s) 

Vn = (?(X„S). 
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Now, by hypothesis, given « > 0 , there exists an integer n© such that for 9 J( 8 ) ^ y 
and for 9 ^ p ^ no we have 


m^q 

XI Om exp (-Xm«) 


m-p 


< «. 


Thus for 9 ^ p ^ no and for 9J(s) S y we get 


n — 7 . _ 

2 On exp (-X„s)G(X„s) 1^12 (G(X»s) - <?(x„+is)) 2 Om exp (-Xm«) 


n— 9— 1 


w—n 


Wl—P 
I m-g 


+ 1 G(\gs) I 


S Om exp (-X„«) 


m— p 


= € £ iG(Xns) — G(X»+is) I + |G(X<,s) I . 

- n-p 


Now choose Wi = max [no , N2(y)] where N2 is given by lemma 6. Then by use 
of lenunas 1 and 6, for ^ ^ p ^ rii and for all s satisfying 5R(s) ^ 7 we get 


n— g 

z 

n—p 


dn exp ( XnS)G(XnS) 


*‘[w 

^ ^{y) 


thereby completing the proof. 

00 

Theorem 10. If the modified exponential series g{s) = 2 exp ("~Xns)G(X„s) 

n-l 

is uniformly convergent for 9 J(s) ^ 7 > 0, then the Dirichlet series f(s) = 

00 

Ob exp (— X„s) is uniformly convergent for 9?(s) ^ y > 0. 

n-l 

Proof. In Abel’s lemma we identify 

Un - a„ exp {—\ns)G{Ks), 


" G(X„ 8 )' 

Now by hypothesis, given « > 0 , there exists an integer no such that for all a 
satisfying 9 ?(«) ^ y > 0 and for 9 ^ p ^ no we have 


£ Ob exp (-X„s)(?(Xb8) 

n-*p 


< «. 
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Therefore for g ^ p ^ no and for all 8 satisfying 9{(s) ^ y > 0 we get 

2^ On exp (-XnS) 

1-p 


S ((?(Xn8) X„s)(?(X„8) 

m— g 

o»exp (-X„s)Cr(X„8) 


+ 


1 


m— g 

G(M)IU?, 


t n-<7-X 

E 

n-p 


1 


+ 


6{\qS) 0 


G(\nS) G(X„+i8) 

Now choose ni = max [no , No(y), iV’j(y)] where No and iVj are given by lemmas 
2 and 6. Then, by the use of these lemmas, for g ^ p ^ ni , and for all s satis- 
fying 9J(8) ^ y we get 

dG(xs) 

- ^ k. \G(xs)]-‘ 


23 On exp ( — X„8) 

n-p 


n—q-l 
L n-p I 

-{m 


+ 


1 


Ko(y) 


+ 


[/Co(y)pXp ^ K,i 


Til - * 

■*(7)3 L 


iG(X,s) IJ 

ii:s(y) 


+ 


,7Xi[l':*(7)]“ Kt(y) 


a 


^ tK(y), 

thereby completing the proof. 


6. Consequences of Convergence 

As a result of theorem 2 a number of properties of the modified exponential 
series are readily deduced. We state a few of these. 

Theorem 11. If D is any finite region in the s plane such that for all points 
of D we have <r^« + 5>a>0, then the modified exponential series (1.2) is 
uniformly convergent throughout D, and its sum, the function g(s), represerUs an 
analytic function in D. 

Proof. This is an immediate consequence of theorem 2 and Weierstrass’s 
classical theorem about uniformly convergent series of analytic functions.’ 

Corollary. The derivative of g(s) may be computed by termwise differentiation. 

Theorem 12. If the modified exponential series is convergent for the point 
8o = <ro + ito {where <ro > 0) to the value g(so), then g{s) — » g(s8) whenever s -* So 
along any path which lies in the angular sector | am (s — So) | ^ ^ < t/2. 

Proof. This is an immediate consequence of theorem 2. 

00 

Theorem 13. If the modified exponential series g{s) = 2 a„ exp (— X„s)G(Xn«) 

n—l 

is convergent for 5 = ao == <yo + where oq > 0, and if E denotes the angular sector 


1 am (s — 8o) 1 ^ ^ 


* Titchmarsh, “The Theory of Functions,” page 95. 
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and if g(s) = 0 for an infinity of values of s lying in E, then o„ = 0 for all values 
of n. 

Proof. We assume ^(s) 0, else the proof is trivial. Since g{s) is analytic 

in E, in any finite neighborhood of a point of E there must be only a finite 



number of zeros of gis). Because of the angular character of the set E it must 
be possible to select a sequence of values Sn = v» + where 

(a) <r„ > {(Xi), S given by lemma 3 

(b) lim <r« = 00 

n-*oo 

and such that g(sn) = 0 for each n. 

We consider the function 

= ax + S a« exp [-(Xn - X,)«] • 

n-2 


HANKKL AND OTHER EXTENSIONS OF DIRICHLET’s SERIES 793 

This new function r(s) is convergent for s = so and is uniformly convergent in E' 
where E' denotes the deleted (if {(Xi) > ^o) angular sector 

ff ^ max [f(Xi), (To] > 0 

1 am (s — So) I ^ < s- 

dU 

We let s — > 00 along any set of values whatsoever in E'. Since for a uniformly 
convergent series we can take the termwise limit,* we get r(s) — > oi . But if 
we let 5 00 over the set {s„} we get r(s) — > 0. Thus Oi = 0. Since this 

argument may be repeated for each n, the theorem follows at once.* 
Theorem 14. // the two series 

00 

= 2 On exp (-X„s)G(X„s) 

n-1 


= ]C exp (-X»s)G(X«s) 

n—1 

are convergent « = So == where o-q > 0 and if in an angular sector E 

there are an infinity of values Sn such that \l/{Sn) = (pisn) then an = bn for all n. 
Proof. On writing g{s) = \l/{s) — ^(s), we see that the previous theorem 
applies, and thus we get our conclusion. 

As a consequence of the sets of equi-convergence theorems, we have the 
following results 

Theorem 15, If the abscissa of convergence a of the modified exponential series 

00 

gis) = H o„ exp (-X„s)G(X„s) 

n—1 


is positive^ then it is given by the formula 


a 


log 

lim — 

n-*oo 



Theorem 16. If the abscissa of absolute convergence /3 of the modified expo- 
nential series is positive, then it is given by 


log £ 1 Om I 

lim 

ii>*oo An 


® Titchmarsh, l.c., page 8. 

• This proof is essentially borrowed from Hardy and Riesz, l.c., page 6. 
w Hardy and Riesz, l.c., pages 7-9. 
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Theorem 17. We have 


P 


n-^eo An 


7. Conveigence on the Line of Convergence for the Hankel Series 

For Dirichlet series it is well known that under certain special conditions the 
real point of the line of convergence is a singularity of the function.” The 
following analogous theorem holds for the Hankel series (1.9). 

Theorem 18. If v is real, v ^ and if all the coefficients of the Hankel series 
are positive or zero, and if 91(s) = a > 0 defines the line of convergence, then the 
point s = a is a singular point of the function represented by the series. 

Proof. Let the series be represented by 

h(.s) = 2 0»(t>«8)*ffJ”(tXnS) 

n-1 

00 

= 2o«A, exp(-X„8)iW,(XnS). 

n-1 

It will be convenient to use the function K,{z) defined by” 

(7. 1) K,iz) = exp Hl^\iz). 

This function has the integral representation” 

(7.2) K,(,z) = I exp (—z cosh <) cosh rfdf. 

Thus we consider the function 

(7.3) h(s) = (i)* exp 2 On(X»8)*X,(X„8) 

m \ £ / n-1 

which is analytic at the point 8 = a + 1 = ai , and hence can be expanded in a 
Taylor’s series about this point. We shall assume that the point 8 = a is not 
a singular point of the function h{s), then the above Taylor’s series expansion 
must be valid for a value of 8 smaller than a, say ao < a. By justifying certain 
summation interchanges we shall show that this requires h(8) to be convergent 
at the point 8 = as < a, thereby establishing a contradiction. 

The domain in which we are interested does not contain the origin, so that 
the function 



Hardy and Riesz, l.c., page 10. 
** Watson, l.c., page 78. 

“ Watson, l.c., page 181. 
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will have the same singularities as /i(s). The Taylor\s series expansion of the 
function r(«) about the point 5 == will, by hypothesis, converge at the point 
» = a 2 . Indeed 

/V vi ( vin\ his) 

00 

= £ On(Xn)* / exp (— X„8 cosh 0 cosh vtdt 
n-1 Jo 

and 

K.) = t r->(„,) 

m -0 mi 

= l:a„(xj‘(-ir(x„r 

,n-o ml n -1 

• / exp ( — aiXn cosh 0(cosh t)”" cosh vidt. 
Jo 

We note that the value of the integral is positive since the integrand is always 
positive, that ( — l)”*(a !2 — oti)”" is positive, and we recall that we assumed the 
coefficients an were all positive. Hence we can interchange the order of summa- 
tion^^ and we have 

^( 0 : 2 ) = an(Xn)* 23 - / exp (“-«iXn cosh 0(Xn cosli t)”" cosh vtdL 

n-1 m -0 ml Jo 

We recognize that 

00 / \m ^00 

23 -- — i— - / exp ( — aiXn cosh 0(Xn cosh CT cosh vtdt 

m— 0 ! Jo 

is the Taylor^s series expansion for / exp (— a 2 Xn cosh t) cosh vtdt about the 

Jo 

point ai . 

Thus we have that r(a 2 ) converges, 

00 -00 

K«2) = ]C OnVX / exp (— a 2 X„ cosh t) cosli vtdt 
ti-l Jo 

00 

= an\/x„x,(x„«2). 

n-X 

Therefore the series 

hCas) = exp ( —^) \/a 2 r(ai) = S o„\/tX„s Hi‘’(xXnS) 

TTt \ J / n — 1 

00 

= 2 OnA, exp ( — Xn3)M,(X»8) 
n— 1 


Bromwich, ^‘Infinite Series, page 78. 
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converges, and since aj < a we have a contradiction, a being defined aa the 
abscissa of convergence. Hence the value s = a must be a singular point for 
the function his). 


8. Inversion Formulae 


For the Dirichlet series /(«) = 23 exp (— X«s) Perron has given the follow- 

n—1 

ing formula for the sum of the coefficients 

(8.1) i-. r"® exp («)*.£ 

Zirt •'c— too 8 m—l 

where 

Xn < 0) < X«+i , 

c > a. 


In order to establish related formulae for the modified exponential series, we shall 
first prove a theorem concerning the order of the function g{s) as / — > oo. 
Theorem 19. If the series 

00 

?(«) = Z) Om exp (-(X,„ - h)s]Gi\,ns), 

♦n*“l 


where s is the complex variable s = a + it and where 0 ^ h ^ \i , is convergent 
or finitely oscillating at the point s = <ro + 0, then given e > 0, 8 > 0 we can find 
a value k such that for | < | ^ <o , v ^ <ro + «, and for all n we have 


( 8 . 2 ) 


1 

t 


Om exp [-(Xm - A)s]f7(X„s) 


< 


or 

(8.3) X Om exp [-(X„ - h)s]Gi\„s) = o{\ 1 1).‘‘ 

1 

In particular f for n = we have 

(8.4) gis) = o(| 1 1) 
which holds uniformly for <r ^ <ro + t. 

Proof. Because of the convergence or finite oscillation of the series at s = o-o , 
and because of the fact that there are only a finite number of terms of type (a) 
below, there exists a constant L such that for all integers m, p, and q ^ p, and 
for r ^ max [iVo(<ro), i\^i((ro)] where No and Ni are given by lemmas 2 and 5 we 
obtain 

(a) I Or exp [ — (Xr — fl)oro] | < L 

The notation Fix) * o(^(x)) means that as x approaches a definite limit, lim -7— « 0. 

<pix) 
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(b) I a„ exp [-(Xm — h)ao]G{\nffo) \ < L 

(c) ^ Om exp [-(X„ - fc)<ro]G(Xm(ro) < L. 

m—p 

Let iV be a function of | < 1, say N(\t |). We consider sums of the form 

n 

23 a« exp [-(X„ - h)s]G{Ks) 

1 

and treat two cases, depending on whether N < n or N n. 

Case 1. Let 


1 ^ max [No , Ni] < N < n. 


We write 


^-1 n 


exp [-(Xni - X)s](?(XmS) = 2+2* 


Apply AbeFs lemma to the summation ^ to get 


^ ^ dm exp [ (Xm /l)5](j(X»itS) 




= 23 “m exp [-(X„ - h)s]G{\ms) + 2 [expl-Cs - <xo){K - 
1 m-Af L 

- exp l-(s - <ro)(X„+. - 

[ p— m *1 

23 Op exp [— (Xp — X)<To](r(Xp(ro)J 

+ 1^*2 Om exp I - (Xm - X)<rolG(Xm<ro) J exp [- (s - <ro)(X„ - h)] 


+ 23 Om exp [-(Xm - X)<rolG(Xm<ro) exp [-(s - <ro)(X„ - h)] 


= Si + & + ^Ss. 


G{\nS) 
G{\n O’o) 


We have 


I 5l 1 = 23 Om exp [ — (Xm - A)s](?(XmS) 


^ 23 I Om exp [-(Xm - h)<Ti] l*iiCi(«ro) 


^ (JV - D.L.Xi 
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by use of lemma 1 and inequality (a). Also 


l-s,| = 


53 Om exp [— (Xm — h)<ra)]G(\mCo) 


m’^lf 


(8.8) 


exp [— (s — <ro)(Xn — X)] 


G{\n8) 
G{Kn (To) 


^ L.Koiao) 

by use of lemma 4 and inequality (c). 



Now the sum 

S%= YL fcxp [-(Xn, - A)(8 - O-o)] 
m-ArL 

— exp [— (X «+1 — h){8 — - /i)o'oMXp<ro)J 

save for the factor exp [h{s — cro)] can be dealt with in the same way as was 
done in the proof of theorem 2, and similar to relation (3.4) we get 

I -Ss I g L.KM exp [-(X;v - X)5R(s - ao)]. 

Now suppose am (s — ffo) = 6. Then 
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for ff ^ ffo + «. Thus we have 


1 5* 1 ^ L'Kio’ I “I" "3 ®^P I (^iv — h)f\ 


or 


(8.9) St = 0(1 1 exp [- (Xj» - h)t] |).“ 

Therefore, substituting (8,7), (8.8), and (8,9) in relation (8.6) we get for 1 ^ 
max [^ 0 , JV^i] < N < n 


2 Om exp [-(X« - /t)s]0(X««) 
1 


= 1 (Si + /S 2 + 5$ I 

^ {N — i)’L-Ki + exp (— (Xw — h)f] + L-Kt 


or 


(8.10) 


z 


a„ exp l-(X„ - ft)s]G(X««) = 0{,N) + 0(1 1 exp [-(X# - X)e] 1). 


Case 2. For n g JV we get at once 


z 

1 


a„ expI-(Xm - h)8]G(\ns) 


g nL.X, ^ N L.Ki 


or 

(8.11) £ cu exp [-(X„ - A)8]G(Xms) = 0{N). 

1 

Now let Nil i 1 ) be so chosen that Ni\ 1 1) tends to infinity more slowly than 
1^1, and also so that relation (8.5) is satisfied. Then for either of the two 
cases for 5R(«) = a ^ <ro + « and for all n we have 

(8.12) 23 o» exp [-(X« - X)s 1G(X«8) = o(l 1 1), 

1 


thereby completing the proof. 

Lemma 10. If b > 0, k ^ 0, then 

= 0 , 0 ) < 0 , 

See Hardy and Riesz for proof.^^ 

The notation F(x) » 0(^(x)) means that | F(x) 1 < Kifi(x) for values of * sufficiently 
near a given limiting value. 

Hardy and Riesz, l.c., page 50. 
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Theorem 20 . (First Inversion Formula) 7 / \„ < « < Xn+i and if the modified 
00 

exponential series g(s) = exp (— Xws)G(Xms) is convergent for s == <ro + iU 

1 

where <ro > {(Xi) (J being given by lemma 3 ), then for c > oq we have 

1 g{s) exp M ^ a. r"*'" ... r ^.lG(X««)d 8 

iT”- / — ds = an + 2^ ^. / exp l~(Xm - w)®] ;p^ 77 — t 

Jc—ivo S (j(\nS^ 1 •'c— too G{\nS) S 

Proof. We consider the function 
exp [w(s — ffo)] 


r(s) = 


( 8 . 13 ) 


G(Ks) 


!{«w- 1 


o« exp (-\„8)G(Ks) 
= 2 Om exp [-(Xm - «)«] exp (-w<ro) 


m—»+l G(\n s) 

where n is determined so that Xn < « < X»+i . 



We shall establish that 


^C+t’OO 
•'C— <00 


r(s) 


(te = 0. 


We consider the closed rectangle as shown at the side. The function r(s) /s has 
no singularities in this rectangle, and so by Cauchy’s theorem we have 


( 8 . 14 ) 


— tTi S Jc-~iTi S *o4’t7's S Jd 


f^d+tTt 


r(s) 


•'d^Ti S 


ds. 


Now this finite rectangle can be enclosed in an angular sector about the point 
So = ffo + Ho , and by using the same argument as we did in theorem 2, given 
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e > 0, there exists an integer no such that no ^ n and for which for p ^ n® 
we have 

E a„ exp [-(X„ - u,)s] exp (-oxro) 

~ [“Sf(s — <»o)Xp] exp (— w<ro) exp (9?(s)«) 


(8.15) 


< __ 


(KlO I S VO I 


Ks 3i(s - vo) 


this estimate being independent of s as long as s is in the angular sector, and 
hence independent of the number d. Thus it follows that there exists a constant 
Ki 2 such that 

Um exp [ (Xm w)s] — - CXp ( — (OO'o) I ^ - 1 ^ 12 , 

wi"n+l (jf\Xfi S) j 

for all s in the angular sector. 

Therefore 


f 


d-¥iT2 
d-iTi S 




(8.16) 




^ Kv. 


id-\ 


d-¥iT% 


ds j 

d-iTi S I 


= K,2 


log 


d + iTt 


1 + 


if 2 


log - 


and as d — » oo we have 


(8.17) 


We shall now show that 


1 + 


1 - 


iTt 


m 


log 


1 - 


iTx 


0 . 


r and r 

Je-iTi S t/c+C 


d+Tii 


r{s) ^ 

c+tTj S 


are both convergent as d — > w, and thus we can write (8.14) as 


(8.18) 


fC-\ 

Je-~\ 


Je-iTi 8 

If we let the equation 


r-«r(s) 

J C— •' 


J c— ••Ti 5 


-/ 


c+tTj S 


ds. 


(8.19) 
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define the function p(s) we have 

p(s) = r(«) exp [(\*+i - w)a]G'(Xns) 

(8.20) r • T 

= Z) a« exp [-(X„ - \n+i)8]0{\ms) exp (-wcro) . 

Now r(«) is convergent at the point s = (to . Therefore the series for the func- 
tion p(8) converges for s = <ro . Identifying 

bp — On+p , 

Xn+ji ~ ftp ) 

we see that theorem 19 is applicable to the function 
00 

p(s) = 53 bp exp (— (mp — Mi)s]6(mps) exp (— wo-o). 

p-i 

Therefore, given ei > 0, we can choose T such that T > 0 and 

( s = (T -|- iTt 
1p(s) 1 < €iTi for-l ff ^ c 

r* > T 


(8.21) 


•'e+iTj a 


_ I f ^ ex p [-(Xh -1 - t»)8] ^ 

I ^c+iTj S (/(XmS) 

1 •'c-|-»r2 sG(Xn»8) 

^ / exp [-(X,H -1 - «)8l< 

K»{^) Vc* + Ti •'<= 

< iL_J_ 

Ki Xn+i — W ’ 


\s\~ v^ + n \/<^ + fi 


< 1. Thus we conclude that 


(8.22) / — ds = 0, 

Tj-^oo I •'c+»2’2 S 

and likewise 

I r"-iTi / \ 

(8.23) lim / — ds = 0. 

Ti-^oo I •'c— tTi 8 

Therefore from (8.19) and the above we obtain the evaluation 


•'c-Woo 8 


d« =« 0, 
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and recalling the definition of r(«) (equation (8.13)) we have 
gM exp [«(« - (To)] 

»c— too S Gr(Xn8^ 

-c+<oor n ,(j(XmS)n r / ds 

= / \ 2L dm exp I— Xw»] exp [w(8 — <ro)] - . 

Jc-too Lm-1 (jr{KS)J 8 

Using lemma 10 to evaluate the term in which a„ is a factor we obtain the first 
inversion formula, 


2in 


I 


C+tOO 

—too 


g(s) exp jus) 
8 C?(X«s) 


ds = a„ + 


n~X ^ /•c+i« 

1 ZtI •fc-too 


exp [-(X„ - w)s] 


G(\„s) da 
G{\n8) 8 ' 


Theobem 21. (Second Inversion Formula) If the series 


ff(s) = l^amexp (-X„«)G(X„s) 


»*"1 


is convergent for s = <to + ito and if \n < ca < X„+i , then for c ^ <tq we have 

1 /"•''" ?(s) exp (««), _ 1 ^ r+‘* . ,ds 

n — : / o V I t'>)s]G(XmS) — . 

2irl Jc—ico S ZTTt 1 •'c— too 8 


Proof. The proof follows along the same lines as did the proof of theorem 
20 except that we do not have to introduce the factor l/(j(Xns). 

Remarks: For the Hankel series and for the special cases when v is an odd 
half-integer, the second inversion formula can be simplified. Let j' — ^ = A: 
where k is an integer. It will be recalled that the Bessel functions have simple 
expressions for such values, and likewise the function Mv(Kms) can be expressed 
by the finite series 


M,{\mS) = jf exp (-u)w*^l + 


(k+jn 

j2Ks)^ 


+ • • • + 


+ ... + 

(2fc)! 

(2^s>’ 




du 


and on substituting this in theorem 21 and using lemma 10 we get 


1 f h(s) exp (us) 
2iri Je~i» 8 



(k + 1) ! (w - Xm) 
■“2X„ 1! 


(k\ (k + 2)\(w- (2k ) ! (w - Xjn 

(2X„)» '2! ‘ (2X..)* k\ J* 


We recall that for r == i the Hankel series reduces to the Dirichlet series, and 
we note that the above formula reduces to Perron’s formula (8.1) for r — i = 
k^O. 
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By defining 


(9.1) 


9. Conclusion 

A{x) =0, 0 g a: < Xi, 

A(\x) = 

A(xo = i:o»+^ 

m—l ^ 

n 

A{x) = 2 a«, Xn < X < X»fl, 


we can express the Dirichlet series /(s) = exp (~^n«) as the Stieltjes 

n—l 

integral /(s) = / exp (— xs) d(A(x)), and Perron’s formula for the sum of the 
Jo 

coefiScients becomes 

(9.2) A(x) = f exp (xs) ds. 

2ti J -too s 

oe 

Likewise the modified exponential series g{s) = 2 ®n exp (— X„s)G'(X„s) becomes 

1 

the Stieltjes integral 

(9.3) ff(s) = f exp (—xs)G(xs) d(A(x)). 

Jo 

It should be possible to obtain a convergence theorem similar to theorem 2 from 
a consideration of the Laplace-Stieltjes transform.*® 

An integration by parts of equation (9.3) would give formally 

(9.4) j/(«) = 8 exp (-X8 )|g(x 8) + ^^^^|A(x)dx, 

which can be regarded as an integral equation with the kernel 
(9.6) 8 exp ( - X8) |(?(x8) + , 

and the two inversion formulae for the modified exponential series could be 
written in the form 


(9.6) r dA(x) r r*" exp [-(x - «)8](7(x8) -1 = r'” 

Jq 8 J •'c— too 8 

and 


>' Private communication from Prof. J. D. Tamarkin to the author. 
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( 9 . 7 ) f 

Jo 


dA(x) 


D I»e+ico 
c— too 


exp [— (x — to)8] 


G(xs) ^1 ^ 

G(\n 8) S ^ J c— too 


gis) exp 
8G(K8) ’ 


as can be formally verified by substituting for g{8), and changing the order of 
integration. 

Hadamard’s results relative to the composition of singularities of Taylor’s 

series show that the only possible singular points for a function represented by 
00 

the series exp (—ns) are points of the form a + /3 where a is some 

n—1 

00 

singular point of the function /(s) = «n exp (—ns) and 0 is some singular 

n—1 

00 

point of flf(s) = 52 exp ( — ns). Mandelbrojt obtained analogous results 

n—1 

applicable to the general Dirichlet series, but the present author has been unable 
to get an extension of Mandelbrojt^s work applicable to the modified expo- 
nential series. 

In conclusion I wish to thank Prof. S. Bochner of Princeton University who 
suggested this topic and whose advice and criticism have always been helpful. 


Princeton University 
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ON THE INTEGRALS OF CANONICAL SYSTEMS 

By Carl Ludwig Siegel 
(Received December 19, 1940) 

1. Trigonometrical series 

We consider a canonical system of differential equations 

( 1 ) Xk = ^Vk f i/k ^ ~ * ’ ’ > 

and suppose that the real function H does not contain the independent variable 
t and is, in a neighbourhood of the origin, an analytic function of the 2n variables 
iCi , • • • , 2/n . Let the number n of degrees of freedom be at least 2. We sup- 
pose moreover that the origin is an equilibrium point of the system; i.e. all the 
2n derivatives (* = L * * * j vanish at the origin. It may also be 

assumed that the function H itself vanishes at the origin. Denoting the 2n 
variables xi, • • • , yn hy zi, • • • j z^n, we write the system (1) in the form 

2n 

(2) = 2 ^kiZi + -Kfc (fc = 1, • • • , 2n)j 

i-i 

where Rk is a power series in 2i , • • • , 22 n beginning with terms of the second 
order. 

Let Xi , • • • , X 2 n be the characteristic roots of the matrix (a^). In our case 
of a canonical system, the characteristic polynomial is an even function; hence 
we may arrange the roots such that 

(3) Xfc^-n = — Xa; (A = 1, • • • , n). 

We suppose that Xi , • • • , Xn are linearly independent, with respect to the field 
of rational numbers; this means that the relationship 


fi^iXi + • • • 4* fi^nX» = 0 


holds in integral numbers giy •• • ,gn only for = 0, • • • , gfn = 0. 

If ly is a power series of 2n variables Xk , Vk {k = 1, . . . , n) without linear 
terms and the determinant 1 \ 9 ^ 0 at the origin, the equations 

(4) ik = , yk = Wx, (A = 1, . . . , n) 

define a contact transformation of the variables xi , • • • , 2 /n into the variables 
^ 1 ) * • • > » and the canonical system (1) is invariant: 

(5) ^ (k ^ !,•••, ?i), 

806 
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It has been known* for a long time that after an appropriate contact transforma- 
tion the function H will depend only upon the n products 

(6) ' = h (A: = 1, • • . , n) 

and take the form 

(7) H = ^ Xjtf* -f- R, 

k-l 

where iZ is a power series in the n variables fi , • • • , f „ beginning with quadratic 
terms. The integration of (5) for this normal form of H is then immediate. 
Since 

( 8 ) , 

we deduce from (5) that the n products f* are constant; hence 

rn = {k = 1, • • • , w), 

with arbitrary constants and 

ciifik = h (A: = 1, . . . , n). 

The original unknown functions Xi , • - ■ ,y„ become now .series with the general 
term 

where the coefficient Co^.,.g^ denotes a constant and , • • • , integers. If all 
the characteristic roots Xi , • • • , Xn are pure imaginary numbers and the initial 
values of Xi , • • • , real, then all the values , • • • , are pure imaginar}’’, 
and we get a representation of the solutions of the canonical system by trigo- 
nometrical scries. 

This elegant method of solution has also been generalized to the case of a 
function // which contains explicitly the variable /, in periodical form, and is 
closely related to the important researches of Delaunay, Hill and Poincar<5“ in 
celestial mechanics. However, there is a serious objection: The question of 
convergence has never been settled. If we define sum, difference, product, quotient 
and derivative of power scries in a formal algebraic manner, we can perform 
these operations also with divergent power series, and then we can construct 
by straightforward calculation a transformation of the type (4) which reduces 
H to a power series of the n products ^kVk alone. But no proof for the conver- 
gence of this contact transformation has been given, with exception of some 
special examples, when the integration of the system (1) can also be carried out 
by elementary methods. On account of the small divisors appearing in the 

1 E. T. Whittaker, On the solution of dynamical problems in terms of trigonometric series^ 
Proceedings of the London Mathematical Society, vol. 34 (1902), pp. 206-221. Cf. also 
G. D. Birkhoff, Dynamical systems^ New York (1927), chap. 3, and E. T. Whittaker, A 
treatise on the analytical dynamics of particles and rigid bodies, 4th edition, Cambridge (1937), 
chap. 16. 

* Cf. H! Poincar6, Les mhihodes nouvelles de la mhcanique cklcsie, Paris (1893), vol. 2. 
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coefficients of the transformation, it seemed to be probable* that the series will 
diverge in general, but no single example had hitherto been found. From Poin- 
car4^s well-known theorem^ on the analytic integrals of canonical differential 
equations we can only infer that those series do not uniformly converge, if 
Xi , • • • , Xn are variable complex parameters, whereas this theorem cannot be 
applied to a fixed function H. 

We arrange the coefficients of in a certain order and denote them by 
hi f h 2 j h j • • • . We assume that the power series H converges in a neighbour- 
hood of the origin and that the characteristic roots Xi , • • • , Xn are pure imaginary 
linearly independent numbers. The corresponding systems {hi, hi, hz, •••) 
form the points of a space S. A point of 2 is called singular, if the transforma- 
tion of H into the normal form (7) cannot be performed by a convergent contact 
transformation (4), and else regular. 

TiiEORf^M 1. Let (ci , Ci , C3 , • • • ) be a point of 2 and ci , €2 , €3 , • • • an 
arbitrary sequence of positive numbers. Then a singular point {hi , hi , hz , • • • ) 
of 2 exists in the domain 

Cfc — 6A: < A* < Cjfc + €fc (A = 1, 2, 3, • • • )• 

This theorem asserts that the singular points are everywhere dense in 2. We 
shall reduce the proof to that of another theorem concerning the integrals of a 
canonical system. It would be important to obtain also some information about 
the distribution of the regular points of 2, but this seems to be rather a difficult 
problem. We do not know e.g., if the regular points are also everywhere dense 
in 2 and if they constitute an open connected set of points. In particular, it 
would be interesting to decide, whether H is regular or singular in the special 
case of the restricted problem of three bodies, with respect to the equilibrium 
solutions of Lagrange. But this seems to be beyond the power of the known 
methods of analysis. 


2. Integrals 

If P is any convergent or divergent power series of the 2n variables Xi, . • • , j/n , 
we define the Poisson bracket (P, H) by the power series 

ip, H) = i: {p^Hy, - PM. 

jfc-i 


* G. D. Birkhoff, Surface transformations and their dynamical applications j Acta Mathe- 
matica, vol. 43 (1922), pp. 1-119. Cf. on the other hand G. W. Hill, Remarks on the progress 
of celestial mechanics since the middle of the century, Bulletin of the American Mathematical 
Society, 2nd series, vol. 2 (1896), pp. 126-136, and E. T. Whittaker, On the adelphic integral 
of the differential equations of dynamics, Proceedings of the Royal Society of Edinburgh, 
vol. 37 (1918), pp. 96-116. 

^ H. Poincar4, Les mHhodes nouvelles de la m^canique chleste, Paris (1892), vol. 1, chap. 5. 
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We call P an integral of the canonical system (1), if the equation 

(P, H) = 0 


holds identically in the variables; in other words, P is an integral, if the rela- 
tionship 

P = 0 

follows from (1). 

The expression (P, H) is invariant under any contact transformation. By 
(6) and (8), we obtain 

(f* , -») = 0 (A: = 1, . . ; , n). 

Introducing into f* = {*17* the original variables , • . . , , we find n power 

series 


( 9 ) ik = p k{xi , • • • , 2/n) (A; = 1, . . . , n) 

which are integrals of ( 1 ). Since the functional determinant of , . . . , j;, as 
functions oi Xi , • ■ • , yn does not vanish identically, the.se n power series are 
certainly independent one from another, i.e. there exists no power series of the 
variables P* with constant coefficients not all zero, which vanishes identically 
in the variables Xi , • • • , «/» . 

Obviously the function H itself and more generally any convergent power 
series in the single variable // is a convergent integral. If 7 / is regular, in the 
sense of our former definition, there will exist a convergent contact transforma- 
tion reducing H to the normal form ( 7 ), hence the integrals ( 9 ) will then also 
converge. Moreover, by ( 4 ), we deduce easily that the integral P* cannot be 
expressed as a power series in // alone. Therefore Theorem 1 is contained in 


Theorem 2 . Let (ci , C2 , Cs , • • • ) be a point of Z and ei , 

1 ^ f €3 j 

an arbi- 

trary sequence of positive numbers. There exists a point {hi , 

hi , hs 

j •••) in the 

domain 



Cjfc “ < A* < c* + €ifc 

{k = 

1, 2, 3, ... ) 


swc/i that any convergent integral of the corresponding canonical system (1) is a 
power series in the single variable H. 

The proof of this theorem depends upon several lemmata. 

Lemma 1. Any integral of (1) can be represented as a power series in the n 
integrals Pi, • • • , P„ . 

Proof: It is obvious that the sum, the difference, the product of two integrals 
and more generally any power series in a finite number of integrals without 
constant terms is again an integral. Let P{xi , • • • , y„) be any integral of (1). 
By the contact transformation ( 4 ), this integral becomes a power series in the 
variables {i , • • • , »?n with the general term 

n (it* »>**)» 
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where denotes a constant. Consider now the n differences 

oik "" ~ Qk (Aj “ Ij • • • j n). 

The siun of all special terms with {/i — 0, • • • , 9 „ = 0 is a power series T in the 
n products = f * = Pt(a:i , • • • , Vn), and the expression 

P - T = J 

is again an integral. If 7 is not identically zero, take a term j of least degree 
(<*1 + jSi) + • • • + (an + /8n) = d and calculate the terms of degree d in the 
power series {J, H). Since 

iJ,H) = 0, 

we obtain from (6) and (7) the relationship 

n 


or 


2 = 0 . 

k-l 

This is impossible, the numbers Xi , • • • , X„ being linearly independent and the 
integers Qk not all zero. Hence J — 0 and P =‘ T & power series in the integrals 
Pi , • • ‘ ,Pn • 


3. Linear transformation 

For our further purposes it is practical to introduce new variables Mi , • • • , 
by a special linear contact transformation, which reduces the quadratic terms 
of H{xi , • • • , yn) to the normal form XiMi^i + • • • + X„M„t»„ . Obviously we 
find such a transformation, if we replace in (4) the power series w by the sum 
of its quadratic terms. Let 

n 

(10) Zk — ^ {ckiUi + ct.n-nVj) (fc = 1, • • • , 2n) 

be this transformation, 

(11) e = (Cki) 
its matrix and 

n 

(12) H - E{ui, •••,»„) = XtMfci;* + . • • 

the power series for /T as a function of the new variables. By (3) and (12), the 
transformed canonical system is 

(13) Uk — = X*Mi, + • • • , Vk — —Eui — Xib+nV* + • • • (fc = 1, • • • , n). 
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Let 9 be the matrix of the coefficients dki in (2) and ® the diagonal matrix 
with the diagonal elements Xi , • • • , X 2 , . By (2), (10), (11), (13), we deduce 

SI® = 


(A: = 1, . . . , 2n), 


or more explicitly 

ac* = CiX* 

where c* denotes the A:*'' column of the matrix S. Since Xi , • • • , Xn are linearly 
independent, the 2n characteristic roots Xi , • • • , X 2 „ are certainly different one 
from another. Therefore the general solution of the linear equation 

Slf = fX* 


IS 


5 = Cip 

with an arbitrary scalar factor p. On the other hand, X* is pure imaginary, 
and hence by (3), the bar denoting the passage to conjugate complex numbers. 

Sir* * c*X*.).n (h ^ 1, •••y n). 

This proves the relationship 

(14) c* = Ck+nPk {k = 1, . . . , n); 

with a certain scalar factor p* . Hence the linear functions Zk of the variables 
Ui, • • • ,Vn arc not changed, if Ci is replaced by C/ (Z = !,•••, 2n) and at the 
same time the variables Mi , vi by Hi , vi , where 

(15) Hi = p7*vi , h — piMi (Z = 1, • . . , n); 

For any power series F, we denote by P the power series with the conjugate 
complex coefficients and the same variables. Since H is a real function, 

H{xi , • • • , y») = ff{xi , . . . , yn), 

we obtain 

F(wi , ••• ,v„) = E(Hi , ■■■ ,v„) 

and in particular, by (12) and (15), 

X* = X*p*p** (k — 1, • • • , n). 

The characteristic roots Xi , • • • , X„ are pure imaginary; hence the same holds 
for the n numbers pi , • • • , p, . Obviously the canonical form of the s.V8tem 
(13) and the quadratic terms of E are unchanged, if the variables m* , w* are 
replaced by or‘w* , o*ti* {k = !,•••,»), where ai , • • • , o* are arbitrary con- 
stants 9 ^ 0. Denoting the columns Ctar‘, c*+na* again by c* , c*+n , we have to 
replace the factor p* by p*(a*o*)“\ Therefore we may assume that p* = ±t. 
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If Pk = +t for any value of k, we replace moreover w* , d* by r* , — and obtain 
the case p» = —i. Hence it is allowed to assume 

Pk= -i (A: = 1, . . . , n). 

Now we change the notation. We suppose that the function H = 
H* {xi, , y„) and the matrix S are given and denote the characteristic roots 
Xi , • • • , X« by xf , • • • , , the corresponding power series E by E*. Let P 

be the set of all convergent power series 

n 

(16) ^(ui , • • • , Vn) “ 2 XiUtD* + • • • 

*-1 

satisf 3 dng the condition 

E{ui , . . . , t)„) = E(.ivi , . . . , iun), 

with linearly independent values of Xi, • • • , X„. Then the inverse of the linear 
transformation (10) takes any such function E again into a real power series H 
of the variables a;* = Zk, Vk = Zk+n {k = 1, • • • , n). 

If F is any power series in the variables Mi , • • • , Vn , we denote by Ft 
(I = 0, 1, 2, • ■ • ) the sum of its terms of order I and by [Fi] the maximum of the 
absolute values of the coefficients of these terms. The proof of Theorem 2 is 
now tantamount to the proof of 

Theorem 3. Let et , et , u , ■ • • be an arbitrary sequence of positive numbers. 
There exists a power series E of F such that 

1 El - Ef] < (1 = 2,3,...) 

and any convergent integral of the canonical system 

Uk “ JS'v* j Vk ~ “ I 7 • • • } n) 

is a power series in the single variable E, 

Let E be an arbitrary power series of the set P and H{xi , • • • , 2/n) the corre- 
sponding real function. By the linear transformation (10), the n power series 

(17) ffc = P k{xi , • • • , 2/n) (A; = 1, • • • , ?2) 

become integrals of the system 

(18) Uk = Evk , Vk = -Euk (fc = 1, . . . , n). 

Let Q be one of these integrals and 

n 

Oj = 53 (ockiUkUi + ffkiUkVi + ykiVkVi) 

k,t-l 

the sum of its terms of second order, where 

a*i = «i* , yki = y Ik (k, I = 1, • - - , n). 
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Calculating the terms of second order on the left-hand side of the equation 

(Q, E) = 0, 

we find by (16) the expression 

n 

2 + ^l)UkUi + 0klO^k h)UkVi — ykl{\k + ^l)VkVi}, 

ife.Z-l 

Hence 


otki = 0, yki = 0 

(k, 1 = 1, 

•••»«), 

11 

e 

(k 9^ 1; k, 1 — 1, 

• . . , n). 

and ffc takes the special form 



n 

(19) ft = ShwWit'i + ••• 

i«l 

ik^l, 

• • • , n). 


By (4) and (10), the variables , • • • , T?n can be expressed as power series in 
Ui, • • • ,Vn- The determinant of the linear terms in these power series is 
different from zero. Let , • • • , be indeterminates and 

n 

(20) Xi= Y, hi4'k (1= 1, • • • , n). 

By (6), (19), (20), the quadratic form 

n 

£ hh'nk 

k-l 

of the 2n variables fi , • • • , »7n has the same rank as the quadratic form 

n 

2 XI 
/-I 

of the 2n variables Ui, • • • ,Vn • Hence the n linear forms (20) vanish simulta- 
neously if and only if = 0 (Aj = 1, • • • , n), and consequently their deter- 
minant is different from zero. On solving for UiVi from (19) we obtain n in- 
tegrals of (18) in the form 

= UiVi “[-••• (Z = 1, • • • , n). 

Let us suppose that contains a term of the special type 

n 

(21) c XI (WjfcVjb)**, + • • • + ttn = 9^ > 1 

*-1 

and that the degree g of this term is as small as possible. Then the integral 

ib-l 
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does not contain a term of this special type of degree ^ g. It is now obvious 
that we can also construct n integrals 

= uiVt + • • • (?=!,•••, n), 

which do not contain any term of the form (21). Moreover the integrals 
. • • , and consequently the integrals (17) are power series in 

• • • . Lemma 1 gives the result, that any integral of (18) is a power seri#"^ 
of the variables • • • , This holds in particular for the integral E, Bj 
(16), the power series expressing E as a, function of • • • , 5^”^ has the form 

jB = X) + • • • ; 

hence we may also represent as a power series in £, • • • , There- 

fore we have 

Lemma 2. There exist n — 1 integrals 

= UiVi 4- • • • (Z = 1, . . • , n — 1) 

containing no term of the type (21) and such that any integral of (18) is a power 
series in JB, • • • , 

For the rest of our investigation, we will only consider the case of two degrees 
of freedom. As a matter of fact, the generalization of our proof to the case n > 2 
requires more complicated calculations, but does not present more serious 
difficulties. 


4. Estimation of the coefficients 

Lemma 3. Let (, y be complex numbers and G a homogeneous polynomial of 
degree r in the variables Ui , U 2 , vi ^ V 2 . Then 

(22) (I f 1 + 1 1 ? i) ^ (2r + 2) 

Proof: We can write 


G=t 

Z-0 

where is also homogeneous in the variables Wi , Ut, of degree 1. Since 
is the maximum of t he values rG<^| (1 = 0, • • • , r) and |(jwitii+ijM 2 t>s)Gl the 
maximum of the values + i 7 U 2 t» 2 )G<‘> |, the inequality (22) will certainly hold, 

if it is true for instead of G and Z = 0, • • • , r. Hence we may suppose 

G = 2 

t-o 

where <fik denotes a homogeneous polynomial in vi, vt, of degree r — 1. If 
I { 1 > I i; I, we interchange f Mi , vi and ti,ut,Vi. Consequently, we have only 
to consider the case 


( 23 ) 
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Putting 


<p-i = 0, = 0, 


we obtain 


= fVMpt-i + rtViipk {k = 0, •••, I + 1), 


i+i 

((uiVi + riutVi)G = S 

k—O 


Ut 


P—0 


(fc = 0, 


whence, by (23), 

I 1 1 I ^ S I ^71 • 

p— 0 

Since | G [ is no w the maximum of the numbers 1*771 {k = 0, • • • , Z) and 
1 ({uifi + riUiVi)G I the maximum of the numbers | j {k = 0, • • • , Z + 1), 
the inequality 

I »? 1 1 G 1 ^ (Z + 1) l({Mit>i + riiitVt)G\ 


holds. Moreover 


Ul + |>j|^2U|, i + i^r+1, 

and the lemma is proved. 

By Lemma 2, the existence of n — 1 integrals (Z = 1, • • • , n — 1) with 
certain properties was stated. In our case n = 2, let us denote the integral 
more shortly by s. Then 

oo 

(24) « = 27 sife , sj = uivi , 

ifc-2 


where s* is a homogeneous polynomial in wi , 162 , , ^2 , of degree k. If k > 2, 

the polynomial Sk does not contain a term of the special form c(wit;i)"(i/2i'2)^. 
Lemma 4. Let the canonical system 


(25) 


Uic = Er,t, , Vk = 


{k = 1, 2) 


possess a convergent integral, which is not a power series in E alone. Then the 
sequence 


log|sin 

k log k 


(fc = 2,3, ...) 


has a finite upper bound. 

Proof: By Lemma 2, any integral P(mi , Ms , ai , t)j) of (26) can be written as 
a power series in E and s, 


P = Z CafS"E^. 
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We assume that there exists at least one coeflScient 

Ca0 ^ Of a > 0; 

take a + 0 = g as small as possible. If P is a convergent integral, the same 
holds for the expression 

p ( mi ,v^,vi,v^ = P - ^ CofiBf. 

/J-O 

By (16) and (24), we find the decomposition 


where 


P2» = 2 


p = 2 pt . 

k’-'2a 


= UiVif Ei = \iUiVi + \2U2V2. 


The polynomial 


^ — 2^ OlCafiS2 E2 


does not vanish identically; since it is homogeneous in the two variables UiVi 
and U2V2 f it may be written in the form 

(27) A = c n (i'*»ttit;i + r,^''\v 2 ) 

A-l 

with constants not both zero (A = 1, • • • , jr — 1) and a constant c 9^ 0. 

We denote by x, y, z any three of the variables Ui ,U2 ,Vi ,V2 . Since p is a power 
series in s and E, the functional determinant 

djE, p, s) ^ _ 
d{x, y, z) 

identically in x, y, z. Calculating the terms of degree ft — 3, we obtain 


V d(E „,pfi,Sy) ^ Q 
«+/!+7*“A d(x, 2 /, 2 ) 


(ft = 2(/ + 4). 


We apply this relationship for x, y, z = ui , ut , vi and fora:, y, z = Wi , 1 ^ 2 , v* . 
Denoting the corresponding expressions 


V > Pg) V d(Ea,Pfi) ^ djEaiPfi) 

d(y, z) ’ a^i d(z, x) ’ • a-^i d(x, y) 


(J ^ + 2) 


by All, An, Azi and Bu, Bn, Bn, we find 


2 {-All 

I+7-A \ 

2 (bu 
\ 


+ A21 “ + Azi 


^~^ + Bnp + B> 

dUi dU2 
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Let ixi , HI, Hi be certain appropriate positive constants, which do not 
depend upon the subscript k appearing in the formulas. Since the power series 
E and p converge, the inequalities 


\E,\<hi 


hold, and consequently 


dEk 

dx 


<kHi, 


dy 


< kni. 


The polynomial ^ is a sum of ^ terms, hence 


(k ^ 2), 
(k ^ 2g) 


d(,Ea ,Pg) 
dix, y) 




If yf/k denotes any one of the six polynomials Aik ^ • • • , Bs* , we have 

I 1 < M2 (fc ^ 2fir + 2) , 

whence 


(30) 



By (26), the identity 


(i(J?2 , p2g) _ ^ djE^ , ^ 2 ) 
d{x, y) d{x, y) 


holds and therefore we obtain in the case Z = 2^ + 2 for An , ... ,Bzi the 
values X 2 W 1 V 2 A, 0, —\ 2 ViV 2 ^, 0, \ 2 ViU 2 ^, —\ 2 ViV 2 ^, From (28), (29), (30), we 
deduce now the inequality 


X 2 2^2 A 



dui 



+ 


. . / dSk dSk\ 

X2t^lAl W2^ V2 ) 

\ dU 2 0 V 2 / 


7-2 


and, by (27) and Lemma 3, 


( 31 ) 


ds* 

dSk 

+ 

dSk 

, dSk 

Ui 

dui 


U 2 7 

dU2 

t'2 jx 

dV2 


7-2 


{k ^ 3). 


If 


<j) = o«“* t;?’ M? * Dj’ 
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is any term of Sk , then 

I «1 “ j8l I + I ^2 A I ^ 1> 

dca do) , - V dca dca , ^ v 

Ui - Vi — = (ai - A)c*), U2^ V2~ = (a2 - A)«, 

awi ovi du 2 0V2 

and (31) implies 

(32) f^l < £ 1171 v!r (* = 3,4,...). 

7-2 

Obviously the inequality 

(33) 1^1 ^ (2J‘'+Vs)'~^ 


is true for 1 — 2. If it is proved for Z = 2, 3, . . . , * — 1, we find from (32) 
the relationship 


fs*'! < £ ( 27 ''"V 3 )"“Vr" g (fc'^Va)*"^ £ 2"-^ < (2*'+V3)*"*, 

7-2 7-2 


and (33) holds for I = *. Hence 


\Sk 




< M4. 

fclog* 


6. Proof of Theorem 3 

On account of Lemma 4, it is sufficient for the proof of Theorem 3 to con- 
struct a power series 

E-=t,Ek 

it-2 

with the following 4 properties: 

I) Ekiui jV^fVi,V2) = Ekiivi , iv2 , iui , m) (A; = 2, 3, • • • ); 

II) jE? 2 ~ "1“ X2'W2l^2j 

Xi , X 2 are linearly independent; 

III) \Ek-E;^\ <€k (* = 2, 3, . . .); 

rv) the sequence 

(ft = 2, 3, • • .) 


log lit I 

ft log ft 


has no finite upper hound. 
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The positive numbers « 2 , « 3 , • • • are arbitrarily given. Obviously we may 
suppose that 

«* < 1 (k = 2 , Z, ...). 

We begin with the construction of Xi , Xj . The coefficients Xf , X? in 

Ei “ Xj UiVi *f“ X2 U2V2 


are pure imaginary and linearly independent; hence 



is a real number. We choose two integers q, r such that 


(34) 9 > 1 + |<0*H-2lX2*|fr', 

(35) 1 + r I < 1 

and define three sequences of numbers Qm , Tm ^ Im {m = 1, 2, . . . ) in the fol- 
lowing manner: 

(36) Tm, = 23 (Ik V 

\q A-i / 

(37) Im = Qm \rm\l 

(38) q^ = q^; 


qm-\-i is the least integral power of q satisfying the inequality 

(39) q„+i > ?:. + 4 I X? 


It is obvious that the numbers qm, r„, In are uniquely determined and Qm , In 
are positive. For the exponent a„ in 

= 3“" 


the inequality 


Um+l ^ 20m 


holds. Since Oi = 2, we obtain 

(40) an ^ 2”, a„+i - a„ > o„ ^ 2”, 

hence r* and In are integers and the sequence gm3m+i tends to zero. By (34), 
(38), (40), the series 

ib-l 


( 41 ) 
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converges, and we find the estimations 

(42) 0 < E 8* * < gr' E g"* ^ 251* (h=l,2, ...) 

M ib-O 

(43) 0 <6 < 2gr* ^ g"‘. 

Moreover, by (35), (36), (41), 

1 r„ 1 < g„(| a* 1 + g"* + «), 
whence, by (34), (37), (38), (39), (43), 

(44) Z »+1 - im S Qm+i - gm - I I > g„(g* - 1 - | w* | - 2g"’) > 0. 

Let Xi , Xj be defined by 

(45) Xi = Xj*(fl-0, Xj = X?; 

then Xi , X: are pure imaginary and 

Ei = XlWlDl + \iUs,V2 

satisfies I) with k = 2. For the expression 

(46) Pm “ Xig»i “H ^if'm (wi = 1, 2, • • • ) 

we find, by (36), (41), (45), 

CO 

pm “ ^2Qm 

k*mn+l 

and by (42) 

(47) 0 •< pmXs 2QmQm+l • 

If X, y are two indeterminates, the identity 

(Xix + X2y)g«Xi'* = (qmy - r^) + pmXr*x 

holds. For given integral values of x and y, the number g^y - r^x is integral, 
whereas the absolute value of PmXr*x, by (47), is less than 1, if m is suflSciently 
large, and 0 only in the case x = 0. Therefore the numbers Xi , Xj are linearly 
independent. On the other hand, by (34), (35), (43), (45), 

1 Xi — Xi 1 = 1 Xi 1 g — - — < I Xj I (g ’ + g *) < ei. 

Consequently II) is satisfied, and III) for k = 2. 

By (34), (37), (38), we have It ^ 4. If we define 

Ek — E* 


(2 <k< It), 
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the conditions I) and III) are satisfied for k < h. Let m be any positive 
integer and assume, that the polynomials Bk are already determined for k < In 
such that I) and III) hold. Consider now any power series E = Ei-\- E% - 

of P with these fixed terms Ek{k = 2, 3, • • • , - 1). Let s be the integral 

00 

s^ = UiVi 

k~t 

of the corresponding canonical system. Then 

(s, J5) = 0 , 

whence 

I 

X) (s* > Et+i-h) = 0 (J = 3, 4, • • . ) 

/ dst ds\ , , / dst dsA 

XllMlS *'*'r ) 

\ dui dvi/ \ 3wi dvi/ 

(48) 

dEi dEi ^ / E> \ 

Let Ea^ytUiulvivl be corresponding terms of st , Ei, where 

s„fiyi , Ecfyt are the coefficients. Then a+p + y + S = l and Sa^yt = 0 for 
a = y, p = h. From (48) we obtain 

(49) {(a — 7)Xl + (d — 5)X2jSa|97J = (a — y)EaPyt + bafyS , 

where haffyi denotes a certain bilinear function of the coefiBcients of S 3 , , sj_i 

and Et , ■ • ■ , Ei-i . Since Ek is fixed for ^ = 3, 4, • • • , — 1, we infer from 
(49), that the coefficients of s* for A: = 3, 4, ■ . • , — 1 are uniquely deter- 
mined and that the same holds for the expression 

~ (a-7)Xi+I/3-g)X2 

with a + p + y + 6= In and a — y, p — S not both zero. Take in particular 

a = q„, P = Tn y = 0, 5 = 0, if r„ ^ 0, 

0(=^m, ^“0, 7 = 0, 5= Tm } if r»,^0 

and denote the corresponding coefficients of sj„ , Ei ^ , E*^ more shortly by 
, i?m , iJm . Then, by (46) and (50), the value 

(51) (7m QmPm (^Jm Vtn) ~ Vn 
is uniquely given. 

If we choose for ri„ the two values 

(52) Ifm = >7m ± i*lm > 
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we find, by (51), two values of which have the difference . By 

(39), (46), (47), the inequality 

1 qmpm ej* I > 1 1 *li, ^ 2C " 

holds. Hence we can determine the sign in (52) such that 

(63) km 1 > C'". 

By (44), we have Im < Im+i . For A: * + 1, • • • , Im+i — 1 we define 

Ek by 

Ei^ = F?, ± i«j„(«?”u5” + if r« ^ 0, 

Et^ = ± iej.fwfrr" + iSj-ur”), if r„ < 0, 

■Fjt = JSjb (Im ^ k ^ lm+l)< 

Now the conditions I) and III) are also satisfied for Im ^ k < Im+i • 

By this construction, a power series E satisfying I), II), III) is uniquely 
determined. The corresponding integral 

00 

8 = 22 Si 
i-2 

contains in the term 8j„ the coefficient a-m . By (53), the inequality 

ra>C'" (m=l,2, ...) 

holds. Hence the condition IV) is also satisfied, and the theorem is proved. 


Institute for Advanced Study. 
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A PROPERTY OF INTEGRAL FUNCTIONS OF ORDER LESS THAN 
TWO WITH REAL ROOTS 

By K. S. K. Iyengar 
(Received March 29, 1940) 

1. Introduction 

P. Erdds and T, Griinwald in their paper “On polynomials with real roots/’ 
in Annals of MathematicSy Vol. 40, No. 3, July 1939, p. 537, have proved the 
following: Let /(a;) be a real polynomial with real roots having consecutive single 
roots at X = ai , X = 02 , and let P be the point of intersection of the tangents 
to the curve Y = f(x) at (oi , 0), ( 02 , 0), and let M(aia 2 ) be maximum of f(x) 
in ( 0102 ). Then 

(1.1) §M(oiaj) la* - Oil ^ f fix)dx ^ i 1 a, - Oil-l F(P) 1 

I •'Ol 

where Y{P) is the ordinate of the point P. 

It is the object of this paper to give two very comprehensive theorems, and 
give the best possible inequality (3.3) of the type (1.1), from which it will be 
obvious that the inequality (1.1) is the best possible only in cases of symmetry. 


2. Statement of the theorems 

Theorem 1 : Lef Oi < a, , wii > 0 > - int, and let <t>{x) be an integral furwtion 
of order less than two, satisfying the following conditions. 

( 1 ) the roots of = 0 are all real 

(2) 0(ai) = 0(a*) = 0 and ihix) 0 in Oi < x < a* 

(3) 0'(ai) = wii and ^'(a*) = — m* . 

Then all the curves Y = ^(x) lie above the curve 

(2.1) Y = -A-e^'^ix - ai){x - o*) = mix). 


Where A =(mim,)*'Va* - and B = 


log mt/mi 

02 — Oi 


and you can find polynomials with veal roots satisfying conditions (2) and (3) 
as near as you like to the minimum curve (2.1). 

Theorem 2 : Let ai < at and let <>(x) be an integral function of order < 2 such 

that, 

(1) all roots of <hix) — 0 are real. 

(2) «^(oi) = <^(a*) = 0 and^ix) > 0 in ai < x < otand <h'iai) 0, ^'(a,) 9 ^ 0 

(3) 0'(xo) = 0, oi < xo < oj 

(4) ^(xo) = Mo • 
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Then all the curves Y = 0(x) lie below the curve 

(2.2) Y = A(x- aiXoi - a:)e®* = M(x) 


where B = 


2Xo — 01 — 02 
(Xo — 0i)(02 — Xq) 


and 


A = 




(xo X(i) 


and you can find polynomials with real roots satisfying (2), (3) and (4) as near 
as you like to the maximum curve (2.2). 

Theorem 3i: The curve Y = Ae^'^ix — Oi)(a2 — x) of theorem 1 as in 2.1 lies 
above the parabola which touches the lines Y — mi(x — Oi) and Y = —m2{x — 02) 
at (oi , 0) and (02 , 0) and coincides with the minimum curve in case mi = 77^2 . 

Theorem 32: The curve Y = Ae^^(x — Oi)(o2 — x) of theorem 2 as in 2.2 lies 
below the parabola passing through (oi ,0), (02 , 0) and touching the line Y = Mo 


at Xo and if Xo 


Oi + O2 
' 2 


then the parabola will coincide with the maximum curve 


of 2.2. 

From theorems 1 and 3i we get 


(3.1) 


<t>{x)dx ^ / m{x)dx 


= (a* - ai) -(niimj) ' •<- + 


1 1 f®‘ M(sinh u — u) , \ 


6 ' 2 


i 




du) 


[ 


where Bi = B being defined in 2.1 


^ area of the parabola of contact = {P){at — Oi)” 


where Y{P) is the F-coordinate of the point of intersection of the tangents at 
(oi , 0), (oj , 0) to y = <l>(x). 

From Theorems 2 and 82 we get 

(3.2) 1 <l>{,x)dx^ / M{x)dx= ^.2Mo*(a2 — oi) / — — du 

Jai ^ai 1 Uq Jo JlJ2 

where uo = Xo — — - ^ f and Bt = 2mo/ 1 — wjJ 


^ area of the parabola in (qiOa) of theorem 82 


2Mo 

3 


(os - ai)‘ 


'Note: The two elementary propositions, namely: 

(i) if y « P(x) be a parabola touching the lines Y = mi(aj — oi) 
Y “ —nhix — 02) at ai , 02 respectively 



iY(P)(a2 - ai) 


(02 — Ol) 



3 
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SO that combining (3.1) and (3.2) we get 


2 Ma / \ ^ 6 


(02 — fli) 


o(a2 - Oi) • / 
Jo 


M-sinh % 


J pas 

^(a;) dx 

“1 


^ |F(P)(a2 - ai) 

where <t)(x) is any integral function of order < 2 satisfying the following con- 
ditions. 

(1) <l)(x) = 0 are all real. 

(2) <t>{ai) = 0(02) = 0 <t>(x) >0 in ai < a: < a2 

( 3 ) 0'(ai) = vh <t>'(a 2 ) = — m2 

( 4 ) <t>\xo) = 0 <t)(xQ) = Mq ai < Xo < a 2 , 

It will be obvious in the course of the proofs of theorems 3 i and 32 that equality 
in the first and last inequality signs in ( 3 . 3 ) can occur only in the case of sym- 
metry, namely 

t ai + 

mi = m2 and xo = — - - 

SO that the Erdos-Grunwald inequalitj^ is the best possible only in case of sym- 
metry. 

Note: We may generalize theorem 1 to the case where conditions (2) and ( 3 ) 
are generalized as follows: 

(2) 0(ai) = 0 is a zero of pth degree <l>{a2) = 0 of 5th degree 

( 3 ) <l)^{ai) = mi <t>\a 2 ) = nh. 

Then the minimum curve will be of the type 

Y = A{x — aiYia^ — where A and B will be given in terms of mi and m2 • 
A similar generalization for theorem 2 is also possible. 

3. Proof of theorems 

Proof of Theorem 1. Let F{x) — where m{x) is the function defined 

nt\p0 j 

in (2.1); then 

( 4 . 1 ) P(ai) = P(a2) = 1 


(ii) If F = P{x) be a parobola touching the line F = Mo at in (aia 2 ) and passing 
through (ai, 0), (a 2 , 0) then 

/ yda; =* J*Mo(a2 — ai), 


are assumed here. 
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and since ^(x) is an integral function of order < 2 

(4.2) ^(x) = c‘^(x - Ox)(a, - x) |n (l " |;) 
aU the On’s for n ^ 3 l 3 dng outside (aiOs). Hence 

(4.3) 


^iognx).-f 


so that log F{x) is concave (downwards) in the interval (oioj) and hence the 
arc of log F(x) will lie above the chord in (oiOj) or 


(4.4) 


log F(x) ^ 0 or ^(x) ^ m(x) in ( 0102 ), 


equality occurring only when ^(x) coincides with m(x). 

To prove the latter half of theorem 1, without any loss of generalization we 
take Cl = — 1, 02 = +1. Let m(x) be the corre-sponding minimum curve as 
defined in 2.1. 

Let P(x) be the polynomial P(x) = (1 — x*) ^1 — a and n to be chosen 


presently, ( ] o ] > 1 } ; n being given by o = 


/^V 

- 


+ 1 

j so that P'( — 1) = mi, 
‘ 

P'(l) = —Vtt. 

Let mi > mi (the argument being the same also when m 2 < mi). Let 

P{x) 


then 

If -1 <x < 1 


0{±1) = 0 and ^"(x) = — , 


n 


(x - ay' 

I e(x) 1 ^ (-L:i^^.[Max of I e''ix) \ in (-1, 1)]. 

Now since mi> mi ,{a> 1) and max. of | 6" | in (— 1, 1) will be at x == 1 


and for large n the last term will be 




hence P(x) = m(x)e 




m(x)(l + <n)) thus proving theorem 1 completely. 


Proof of Theorem 2; Let P(x) = log 


Af(x) 


where M{x) is the maximum 
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function as defined in (2.2). Then 

Fix,) = F'ix,) = 0, 

and since 4> is an integral function of order < 2, 

<l,ix) = - ai)ia, - x).|fl (l - 

o„ forn ^ 3 lying outside ( 0102 ). 

Since ^ F(x) - - E S 0, in («,«,) 

and F'{xo) = Oat x, in (oi < x, < Oj) wc see that F{x) g F{xo) == 0 in (oi ^ x 
^ Oi), hence ^(x) ^ Af(x). 

The latter part of theorem 2, that we can find polynomials satisfying given 
condition as near as you like to M(x) can be proved in the .same manner as the 
latter part of theorem 1. 

Proof op Theorem 3i: Without loas of generality wc may take oi = — 1 
oj = 1 ; given nit 9^ m, the parabola of contact will be given by 

Y = Va'' + ^ + 2a. 0.x - a - 0x = P(x) 


where 


2mimtimi + nit) 
a = — > 


(mi - mj)^ 


0 = 


2mi mt 


(mi - mt) 


mix) 


Let Fix) = log whore mix) is the minimum curve as defined in (2.1) 
P(x) 


for the case Oi = — 1, Oa = 1 
Then 

m(x) 


Fix) = log 


1 


.K (V «• + 0 ^ + 2 a 0 X + a + 0 x) c 
0 -(l — X-) ) 


F(±l) = 0 and F"i^) = log 0(x), 


where 


smce 


0(x) = -y/ a* + 0^ + 2a0x + a + 0x — — 


(a* + 0 ® + 2 a 0 x )»/2 

Jog0(x) < 0in( — 1, 1) 


e (P’ 

and 0(x) > 0 in (—1, 1) 


d3? 


Hence F is concave downwards and the arc in ( — 1, 1) lies above the chord, or 


Fix) ^ Fi±l) = 0 
mix) ^ Fix). 
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It is clear that in case mt — mi then the parabola of contact will be given by 

^ ^ (1 ~ snd coincides with the minimum curve. 

Proof op Theorem 82 : As in theorem 3i , ai = — 1 , 02 == 1 and xo the maximum 
pt, 7 ^ 0. Then the parabola 

Y = y/ a* + + 2 a^x — a — jSx 

where 


Mq il/o 

“"Si ^ 

passes through (—1,0), (1,0) and touches Y = Afo at (xo , Af). 
Let Af (x) be the maximum function defined as in 2.2 and let 


Then 


F(x) = log 


M(x) 


P(x)- 
Fixo) = F'(xo) = 0 


and arguing as in the previous paragraph 

F''(x) go in ( 0102 ). 

Hence in (oiOs) F(x) g Fixo) = 0 

or M{x) g P{x) 

and in case *0 = 0 the parabola will be T = Af(l — **) and coincides with the 
maximum curve. 


University op Mysore 
Bangalore, India 
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THE PARTIAL SUMS OF MULTIVALENTLY STAR-LIKE FUNCTIONS 

By M. S. Robertson 
(Received September 12, 1940) 

1. Introduction 

In a recent paper (1) the author has a theorem concerning the partial 
sum of an analytic function univalcntly star-like^ with respect to the unit circle. 
The theorem 7.2 stated that the partial sum was also univalcntly star-like 
with respect to the circle of radius 1 — 2?!”^ log n. Dr. Otto Szdsz has kindly 
pointed out to the author that in the proof of this result an incorrect estimate for 
I Pn{z) I, line 11, page 400, w^as used. The correct estimate should read 

(1.1) I p 1 ( 2 ) I g r"(l - r)-^{n^(l - rf + (2n - 1)(1 - r) + 2} 

whence line 12 becomes 

n o^ w ^ 1 - r _ r”(l + r)* f {(n - 1)(1 

L/«( 2 )J==l + r l-r L(l-r)*- 

which may be shown to be positive forn > no when 

(1.3) r = 1 — 4n~‘^ log n 

if one proceeds by the method used in the proof of Theorem 7.2. Thus Theorem 
7.2 of the paper (1) should be corrected to read 
Theorem 7.2: If 

f(z) = Z 

2 

be regular and univaknily star-like with respect to the unit circle then the n^^ partial 
sum is univalcntly star-like for 1 e 1 ^ 1 — 4n”^ log n, n > . 

Whether the constant 4 is the best possible one or not the author is unable to 
say. There are reasons for belief that the best possible constant is the number 3. 
For instance, as will be shown in the last section of this paper, the well-known 
extremal function 2(1 — 2 )“^ of the theory of univalently star-like functions has 
a star radius Rn for its n**' partial sum with 

lim sup I \ 1 = 3. 

n-ao [n-^ log nj 

Since Theorems 7.3, 7.4, and 7.5 of paper (1) were made to depend upon the 
result of Theorem 7.2, the expression 1 — 2w“^ log n in the statements of each of 

^ Multivalently star-like functions of order p are defined in the lines immediately follow- 
ing equation (1.4) of the present paper; univalently star-like functions are those of order 1. 
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- r) + 2}{n(l -r) + 2} ~ 
|.n(l + 71 — nr) 
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these theorems should be replaced by 1 — log n. Dr. Szdsz has informed 
the author that the sharp estimate 1 — log n holds for Theorems 7.4 and 7.6. 
Instead of making Theorems 7.4 and 7.5 depend upon Theorem 7.2 Dr. Szdsz 
obtained his result by showing directly that the partial sum of the function 
z(l — 2z cos 6 + z^y^ is typically-real for | z | ^ 1 — log n. The above 
function, as was shown in Theorem 7.4, sets the pace for all the functions of the 
class under consideration. It might be pointed out that the function 
z(l ~ 2z cos 0 + has its partial sum star-like univalently, and k fortiori 

typically real, for | z | g 1 — log n as may be seen by direct calculation of 
^[^fn{z)/fn{z)] for the partial sum fn{z) of this function. I omit the details 
but the proof is quite similar to that given for the function z(l — z)~^ in the last 
section of this paper. 

It is now the purpose of this paper, besides correcting the error mentioned 
above, to generalize Theorem 7.2 to multivalently star-like functions. A defini- 
tion of multivalently star-like functions follows. 

Let 

(1.4) /(z) = z^ + ap+iz^"^^ -f- . . . 

be regular and multivalently star-like of order p with respect to the unit circle. 
This means that within the unit circle /(z) assumes no value more than p times, 
at least one value p times, and in addition is star-like, i.e., 

(1.5) 9J[z/'(z)//(z)] >0, I z I < 1. 

Geometrically, this means that as z traverses a circle | z | = r < 1 in the anti- 
clockwise direction the radius vector joining the origin to the point w = /(z) 
in the iivplane turns also in the anti-clockwise direction, completing in this case p 
revolutions as z traverses the circle once. When p = 1 f{z) is said to be uni- 
valently star-like. In this case the radius vector cuts the image of | z i = r < 1 
in the ic-plane once only for any direction from the origin. 

We have the following generalization of Theorem 7.2 mentioned above. 
Theorem A: If 

/(z) = z^ + ap+iz^^ -f- , . . -j- + • • • 

be regular and multivalently star-like of order p with respect to the unit circle then 
the n^ partial sum 

fn(z) = Z^ + + • • • + dnZ^ 

for n > riisip) olso multivalently star-like of order p for 

I z I < 1 ~ (2p -f 2)n^^ log n. 

I do not know if the constant 2p + 2 can be replaced by a smaller one. How- 
ever, the constant cannot be replaced by one which is smaller than 2p -f 1. 
For, as will be shown in the last section of the present paper, the multivalently 
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star-like function of order p z^(l — z) has its partial sum Inultivalently 
star-like of order p in a circle about the origin whose radius is at most Rn where 

fin ^ 1 — (2p + l)n~^ log n 

(1.6) f 1 — jR 1 

limsup l^U2p + l. 
n-*oo l,n-MognJ 

In the proofs to follow A will denote a constant depending only upon p and the A 
in one inequality need not necessarily be the same A which occurs again in 
another or in the sumo, inequality. 


2. Preliminary lemmas 

Before coming to the main theorem we prove four lemmas. 
Lemma 1. If 

(2.1) f{z) = + • • • + -f- . . . 

be regular and multivale nthj star-like of order p for [ 2 | < 1, then 

( 2 . 2 ) f{z) = mr 
where 

(2.3) <^( 2 ) = 2 + d2Z^ + • • • + + • • 

is regular and univalently star-like for | 2 | < 1. 

Proof: Since /( 2 ) is star-like for | 2 | <1 we have 

(2.4) m\z)/f{z)] > 0, I 2 |< 1. 

Hence 


(2.5) p + 2 I log { 2 -" ./( 2 ) ) = zf'miz) = pF( 2 ) 

where F(z) Is regular, F(0) = 1, 5RF(2) > 0 for | 2 | < 1. Thus 


( 2 . 6 ) 


f(z) = 2 ’’-e.xpp 



1} dz 


--= [^(z)]” 


where 


(2.7) 


^( 2 ) = 2 exp fz-^F{z) -l]dz, 
Jo 

{R[20'(2)/0(2)] = W(Z) > 0. 


Thus 0 ( 2 ) is univalently star-like and the proof is complete. 
T.ir.MMA 2. If f{z) satisfies the conditions of Lemma 1 then 

(2.8) |/( 2 )| ^ r*’(l -hr)-^ 1 2 | = r < 1, 


^'(0) = 1, 
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(2.9) 

( 2 . 10 ) 


^W'(e) //{«)] ^ P(1 - r)(l + r)' 


a»| § 


(n + p - 1)! 

(n - p)! (2p - 1)!’ 


n > p. 


Proof: We have from Lemma 1 


( 2 . 11 ) m = mr 

and since ^(z) is univalent (2) for [ 2 | <1 

(2.12) I <t>{z) I ^ r(l + r)-^ | 2 | = r < 1. 

Thus 

(2.13) |/(2)| ^ r'-a H-r)-^". 

Again, since 

(2.14) zfiz)/f{z) = p.Fiz) 


where 9?F(2) > 0, F( 0 ) = 1, then (3) 

(2.15) m\z)/fiz)] = P9{^’(z) ^ P(1 - r)(H- r)'*. 

Finally, it is well knomi that <^(2) is majorized (2) by 2(1 — 2)““ since <^(2) 
is star-like univalently. Hence f{z) is majorized by 2*’(1 — 2)“^'’ and thus 


(2.16) 


1 On I 


< (n + p - p ! 

“ (n - p)! (2p - 1)!’ 


n > p. 


This completes the proof of Lemma 2. 

Lemma 3. The following identity holds for r < 1 , p o positive integer. 

00 r ^ T 

(2.17) Z kV' = p! + Z -rr\, A? = < 

K-n+l (1 — L J 

where = a 'polynomial in n of degree m whose leading [coefficient is posiiiv^ 
Proof: It is easily verified that 

00 n-\-l 

^ ^ n — 

n+l (1 — ry 

(2.18) (1 - ry - r) -h 7t (1 - r) ], 

n+l V-*- •) 

+ (3n=‘ - 3n -b 1)(1 - rf + n’(l - r)*]. 

Thus the identity (2.17) is true for p = 1 , 2 , 3. We prove that it is true for any 
positive integer p by mathematical induction. Assuming (2.17) true for p = 3 
we shall show that in this case it must also be true for p = 3 1. By assump- 

tion then (2.17) holds with p = 3 . Then if A? = 3I 



PARTIAL SUMS OP MULTIVALENTLY STAR-LIKE FUNCTIONS 


833 


(2.19) 


00 


z 

(c-n-fl 




= A’ r"+'(l - 

(ir m-O 

= ^m[(w + m - q) 

mrnrnQ 

X (1 - r)’"+‘ -{m-q- 1)(1 - r)”J 




(1 — r)«+‘ 




(q + l)-4o + 2 

m»»0 

+ (q- m){Al+x - ^’)Kl 


In the last summation the eoeffieient of (1 — is vsceii to be and the 
coofRcient of (1 — is of degree (m + 1) in n since q — m 0 and the lead- 
ing coefficient of is positive for all m. Thus (2.17) holds for p = g + 1 
whenever it is tru(^ for p ~ q. But since we know that it holds for p = 1, 2, 3 
the proof by niatheinatical induction is complete. 

Letting 

/„( 2 ) = z” -I- ap+is"" -f- . . . -t- a„ 2 ", n ^ p, 

(2.20) Pn(2) = + an+22"^^ + • • •, 


/(«) = /«(z) + Pniz), 


we proceed to prove 

Lemma 4. // | 2 | = r = 1 — (2p + 2)71 ^ log 71 thcfi for it > n^{p) there is a 
constant A depending upon p hut not upon n for which 


( 2 . 21 ) 


I p„{z) I < ?l)“', 

I p'n{z) I < Atr\\og ny\ 
\f{z)/f{z) I < ^n(log n)~\ 
1 /( 2 ) 1 - |Pn(2)| ^ -4. 


Proof: 


I Pniz) I g E y 


(k -f p - 1)! 


^ / -wo 

-M-1 (k — p) !(2p — 1) ! »+i 

< Ar^^l - r)-^’’[i2p - 1)! + - r) -h . • . + n*’’-‘(l - r)M 

(2.22) < { 1 - (2p -I- 2)n“' log n}" < *“*" = 

(2p - Dl-f ^^-‘(1 -r)+---+ - rf”-' < A(log nf^-\ 


I Pniz) I < Ari 


-2p~2 


n 


(2p -f 2) log n 


2p 


- (log ‘ < An *(log n)"‘ . 
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Similarly we have 

ifea-n 

^ Ar" [(2p) ! + Ai'd - r) + . . . + (n + - r)*”] 


(2.23) 

Again, 

(2.24) 

and 

(2.25) 


(1 - r)*»’+i 


- 2 j >-2 /_ 


< An 


m 

m 


n 


_ P 


\(2p+2) log 

g P + A 

r \1 - r/ 


'|2p+l 

-> .(logn)*'<A(nlogn) . 


; I nz) 

r 


< An{\og n) , 


\m I - I Pn(2) I ^ r"(l + r)-*" - An-*(log n)’* > A, 

for n > no(p), r = 1 — (2p + 2)w“‘ log n. 

3. Proof of Theorem A 

Since 

(3.1) /„(«) = /(z) - p„(z) 

we have for r = 1 — (2p + 2)ra~* log n 

91[2/:(z)//»(3)1 = 9j{[ 2/'(2)//(2)] - g . 

^ 9i[2/'(2)//(2)] - r- I ' • I /'(«)//(«) 


(3.2) 


I/(2)|-|P»(2)I 

^ p(l — r)(l + r)“‘ 

A{n log n)“‘ + An”*(log n)"‘-n(log n)~ 


^ An ' log n — A(n log n) * > 0, n > no(p)- 

Thus since an harmonic function assumes its minimum value on the boundary, 
we have for n > no(p) 

(3.3) M^n(.z)/U{z)] >0 for r g 1 - (2p + 2)n"‘ log n. 

To show that 

/«(?) = 2^ + + • • • + ®n2" 
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is multivalent of order p in | 2 | < 1 — (2p + 2)n~^ log n we apply a theorem 
due to S. Ozaki (4) which states that if j{z) is analytic in [ z | ^ r and has p 
zeros there, none on the circumference, and if for some real a 

> 0 on 1 z I = r, 

then /(z) is multivalent of order p in the circle | z | = r. Applying the theorem 
to fn{z) we observe that /n(z) has no zeros on the boundary of the circle | z [ = 
1 — (2p + 2)?^“^ log n since for n > 

\fniz) 1 ^ |/(z) I - i pn(z) I > A. 

Further fn{z) has exactly p zeros inside the given circle. This follows by the 
theorem of Rouch6. On the circle 

|/n(z) I > A, 1 pn(z) 1 < An“^(log n)~\ 

Therefore on the circle for n > no(p) \fniz) | > | pn{z) |, fn{z) ^ 0. Hence 
by the theorem of Rouch^' /n(z) and /n(z) + 9 n[z) = /(z) have the same number 
of zeros inside the circle. But since /(z) has p zeros at the origin and is multi- 
valent of order p in the unit circle it follows that/(z) has exactly p zeros for [ z | < 
1. We have thus shown that the conditions of the theorem of S. Ozaki hold for 
/n(z) (with a = 0). Thus /n(z) is multivalent of order p and star-like by (3.3) 
for I z I < 1 — (2p + 2)n~^ log n. This completes the proof of Theorem A. 


4. The partial sums of z^(l — z) 

Let us consider the following particular multivalently star-like function of 
order p 


(4.1) 


fiz) = ^’’(l - z)-^” 


(A + p ~ 1)1 
H {k - p)!(2p - 1)! 


and its n*'’ partial sum 


(4.2) 


fniz) = + 2pz'’+‘ 


(n + P - 1)1 « 

(m - p)!(2p - 1)! 


We define Rn to be the radius of the largest circle | ? | = Rn within which /„(z) 
is multivalently star-like of order p. W'e shall show that for n > no(p) 

^ 1 - (2p + l)n“‘ log n 

(4.3) lim sup {— rr^ f = 2p + 1. 

n-.«> ln-‘ log nj 

We shall first establish by mathematical induction the following identity 

(4.4) «.) = 4'(1 - .)-[i - r ■ 
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The above formula is easily verified to be true for n = p. Let us now assume 
it correct for a value n and then show that this implies that the formula is also 
correct for the value n + 1. We first note an integration by parts gives 


\2p-l 


dz 


'dz 


— fz’'-^\i-zy 

n — p + 1 Jo 

n-p+l pM 

= + f (1- 2)(1 - 

n — p + 1 Jq 

= _ ^ + f - zy'-^z - f - zY^Uz, 

n — p + 1 Jq Jo 

- zy p 
n — p + 1 


n + 
n — 


P_+l r^n-p+i^ _ ^ fz^-^il - zY^^dz - 

p + 1 Jo Jo 


Using the last equality we obtain 


^n+l 


= z'd - 1 


(n-p + l)!(2p- 1)! 

(n + p + 1)! 


(n - p + l)!(2p - 1)! 

; { f .-'(1 - - f \i 

n + p + lV® w — P + ljJ 

- i' ^ • 

Thus we have shown that the formula is correct for the value n + 1. This com- 
pletes the proof of the formula. 

Next we differentiate logarithmically the formula (4.4) and obtain 


Zfn(.z)/Mz) = p 


(4.5) 


(n + p)! 2"-'’+‘(1 - zY’'~' 


|(2p - l)!(n - p)! - (n + p) ! j[* 2""'’(1 - zY’'~^d)^ 

For value of | 2 | = r < 1 for which 

(2p — l)!(n — p)! — (n + p)! f r"“''(l + rY’'~^dr > 0 

VO 

we may write 

mzfn(z)/fn(z)] ^ p(f^) 

(4.6) (» + p)lr"-»^^(l + rY’^^ 

(2p - l)l(n - p)! - (n + p)l £ + r)*'-'dr 
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Since I z" ”(1 — 2 )“" ‘ dz is a polynomial with real coeflScients whose signs 

JQ 

alternate, it is seen that for (n — p) odd equality is obtained in (4.6) when 
2 = — r. 

We shall then have 

nzfnmiz)] > 0 

provided 

(2p — l)!(n — p)!p(l — r) — (n + p)!p(l — r) f dr 

(i) •'» 

- (w + p)!r”"'’+‘(i + rf” > 0 

and 

(ii) (2p — l)!(n — p)! — (n + p)! f dr > 0. 

Jo 

It is readily seen that the inequality (i) implies the inequality (ii). 

Let the left-hand side of the inequality (i) be denoted by 7’„(r) and let r = 

1 — - where a — (2p -f- 1) log n. 
n 

For n > no(p) 

Tn{r) > (n - p)!(2p)!Kl - r) 

- (n + p)!p(l - r)r"-^+'2''’-' - (n + p)!2"'’r’‘-’^‘ 

. > (2p H- l)!(2n)-Mogn 

(n - p)! 

- (2n)''.p.l.^l - - (2n)’''’.2'’’^l - 

> (2p -j- l)!(2n)“‘ log n — A{p)n^'‘e~“ 

^ (2p -b l)!(2n)“‘ log n — A{p)rr^ 

where A(p) is a constant depending upon p. Hence for n > m(p) 

(4.7) r„ll - (2p -f l)n-* logn} > 0. 

On the other hand if we denote by A{py e) a constant depending only upon 
p and €, 0 < € < 1, then for n > no(p, «) when r = 1 — (2p + 1 — e)n“^ log n 
we have 

< (2,)l(2p + 1 - .)(2«)- log » - 

< (2p)!(2p -b 1 — €)(2n)“* log n — o)n*~‘“*’’ 

^ (2p)l(2p -b 1 — «)(2n)“‘ log v, — Ai^p, «)n.‘“\ 
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Hence for n > 72o(p, c) 

(4.8) r,{l - (2p + 1 - «)n"‘ log n} < 0. 

Thus we have shown that for | 2 | ^ 1 — (2p + l)n“* log n and for n > noCp) 

(4.9) %zf.{z)/Uz)\ > 0 

and that the constant (2p +1) cannot be replaced by a smaller one for all 
{n — p) odd. 

A proof similar to that given at the end of the preceding section shows that 
the partial sum for the power series of 2^(1 — 2 )“^^ is multivalent of order p 
for I 2 I < 1 — (2p + l)?r^ log n. Thus we have for n > no(p) 

(4.10) ^ 1 — (2p + l)n"^ log n, 

(4.11) lim sup|-“-Y-^“l = 2p + 1. 

n-*oo (n“Uog nj 

Rutgers University, 

New Brunswick, N. J. 
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TWO-SIDED IDEALS AND CONGRUENCES IN THE RING OF 
BOUNDED OPERATORS IN HILBERT SPACE 

J. W. Calkin 
(Received August 29, 1940) 

Introduction 

The developments of the present paper center around the observation that 
the ring of hounded everywhere defined operators in Hilbert space contains 
non-trivial two-sided ideals/ This fa(*t, which has escaped all but oblique notice 
in the development of the theory of operators, is of course fundamental from the 
point of view of algebra and at the same time differentiates sharply from the 
ring of all linear operators over a unitary space with finite dimension number. 

As exanijiles of tw^o-sided ideals in fB we may mention here the class of all 
operators A such that 3? (A), the range of A, has a finite dimension number, the 
class of all o})erators of Hilbcrt-Schmidt type,^ and the class T of all totally 
continuous operators, l^xcept for the ideal (0), every two-sided ideal in SB 
contains the first ideal mentioned, and except for the ideal SB itself, every two- 
sided ideal in fB is contained in the ideal fT. Moreover, on the basis of the special 
{spectral properties of the self-adjoint numibers of ff, it is possible to characterize 
every two-sided ideal in fB wry simply in terms of the spectra of its nonnegative 
self-adjoint elements; for both the formulation and the proof of this result, which 
together with the facts mentioned above is discussed in §1, the author is indebted 
to J. V. Neumann. 

The restriction of our attention to those ideals in which are two-sided is 
basic for the points which we wish to develop; the two-sidedness compensates for 
the absence of commutativity in SB in such a way as to permit the construction 
of quotient rings by the standard methods of abstract algebra.® These rings, 
which are of course homomorphs of SB with respect to addition and multiplica- 
tion, are also homomorphs of JB with respect to the operation *, and exhibit all 
of the formal properties of matrix algebras. This is establi.shed in §2, and there 
also various properties of the associated congruences in fB are discussed. 

The remainder of the paper deals solely wdth the quotient ring S/T, w here T 
is the ideal of totally continuous operators, and the associated congruence in S. 
For essentially topological reasons, this is the only one of the quotient rings in 

* An additive subset ^ of SB is a left (right) ideal if it contains AB (BA) for all A in ^ 
and B in {B. If ^ is both a left and right ideal, it is called two-sided. See references [1] 
and [19] at the end of the paper for the elementary properties of ideals. 

* For a discussion in abstract terms of operators of this type (operators of ^*finite norm**)* 
see reference [17], pp. 66-70. 

* See, for example, [1], pp. 262-263, [19], pp. 66-67. 
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question which at present appears susceptible of deep analysis. For while 
there is in general no apparent way of introducing a topology in quotient rings 
over SB, the ring SB/J* is actually a complete metric space, the norm deriving 
very simply from the norm (i.e., bound) in fjB itself (§3). 

Moreover, it is even possible to interpret SB/ff as an algebraic ring^ of operators 
in a suitably defined complex Euclidean space S whose dimension number is the 
cardinal number of the continuum.^ Or, to put it differently, there exists in 
the ring of bounded eveiywhere-d('fined operators over a subset 9R which is a 
(+, • , *)~isomorphism of ffl/ff. Furthermore, tliis correspondciiice is even an 
isometry, the norm of an element of being the bound of the corresponding 
element of 911. These facts are all established in §§4, 5, and in §5, various prop- 
erties of the algebraic ring 9K are discussed. 

Apart from its intrinsic interest, the analysis of the ring 9ll yields in a very 
simple way theorems of considerable depth con(^(U*ning fB (§5). Of results of 
this sort, we shall here mention only a generalization of Weyrs classical theorem 
comparing the spectra of two self-adjoint operators with totally continuous 
difference [20].^ 

Before proceeding, wc should like to point out various further developments 
which are suggested by the present paper and to which we propose to return at 
another time. 

First, while the algebraic ring 9ll is not closed with respect to the weak 
topology for operators and so is not an operator ring in the sens(' of von Neumann 
[9, 11] one obtains such a ring by adjoining to 9ll its weak condensation points 
in the ring of bounded everywher(‘-definod operators in V. This ^^closure^^ 
R(9R) is of considerable interest from the point of view of the Murray- von Neu- 
mann theory of factors, especially since various pn^liminary results concerning 
R(9R) and 9R' suggest that they may be factors of class 

Second, while the factors of class IIi and II of Murray and von NcMimann 
are like those of class In, n < simple rings, those of class II^ an^ not. The 
construction of quotient rings over such a factor is therefore possible and gives 
rise to various questions analogous to those concerning 9B with which wc deal 
here.^ 

Finally, we should like to point out that the maximal property of the ideal fT 
of totally continuous operators described above does not persist if one considers 

* We use the term algebraic ring with reference to operators to denote a class closed with 
respect to the operations + , • , and scalar multiplication. This is not a ring in the sense 
of von Neumann, [11], since no topological conditions are imposed. 

* For the theory of complex Euclidean spaces of arbitrary dimension number, see refer- 
ences [6], [7], [13], [16]. 

® All numbers in brackets refer to the bibliography at the end of the paper. 

^ For the notion of factors, and their classification, see [9]; for a construction of factors 
of class III*, see [15]. 

* The class of members of a II* factor which are **normed’^ in the sense of [16] is a two- 
sided ideal. 
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instead of Hilbert space, a space § with dimension number greater than Ko- 
For example, in such a space, the class of all operators A such that 91(^1) contains 
no closed subspace with dimension number exceeding is a non-trivial ideal. 
Moreover, if m is the dimension number of ^ the class of all operators 
A which have the property that 9i(A) contains no closed linear subs[)ace of $ 
with dimension number m is a two-sided ideal different from S and is identical 
with «Tif m = Furthermore, in every case, this ideal is maximal in the same 
sense in which f/is for m= , and as von Ncmmann has pointed out to the author, 
the spectral characterization of ideals (*an be extended in a satisfactory way 
to describe the general case. Finally, investigations which are still incomplete 
suggest that a considerable portion of the analysis of the present paper has a 
counterpart in every case. 


1. Two-sided ideals in 

We proceed now to the chaiacterization of all two-sided ideals in ^B. 

Theorem 1.1. If ^ is a left {right) idcal^ the set of all adjoints A * of ekments 
A of A is a right (left) ideal. 

Since A* is evidently closed with respect to addition, it is necessary only to 
show — when A is a left ideal — that A* contains BA"^ for all B in and .4 in 
But this follows at onc(5 from the relation BA* = and the fact that AB* 

belongs to A along with A. When A is a right ideal, an analogous argument is 
valid. 

Theorem 1.2. A necessary and svfficicnt condition that a left (right) ideal A 
be two-sided is that A = A*. 

The sufficiency of the condition is an immediate consequence of Theorem 1.1. 
Now suppose A is two-sided, .1 an arbitrary mianber of A, A = WB its canonical 
decomposition.^ Then ^1* = BW* = W*AW* is clearly in ^and A = A*. 

Since we now' have no furtlier direct concern with left or right ideals we shall 
refer to tw'o-sided ideals merely as ideals. 

Theorem 1.3. The class (f of all totally continuous operators in tB is an ideal. 

That 3"is an additive class is obvious from the definition of a totall}^ continuous 
operator; T is totally continuous if it takes every bounded set into a com])act 
set. Moreover, by a well-known theorem, (f = Finally, since everj" mem- 

ber A of tB clearly takes bounded sets into bounded sets, Tis a left ideal. Hence 
by Theorem 2 it is an ideal. 

Throughout the remainder of the i)aper T has the same meaning as in The- 
orem 1.3. 

Theorem 1.4. Let A be an arbitrary ideal in fB. Then either A == fB or A ^ T. 

The proof of this theorem is based on a characteristic proj)erty of totally 
continuous operators which the wTiter has noted elsewhere.^ According to 

• For the notion of canonical decomposition, see [9] and [12). 

*0 [2], p. 100, Th6or^me 4. 

[3], Lemma 3.1. 
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this result a member T of SB is totally continuous if and only if every closed 
linear manifold in its range has a finite dimension number. Hence, if ^ is an ideal 
which is not contained in JT, ^ contains an element A such that 9i(A) contains a 
Hilbert space 9D?. We denote by 5? the manifold of zeros of A and by Ai the 
transformation induced on ^ © 91 by A.^^ The transformation Ai evidently 
possesses an inverse and the same range as A; moreover the fact that Ai is 
bounded assures us that the set is closed. Thus 81 is also a Hilbert 

space. Hence there exist in fB partially isometric operators^’^ X, Y both with 
initial sets while 9f(X) = 31, = 9K. Therefore the operator B = 

Y*AX has domain and range identically and belongs to S. But Bf = 0 
implies either Xf = 0, Xf in 9?, or AXf in $ 0 2)?, and all of these are impossible 
in view of the definition of A"' and F. Hence B~^ exists and since it is closed 
with domain it belongs to fB. Therefore I = B~^B belongs to A and ^ 

Theorem 1.5. Let A be an arbitrary ideal in JB, Aq the class of nonnegative 
definite self-adjoint transformations in A. Then Ao is the class of all operators B = 
such that A is an element of A^ and if A\ is an ideal containing Aoj then 
A I 3 A, 

If B is in Ao , it is obvious that B is of the form described in the theorem. 
On the other hand, if A is an arbitrary clement of A^ (A*A)^ = B — W*Aj 
where W is partially isometric; hence (A'^A)^ belongs to A, and thus to Ao, 
Finally tlie relations A = WB^ B = (.4*^)^ assure us that A is the smallest ideal 
containing . 

If A is an ideal in SB, we call the subset Ao defined in Theorem 1.5 the positive 
part of In order to characterize those subsets of the positive part of SB 
which appear as the positive parts of ideals, we recall that every self-adjoint 
operator T in T can be reduced to diagonal form; that is, for each such T there 
exists a complete orthonormal set {<pn} in ^ and a sequence IXnl such that 
T(pn = \n(Pn 1 n = 1, 2, • • • . Morcovcr, the sequence {Xn| is convergent to 
zero, and nonnegative if T is in the positive part of T. We call this sequence a 
characteristic sequence of T, 

We next observe that if T belongs to the positive part of an ideal ^and [ypn] 
is another complete orthonormal set in then the member A of .T defined by 
the equations Arf/n — Xn^n , n = 1, 2, • • • , also belongs to the positive part of Aj 
since A = UTU~\ where U is unitary. Hence, if A is an arbitrary ideal in SB, 
A C T the set of all characteristic sequences {Xn} belonging to members of Ao 
may without ambiguity be called the spectral set of A, 

We now characterize intrinsically those subsets of the class of nonnegative 
sequences with limit zero which occur as spectral sets. As is indicated in the 
introduction, this result is due to J. v. Neumann. 

Definition 1.1. Let X denote the class of all infinite sequences of nonnegative 

“ We regard A as a transformation between Hilbert spaces in the sense of [8]. 

“For this concept, see [9], Definition 4.3.1. 
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numhera which converge to zero. A subset ^ of Z is called an ideal set if it has the 
following 'properties: 

(i) If {Xn} is in 3? CL^d t denotes an arbitrary permutation of the positive integers j 
{X»(n)} is in 3; 

(ii) if {Xn} arul {/Xn! are in 3, so is {Xn + Mn} ; 

(iii) if {Xn} is in 3, iMn} in Z ami ih£ inequality Xn ^ Mn holds for all n, then 
{/in} isin^. 

Our object now is to prove that evorj^ spectral set is an ideal set, and con- 
versely. We require first two lemmas concerning ideal sets. 

Lemma 1.1. Let 3 be an ideal set^ {Xn} an element of 3 with infinitely many 
terms different from zero. Then the subsequence of positive terms of |Xn} belongs 

^3. 

We distinguish two cases according as {Xn} contains a finite or an infinite 
number of zeros. In view of condition (i) of Definition 1, we can assume in 
the first case Xi = X 2 = * • • = Xjv = 0 and 0 < Xn^i ^\nyn = N+ \,N + 
2, • • . . We then have to show that {Xjv+n} belongs to 3- Let {/Xn} be the se- 
quence defined by the equations 

Mn = Xjv+n f n = If ••• f N y 

Mn = 0, n = W + 1, + 2, • • • . 

Then {/Xn} is dominated by a permutation of {Xn} and hence belongs to 3> by 
conditions (i) and (iii) of Definition 1. Moreover, by condition (ii), {X„ + jUn} 

belongs to 3- But we have Xs+n ^ Xn + Mn , ^ = 1, 2, • • • , and hence {X^yr+n} 

belongs to 3- 

Now suppose {Xn} contains an infinite number of zeros. Again invoking (i), 
we assume 

\2k ^ X2(A:-i-i) > 0, X 2 X -1 = 0, A; = 1, 2, • • • . 

We must then show that {X 2 n} belongs to 3* We define a sequence {Mn} by the 
equations 

M2ifc = ^2A:-1 , M2Jt-l = X 2 * , ^ = 1, 2, • • • . 

Then {Mn} is a permutation of {Xn} and hence belongs to 3- But then {X» + 
Mn} belongs to 3> and we have 

^2n ^ Xn "4" Mn 

Thus, by (iii), {X 2 n} belongs to 3 as we wished to prove. 

Lemma 1.2. Let 3 be an ideal set^ {Xn} an element of 3 consisting sokly of 
positive terms. Then any sequence {Mn} which contains {Xn} as a subsequence and 
which, except for this subsequence, consists solely of zeros, is a member of 3- 
We define 

= 0; ^2^^ = ^2fc , A: = 1, 2, • • * , 

= X2*-i , Xa*^ = 0, A; == 1, 2, • • • . 
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Then {Xn and are both dominated by [K] and therefore belong to 3f. 
Letting jk denote the integer immediately preceding A/3, we now define two 
permutations n , r 2 by the equations, 

Tri{k + jk) = 2A — 1, 7ri(4A) = 2A, A = 1, 2, . • • , 

7r2(4A — 2) = 2A — 1, 7r2(A + ^*+ 2 ) = 2A, A = 1,2, • • • . 

The effect of the first of these permutations is to take the set of all integers divisi- 
ble by 4 into the set of all even integers, preserving order; and to take the set of 
all integers not divisible by 4 into the set of all odd integers, again preserving 
order. The effect of the second is to take all oven integers not divisible by 4 
into the set of all odd intc'gers, and the complementary set of integers into the 
set of all even integers, order being preserved in both cases. Hence the sequence 

{Vn} = {XlV(n) + Xt^,\n)) 

which clearly belongs to 3, is related to the sequence {Xn) by the equations 

V2k = X* , 1^2*-! = 0, A = 1, 2, • • • . 

But any sequence {/in} derived from {Xn} in the manner described in the theorem, 
and containing an infinite number of zero terms, is a permutation of {vn} and 
therefore belongs to 3?- 

Thus, to complete the proof, we have only to dispose of the case that {/in} 
contains only a finite number of zero terms. In this case it is convenient to 
assume that {Xn} is monotone. We can then complete the proof by showing 
that the sequence {/in} defined by the equations 

/In ~0, 71=1, 2, 1, /lAT-fn— 1 ~ Xn , 71 = 1, 2, • • • , 

belongs to 3^. To do tliis we set 

7'n = Xi , 71 = 1, 2, . . . , iV, j'n = X 2 , 71 = W + 1 , 

W + 2, . . . , 2iV, . . . . 

Then, from the validity of the lemma in the case of an infinite number of zeros 
and property (ii) of ideal sets we can conclude that {vn} is in 3- But, since we 
clearly have 

fin ^ Vn 

it follows that {/in} is in 3* 

Theorem 1 .6. Let 6 be an ideal in SB, ^ £ 3”, and let 3 be its spectral seL Then 
3 is an ideal set Conversely, if 3 is an arbitrary ideal set in I, there exists an 
ideal in whose spectral set is 3- This correspondence between ideals in SB and 
ideal sets in % is an isomorphism with respect to the relation C. 

If ^ is a two-sided ideal in SB, ^ ST, we consider an arbitrary member A of 
in diagonal form; A(pn = Xn^n , ti = 1, 2, • • . , where {^n} is a complete ortho- 
normal set in Then {Xn} is in the spectral set 3 of and since A can also 
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be put in diagonal form with reference to any permutation of the sequence 
{v?n), all permutations of [K] clearly belong to 3 too. 

Now let B be any other member of , also in diagonal form; Brf/n = , 

^ 2, • • . , and let U be the unitary operator defined on {^n} by the equations 

U<pn = = 1, 2, • • • . Then A + V~^BV is in .^o and 

{A + V ^BU)<Pn = (Xn + fJLn)<Pn , 71 = 1, 2, • • • . 

Thus {Xn + Mn} belongs to 3- 

Finally, let {/in) be a sequence such that Hn ^ K , n = I, 2, . We define 

an operator Bq on |v9„} by the equations 

B{^n ~ (Mn/Xn)^n y Xn 5*^ 0, 

Bo(Pn = 0 , Xn = 0. 

Then Bo has a closed linear extension B which Ix'longs to fB. Thus AB belongs 
to But ABifn — fJLnfPn j 71 = 1 , 2, • • • , and therefore AB belongs to Ao ^ 
{/xnl toQ, 

We turn now to the converse part of the tlu'crcun, denoting by 3 an arbitraiy 
ideal set in I. We designate by A the set of all totally continuous operators A 
such that a characteristic sequence of belongs to 3- Since, if d is an 

ideal, 3 obviously its spectral set, we have only to show that is an ideal. 

We begin by considering an arbitraiy pair of operators A and B of with 
the object of showing that A B belongs to A. To this (uid we consider the 
operators 

Di = Di = D = {A* + B*){A + 

and characteristic sequences {Xn}, {mh}, {I'n} of JD, , D 2 , D, respectively. We 
have then to show that {*/„} belongs to 3- 

For convenience, we assume that the positive terms of each sequence are 
arranged in montone order; in addition, if any one of the sequences contains 
only a finite number of positive terms, we assume that the sequence itself is 
monotone. This assumption is clearly not restrictive, in view of condition (i) 
of Definition 1. Now let {Xn} be identical with the subsequence of positive 
terms of {Xn} if that subsequence is infinite, identical with {Xn} itself in the altern- 
ative case, and let {gn} and {i^n} be defined in the same way with reference to 
{^n} and {i^n} respectively. Then, by Lemma 1.1, {Xl} and {gn} belong to 3; 
and by Lemma 1.2, {vn] belongs to 3 if {^n\ does. Thus we can prove that 
A + B belongs to A by showing that {j'n} belongs to 3- 

To establish the latter result, we note first the relation 

2{A*A 4- B*B) - {A* + + B) = {A* - B*){A - B), 

which implies that 2{Dl -f Dl) — is nonnegative definite. Holding this 
fact in reserve, we then recall the theorem of Courant [4],^^ characterizing the 

The paper cited deals only with integral operators with continuous kernels. How- 
ever, the more general result required here is readily obtained. 
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sequence { } associated with the operator D* in terms of maxima and minima. 
For our purposes, we may state this result as follows: 


( 1 ) 


y'n* = Min Max (2)*/,/) 

dim (3W)^n— 1 / « ^©SW 
l/l-l 


where dim (2)?) is the dimension number of 3W. Similarly, 


( 2 ) 

(3) 


x'„* 


Mn 


Mm Max (D?/, /), 

dim(i«)^n-l 

l/l-l 


Min Max (Da/,/). 

dim(^)^n-l 

l/l-l 


On the basis of these relations we are able to conclude that the inequality 
(4) g 2(x'/ + 4') 

is valid provided we have j + A: ^ n + 1. For if > 2(,x'/ + Mk) holds, 
we have, in view of (2) and (3), 

/„V2> Min Max (D?/,/) + Min Max 

dim m^J-l / « dim / e ^©^ 


and this implies 


x;V2 > Min 

dim (gi+^)^j+A;-2 



which in turn implies 

p'„y2> Min r Max (Dlf + 

dim(9?+^)^j4-fc-2 1/4^0(91©^) J 

/ being restricted in every case to satisfy \f\ = 1. But then, since D? + D* — 
D^/2 is nonnegativc definite, we have 

v'^^> Min Max (DV,/) 

dim(a»)^j+*;-2 /f^©aw 
l/l-l 


which contradicts (1) unless / + Jfc — 2 is greater than n — 1, or unless j + k 
exceeds n + 1. Thus (4) holds for j + k ^ n + 1, as stated, and we have 

(5) Vn ^ 2(Xy + fik) for J + A; ^ n + 1. 


Now let Tn be n/2 if n is even, (n + l)/2 if n is odd. Then, from (5) we have 

(6) Vn ^ 2(x;, + n'j 

Moreover, the sequences {Xn}, (Mn) defined by the equations 

x;;.! = 0, = A; = 1, 2, , 

" A " ' I -I A 

M2ib-1 = 0, /X2Jb = Mib , *=1,2,..., 

belong to 3 by Lemma 1.2; and since 

\' I // , // - 

Ar» = An -h A,(n) , Mrn = Mn "r ^rr(n) , n = 1, Z, . . . 
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where T{2k — 1) = 2k, Tr(2k) = 2Aj — 1, it follows from conditions (i) and (iii) 
of Definition 1.1 that the sequences {Xr„} and [fxlj both belong to 3. But 
then, by ( 6 ) and conditions (ii) and (iii) of our definition, [vn] belongs to 3 , 
and this completes the proof of our assertion that A + B belongs to .4. 

Now let A be an arbitrary element of A, D\ = (A*A)\ X an arbitrary element 
of S, Dj = {A*X*XA)\ Since A is in "S, XA and D 2 arc also. Let {X„}, 
{/in}, {Xn}, {^n} havc thc same meanings as above with reference to A and A . 
Then {Xj, ) is in 3 Sind we can show that XA is in ^ by showing that ) is in 3; 
the arguments here are the same as above. 

To establish the latter, we again apply the theorem of Courant; 

Xl'= Min Max (Dlf,f), 

l/l-l 

= Min Max 

dim (SW)^n-l /e.OeSW 

l/l-l 

But {Dlf, f) = (Af, Af), (Dlf, f) = {XAf, XAf) and {XAf, XAf) is bounded 
by N^(Af, Af) for some integer N. Thus we havc 

^ N\: , 

and as (iVXl) is clearly in 3, so also is j/il}. Hence XA belongs to .C 
Thus ^ is a left ideal and in view of Theorem 1.2, we can show that ^ is two- 
sided by showing that ^ is closed with respect to the operation *. But this is 
an immediate consequence of Lemmas 1.1 and 1.2 and the well-known fact 
that and (AA*)^ have the same positive characteristic values, each 

with the same multiplicity.*® 

The concluding assertion of the theorem is obvious. 

Theorem 1.7. Let if denote the class of all operators A in £6 such that 9i(-4) 
has a finite dimension number. Them If is a two-sided ideal in If S is an 
arbitrary two-sided ideal, in fB, then B = (0) or B 3 JL 

To establish the first assertion, we have only to note that the class % of all 
sequences in X with only a finite number of terms different from zero constitutes 
an ideal set. To establish the second we first observe that any ideal set different 
from the one containing only the sequence all of whose terms are zero, contains 
a sequence [K] with Xi 0, X„ = 0 forn 1, by virtue of (i) and(iii). Hence, 
by (ii) and (iii) it contains all sequences of this sort and hence, by (i) and (ii), 
contains 3* 

It is worthwhile to observe here that the effect of Theorem 1.6 is to establish 
an isomorphism between the lattice Li of two-sided ideals in SB and a certain 
sub-lattice L 2 of the lattice of ideals in the ring 53 of all bounded sequences of 
complex numbers. To make this clear we require two preliminary results 
concerning 53; the first theorem is the analogue for 53 of Theorem 1.5 for the 
second is analogous to Theorems 1.3 and 1.4. 


“ By [12], Satz 7, for example. 
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Theorem 1.8. Let © be the ring of all bounded sequences of complex numbers, 
^ an ideal in S3. Let be the set of all sequences { | Xn | ) ^uch that { Xn } is in 3f. 

Then Q contains % , and if 3fi is an ideal in 58 containing % , then 3 3- 
The proof is straightforward and is left to the reader. 

Theorem 1.9. Let L^ be the lattice of all ideals 3 i^i ® which satisfy the foU 
lowing condition: if {an} is in and w is a permutation of the positive integers 
{ctxcn) 1 is in 3. Then the set X of sequences convergent to zero belongs to L 2 , and if 
^ is an arbitrary element of L 2 , either 3 = Si or 3* £ 2^- 

The first assertion is obvious. Now if 3 is a member of L2 which is not con- 
tained in X, 3 contains a sequence {an) which lias a subsequence {an^j such that 
{onj} is bounded, and which converges to a number different from zero. Fur- 
thermore, the sequence {bn} with bnj, = an,, , bn = 0, n 9^ iik can be written 
{bn} = {cn} {an}, whcrc Cn* = 1, Cn = 0, n 5*^ Uk , and hence {bn} belongs to 3* 
We now write tlie seciuence {bn} in the form {bn} = {pnO^"!, Pn > 0, and observe 
that |pn| also belongs to 3 by Theorem 1.8. But then by the same sort of 
argument that was used to prove Lemma 1.1, we can show that {pn;^} belongs 
to 3? and hence {an,,} does also. Hence {c/J = I an* l{ani) belongs to 3 
and Ck = 1, A; = 1, 2, • • • . Thus 3 = 

Theorem 1.10. Let ^be a member of L 2 , 3() the subset of 3 defined in Theorem 
1.8. Then either 3o = 33o , where 58o the set of all sequences of nonnegative numbers 
in 58, or every sequence in % is convergent to zero and 3o is an ideal set in the sense 
of Definition 1.1. 

Theorem 1.10 follows at once from Theorems 1.8 and 1.9. 

Theorem 1.11. Let Li be the lattice of all two-sided ideals in let the set SBo 
be called the spectral set of S8, and let the class of ideal sets be extended to include 
58o . Then Li is lattice-isomorphic to the extended class of ideal sets, each member 
of Li correspondmg under this isomorphism to its spectral set. Similarly, the 
lattice L 2 is lattice-isomorphic to the extended class of all ideal sets, each member 
3 of L 2 corresponding to its 3o • Thus Li and L 2 are lattice-isomorphic and under 
this isomorphism corresponds to 33, if to the class X of all sequences convergent 
to zero, if to the class g of all sequences with only a finite member of terms different 
from zero. 

Theorem 1.11 is obvious on the basis of preceding results and we omit the 
proof. Before proceeding, however, we wish to make the following observations: 
The ring 33 can be imbedded in SB in a very simple way; we have merely to 
choose a complete orthonormal set {^n} in § and identify the element {an} of 58 
with the closed linear operator A in ^ which is defined on {^n} by the equations 
A<pn = an(Pn , n = 1, 2, • • • . Moreover, if we consider 58 in terms of this identi- 
fication, each two-sided ideal ^ in S corresponds under the isomorphism of 
Theorem 1.11 merely to its intersection with 58. This suggests an alternative 
attack on the problem solved by Theorem 1.6; however, in so far as we can 
determine, it is not possible to devise any essentially different proof of that 
theorem on this basis. 
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2. Congruences in ^ 

We pass now to the study of congruences modulo an ideal in fjB. Following 
the standard procedure of abstract algebra, we consider the (;lass whose 
elements a, • • • are the residue classes of fjB with respect to by definition, 
two members A and B of fB belong to the samci element a of fB/.^ if and only 
if A — B is in If a and /3 are arbitrary elements of fB/.?, we define a + 
as the class of all elements ^4 + B of fB such that A is in a, J5 in /?; similarly, we 
define aff as the class of nWAB in fB such that A is in a, B in /S. Then, from the 
general theorem^® which is controlling in su(*h situations, we hav(^ 

Theorem 2.1 . If a and are elements of fB/.^^, so also are a and al3. With 
addition and multiplication defined in this way fB/.^ is a ring; that is to say, 
is a commutative group with respect to the operation +, and further ^ the following 
formal laws are satisfied: 

(a0)y = ot{^y), a(fi + y) = afi + ay, + y)a = ^a + ya. 

Moreover, f6/A possesses a unit. 

It may be noted that except in tlu* case A = fB, the subclass of fB/.^ each of 
whose elements contains a scalar multi])lc of the identity in 9B, is isomorphic to 
the class of scalar multiples of the identify in fB, since no two of these elements 
of fB can have difference in A unless the}^ are identical. It is convenient therefore 
to use italic lettei>? for these elements as well as for the corresponding elements 
of In addition we shall use the symbol 1 for the unit in that is, for the 
clement of fB/^f whose members have the form I + T, where / is the identity 
in S and T belongs to 

It is worth pointing out here that the ring fB/.^, ^ 5^ ?B, is certainly non- 
commutative; to verify this one needs only to consider two orthogonal projec- 
tions E and F whose ranges are Hilbert spaces and whose sum is the identity, 
a partially isometric opcn’ator W which maps E on F, and the operator W*W — 
TFW* ^ E — F which belongs to no ideal except fB itself. Later we shall show 
that the center of fB/.^, A 9 ^ fB, is the set of all scalar multiples of unity (Theorem 
2 . 9 ). 

Theorem 2.2. If a is an arbitrary element of fB/.^, tlw class a* of all members 
A* of Si such that A is in a is in fB/if also. The operation * so defined in ^B/^ 
obeys the following laws: 

a** = a, {a + 0)* = «* + 

That a* is in folloMfe at once from the fact that A* = and the three laws 
stated in the theorem are readily verified on the basis of their validity in SB. 

Thus we see that the rings 9i/A have all of the formal properties of matrix 
algebras and are homomorphs of ffl with respect to the operations +, *, *, a« ; 

“ [1], pp. 262-263. The missing details necessary for our purposes are readily supplied, 
Cf. the discussion of the commutative case in [19]. 
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moreover, they are of course the only homomorphs of fiB with respect to these 
operations. 

It is now desirable to consider these homomorphisms with respect to the fol- 
lowing important notions in operator theory; for an operator to be self-adjoint, 
to be idempotent, to be partially isometric, to be unitary. Hence we are led 
to define these concepts in without explicit reference to their meanings in £B. 

Definition 2.1. An element a of 9>ld is called self-adjoint if a = a*; a self- 
adjoint element e of £B/^ is called idempotent if e* = e; an element co of 9>IS is called 
partially isometric if u*u — e is idempotent, unitary if w*w = uxa* = 1. 

It is easy to see that under the homomorphisms £6 — > £B/^ the image of 
every-self adjoint operator is self-adjoint and that analogous assertions hold for 
projections, partially isometric operators, and unitary operators. We shall 
now show that with reference to the first two of these concepts the converse 
statements arc also true. 

Theorem 2.3. If a is a self-adjoint element of £B/^, a contain^ a self-adjoint 
member of £B, and conversely. 

Let a be self-adjoint, A an element of a. Then A* — i4. isin ^ and hence 
A 4- (A* — A)/2 = (A + A*) /2 is in a. The converse, as we have already 
noted, is obvious. 

Theorem 2.4. If 6 is an idempotent element of £B/A, there exists a projection 
E in £B which belongs to e, and conversely. 

The theorem is obvious for A — £B; we assume therefore 3^7. By Theorem 
2.3, c contains a self-adjoint transformation A, and since t is idempotent, 
A* — A = A (A — /) is in A and thus in 7. Hence A* — A can be reduced to 
diagonal form, and therefore A can also; A^„ = XnV>n , n = 1 , 2, • • • , where 
{^n} is a complete orthonormal set in $. But then it follows that {Xn} contains 
a subsequence { Xj,®’ | convergent to zero, and such that the remaining terms of 
{X„) form a subsequence, say {Xl^’l, convergent to 1, since under any other 
circumstances A (A — I) would fail to be totally continuous. Moreover, we 
can clearly assume that contains no terms with the value zero and that 
{Xn^} contains no terras with the value unity. 

Now let 9Wo be the subspace of $ determined by the characteristic elements 
of A corresponding to terms of {Xi®’}, 9Wi the subspace determined by the other 
characteristic elements of A, JS?o and Ei the projections with ranges SWo and 9Ki , 
respectively. We shall show that Ei belongs to e. To do this we note first 
that in 2Wo , A — I induces a transformation with bounded inverse. Hence if 
B is equal to this inverse in SUo and to zero in S0?i , 

Eo(A^ — • A^BEq — EoAEo 
is in A, since A® — A is. Similarly, it follows that 

Ei{A — I)Ei — EiAEi — El 

is in A. But then, adding the right members of the two preceding equations 
we find that 
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EqAEq “4” EiAEi — El = A — Ei 

is in df and from this it follows that Ei belongs to c. 

Again the converse part of the theorem is obvious, so the proof is complete. 
Theorem 2.5. Let 3 be an ideal in SB, Sq the set of all nonnegative definite 
self-adjoint elements of By Bo the class of all squares of elements of Bo . Then a 
necessary and sufficient condition that every partially isometric element (a of SB/^ 
contain a partially isometric transformation W is that Bo = Bl • 

Again the case ^ = SB is trivial, so we assume B Lot w be j)artially iso- 

metric, y an element of w, F = UB its canonical decomposition. Then 
7*7 = 5^ belongs to an idempotent element c of SB/c^. Hence, if we identify 
with the self-adjoint transformation A which appears in the proof of Theorem 
2.4, we can invoke that theorem to establish the existence of a projection E 
such that B^ — E is in B, Moreover, an inspection of the proof reveals also 
that B^ commutes with E and induces in the range of J? a transformation with 
bounded inverse. In particular, this implies that E has for its range a subspace 
of the initial set of U and thus that UE is partially isometric, since 
EU*UE = We shall now show that under the condition of the theorem 
B — E is in B. We note first that since 5“ and E commute, we have B^ — E = 
{B — E){B E)y and since B is nonnegative, B + E induces in a trans- 
formation with bounded inverse. Hence, if C is equal to this inverse in 
and to zero in $ © 9i(£/), we have {B^ — E)C = EB — and EB — E is in B. 
Moreover (/ — E){B'^ — iJ) = (/ — E)B^ is in B. But if B has the property 
described in the theorem, [(/ — E)B^^ = (/ — E)B is in .4, and thus 

{I - E)B + EB - E = B - E 

is in B as we wished to show. But then 7 — IE= l\B — E) is in B and 
T7 = UEy which we have alread}^ shoAvn to be partially isometric, belongs to co. 

It remains therefore for the converse part of the theorem to be proved. To 
this end, we suppose that B contains a nonnegative definite self-adjoint trans- 
formation B^ such that B does not belong to By and denote by w the congruence 
class in 9ii/B to which B belongs. Then, since B*B = B^ belongs to B, we have w 
partially isometric by definition. But if 7 is a partially isometric transforma- 
tion in o)y V*V = E must be congnient to 5" modulo By which is to say that E 
is congruent to zero modulo B, But this implies that E has range with finite 
dimension number and the range of E is the initial set of 7. Thus 7 is in 
.Tand hence in B, However, F — B is in ,4 since F is in w, and as B is by assump- 
tion not in By we have a contradiction. Hence, the condition of the theorem is 
necessary as well as sufficient. 

We may note in passing that the ideals (0), T, Xy SB all satisfy the condition of 
Theorem 2.5, but that these are not the only ideals which do so. Consider, for 
example, the class of all sequences {Xn} of nonnegative numbers such that 


By [9], Lemma 4.3.2. 
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\n converges for some p. It is easily seen that this class is an ideal set in the 

n«-l 

sense of Definition 1.1. and that the corresponding ideal in B has the property 
of Theorem 2.5. 

For the sake of completeness, we state the following obvious theorem: 

Theorem 2.6. If W is a partially isometric member of SB, the congruence class 
of W in SB/^ is partially isometric in SB/^. 

Theorem 2.7. Let 3 be an ideal in SB. Then, if co is a unitary element of SB/^, 
w contains a maximal partially isometric transformation!^^ with deficiency-index 
(0, n) or (n, 0), n < >«Jo. 

Again the case ^ = fB is trivial, so we assume ^ SB. Let w be unitary, V a 
member of oj, F = its canonical decomposition. Since w is also partially 
isometric, the first part of the proof of Theorem 2.5 applies to yield the following 
results: there exists a projection E with range in the initial set of f/, and which 
commutes with B, such that V^V E = -- E and EB — E are in But 

since V*V is congruent to I modulo — J? is in 3 and thus (/ — E)B is in d. 
Therefore 

B - B = (/ - JS)B + BB - B 

is in But then V — UE = UB — UE is in Hence W = UE is a partially 
isometric operator which belongs to a>. Moreover, since w is unitary, I — WW* 
is in If and hence, since this operator is a projection and belongs to its range 
must have a finite dimension number. Similarly, I — W*W has range with a 
finite dimension number. Thus both the initial and final sets of W have or- 
thogonal complements with finite dimension numbers. Therefore, if Wi is the 
contraction of W with domain 9f(B) and X a maximal partially isometric exten- 
sion oi Wi , X has the property required in the theorem and X — TF is in 
Thus X belongs to o;, and the theorem is proved. 

It is important to observe that every unitary element of SB/^docs not contain 
a unitary member of SB, except in the trivial cases .^ = SB, ^ = (0). 

To prove this, we consider an isometric transformation X with deficiency- 
index (0, n), n < , and the congruence class w modulo to which X belongs. 

Then w is clearly unitary in SB/^ provided (0). Now suppose U is a unitaiy 
transformation in w. Then U — X is in fF, and thus in T, if ^ SB. Hence I — 
U~^X is in and U~^X also has deficiency-index (0, w). But by a lemma which 
the author has proved elsewhere, this is possible if and only if n = 0.^® 

Theorem 2.8. Let S be an ideal in SB different from (0), TF a partially isometric 
operator in SB with deficiency-index (m, n) m,n Then the congruence class co 

in SB/,? to which W belongs is unitary. 

If W has the properties stated then I — W*W and I — TTIF* are projections 

We call a partially isometric operator maximal if the isometric transformation which 
determines it is maximal. Similarly, we shall have occasion to refer to the deficiency- 
index of a partially isometric operator. 

[31, Lemma 4.1. 
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which belong to Thus, since ^ by Theorem 1.7, both of these operators 
belong to d and co is unitary by definition. 

We conclude this section with 

Theorem 2.9. Let ^ be an ideal in £6, ^ fJB. Then the center of SB/^, that is, 
the set of all elements of which commute with every element of is the set 
of all elements X • 1 , where X is a complex number. 

It is clear that the center contains the set of all scalar multiples of the identity; 
hence we need only show that it contains no other members. 

We begin by showing that it is sufficient to consider merely the self-adjoint 
members of the center. For suppose a belongs to the center. Then afi* — 
I3*a = 0 for all 0 in and hence (a/3* — /3*a)* = fia* — a*fi = 0 for all 
in SB/^. Thus a* belongs to the center, and consequently the self-adjoint 
elements a ■+■ a* and i(a — a*) do also. Now suppose a + a* = X*l, i(a — 
a*) = Ai-1. Then, eliminating a*, we have a = {y + i\)/2i. Hence we have 
only to prove that every self-adjoint member of the center is a scalar multiple of 
the identity. 

In terms of operators in fB, this problem nnluces to the following: to show 
that every self-adjoint operator A in such that AB — BA is in A for all B 
in is of the form T + XZ, where T is in A, 

We consider first the case A = ff. So we consider a self-adjoint operator A so 
that — BA is totally continuous for all B in fB. If A is not of the form T -|- 
XZ, T in rr, the spectrum of A must contain two distinct points, each of which is 
either a limit point of the spectrum of A or a characteristic value of infinite multi- 
plicity; for, otherwise, the spectrum of A consists sohdy of isolat'd characteristic 
values of finite multiplicity together with one i)oint /x which is either a limit point 
or a characteristic value of infinite multiplicity, and in this case A — yl clearly 
belongs to ST. Hence if E{\) is the resolution of the identity of A, there exist 
numbers Xo , Xi , X 2 , X 3 in the spectrum of ^4, Xo < Xi < X 2 < X 3 such that £'(Xi) — 
E{\o) and Z?(X 3 ) — E{\ 2 ) have ranges and 9 ?J 2 , respectively, which arc Hilbert 
spaces. 

Next let us consider the partially isometric operator W with initial set 
and final set 9 W 2 . We then have, for / in Wh 

\WAf- AWfl ^ \AWf\ - \ WAf\, 
and thus, since we also have 

I AWf \^\,\Wf\ = h\f\,\WAf\ = \Af\^\i\f\ 

we obtain 

I WAf - AWf 1 ^ (Xs - Xi)/. 

Hence {WA — AW) induces on a transformation with bounded inverse and 
therefore {WA — is a Hilbert space. Consequently, by a lemma 

previously referred to, WA — is not in fT. Hence the assumption that A 
is not of the form T + X/, T in O', is untenable, and the theorem is established for 
^ = J. 
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Consider now an arbitrary ideal 7 C ^ C JT, ^ JF, ^ ST. As before, 
we consider a self-adjoint operator A such that AB — BA is in 3 for all B in £B. 
Since ^ C ST, it follows from the preceding result that A is of the form T -f 
}dy T in Sr. Thus TB — BT is in 3 for all B in SB. Now let \<pn} be a complete 
orthonormal set of characteristic elements of T; T(pn = Xn^n , n = 1,2, • • • , 
and let us suppose that T is not in 3, Moreover, let us assume that the sequence 
{iPn} is so arranged that Xi is different from zero, while the positive terms of 
{| Xn I) are in monotone order. Let {/in} be a sequence of positive numbers in 
the spectral set of 3 with /ii < 1 Xi |; further let {Xn^^} be an infinite subsequence 
of {Xn} such that 0 < j Xn* 1 g /ifc , fc = 1, 2, • • • Finally, let E be the projec- 
tion with range 5D? determined by the orthonormal set \ipnj,\ and let TF be a par- 
tially isometric transformation with initial set $ and final set 9)?. 

Then WT - TW is in 3. Hence WTW* - TWW* = WTW^ - TE is in 3, 
But then, since { Xn* } is in the spectral set of 3 by choice of that subsequence, 
TE is in 3. Hence WTW* is in 3y and therefore W*WTW*W = T is in ^ too, 
which is a contradiction. 

It remains to prove the theorem for the case 3 = if. Let us suppose that 
BA — AjB is in fffor all B in fR and that A is not in H. Then A is of the form 
r -b X/, where T is in if and not in if. Hence there exists an infinite orthonormal 
set {^n} in § such that T<pn = X„^n , Xn 0, n = 1,2, • • • , Xn 5 *^ Xn» if m 5 *^ n. 
Hence, if U is defined by the equations 

“ ^n— 1 , 1 ~ = 1, 2, • • • , 

in the closed linear manifold determined by {^nj, [7 = / in § © 9W, VTIF^ — 
T is not in if and hence LIT — Til is not either. Therefore the assumption 
that A is not in if leads to a contradiction and the theorem is proved for 3 = if . 


3. A metric in SB/T 

We now confine our attention to the case 3 = if j beginning with the 
definition of a norm in fR/if. 

Throughout the remainder of the paper we employ the notation | A [ for the 
bound of the operator A of ffi. 

Definition 3.1. Let a be an arbitrary element of fR/ff. We define | a |, 
called the norm of a, by the equation 


a 


= g. 1. b. 

A € a 


Theorem 3.1. The norm \a \ in fR/if has the following properties: 


(1) 

\ a \ Oy the equality sign holding if and 

(2) 

|a + ^| 

^ 1 a 1 + 1 ^ 1; 

(3) 

1 1 

^ lalHI; 

(4) 

loal 

= |oll«|; 

(6) 

l«*l 

= 1 « 1; 

(6) 

HI 

= 1. 


^ If no such subsequence exists, T is in fFand hence in 3* 
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The validity of the laws (2) — (5) is an immediate consequence of the defini- 
tion of I a I in terms of the norm j j in SB, and the fact that the latter function 
has those properties. The same is true of the assertion \a \ ^0. Moreover, 
in view of (2) and (3) we can conclude that the set of elements a of SB/^for which 
I a I = 0 is a two-sided ideal in SB/CT. Hence, since T is a prime ideal in SB, we 
have either a = 0 when and only when | a | = 0, or a = 0 for all a in 
Thus to complete the proof it is necessary only to establish (6). We have then 
to show that 

g. 1. b. |/ + r| = 1. 

T.gr 

We note first 

\I +(T+ n/2 I ^ |(/ + T)/2 I + 1(7 + n/2 I = 1 7 + r I; 

hence we need only show g. 1. b. | 7 + 7" | = 1 for 7’ € T, T = T*. But, if T 
is so restricted, we can find, for any € > 0, a real number X with | X | < e such 
that T(p = \<p for some (p 9 ^ 0 in by virtue of the spectral properties of T. 
Thus 1(7 + T)(p I / I 1 > (1 — 6) and hence 17+ 7' | exceeds 1 — €. But 
then, since e is an arbitrary positive number, we have | 7 + 7’ | ^ 1. Hence, 
since | 7 | = 1, (6) follows. 

Theorem 3.2. With \ a — IS \ interpreted a$ the distance between a and 
SB/T is a complete linear metric space. 

That SB/Tis a metric space follows from Theorem 3.1 while its linear properties 
are evident. To show that it is complete we must prove that, for every sequence 
{an} in SB/STsuch that 

lim 1 an — am I =0, 


there exists an element a such that 

lim I an — « [ = 0. 

n— >00 


Let {an} be a sequence satisfying the first of these conditions. We choose a 
subsequence {an*} such that 


1 an* — Otn 1 



for n ^ n*. 


We then choose an arbitrary element Am of am and an element Ci of 
such that I Cl I g f Setting Am = Ci + Am , we have Am in an, 

I Am Am I ^ 

n For the fact that T is divisorless in SB implies that ^B/IT contains no two-sided ideals 
except (0) and itself. Cf. [19], pp. 56-^7 for a discussion of ideals in commutative 
rings which is readily generalized to cover the case in hand. 



856 


J. W. CALKIN 


Continuing this process we determine a sequence with « an* , such 

that 

I 1 ^ 

Thus 

j-i 2 

1 ■“ I ^ I | ^ rtjPl • 

Hence there exist an element A of SB such that 

lim I Ani, — Al =0, 

A — *00 

and if a is the residue class to which A belongs we have, in consequence, 
lim I ttn ““ a I = lim | an* a 1 =0. 

n— *00 /c--*oo 

We note in passing that the space SB/.Tis non-separable. For every idempo- 
tent except 0 in SB/^T can be shown to have the norm 1, and if E(\) is the resolu- 
tion of the identity in SB of a transformation with spectrum the entire interval 
0 ^ X g 1, the set €(X) of idempotents in fB/fT such that €(X) contains E{\) 
has the property that 6(X2) — €(Xi) is an idempotent different from zero if 0 ^ 
X2 < Xi ^ 1. 


4. The space S 

We now propose to realize SB/T as an algebraic ring of operators in a certain 
complex Euclidean space. To define a space 8 suitable for this purpose, we 
make use of a concept of generalized limit introduced by Banach and Mazur.^^ 
In the interests of greater generality, however, we shall employ a less restrictive 
concept of generalized limit than that of these writers, and we begin with a dis- 
cussion of this concept.^® 

We consider a linear functional defined for all bounded sequences {a:„} of 
real numbers, denoted by Lim Xn , which has the following properties: 

n-*oo 

(a) liim {x„ + j/„) = Lim + Lim j/„; 

n-*oo n-*oo n-*oo 

(b) Lim Xn ^ 0, for x» ^ 0, n = 1, 2, • • • ; 

n-*oo 

(c) Lim Xn is independent of Xp for each integer p ; 

n-*oo 

(d) Lim 1 = 1. 

n-*oo 


[2], p. 34. 

' The possibility of generalizing the notion of Banach in this way was pointed out to us 
by J. V. Neumann; originally we had employed the Banach limit. 
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For subsequent use, we note that (a) and (b) imply 
(e) Lim x„ ^ Lim j/„, if Xn ^ j/„ for » = 1, 2, • • •. 

n--*oo n 

The reader will observe that the four preceding conditions differ from the four 
basic properties of the Banach limit, as given in the reference cited, in the follow- 
ing respects: first, we do not require homogeneity; second, and more important, 
the Banach limit has the property 

(1) Lim Xn^i = Lim Xn 

n-*oo n-*oo 

in place of our (c). Since from (1) one has 

Lim Xn+p+i — Lim Xn, 

n-*oo n— >00 

it is clear that (1) implies (c).^^ 

We now wish to show that homogeneity is a consequence of conditions (a) — (d) 
and that the use of (o) instead of (1 ) does not affect the other essential properties 
of Lim Xn . 


To begin wo observe that (a) implies 

(2) Lim rxn = r Lim Xn for all rational r. 

n— *00 n-*oo 

We now consider an arbitrary bounded sequence {Xn}, and rational upper and 
lower bounds, R and r, respectively, of {xn}. Invoking (2), (d), and (e), we 
then obtain 

R = Lim R ^ Lim Xn S Lim r = r, 

n— *00 n— *00 n~*oe 

Hence, since R is any rational upper bound of (Xn), and r any rational lower 
bound, we have 

(3) 1. u. b. Xn § Lim Xn S g. 1. b. x„ 

n— *00 

Moreover, if we now invoke (c) in conjunction with (3), it becomes clear at once 
that we must have 


(f) 


lim sup x„ ^ Lim Xn ^ lim inf Xn 

n~*oo n-*oo n-*oo 


Thus, we have the important property 

(g) Lim x» = lim Xn whenever lim x„ exists. 

n-*oo n—*oo n-*oo 


The argument of Banach, loc. cit., thus serves to establish the existence of a functional 
with the properties (a)-(d). An elegant and simple direct proof of the existence of such func- 
tionals has been obtained by Ulam and Kakutani independently, but has not been published. 
Moreover, it is not difficult to show that there exist functionals satisfying (a)-(d) but not 
(1). This latter fact, however, is not of essential importance in the present paper, but 
rather in certain related investigations. Added in proof: Since the completion of this 
paper J. v. Neumann has developed a general theory of limits of the sort used here. 
His results will appear in a forthcoming number of the Annals op Mathematics Studies 
dealing with the theory of measure. 
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Furthermore, since it is now clear that Lim is a bounded additive functional 

n-*oo 

on the space of all bounded sequences, we can conclude that it is homogeneous: 

(h) Lim axn = a Lim a:„, for all numbers o. 

n-^oo n-*oo 

We now extend the notion of generalized limit to bounded sequences of com- 
plex numbers in the obvious way; if |x„} is such a sequence we set 

(i) Lim Xn = Lim 9Ja:„ -|- i Lim Xxn. 

n-*oo n-*oo n-»oo 

It is then readily proved that properties (a), (c), (d), (g), (h), persist in the com- 
plex case. 

Hereafter, as occasion requires, we shall refer to the properties of Lim x„ 

n-+oo 

as given above by letter without other comment. 

We turn now to the construction of our space 8. First, we consider the class 
S" of all sequences {/«} in Hilbert space $ which are weakly convergent to zero; 
this class is evidently a module when we define addition and scalar multiplica- 
tion by the equations 

{/»} + Ifl'nl = l/» + Sn\, 
af/n} = {o/n}. 

In S", we define ({/n), Ij/n}) by the e<iuation 

({/n}, {ffn}) = Lim (/„, fif„), 

n~*ao 

invoking the boundedness of the sequences \fn} and {gn} to assure the bounded- 
ness of the sequence of numbers { (/„ , gfn) } . Then from the properties of Lim 

n-»oo 

given above and the properties of the inner product in we have 

(a{/«} + h{g.], [K]) = a({/„}, [K}), 

({/«}, {?«}) = ({ffnl, {/»}), 

({/»}, {/n}) ^ 0. 

Thus ({/n}, {gn}) has all the properties requisite for an inner product in 8" 
except that requiring that ({/n}, {/»}) = 0 if and only if {/„} = 0, and it is easy 
to see that this requirement is not fulfilled, since 8" contains sequences strongly 
convergent to zero. However, as A. E. Taylor [18] has pointed out, this require- 
ment is not an essential one, since we can regard it not as a postulate but as a 
definition of zero and thus of equality. In our case, this means that we must 
identify the sequences (/«} and {g»} provided 

Lim i/n — g« 1* = 0. 

n-^oo 
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In this way, we obtain a class of elements f, g, • • • , the quotient group of the 
additive group 8" by the subgroup of elements |/„1 such that 

Lim |/„|* = 0, 

n-*oo 

If under this homomorphism {/„} -*f, » g, wc define 

u,g) = (f/nl, 

Thus we achieve in 8' a (possibly incomplete) complex Euclidean space; that is 
to say, 8' is a module and the function (/, g) has the properties 

(o/ + hg, h) = o(/, h) + b(g, h), 

if, 9) = 

(/,/) ^ 0 , 

(/./) = 0 implies / = 0. 

Since the pertinent facts in this connection arc discussed in the i)aper of Taylor 
cited above, it is unnecessaiy for us to dwell on them here. 

It now remains for us to consider the space 8' with reference to the matters of 
completeness and separability. The answei-s to both questions are provided 
through the two simple lemmas which follow. 

Lemma 4.1 . The cardinal number of 8' is not greater than the cardinal number c 
of the continuum. 

Let {<pm\ be an arbitrary complete orthonormal set in S^, {/„} an arbitrary 
element of 8". Then, if 

00 

fn ~ ^ ^ Un.m^m 

m— 1 

{flB.ml is a bounded matrix. Thus the cardinal number of 8" does not exceed 
the cardinal number of the class of all bounded infinite matrices, and the cardinal 
number of the latter class is c. Hence the cardinal number of 8' is certainly 
less than c. 

Lemma 4.2. The space 8' contains an orthonormal set with cardinal number c. 
We consider an enumeration {r„l of the positive rational numbers, a complete 
orthonormal set {<pn] in §, and the correspondence r„ *-* <fi„ between them. We 
denote by { {^») I the class of all infinite subsequences of \(pn], a running over 
some set which we leave undesignated. Now let ai and ot be any two distinct 
positive numbers, {r!,} and {r'n\ infinite subsequences of }r„l convergent to Oi 
and oj respectively. Corresponding to Ir*} and {/„'l we have two subsequences 
of {¥»„} which belong to { ) ; we denote these by and {^“’1. respectively. 
Then, for n larger than some integer N, we have ^ v^b* and hence 

Lim vV) = 0. 
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Moreover, 

Lim I 1“ = 1, 

n-*oo 

for all a. Hence, if denotes the element of S' containing {^“1, it follows that 
the set of all {^a} contains an orthonormal set with cardinal number c. 
Theorem 4.1. The space S' is incomplete. 

Consider an orthonormal set {^a} in S' with cardinal number at least c. Then 
the set of all 23 ^ct>Pa with 23 1 P < a has cardinal number at least 2\ and 

a a 

hence, in view of Lemma 4.1, this set cannot belong to S'. Therefore 8' is in- 
complete.2® 

We now denote by S the space obtained by completing S'; the details of this 
construction are described in [5] and in [13], so we need not consider them here. 
Theorem 4.2. The dimension number of S is c. 

Since 8' is dense in 8, the dimension number of S cannot exceed c, by Lemma 

4.1. But by Lemma 4.2, it cannot be less than c. 

6. The algebraic ring 911 and congruence modulo T in ffi 

We now consider transformations induced in the space S by means of members 
of the ring SB. 

Lemma 5.1. Let A be an arbitrary bounded everywhere-defined transformation 
Ifn} o.n arbitrary sequence of the class S". Then [Afn] is in S" and 
LiinM/„P = 0t/Liinl/„|* = 0. 

n-*oo n-+oo 

That [Afn] is in S" follows at once from the fact that a bounded transforma- 
tion is weakly continuous. And since we have | Afn ^ 1^1^ l/n n = 

1.2, • • • , it follows from property (e) of Lim that Lim | /n |^ = 0 implies 

n-*oo n-*90 

Lim I Afn 1“ = 0. 

n-*oo 

Theorem 5.1. Let A he an arbitrary member of ^B. Then^ if f is an arbitrary 
element of S', and {/n} belongs to f, we set 

9 = UA)fi 

where g is the element of S' containing {Afn]- The transformation Ti{A) so de- 
fined in S' is a single valued linear bounded transformation with bound not exceeding 
the bound of A in Thus Ti{A) has a unique closed bounded extension T{A) 
with domain S, and the bound of T (A) does not exceed the bound of A in 
That Ti{A) is single-valued follows at once from Lemma 5.1, while its linear 
character is a consequence of the linearity of A. Since, in addition, 

I W)/|* = Lim \Afn r ^ Lim 1 4 r |/« 1* = 1 4 f l/p 

n-^oo n-*oo 


** This simple proof of Theorem 4.1 was suggested by J. v. Neumann. The theorem can 
also be proved directly. 
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it is evident that Ti(A) is bounded with bound less than or equal to \ A \, Thus 
the transformation Ti{A) = T(A) exists and has domain 8, while its bound is 
clearly the same as that of Ti(A). 

Theorem 5.2. The cUisa 9ll of operators T(A) in 8, defined for all A in SB, 
is an algebraic ring of operators in the. class of all hounded everywhere defined opera-- 
tors in 8, and is a homomorphism of SB with respect to the operations and 

scalar multiplication; that is, 

T(A + B) = T{A) + T(B), T{AR) = T{A)T{B), 
r{A*) = T*(A), T(aA) = aT{A), 

All of these relations Jare quite obvious, except possibly T{A*) = T*(A), 
To prove this we consider two arbitrary elements/ and g of 8' and secpiences 
\fn} and {^n} belonging to / and respectively. Then 

{T(A)fi g) = Lim (A/n, Qn) = Lim (/n, A*gn) = (/, T(A*)g). 

n~"*oo n-*oo 

Thus T{A*) and T*{A) coincide on 8', and therefore throughout 8. 

Lemma 5.2. A necessary and snffieicjit condition that T{A) be the transforma- 
tion in 8 which takes every element of 8 into zero is that A belong to the ideal fT of 
totally continuous operators in fB. Thus T(A) = T{B) if and only if A is congru- 
ent to B modulo T. 

From the homomorphism fjB — SOll, it follows that the set of all A in SB such 
that T{A) = 0 is a two-sided ideal Ain fB. Moreovtn*, since a totally continuous 
transformation A in fB takes weakly convergent sequences into strongly converg- 
ent ones, it follows from property (e) of Lim that A ^ T. Hence, by Theorem 

n— »oo 

1.4, we have either ■? = f/ or = fB. Hut since .4 clearly fails to contain the 
identity in fB, we must conclude that .4 = T, which establishes the lemma. 

Since it also follows immediately from the homomori)hism fB — + 9R that 911 
is isomorphic to the ring fB/.4, where ^ is the ideal of all A in fB such that T(A) — 
0, wc can now conclude that 911 is isomorphic to fB/ff. More precisely, we have 

Theorem 5.3. The algebraic ring 911 is isomorphic to /if with respect to the 
operations a-, an element T{A) of 911 corresponding to the element a of 

£B/3" if and only if A belongs to a. 

Definition 5.1. If ot is an arbitrary element of fB/fT, we define T{a) as the 
element of 9R corresponding to a tinder the isomorphism of Theorem 5.3. 

Evidently 7’(«) is identical with T{A), for all A in a, and we shall continue 
to use both notations for elements of 9R as occasion requires. 

Theorem 5.4. An element T{a) of 9R is self-adjoint, partinlly isometric, or 
unitary, respectively if and only if a has that property in the, sense of Definition 2.1. 
An element T(a) of 9R is a projection if and only if a is an idempotent according 
to that definition. 

The assertion of the theorem concerning self-adjointness is obvious. To prove 
the other parts of the theorem we note first that since the properties which form 
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the various criteria of Definition 2.1 are all defined in terms of the operations • 
and *, it follows from Theorem 5.3 that an element a of SB/T possesses one of 
them if and only if T{a) does. But for transformations, each of these properties 
is characteristic of the class of transformations in question: more precisely, an 
everywhere defined bounded linear operator T in 8 is a projection if and only if 
7^ = r* = is partially isometric if and only if T*T is a projection,” and thus 
is obviously unitary if and only if T*T and IT* are equal to the identity in 8. 
Hence the theorem follows. 

The reader will note that Theorems 2.3-2. 7 can be interpreted now to yield 
assertions concerning the homomorphism 9R; the details here are obvious 
and we omit them. 

Theorem 5.5. Let a he an arbitrary element of SB/fT. Then the hound of the 
operator T(a) in 8 is j a |; in other words, the isomorphism 9ll is an isom- 

etry, Thus 9ll is closed in the uniform topology for operators. 

Evidently the concluding assertion is a consequence of the first one and The- 
orem 3.2. Hence we need only show [ T(a) | = \ a \, 

From the final statement of Theorem 5.1 and the definition of the norm in 
S/y, we have at once 

(1) I T(a) I g I a I. 

Hence we need only establish 

(2) I T{a) i ^ I a |. 

To prove (2), we first select an arbitrary clement A of a, with canonical decom- 
position A = WB, We then denote by X the lowest upper bound of those points 
of the spectrum of B which are either limit points of the spectrum or characteris- 
tic values of infinite ^nultiplicity, and by S the set of points u in the spectrum 
of B such that u exceeds X. Then S clearly consists entirely of isolated points, 
each a characteristic value of finite multiplicity. Furthermore, either S is a 
finite sequence [pn] or an infinite sequence with X as limit. Hence if 9Wn is 
the characteristic manifold of B corresponding to = 1, 2, • • • , and we set 
= — X/on9K = 2 90?n , C = 0 on § © SW, C belongs to &, Thus, if Bi = 

n 

B — C, then Ai == WBi belongs to a. Moreover, this is evidently the canonical 
decomposition of , so | i4i | = \ Bi\. Hence we have 

(3) 1 I ^ I a | . 

Now let US consider the transformation T{Bi) in We distinguish two cases, 
according as the sequence {#<n) is infinite or finite. If {/«„] is infinite, 3K = 
2 2Kn is a Hilbert space and contains an infinite orthonormal set • Further- 

n 

more, Bi<pn — Vn , n = 1, 2, • • • . Thus, if ^ is the element of 8' to which 


*• [17], Theorems 2.36, 2.36. 
** [9], Lenuna 4.3.2. 
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belongs, we have 

(,TiBi)p, ip) — Lim <pn) = X. 

(4) 

{p, ip) = Lim ^„) = 1. 

n-»oo 

But clearly X = | 5i |, and hence we have 

(5) 1 T(B:) I ^ 1 B, |. 

Now suppose (Mn) is finite, and let E{k) be the resolution of the identity for 
B\ in Then, since X is a limit point of the spectrum of Bi , there exists a 
monotone increasing sequence jX„} with limit X, such that B(X„+i) — B(X„) is 
different from zero, n = 1,2, • • • . Hence we can select an orthonormal set 
with <(>n in the range of B(X„+i) - B(X„), n = 1, 2, • • • . Moreover, for 
every n, we have X„ g ^ X„+i . Hence if ip is the element of 8' 

containing 1^„}, we have (4) in this case also. 

Finally, since B, = W*A, we have T(Bi) = T{W*)T{Ai) and since T{W*) 
is partially isometric by Theorems 5.4 and 2.6, it follows that we have | T(1F*)| = 
1, and hence that 

(6) I T(A^)\ ^ 1 7’(Bi)| 

holds. But 7'(Ai) = T’(a), and hence from (3), (5) and (6) we have (2) which 
completes the proof of the theorem. 

We now wish to prove that V)1l is not closed in the weak or strong topologies 
for operators. The proof reposes on the following lemma concerning monotone 
sequences of projections in f)R. 

Lemma 5.3. Let { 7’(«n) i he a sequence of projections in 9R such that 7’(«n+i) ^ 
T(«„), n — 1,2, • • • . Then, if lim T(6„) = 0, T{(„) = 0 for all n greater than 

n —*00 

some integer M. 

By Theorem 5.4, each of the terms of ) €„} is an idempotent, and consequently 
by Theorem 2.4, contains a projection J?„ of fB. The sequence \E„], however, 
is evidently not necessarily monotone, and our next step is to show that there 
exists a monotone non-increasing sequence { | of projections in such that 
B« — F„ is in T, n = 1, 2, • • • . We begin by s(itting Fi = Ei and then, assuming 
that Fn is determined for all n ^ N, we show that Fn+i can be defined. 

We note first that 

T{tn)T{en+i)T{€„) = r(e,+i) 

and hence that FnEn+\Fk — En+i is in ST. Consequently, it follows that 
{FmEk+iFn)^ - FnEk+iFh is in X Thus, if SWat is the range of Fk , FhEn+iFm 
induces in SWat a self-adjoint transformation B^+i congruent to its square modulo 
the class of all totally continuous operators in SD?Ar . Hence, by Theorem 2.4, 
there exists in 3jlii a projection F^+i congruent to E^+i modulo that class. 
Therefore if F^+i is the projection in ^ which is equal to F^+i in SWat, equal to 
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z6ro in § © , then — F tfEt^^iF if is in ST But then Fif^i — En^i is in. 

and since is equal to zero in ^ 0 SWjy, we have ^ Fjv. Thus the se- 
quence {Fn} with the stated properties exists. 

Now let us suppose that r(€„) is never zero. Then, if lim T{en) = 0, r(€n) 

n-*oo 

must be different from T(€n+i) for an infinite number of values of n. Hence 
we can select a subsequence {T{eni)} such that T{€ni,+^) < T(€n*) holds, A; = 1, 
2, • • • . Consequently, we clearly have Fn*+i < Fn], ^ k = 1, 2, • • . , since 
r(€n) = T(Fn). Therefore, if is the range of Fnj^ , none of the spaces 
91* 0 is empty, and we can select an orthonormal set [ipk] with 

(Pk in yik © 9t*+i , A = 1, 2, ... . Let 91o be the closed linear manifold deter- 
mined by {v?*}, Fo the projection with range 9?o . Then Fo — FoFn^Fo is the pro- 
jection with range determined by j = 1, 2, • * • ky and hence belongs to 3”. 
Consequently 7'(Fo)F(Fnj)F(Fo) = 3’(Fo) and T{Fo) is clearly not zero. Hence, 
since we obviously have 


lim T{Fo)T{Fn])TiFo) = 0 
*-*00 

if lim T{(n) = 0, it follows that the latter is impossible. Therefore ir(e„) = 0 

n-*oo 

for all n sufficiently large, as we wished to show. 

It is of some interest to note the following alternative statement of the pre- 
ceding lemma; if { T(€n ) } is an infinite sequence of orthogonal projections in 9R, 
00 

and a ^ T{€n) is the identity in 8, then all but a finite number of terms of the 

n—l 

sequence T{€n) are zero. 

Theorem 5.6. The algebraic ring 911 is not closed in either the weak or strong 
topology for operators. 

We consider a monotone sequence { F(€n) } of projections in 911, with T{€n^i) > 
T{€n)f n = 1, 2, ••• . Such a sequence is readily generated by means of a 
sequence {En} of projections in ffi such that Fn+i — Fn is a projection with 
range a Hilbert space, n = 1, 2, . * • ; we have only to choose €n as the residue 
class of En . The sequence T{€n), being monotone, is convergent in both the 
weak and the strong topologies and has a limit which is a projection. Let us 
suppose that this limit is in 9R and hence that it has the form T^e) where € 
is an idempotent in fjB/T. Then {T{€n) — T{i)] is a monotone non-increasing 
sequence of projections in 9R with limit zero and thus T{€n) = Tie) for all n 
greater than some integer iV, by Lemma 5.3. This, however, is impossible in 
view of the fact that {F(cn)} was chosen with Titn^i) > T{en)j n = 1, 2, • • • ; 
we must conclude therefore that the sequence { T{en ) } has no limit in 9R. 

We proceed now to examine the relationship between the spectrum of a self- 
adjoint member of 9R and the corresponding self-adjoint transformations in SB. 
We begin with a formal definition. 

Definition 6.2. Let A be an arbitrary self-adjoint tran^ormation in Then 
a point \ of the spectrum of A which is a limit point of the spectrum or a character- 
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istic value of infinite multiplicity is called a point of condensation of the spectrum,^ 
The set of all such points is called the condensed spectrum of A . The complementary 
set in the \-plane is called the augmented resolvent set of A, 

Theorem 5.7. Let A be a self-adjoint transformation in Then a necessary 
and sufficient condition that \ belong to the augmented resolvent set of A is that the 
manifold SJt of solutions of the equation Af — X/ = 0 have a finite dimension number 
and that in ^ © 90?, A — \ I induce a transformation with bounded inverse. 

Let 9K be the manifold of zeros of ^4, the transformation induced in ^ 0 9Dl 
by A, Then the condition of the theorem may hi) stated in this way: 9K is 
finite-dimensional and X is in the resolvent set of Ai . But the latter is possible 
if and only if X is a finite distance from the spectmm of i4i , which is to say 
that X is an isolat'd point of the specdnim of A or belongs to the resolvent set of 
A . Thus the theorem follows. 

Theorem 5.8. Let A be a self-adjoint transformation in §. Then the resolvent 
set of the transformation T(A) in 2 is the augmented resolvent set of A and the 
spectrum of T{A) is the condensed spectrum of A. Every point in the spectrum of 
T{A) is a characteristic value with multiplicity c. 

Let X belong to the augmented resolvent set of A , and let SJfl be the manifold 
of zeros of ^4 — X/, E the projection operator of § 0 9DI. Let B be equal in 
9)? to zero, and in ^ © 9JJ to the inverse of the transformation induced in that 
space hy A — X/. Then B is in fB and B(A — X/) = E. Thus 
T{B)T{A — X/) = T{E), But T{E) is the identity in S, since / — E' is in T, 
and hence T(B) = [T{A) — X7X/)r^ Therefore X is in the rcsolvent set of 
T(.4). 

Now suppose X is in the condensed spectrum of A . Then X is either a char- 
acteristic value of infinite multiplicity or a limit point of the spectrum of A, 
and in either case we can select an orthonormal set {v^nj in ^ such that 

lim {A(Pn f ipn) = h 

n— >00 

lim {A(p„ , = X*. 

n-*oo 

Thus 

lim I A<pn — X^„ 1^ = lim (| Aip^ f + X*| — 2\{A<p„ , (pn)) = 0. 

n-*oo n-*oo 

But then, if is any subsequence of \<Pn] and it the element of 8' containing 
we have 

T{A)^ = XiJ. 

Moreover, there exist c such subsequences such that any two have only a finite 
number of terms in common and consequently c orthogonal elements of 8' 
satisfying the preceding equation. Therefore X is a characteristic value of r(.4) 
with multiplicity c. 


*' These are the Hfiufungspunkte of the spectrum in the sense of Weyl, [20]. 
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We have now shown that every point of the augmented resolvent set of A is 
in the resolvent set of T(A) and that every point of the condensed spectrum of 
A is in the spectrum of T{A). But since the augmented resolvent set and the 
condensed spectrum of A together constitute the entire X-plane, they must be 
respectively the entire resolvent set and the entire spectrum of A, 

It should be observed that we cannot infer from theorem 5.8 that the sum of 
the characteristic manifolds of T{A) is 8. Whether or not this is so we are 
unable to say at present. 

We now have from Theorem 5.8 the classical theorem of Weyl [20]. 

Theorem 5.9. Let A and B be two self-adjoint transformations in such 
that A — Bis totally continuous. Then A and B have the same condensed spectrum 
and the same augmented resolvent sct.^^ 

The theorem is obvious since T{A) = T{B). 

We proceed now to determine the resolution of the identity corresponding to 
a self-adjoint transformation in by means of the resolution of the identity 
of a corresponding member of SB. If A is self-adjoint in E{\) its resolution 
of the identity, it is clear that T(E{\)) has many of the properties of a resolution 
of the identity in 8. Specifically, it is readily shown that the following asser- 
tions hold: 

(1) T{E{\)) permutes with T(A); 

(2) TiE{\))T{E(^J)) = T{E{u)) T{E{\)) = T(E{f,)) for m ^ X; 

(3) T{E{\)) = 0 if X is less than the lower bound of T{A)y T(E{\)) = 1 if X 
exceeds the upper bound of T(A); 

(4) in the range of T{E{\)), the upper bound of T{A) does not exceed X, and 
in the range of 1 — T{E{\)) the lower bound of 7X^4) is not less than X. 

In spite of these facts T{E(\)) fails usually to be the resolution of the identity 
for T{A). This is readily seen in view of Lemma 5.3, which assures us that in 
general we do not have 

Urn T{E{X + €)) = T{E{\)). 

«-*o 

Moreover, if A and B are self-adjoint and congruent modulo T, E{\) and F(X) 
their respective resolutions of the identity, we do not in general have 
^(X) — F(X) in Sr. Thus for a self-adjoint transformation T{A) in 9R we can 
exhibit many monotone families of projections with the properties (1) — (4) 
above, none of which is the resolution of the identity of A. 

We can however, derive from any one of these families of projections the 
resolution of the identity belonging to the member of 9ll in question. The 
procedure is described in the following theorem. 

Theorem 5.10. Let A be a self-adjoint transformation in E{\) its resolution 
of the identity. Let £(X) be the family of projections in 8 defined by the equation 

JE(X) = lim r(^(X + €)), € > 0, 

** Weyl proves also that if A is an arbitrary bounded self-adjoint transformation, there 
exists a totally continuous self-adjoint transformation T such that A T has a pure point 
spectrum. At present we see no direct way to derive this result from ours. Cf. also [ 14 ]. 
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ThenE(\) is the resolution of the identity in ? of T{A), 

The existence of the limit iS(X) follows of course from the monotone character 
of the family T{E{\)) which follows in turn from the corresponding property of 
E{\), We shall now show thatf?(X) has the following six properties: 

(1) E(\) permutes with T(A)] 

(2) Ei\)E(y) = Eiy)E{\) = jB(/i) for /X g X; 

(3) £(X) = 0 for X < a (a the lower bound of T{A))^ andiB(X) = 1 for X ^ 6 
(6 the upper bound of T{A))] 

(4) lim£(X + e) = E(\), e> 0] 

«-»o 

(5) in the range of £(X), the upper bound of T{A) does not exceed X; 

(6) in the range of 1 — £(X), the lower bound of T{A) is not less than X and if 
it is equal to X it is not attained. 

The validity of (1) follows at once from the permutability of T(A) and T{E{\)). 
To prove (2), we note first that 

T{E{\ + e))T(E{n)) = T{E{tx))T{Ei\ + e)) for all € > 0. 

Thus, allowing e to tend to zero, we have 

E{\)T(E(ix)) = r(E(fjL))E{X). 

Hence 

E{\)T{E(fx + c)) = r(E(M + e))E{\) 

for all fjL and all € > 0. Consequently, again allowing c to approach zero, we 
have 

£(X)£(m) = £(m)£(X). 

Moreover, if m = X, we have clearly Eifx) ^ ^(X), and so £(X)£(/z) = E(ti), 
Therefore (2) holds. 

Now let a be the lower bound of T{A). Then by Theorem 5.8, a is the lower 
bound of the condensed spectrum of A and it follows therefore that if X is less 
than a, then the range of E{\) must be finite-dimensional. For otherwise the 
spectrum of A would have points of condensation less than or equal to X. Thus 
T(E{\)) = 0 for X < a and therefore J?(X) = 0 for X < a. 

On the other hand, let b be the upper bound of the spectrum of T{A), Then 
b is the upper bound of the condensed spectrum of A and by a similar argument 
I — E{\) has a finite-dimensional range, X ^ f). Thus 7\E(\ + c)) = T(I) 
for X ^ & and c > 0. But then E(K) is the identity in 8 for X ^ b. Thus we 
have (3). 

Next we note that for €i > € > 0, we have 

£(X) ^ E(\ + e) ^ T{E{\ -h €i)). 

Hence, allowing c and €i both to approach zero, preserving the relations €i > €, 
€i > 0, we obtain (4). 

Finally, we consider the behavior of T{A) in the range of £(X) and its orthog- 
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onal complement. Since E{\)AE(\) has upper bound not exceeding X, it 
follows that the upper bound of T(E(X + €))T(A)T(E(\ + €)) does not exceed 
X + €. But for every / in we have 

{E(\)T(A)E(\)f,f) = lim (T(E(\ + e))T{A)T(E(\ + c))/,/), € > 0. 

Hence the upper bound of E(\)T(A)E(\) does not exceed X and (6) is established. 

In entirely similar fashion, it can be shown that in the range of 1 — E(k) the 
lower bound of T(A) is not less than X. Moreover, if X is the lower bound and 
this lower bound is attained, we have for some / in 1 ?, 

(1 - E(\))T(A)(1 - E(\))f = X/.^^ 

Hence 

lim {T(A){1 - E(\ + €))/,(! - £(X + e))f) = X | / 

«-*o 

But {T(A) (1 — £(X + e))/, (1 — E{\ + €))/) is monotone non-decreasing as c 
approaches zero, and consequently we have 

{T(A){1 - E{\ + €))/,(! - E{\ + €))/) g X l/r 

for some € > 0. This, however is impossible, since in the range of 1 — E(\ + c), 
the lower bound of T(A) is not less than X. Hence, we have (6). 

These six properties are sufficient to characterize JE(X) as the resolution of the 
identity of T(A). One can for example, argue as follows: On the basis of these 
six properties the approximation theorem (Theorem G) of the paper [0] of Lengyel 
and Stone can be proved and from this result it follows that£(X) permutc^s with 
every bounded linear operator defined over 8 which permutes with T{A) ([6], 
Theorem 7). But this fact together with properties (1), (5), (0) above uniquely 
determines £(X) as the resolution of the identity for T{A) ([0], Theorem 5). 

We are now in position to establish certain relationships between the resolu- 
tions of the identity belonging to two self-adjoint transformations in ^ whose 
difference is totally continuous. 

Theorem 5.11. Let A and B be self-adjoint transformations in ^ such that 
A — B is totally continuous. Let E{\) ami F{\) be the resolutions of the identity 
corresponding to A and B respectively. Then, if y. is in the, augumented resolvent 
set of A, E(y) — F(y) is totally continuous. 

Let£(X) be the resolution of the identity of T{A) in 8. Then, since y is in 
the resolvent set of T{A), we have for some* 5 > 0, E{y — 5) = E{y -f- 5). But, 
from Theorem 5.10 it is clear that we have 

E(y — 6) ^ T{E{y)) ^ E{y -f 5), 

E{y — 6) ^ T{F{y)) ^ E{y -j- 5). 


*• [6], Theorem 3, for example. 
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Thus T{E{fi)) = T{F(fi)) and hence E(n) — F(n) belongs to T, as we wished to 
show. 

It is. important to note that the requirement that ju be in the augmented 
resolvent se^t cannot be dropped from Theorem 5.11. Consider, for example, 
a nonnegative definite self-adjoint transformation A in § which is totally 
continuous and has an inverse, and its resolution of the identity £(X). Consider 
also the transformation 0 in and its resolution of the identity F(\), Then 
A — 0 is in ,T, but E(0) = 0 and F(0) = /. 

Theorem 5.12.*^ Let A and B he self-adjoint transformations in such that 
A — B is totally continmuSy and let E{\) and F{\) be their respective resolutions 
of the identity. Then^ if y is kss than X, there exists a totally continuous trans- 
formation , in B 87ich that E{y) + is a projection satisfying the inequality 

Ein) + 7;.x g F{\). 

If can be chosen so that the equality sign holds, then the only points Xo on the 
interval ^ < Xo < X which belojig U) the spectrum of either A or B are characteristic 
values of finite multiplicity. 

Conversely, let A and B be self-adjoint transformations in with resolutions of 
the identity E{\) and F{\), respectively. Then, if the inequalities T{E{y)) ^ 
T{F{\)) and T{F(fx)) ^ T(E(\)) hold for all X and y such that y < \, A — B is 
totally continuous. 

We prove the converse part fii-st. From the iruHjualities in question, it fol- 
lows at once that 

lim T{E{\ + €)) = lim T{F{\ + «)), e > 0, 

«-*0 «-»0 

for all X and thus that T{A) and T{B) havo the same resolution of the identity. 
Hence T{A) = T{B), or B is in X 
Now let — B belong to X, and let E{\) be the resolution of the identity of 
T(A) in V. Then, for (i < \, we have 

T(EM) g £(m) ^ r(F{\)). 

Hence T{F{\))T{Ei^))TiF{\)) = T{Ei^)) and therefore F{\)E(n)F{\) - E{n) 
is in X. Consequently, invoking Theorem 2.4 with reference to the ring of 
bounded everywhere defined operators in the range of F{\), we see that there 
exists a totally continuous operator To in IB, with the value zero in the range of 
I — F(X), such that 

F(X)F(#i)F(X) + To 

is a projection satisfying 

F(X)F(m)F(X) + To ^ F(X). 

*> Compare §4 of [20] to which this theorem is closely related. 
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Thus, if we set 

Tm.x = To + F(\)E(fji)F(\) ~ 

T^,x , is in IT and jB(m) + T^.x is a projection satisfying the inequality of the 
theorem. 

Now suppose we have 

E, + r,.x = F{\), 

Then T{E{n)) = T{F{)C))^ and since for all Xo on the interval fx < \o have 

T(£(m)) g E{\o) S T(F(X)), 

it follows that E{\) is constant on that interval. Hence every point on the in- 
terval is in the resolvent set of T(A) = T(B), and this is equivalent to the 
concluding statement of the first paragraph of the theorem. 

Corollary. Let A , F(X), and F{\) be as in Theorem 5.12. Then^ if 

F(m)F(X) - F(X)F(m) 

is totally continuous. 

From the inequality of Theorem 5.12, we have, for y < \ 

F{\)E(^) + F(X)7;.x = F(m)F(X) + 7VxF(X), 
or 

F(X)F(m) - F(m)F(X) = r,.xF{X) - F(X)7;.x. 

Thus F{\)E{ix) — E{y)F{\) is totally continuous for m < X, and by symmetry 
for /z > X also. 

This is not necessarily so, however, for X = m- For consider any two projec- 
tions E and F in § such that 5R(F) and 9^(F) and their orthogonal complements 
are Hilbert spaces. Let A be a transformation which is equal to zero in 9i(F) 
and which induces in § © dt{E) a nonnegative definite self-adjoint totally con- 
tinuous transformation whose inverse exists. Then /4 is in 3” and if E(\) is the 
resolution of the identity of Ay E{0) = E. Similarly, we can define a self- 
adjoint totally continuous operator B with resolution of the identity F(X) such 
that F(0) = F. But then i4 — B is in T, while in general E{0)F{0) — F(0)E{0) 
is not. 

It follows also from the preceding example that the hypothesis /z < X of 
Theorem 5.12 cannot be replaced by the hypothesis /z ^ X. 

We conclude this paper with a few observations concerning congruence 
modulo 3* in SB which are not restricted to self-adjoint transformations. 

Theorem 5.13. Let Ai and A2 be members of SB whose difference belongs to 3", 
Ai as WiBi , A 2 = W 2 B 2 their canonical decompositions. Then Bi — B 2 is in 3*, 
and if zero is in the augmented resolvent set of Bi , Wi — W 2 is in 3. 

Since aUi = Bl , At At = Bl , we have TiAtAi) = T(Bl) = TiB\). More- 
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over, [r(Bi)]’ = [r(Bj)]* = T(B\). But Bi and Bt are nonnegative definite 
and hence 

Lim (Bi/n,/») ^ 0, Lim (Btf^Jn) ^ 0 

n-*«o n-*QO 

for all {/«} in 8", by property (/) of Lim. Hence T{Bi) and are both 

n-*oo 

nonnegative definite, and since T{Bl) can have only one nonnegative definite 
square root, we have T{Bi) = T(B2) which implies that Bi - B2 is in X 
Now let 


T(Ai) = WB 

be the canonical decomposition of T(Ai), Then B = T(Bi) = TiBz), More- 
over, 


' T(Ai) = T{Wi)T{B,) = T{W2)T{B2). 

Hence we can infer that the initial set of the partially isometric transformation 
T{Wi) contains the initial set of W (the closure of the range of B) and that the 
two transformations are equal there. Hence T(Wi) is identical with W pro- 
vided the initial set of T{Wi) is the closure of the range of B, But, if the 
origin is in the augmented resolvent set of Bi , it is in the resolvent set of 
T{Bi) = B and hence W is unitary. Thus under the hypothesis of the theorem 
we have T{Wi) = W, Furthermore, under that hypothesis, the origin is also 
in the augmented resolvent set of B 2 and hence a similar argument yields the 
equation ^(^^ 2 ) = W. Thus T{W,) = r{W 2 ) and Wi - W 2 is in J as we 
wished to show. 

We wish to emphasize that the hypothesis that zero be in the augmented 
resolvent set of Bi cannot be omitted from Theorem 5.13. For example, con- 
sider a totally continuous nonnegative definite self-adjoint transformation A 
with an inverse. Then if A = WiBi is its canonical decomposition and 0 = 
W2B2 is the canonical decomposition of 0, we have Wi = /, W2 = 0, — 0 in T. 

We now extend Theorem 5.9 to cover transformations which are not neces- 
sarily self-adjoint. 

Definition 5.3. Let A be an arbitrary bounded everywhere defined transforma- 
tion in We define the augmented resolvent set of A as the set of points X in the 
complex plane such that the following conditions are satisfied: 

(1) the manifold of zeros 0/ A — X/ has a finite dimension number; 

( 2 ) the range of A XI is closed; 

( 3 ) the orthogonal complement of the range of A — \I has a finite dimension 
number. 

The complement of the augmented resolvent set is called the condensed spectrum of A, 
Evidently the augmented resolvent set of A contains the resolvent set, so that 
our terminology is justified. 

Theorem 5.14. Let A and C be two bounded everywhere-defined transforma- 
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tions in ^ stick that A C is totally contintwus. Then A and C hive the same 
augmented resolvent sets. 

It is sufficient for the proof to show that every point in the augmented re- 
solvent set of A is also in the augmented resolvent set of C. 

Let X be a point of the augmented resolvent set of A, SD? the manifold of zeros 
of A — X/. Then on ^ © 9)i, A — Xi induces a transformation T with an 
inverse whose range is 5R(A — X/). Moreover, since 9{(A — X/) is closed, 
T~^ is bounded. 

Now let be the manifold of zeros of C — X/. Then if is a Hilbert space, 
0 is a Hilbert space, and T has a contraction Ti with domain 

($ 0 90?) *91 which also has a bounded inverse. But in (§ © 9)?) *9?, we have 
A — C = Ti and this contradicts our hypothesis that A — C is in T. Hence 9? 
must have a finite dimension number. 

We now observe that when X is a point of the augmented resolvent set of A, 
X is a point of the augmented resolvent set of A*. Hence the preceding argu- 
ment serves to show that the manifold of zeros of C* — X/ has a finite dimension 
number. But this manifold is precisely the orthogonal complement of the 
closure of — X/), and hence to show that X is in the augmented resolvent 
set of C, it remains only for us to prove that 5R(C — X/) is closed. 

To establish the latter we consider the canonical decompositions 

A - X/ = WiBi , C - X/ = W 2 B 2 . 

From Theorem 5.13, it follows that Bi — B 2 is totally continuous. Moreover, 
since the range of A — X/ is closed, so also is the range of Bi , while the manifold 
of zeros of Bi is the manifold of zeros of A — X/. But them the origin is in the 
augmented resolvent set of Bi and hence in the augmented resolvent set of B 2 . 
Hence 9?(J52) is closed wliich implies that 9?(C — X/) is closed also as we wished 
to show. 

If X is in the augmented resolvent set of A, we denote by Rx the transforma- 
tion which is equal to zero in § 0 9?(A — X/) and which takes each element / 
of 9?(A — X/) into that element g in the orthogonal complement of the manifold 
of zeros of (A — X/) which satisfies (A — \I)g = f. Thus R\(A — X/) is the 
projection with range the orthogonal complement of the manifold of zeros of 
A — X/. We call the family of transformations R\ so defined the augmented 
resolvent of A. 

Theorem 5.15. Let A and B he two transformations in § such that A B 
is in X Let Rx^ and Rx^ he respectively their augmented resolvents. Then 
Rx^ — Rx^ is in X for all X for which these transformations are defined. 

Consider the transformation r(A) = T(B) in 8. If X is in the augmented 
resolvent set of A (or B) it is in the resolvent set of T{A)^ and T{Rx^) and T{Rx^) 
are both inverses of T{A) — X-1 = T{B) ~ X-1. But only one such inverse 
can exist; hence T{Ri^^) = r(i2f’) and is in X 

Illinois Institute of Technology 
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MEASURE-PRESERVING HOMEOMORPHISMS AND METRICAL 

TRANSITIVITY* 

By J. C. Oxtoby and S. M. Ulam 
(R eceived May 1, 1941) 

Introduction 

In the study of dynamical systems one is led naturally to the consideration 
of measure-preserving transformations. A Hamiltonian system of 2n differen- 
tial equations induces in the phase space of the system a measure-preserving 
flow, that is, a one-parameter group of transformations that leave invariant the 
2n-dimensional measure. Making use of one or more integrals of the system, 
one obtains a reduced phase manifold of lower dimension which likewise under- 
goes a flow into itself, and in general admits an invariant measure related in a 
simple manner to that in the larger phase space. If the differential equations 
are sufficiently regular the flow will have corresponding properties of continuity 
and differentiability. Thus the study of one-parameter continuous groups of 
measure-preserving automorjihisms^ of finite dimensional spaces has an immedi- 
ate bearing on dynamics and the theory of differential equations. 

In statistical mechanics one is especially interested in time-average properties 
of a system. In the classical theory the assumption was made that the average 
time spent in any region of phase space is proportional to the volume of the region 
in terms of the invariant measure, more generally, that time-averages may be 
replaced by space-averages. To justify this interchange, a number of hypotheses 
were proposed, variously known as ergodic or quasi-ergodic hypotheses, but a 
rigorous discussion of the precise conditions under which the interchange is per- 
missible was only made possible in 1931 by the ergodic theorem of Birkhoff.^ 
This established the existence of the time-averages in question, for almost all 
initial conditions, and showed that if we neglect sets of measure zero, the inter- 
change of time- and space-averages is permissible if and only if the flow in the 
phase space is metrically transitive, A transformation or a flow is said to be 
metrically transitive if there do not exist two disjoint invariant sets both having 

* This paper includes results presented to the.Amer. Math. Soc. in preliminary reports 
on April 16 and December 30, 1938. Most of the results were obtained while the authors 
were members of the Harvard Society of Fellows. 

^ An automorphism is a 1:1 bicontinuous transformation of a space onto itself. It is 
measure-preserving with respect to a measure if ftTA nA ^ nT~^A whenever A is 
measurable. 

* G. D. Birkhoff, Proof of the ergodic theorem, Proc. Nat. Acad. USA. 17 (1931) 660-660. 
An interesting connection between this theorem and the fundamental theorem of the cal- 
culus has been shown by N. Wiener. See The ergodic theorem. Duke Jour. 6 (1939) 1-18. 
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positive measure/ Thus the effect of the ergodic theorem was to replace the 
ergodic hypothesis by the hypothesis of metrical transitivity/ 

Nevertheless, in spite of the simplification introduced by the ergodic theorem, 
the problem of deciding whether particular systems are metrically transitive or 
not has proved to be very difficult. Hedlund® showed that the flow defined by 
the system of geodesics on certain surfaces of constant negative curvature is 
metrically transitive, and this result was generalized by Hopf.® More recently, 
the result has been extended to surfaces of variable negative curvature, inde- 
pendently by both Hedlund^ and Hopf.® This important class of systems is 
so far the only large class known to be metrically transitive. In fact, the only 
other known examples of metrically transitive continuous flows are the spiral 
motions on the n-dimensional torus, including the rotation of the circumference 
of a circle as the simplest example of all. The ergodic properties of these sys- 
tems were established as long ago as 1916 by Weyl,® in a (juite different con- 
nection. 

Thus the known examples of metrically transitive continuous flows are all in 
manifolds, indeed in manifolds of restricted topological type, either toruses or 
manifolds of direction elements over surfaces of negative curvature.^® An 
outstanding problem in ergodic theory has been the existence question — can a 
metrically transitive continuous flow exist in an arbitrary manifold, or in any 
space that is not a manifold? In the present paper we shall obtain a complete 
answer to this question, at least on the topological level, for polyhedra of dimen- 
sion three or more. It will appear that the only condition that needs to be 
imposed is a trivially necessary kind of connectedness. In particular, there 
exists a metrically transitive continuous flow in the cube, in the solid torus, and 
in any pseudo-manifold of dimension at least three. Since the phase spaces of 
dynamical systems have the reejuired kind of connectedness, it follows that the 
hypothesis of metrical transitivity in dynamics involves no topological contradic- 
tion. More precisely, in any pliase space there can exist a continuous flow 

• The notion was first introduced in a different connection by G. D. Birkhoff and P. A. 
Smith. See Structure analysis of surface transfonnations. Liouville's Jour. 7 (1928) 365. 

^ For a historical survey, see G. I). Birkhoff and B. O. Koopman, Recent contributions 
to the ergodic theory. Proc. Nat. Acad. USA. 18 (1932) 279. 

• G. A. Hedlund, On the metrical transitivity of the geodesics on closed surfaces of constant 
negative curvature. Ann. of Math. 36 (1935) 787, See also his paper, A new proof for a 
metrically transitive system. Amer. J. Math. 62 (1940) 233-242. 

• E. Hopf, Fuchsian groups and ergodic theory. Trans. Amer. Math. Soc. 39 (1936) 299. 
See also his booklet, Ergodentheorie. Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 6, Berlin 1937. 

^ G. A. Hedlund, Bull. Amer. Math. Soc. Abstract 46-3-173. 

• E. Hopf, Statistik der geoddtischen Ldnien in Mannigfaliigkeiten negativer KrUmmung. 
Ber. Verh. S&chs. Akad. Wiss. Leipzig 91 (1939) 261-304. 

• H. Weyl, ^her die Oleickverteilung von Zahlen mod. Eins. Math. Ann. 77 (1916) 315. 

^®Some examples of discontinuous flows have been studied. See E. Hopf, Ergoden- 

theorie^ and J. von Neumann, Zur Operatorenmethode in der klassischen Mechanik. Annals 
of Math. 38 (1932) 587-642. 
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metrically transitive with respect to the invariant measure associated with 
the system. 

It may be recalled that the original ergodic hjrpothesis of Boltzmann — that a 
single streamline passes through all points of phase space — had to be abandoned 
because it involved a topological impossibility.^®® It was replaced by a quasi- 
ergodic hypothesis — that some streamline passes arbitrarily close to all points 
of phase space. But it is not obvious that even this weak hypothesis is topologi- 
cally reasonable in general phase spaces, and in any case it is not sufficient to 
justify the interchange of time- and space-averages. It is therefore of some 
interest to know that the ergodic hypothesis in its modem form of metrical 
transitivity is at least free from any objection on topological grounds. 

It must be emphasized, however, that our investigation is on the topological 
level. The flows we construct are continuous groups of measure-preserving 
automorphisms, but not necessarily differentiable or derivable from differential 
equations. Thus they correspond to dynamical systems only in a generalized 
sense. In this respect the flows studied by Hedlund and Hopf are closer to the 
dynamical problem. In any case, the problem is illuminated by considering it 
in a more general setting, and probably a certain amount of generalization is 
necessary in order to give meaning to some questions of the type with which 
we deal. 

The conjecture has frequently been expressed, first by Birkhoff, then by 
Hopf and others, that metrical transitivity is probably the ^‘general case.'^ 
The conjecture was never given a precise formulation, but was based on the fact 
that the transitive case is the non-integrable case, in the sense that no uniform 
measurable integrals exist, and on the idea that a general transformation or flow 
should be expected to shuffle points in a more or less random fashion, and there- 
fore leave invariant as few sets as possible. To see the precise connection be- 
tween metrical transitivity and randomness, let us recall the statement of the 
ergodic theorem for transformations. It asserts that if m is a completely additive 
finite measure in Ej and T a measure-preserving transformation of E onto itself, 

then for any /x-intcgrable function f(p) on E the average value lim - 23 = 

n--»oo 

Pip) exists for almost all points p, is a measurable function of p, and that 
iP{p)dfjL{p) = jf{p)dfi{p). Metrical transitivity is precisely the condition 
that/*(p) should be constant for almost all p. Thus if T is metrically transitive 

uA 

and /a is the characteristic function of any measurable set ^4, we have ~ = 

txE 

lim - for almost all p. The left member of this equation repre- 

■»~*00 W | N «1 

sents the average number of images of p that fall in 4, or the frequency with 
which the images of p fall in the set A under iteration of T, and the equation 

”*A. Rosenthal, Beweia der Unmiglichkeit ergodiaeher Oassyateme, Ann. der Fhyaik, 
( 4 ) 42 ( 1913 ) 708 - 806 . 
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asserts that this frequency is proportional to the measure of i4. A sequence of 
points selected at random from E would be expected to have just such a distribu- 
tion, in fact, the ratio nAftiE may be interpreted as the probability that a point 
selected at random lies in A. Thus a metrically transitive transformation is one 
under which almost all points generate sequences that are distributed like random 
sequences in respect to the average number that fall in any measurable set. 
This perhaps makes it seem plausible that a measure-preserving transformation 
‘Iselected at random” should be metrically transitive. 

One might try to make precise th(i idea that metrical transitivity is the general 
case by introducing a measure in tli(' space of all measure-preserving transforma- 
tions of E, but it seems difficult to do this in any natural way. Nevertheless, 
there is a simple and natural metric in the space of automorphisms of E, in case E 
is compact, and one may ask whether in this space metrical transitivity is the 
general case in the topological seuse^ that is, whether su(*h automorphisms consti- 
tute all but a set of first category.^^ This is what we are going to show, under 
suitable assumptions about E. Thereby we shall dispose of the existence prob- 
lem at the same time.^^ The result is perhaps a little surprising in view of the 
fact that metrical transitivity is a purely measure- theoretic property, and it often 
happens that what is the general case in the sense of measure is exceptional in 
the sense of category, and vice versa.*^ 

The fact that metrical transitivity turns out to hv the general case in the 
topological sense raises the (piestion how far residual sets of measure-preserving 
automorphisms may exhibit other random properties. For instance, a random 
sequence is not only distributed so that the average number of points in a set is 
proportional to its measure, but the* limiting fn^quency is approached in the 
manner of ‘T^aplace-Liapounoff.” Presumably metrical transitivity is not 
sufficient to insure that almost all points should generate sequences exhibiting 
this more precise behavior. It would therefore be of interest to know whether 
transformations of this sort are likewi.se general, or indeed whether they can exist 


A set is said to be of first category if it can be represented as a sum of countably many 
nowhere dense sets. Any other set is said to be of second category. Complements of first 
category sets are called residual sets. 

Baire’s Theorem asserts that in a complete metric space every residual set is of second 
category and is dense. It summarizes concisely a typical form of existence proof. 

For instance, the law of large numbers is false in the sense of category. That is, the 
set of numbers x in 0 < x < 1 such that in their infinite dyadic development the number 
of ones in the first n places divided by n tends to one-half is of first category (although of 
measure one) . If Xn denoted the n-th digit in the dyadic development of x, the set in ques- 
tion is represented by 



-4“ g2 4" • • • + gy-f n 
AT + n 



and for iV > 0 and A; > 2 the set enclosed in square brackets is nowhere dense, as may be 
seen by inserting a sufficiently long block of zeros far out in the development of a number. 
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at all. A result in this direction is given in §12. In the same order of ideas one 
may ask for automorphisms exhibiting the various types of mixture properties.^^ 

In the course of our investigation we shall derive a number of results about 
transformations and measures which have an interest entirely apart from ques- 
tions relating to transitivity. In particular, the results obtained in Part II 
concerning measures topologically equivalent to Lebesgue measure appear to be 
fundamental to the theory of measure-preserving homeomorphisms. In sections 
13 to 15 a number of questions of group-theoretic interest are answered on the 
basis of these results. The paper involves an intimate combination of the 
methods of topology and measure theory. A suggestive example of the way in 
which such a combination of methods may lead to purely topological results 
not otherwise apparent is the sort of topological ergodic theorem obtained in 
§16. Another result of purely topological character is the Corollary to Lemma 
16 concerning equivalence of Cantor sets under automorphism of the containing 
space. This result is of independent interest since it adds to the results obtained 
by Antoine^® relating to this question. 

A fundamental outstanding problem in topology is that of approximating 
to an arbitrary homeomorphism by a differentiable one.'® In §18, as a by-prod- 
uct of our investigation, we obtain the result that any measure-preserving 
automorphism of the r-dimensional cube that leaves the boundary fixed can be 
approximated uniformly by one that is differentiable almost everywhere^ in fact, 
it is locally linear about almost all points. This result in itself is not strong 
enough to have important topological implications, but it suggests that the 
special properties of measure-preserving automorphisms may enable one to ob- 
tain approximation theorems for them that are difficult or perhaps impossible 
to establish in general. In any case, the very precise properties of the approxi- 
mating transformation obtained in Theorem 12 may well serve as a basis for 
answering other questions concerning approximation by automorphisms with 
special measure-theoretic properties. 

I. Preliminary Results 

1. Definitions and Principal Theorem 

We assume the standard notions'^ of polyhedron, euclidean polyhedron, and 
complex, except that we shall always understand these to be finite. Thus a 
polyhedron is compact. Some of the results can be generalized to infinite 
polyhedra, but it seems best to leave such extensions out of the present paper. 

See G. A. Hedlund, The dynamics of geodesic flows. Bull. Amer. Math. Soc. 45 (1939) 
241-260. 

L. Antoine, Sur V homtomorphie de deux figures et de leurs voisinage, Liouville's Jour. 
(8) 4 (1921) 221-325 esp. p. 307 ff. 

J. W. Alexander, Some problems in topology. Verb, des Int. Math. Kong. Zurich 1932, 
vol. 1, p. 240-267.- 

For all topological definitions see P. Alexandroff and H. Hopf, Topologie 7, Berlin 
1935, hereafter referred to as AH. 
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A regular point of an r-dimensional polyhedron is a point that has a neighborhood 
homeomorphic to an open sphere in r-space, any other point of the polyhedron 
is called singular. A polyhedron is called regularly connected if its regular points 
form a connected set dense in the polyhedron.’* 

A finite outer measure in a space is a function n* defined for all subsets of E 
and satisf 3 dng the three conditions: 

Ml : 0 ^ ^ 0 < ii*E < + « , y* (void set) = 0 

M2: y*A ^ y*B if A d B 

M3: E A„ g f; 

n—1 n-*l 

A set A is measurable with respect to m* if = ^i*WA + ti*W(E — A) for 
every set W. The function /x* is completely additive with respect to its class of 
measurable sets, and the measure function thus derived from /x* by restricting 
its domain is denoted by /x.^^ 

A Carathiodory outer measure is one that satisfies also the condition 
M4: y.*{A •:}- fi) = if A and B are separated by a positive distance. 

The measurable sets then include all Borel sets. 

By a Lehesgue-Siieltjes outer measxire in a polyhedron, we shall understand a 
finite Carath6odory outer measure that satisfies the further condition 
M5 : iJi*A = inf /x*G G open. 

OD A 

A measure derived from such an outer measure will be called a Lebesgue-Stieltjcs 
measure (LS measure).^® 

We introduce the following special definition. A Lebesguc-Stieltjes measure 
in an r-dimensional polyhedron J?, r ^ 1 , will be called r-dimensional if it is zero 
for points, zero for the set of singular points, and positive for neighborhoods of 
regular points. This definition is consistent with ordinary usage, vsince r-dimen- 
sional Lebesgue measure in any r-dimensional euclidean polyhedron evidently 
fulfills the requirements. The invariant measures associated with dynamical 
systems are usually defined by integrating a positive density function and are 
therefore r-dimensional in the present sense. 

The set of all automorphisms of a polyhedron E (or of any compact space' 
is made into a metric space H[E] by the definition 

piO) [max hx)y max hr^x)\y 

X* B X € B 

This is equivalent to the ordinary definition. See AH pp. 400, 402. 

For the theory of measure, see Carath^odory, Vorlesungen ilher reellen Funktionen, 
Leipzig and Berlin 1918; or H. Hahn, Theorie der reelen Funktionen 7, Berlin 1921. 

For polyhedra embedded in euclidean spaces, these measures are the same as those 
obtained by relativizing measures in the containing space that are derived from non- 
negative additive functions of an interval. The reasoning is essentially contained in S. 
Saks, Theory of the integral, Warsaw'^Lwdw 1937, Chap. 3. Thus our definition is consistent 
with the ordinary concept of a non-negative Lebesgue-Stieltjes measure, and has the ad- 
vantage of being intrinsic. Also it is equally applicable to curved polyhedra, in which 
intervals have no meaning. An outer measure that satisfies conditions Ml to M5 is called 
by Hahn a (finite) Inhaltsfunktion. See Hahn, op. cit. p. 444. 
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where h are any two automorphisms of jB, and pb denotes distance in E, 
In this metric, convergence of a sequence of automorphisms means uniform con- 
vergence together with uniform convergence of the sequence of inverses. One 
can verify without diflBculty that the space H[E] is complete and that the group 
operations (composition and inverse of automorphisms) are continuous in this 
metric, so that H[E] is a metric group^ that is, a space of type (G) in the sense 
of (e.g.) Banach.^^ The distance of an automorphism from the identity will be 
called its norm, it is equal to the maximum distance through which any point is 
displaced by the automorphism. An arbitrarily small automorphism is one 
whose norm is arbitrarily small. 

It may be remarked that whereas uniform convergence of a sequence of auto- 
morphisms hn does not insure the existence of a limiting automorphism, neverthe- 
less uniform convergence of hn to an automorphism h implies uniform convergence 
of hn^ to /r\ therefore convergence in H[E],^^ Hence the metric in H[E] is 
topologically equivalent to the metric max psigx , hx) usually used to metrize 

X€B 

the space of continuous mappings of E into itself, but with respect to the latter 
metric the space of automorphisms is not complete. 

The main object of our investigation, however, will not be the space H[E] 
but rather the subspace consisting of all measure-preserving automorphisms with 
respect to a given LS measure This subspace, with the same metric as in 
H[E], will be denoted by M[E, p\. To see that M[Ey p] is a closed subset of H[E], 
and therefore complete, consider any sequence of measure-preserving auto- 
morphisms Tn converging to the limit T in H\E\ Let F be any closed subset 
of E, and G any open set containing TF, F rom the uniform convergence of the 
sequence Tn it follows that TnF C G, for all sufficiently large n, so that p*G ^ 
p*TnF = p*F. Therefore p*F ^ p*TF, by condition M5. Similar reasoning 
applied to the sequence yields the inverse inequality, so that p*TF = p*F 
for all closed sets F. Hence equality holds also for all open sets, therefore for 
all sets, and the limiting automorphism T is therefore measure-preserving. Since 
the measure-preserving automorphisms of E form a group, it follows that 
M[E, p] is a metric group, in fact, a closed subgroup of H[E], 

In case -E is a rectangular r-ccll R, and p is the ordinary r-dimensional Lebesgue 
measure m in R, we shall write simply M[R] instead of M[R, m]. The closed 
subgroups of M[R] and i7[/2] consisting of automorphisms that leave all boundary 
points fixed, we shall denote by Mo[R] and Ho[R] respectively. 

Theorem 1 : Let E be any regularly connected polyhedron of dimension r ^ 2, 

S. Banach, TMorie des operations IMaires, Warsaw 1932, Chap. 1 and p. 229. Our 
metric in H[E] is topologically equivalent to the one there assigned to this group. 

**J. Schreier and S. Ulam, Vber topologische Abhildungen der euklidischen Sphdren, 
Fund. Math. 913 (1934) 102-118, esp. p. 104. 

** We shall denote general measures by p or v. The letter m will be reserved for Lebesgue 
measure. General automorphisms will be denoted by g or h, measure-preserving auto- 
morphisms by S or T, For LS measures, the definition of a measure-preserving auto^ 
morphism may be taken to be the condition p*TA » p*A for every A. 
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arid let ii he any r-dimensional Lebesgue-Stieltjes meas^ure in E. In the space 
M[Ej p] of measure-preserving automorphisms of E the metrically transitive auto- 
morphisms form a residual Ga set.^^ 

The proof of this theorem will only be completed in Part III. In Part IV 
we shall discuss the generality of the result and its significance for metrically 
transitive flows. 

In a previous note^^ one of us has obtained a similar result for the set of topologi- 
cally transitive automorphisms, for slightly different assumptions on E. A 
transformation is topologically transitive if there do not exist two disjoint in- 
variant open sets, both non-void, (or, equivalently, if the seciuence of images of 
some point is dense in E), Metrical transitivity with respect to an r-dimensional 
LS measure obviously implies topological transitivity. Hence Theorem 1 
may be considered as a generalization of the earlier result, but whereas the latter 
required only the most elementary constructions and properties of measure- 
preserving automorphisms, the present theorem will require a much more exten- 
sive investigation. 

As regards the interpretation of Theorem 1 as a piuof of the conjecture that 
metrical transitivity is the general case, it is interesting to note that the topologi- 
cal notion of probability in the sense of category can be subsumed under the 
general theory of measure and probability. In any complete metric space, if 
we define = 0 or 1 according as A is of first or second category, it is easily 
verified that conditions Ml, M2, M3 are satisficd,and that the class of measurable 
sets consists of the first category sets and the residual sets, which have measures 
zero and one respectively. The notion of probability in the sense of category 
is therefore a special case of the general notion of (non-Borel) measure. 

2. Preliminary Lemmas 

The object of this first sequence of lemmas is to show that the general situation 
can be reduced, in all essential respects, to the consideration of ordinary Lebesgue 
measure in a rectangular r-cell. In making this reduction, a central role is 
played by the notion of a continuous map/ of a convex cell Z onto a polyhedron E 
which is a homeomorphism up to the boundary. By this we shall mean that / 
maps the interior Zo of Z homeomorphically onto /Zo . For such continuous 
maps fBdZ = JE? — /Zo , so that f~^f is single-valued on Zo , though possibly 
multiple-valued on BdZ, 

Lemma 1 : Let E be the polyhedron of a regularly connected euclidean complex K 
of dimension r ^ 1. It is possible to represent E as the continuous image of a con- 
vex r-cell Z under a mapffvhich is a homeomorphism up to tho boundary and which 
is a simplidal map of a certain subdivision of Z onto K, 

This is not a new result, but rather a corollary of the known result that any 

A Oi set is one that can be represented as a countable intersection of open sets. 

** J. C. Oxtoby, Note on transitive transformations, Proc. Nat. Acad. USA. 28 (1937) 
443-446. See also E. Hopf, Statistische Problems und Ergehnisse in der klassischen 
Mechanik, Actualit4s Scientifiques et Industrielles, No. 737 (1938) 5-16. 
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regularly connected complex can be obtained from a convex cell by suitable 
boundary identifications.^ To prove it, let (Ti , • • • , <rn be the base simplexes of K, 
so numbered that each, after the first, has at least one regular face in com- 
mon with one of its predecessors. The possibility of such a numbering follows 
at once from the definition of a regularly connected complex.^^ Let n be any 
simplex in r-space, and set its vertices in correspondence with those of ai . 
Let ti,2 be the face of ri that corresponds to 0*1,2 . Take a new vertex outside n 
which forms with ri,2 a simplex r2 such that n + 72 is still convex. Any point 
suflSciently near the center of ri.2 will suflSce. Let this vertex correspond to the 
remaining vertex of 0*2 . Evidently we have a simplicial map of the complex 
Ti + 72 onto the complex o*i + 0*2, and the only (r — l)-simplex in 7i + 72 which 
does not lie on the boundary is 71.2 . Proceeding by induction, suppose that 
we have a complex Ki with r-dimensional base simplexes 7i , • • • , 7» whose union 
is a convex cell, and a simplicial map .onto the complex (Ti + <t2 + • • • + 
under which ry corresponds to o*/ , 1 ^ j ^ L Also suppose that the only (r-1)- 
simplexes of Ki that do not lie on the boundary are 71,2 , • • • , 7t-.i.» which corre- 
spond to 0*1,2 , • • * , . The simplex iTi,i^i is a face of some one of 0*1 , • • • , ory . 

Let 7<,t+i be the corresponding face of the corresponding one of the simplexes 
7i , • • • , 7,- . Since o’,,t+i is regular, it is distinct from 0*1,2 , • • • , , and it 

follows that 7i,t4.i lies on the boundary of the convex cell We can therefore 
adjoin a new simplex 7^+1 having 7»,t4.i for a face, and such that 7i + . . • + 7*>i 
is again convex. If we map the new vertex of 7*4.1 onto the remaining vertex of 
o-i+i the simplicial map will be extended to map Ki^i = n -h • • • + rt+i onto 
<ri + • • • + (Ti+ii and the only (r — l)-dimensional simplexes of Ki+i not on its 
boundary will be 71,2 , • • • , 7<,*+i . At the n-th stage we obtain a simplicial map 
of a complex iC„ onto K. If we map the simplexes 71, • • • j Tn affinely onto 
cri j • • • , o*n , we obtain a continuous map of a convex cell Z onto E. The interior 
of Z is the union of the interiors of 7i , • • • , 7n and of 71,2 , • • • , 7n-i,n . These 
correspond to the interiors of 0*1 , • • • , <rn and of <71,2 , • • • , (Tn-i.n respectively, 
which are disjoint since these simplexes are all distinct. Hence distinct interior 
points of Z go into distinct points, and the map is therefore a homeomorphism 
up to the boundary. 

Lemma 2: Let f be a continuous map of a rectangular r-cell Ry r ^ 1, onto a 
polyhedron E which is a homeomorphism up to the boundary. Let y, be an r-dimen- 
sional Lebesgue-Stieltjes measure in E, and suppose that yfBdR = 0. T.hen the 
function v*A = y*fA defines an r-dimensional Lebesgue-Stieltjes measure in R. 

That V* satisfies conditions Ml to M3 may be verified by inspection. Con- 

•• See AH p. 264. 

complex is homogeneous r-dimensional if every simplex lies on an r-simplex. A 
regular face is an (r — l)-simplex that lies on two and only two r>simplexes of the complex. 
A homogeneous r-dimensionsd complex K is regularly connected if in any division of K into 
two r-dimensioiial subcomplexes, these have in common at Iqast one regular face. It can 
be shown that a polyhedron is regularly connected if and only if it is the polyhedron of a 
regularly connected complex. See AH p. 402. 
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dition M4 is less evident in view of the fact that / need not be 1: 1 . To verify it, 
consider any two sets A, B contained in R and separated by a positive distance. 
Their closures A, J5 are disjoint, and therefore /A and/J5 intersect at most in a 
subset of /fid/2, since all other points have unique antecedents. Hence m/A *fB = 
0, by hypothesis. It is possible to enclose /(A + fi) in a (?a set C such that 
/i*/(A + fi) = /xC. Let Ai = C fA and fii = Then we have /A C Ai 

and/fi C fii , and so n*f{A + fi) = m*(/A + /fi) ^ m*(Ai + fii) g /x*C = 
/x*/(A + fi), that is, m*/(A + fi) = m(Ai + fii). But Ai and fii are Borel sets 
that intersect in a set of measure zero, therefore Ai(Ai + fii) = mAi + /xfii ^ 
/i*/A + M*/5> so v*{A + fi) ^ j/*A + v*fi. The inverse inequality follows 
from M2, and so M4 is satisfied. To verify condition M5, we have p*A = 
H*fA = inf fiG, But whenever G is an open set containing/A ,/ ^G is an open set 

OD/A 

in 72 containing A. Hence j'*A ^ inf vG, Again the inverse inequality follows 

OD A 

from M2, and the verification that j/ is a LS measure is complete. Furthermore, 
V is positive for nomvoid open sets in /2, because the image of such a set contains 
a neighborhood of a regular point of E, Finally, it is evident that single points 
have measure zero, and by hypothesis vBdR = ^fBdR = 0. Hence v is an 
r-dimensional LS measure in 72. 

Lemma 3 : Let fx be an r-dimensional LS measure in a regularly connected polyhe- 
dron fi, r ^ 1. It is possible to represent fi as the continuous image of a rectangu- 
lar r-cell 72 under a map f which is a homeomorphism up to the boundary ^ and which 
is such that u*fA = m*A for all A C 72, where m* denotes ordinary Lebesgue outer 
measure in 72. 

fi is homeomorphic to the polyhedron fii of a euclidean complex Ki . It is 
possible to choose the correspondence in such a way that all (r — l)-dimen- 
sional simplexes of Ki correspond to sets of measure zero. Because if /xi 
is the measure in fii corresponding to m under any homeomorphism, the singular 
(r — l)-simplexes have measure zero by hypothesis, and a suitably chosen auto- 
morphism of fii will displace all regular (r — l)-simplexes into sets of /xi-measure 
zero. (First displace the interiors of all 1 -simplexes not contained in the set of 
singular points to nearby positions having measure zero. Then do the same for 
2-simplexes, and so on until all regular (r — l)-simplexes have been displaced to sets 
having /xi-measure zero. The automorphism need displace only regular points 
of fii and may leave all vertices of Ki fixed.^®) We may therefore suppose that fi 
is the polyhedron of a euclidean complex K and that all lower dimensional sim- 
plexes of K have /it-measure zero. By Lemma 1 there exists a continuous map 
of a convex ceM Z’fonto fi which is a homeomorphism up to the boundary and is a 
simplicial map of a certain subdivision of Z onto K, Let us combine this map 
with a homeomorphism of Z onto a rectangular r-cell 72, of volume mR = gfi, 

*® More generally, any set of first category can be displaced to a set of measure zero by 
an automorphism. See our joint paper. On the equivalence of any set of first category to a 
set of measure zero. Fund. Math. 31 (1938) 201-206. 
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and let / denote the resulting map of R onto E, Then / is a homeomorphism 
up to the boundary, and since BdR corresponds to certain (r — l)-dimensional 
simplexes of Kj we see that jjfBdR = 0. By Lemma 2, the function v*A = 
iJL*fA defines an r-dimensional LS measure in ft, and also we have vR = wft. 
In Part II (Theorem 2) it will be shown that for any such measure there exists an 
automorphism ft of ft such that v*A = m*hA for all A d R. Assuming this 
result for the moment, we conclude that fhT^ is a continuous map of ft onto E 
which is a homeomorphism up to the boundary, and that m*A = iJL*fhr^A for 
all A C ft, as required. 

Lemma 4: Let f be a map of ft onto E with the properties stated in Lemma 3. 
Any Lebesgue-measure-preserving automorphism T of R that leaves the boundary, 
fixed corresponds to a ^-measure-preserving automorphism fTf~^ of E. On the 
other handy any n-measure-preserving automorphism T of E defines a transformation 
f~^Tf in ft which is a Lebesgue-measure-preserving homeomorphism of the open set 
Ro'f~^T^^fRo onto the open set RQ-f~^TfRo , both of which are contained in the in- 
terior fto of ft and have measure equal to mR, 

To prove the first assertion we first show that fTf~^ is a 1 : 1 map of E onto 
itself. Consider any point p in /fto . Then /”^p is single-valued, and therefore 
also fTf~^p. If p 4 /fto , then pefBdRy and so fTf~^p = p. Any point of fBdR 
is its own image, and any point pc/fto is the image of fT~Y ^p, Hence fTf~^ is a 
1 : 1 map of E onto itself, with inverse /7^y~\ Both these transformations carry 
closed sets into closed sets, and so they are automorphisms. That fTf~^ pre- 
serves p-measure is immediate, since = m*/“^A = m^Tf'~^A = p*fTf~^A 
for every set A d E. 

To prove the second assertion of the lemma, consider any p € Ro^f^^T~^fRo . 
Then Tfp e /fto and so f~^Tfp is single-valued on this domain. Its inverse is 
j-irp-ij domain Ro-f^TfRo . Both of these are continuous throughout 
these domains. Thus /“^ 7/ maps the open set Ro-f~^T~'^fRo homeomorphically 
onto Ro-f~^TfRQ , and does so in a measure-preserving manner, as follows from 
the measure-preserving properties of / and T. 

The partial correspondence between measure-preserving automorphisms of E 
and ft described in Lemma 4 makes it possible to reduce the proof of Theorem 1 
to the following lemma concerning transformations in ft and ordinary Lebesgue 
measure. 

Lemma 5: Let fto be the interior of a rectangular r-cell ft, r g 2, and let T be a 
measure-preserving homeomorphism of an open set G d Ro onto an open set TG d 
fto , where mG = mft, and let<ri y • • • ydsbe the cells of any given dyadic subdivision. 
There exist arbitrarily small automorphisms hi and hiof R that have the boundary 
fixed such that hiThi is a measure-preserving homeomorphism of Ki^Gy which has 
measure mft, onto hiTGj and such that under this transformation a certain closed 
set F is transformed in the following manner: There exists a positive integer K such 
that the first KN images of F under iteration of hiThz are disjoint and exactly K 
are contained An the interior of each cell <n and contain exactly half the measure 
of Oi . 

We shall prove this lemma in §7. We proceed to show that from it we can deduce 
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Theorem 1, as regards category. Let / be the map of R outer E defined in Lemma 
3, and let (Ti , or 2 , • • • , be an enumeration of all dyadic cells in R, If at and aj 
belong to the same dyadic subdivision, let Ei ,3 be the set of all automorphisms 
T € M[Ej ti] such that for some Borel set A we have TA = A, t^(A -fa) > 
ififffij and tJ’{A-f(Tj) < it^faj , otherwise undefined. Every metrically intransi- 
tive automorphism in M[E, /x] belongs to one of the sets Ei,, . Because if T is 
metrically intransitive, there exists a measurable set, and therefore a Borel 
set Aj such that TA = A and 0 < t^A < tiE- Therefore 0 < mf~\A < mR. 
Let p, q be points of R at which the Borel set f~^A has metric density 1 and 0 
respectively. It follows from Lebesgue’s density theorem^® that in any suffi- 
ciently fine dyadic subdivision the cells and a j that contain p and q respectively 
are such that mf/ M-o-j) > fmo-t and < \m<Tj. Therefore 

ti{A-f(Ti) > it^f(Ti and tJ^(A -/o-y) < Jm/o’; , so that T belongs to Ei,j . Thus, to 
prove that the metrically transitive automorphisms form a residual set in 
M[Ej p] it suffices to show that each of the sets Eij is nowhere dense, because 
there are only countably many of them and their union contains all metrically 
intransitive automorphisms in M[Ey p]. 

Consider any T e M[E, p] and any set Ei,j . We shall show that arbitrarily 
near T there exists an automorphism S which together with a neighborhood lies 
outside Ei, 3 . According to Lemma 4, the transformation f~^Tf is a measure- 
preserving homcomorphism of the open set G = Ro-f~^T~^fRo onto another open 
set contained in Ro and likewise having measure mR. Applying Lemma 5 to 
this transformation, there exist arbitrarily small automorphisms hy ^ hz oi R 
which leave the boundary fixed, such that h]f~^Tfh 2 is a measure-preserving 
homcomorphism of h 2 ^G onto another open set with measure mR. Also there is 
a closed set F whose first KN images under this transformation arc disjoint and 
equally distributed among the cells n , » • • , tat of the dyadic subdivision to 
which ffi and o-y belong, and contain half their measure. By Lemma 4, the trans- 
formations fhif~^ and fh 2 f~^ are automorphisms of E. Hence S = 
(fhif~^)T(fh 2 f~^) is an automorphism of Ey and from the properties of hif’^Tfh^ 
it follows that S transforms the closed set fF in such a way that its first KN 
images are disjoint and equally distributed among /ti , • • . , /tat , and contain 
half their measure. Now consider any Borel set A invariant under S. Let 
a be the fraction of the measure of fF contained in A. Suppose a ^ i, then the 


K disjoint images of fF in a-, contain the same fraction of the measure of A, and 
therefore mAtn ^ ^ ~ so that S does not belong to Eij. 


On the other hand, if a ^ § the K disjoint images of fF in <7y contain measure 


^ majf and therefore mAaj ^ ^ mo-y ^ \m<Tj , so that in this case also S does not 
2 2 

belong to Ei,j . Furthermore, the first KN images of fF under any automor- 
phism sufficiently close to S will be distributed among /n , • • • , /r at in the same 


•• See e.g, Hobson, The theory of functions of a real variable, 2nd edition, Cambridge 1921, 
vol. 1, p. 181. 
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way as under S, so that the same reasoning shows that a whole neighborhood of 
S lies outside Eij . But hi and As were arbitrarily small, hence also the auto- 
morphisms fhif"^ and so that S is arbitrarily close to T, Hence Eij 

is nowhere dense in M[Ej m]* 

It will be observed that S may be written in the form SiT, where Si is the 
measure-preserving transformation ST~^. But Si may also be written 
y from which it follows that Si leaves all singular points 
fixed. We have therefore proved the more precise result that Ei,j is nowhere 
dense with respect to every coset of the closed normal subgroup of auto- 
morphisms that leave all singular points fixed. Since these cosets are complete 
spaces, we may state Theorem 1 in the following slightly stronger form which 
we shall need later. 

Corollary: For every T y ] there exists an arbitrarily small automor- 

phism S € M[Ef m]) leaves all singular points fixed, such that ST is metrically 
transitive with respect to fi. 

II. Measures Topologically Equivalent to Lebesgue Measure 

3. The Fundamental Theorem 

Let n be any measure function in a space, and h an automorphism of the space. 
The function nhA , considered as defined for all sets such that hA is measurable, 
is easily seen to be a measure function. It would naturally be described as a 
measure automorphic to y , (or equivalent to y under automorphism). It is 
easily seen that any measure automorphic to a LS measure is again a LS meas- 
ure, and that the same transformation also effects a correspondence between 
their outer measures. likewise, any measure automorphic to an r-dimensional 
measure is r-dimenslonal. The object of the present Part will be to obtain a 
simple characterization of measures automorphic to Lebesgue measure. The 
basic result, stated as Theorem 2, was originally proposed by one of us in 1936, 
in connection with some other group-theoretic investigations, and a proof was 
obtained at that time by J. von Neumann, but was not published. The present 
proof, based on somewhat different considerations, was worked out subse- 
quently. The result is here published for the first time. 

Theorem 2: In order that a measure y in a rectangular r-cell R, r ^ l,be auto- 
morphic to Lebesgue measure it is necessary and sufficient that it be an r-dimensional 
Lebesgue- Stieltjes measure and that yR = mR, The correspondence can always be 
effected by an automorphism that leaves the boundary of R fixed. 

An equivalent formulation, from the standpoint of the Carath^odory theory, 
runs as follows. 

Theorem 2i: In order that a function y* defined for all subsets of R be auto- 
morphic to the Lebesgue outer measure it is necessary and sufficient that it satisfy 
conditions Ml to M5, and also 

M6: y*G > 0 if G is non-void, open 

M7 : y^p = 0 for every point p 

M8: y^BdR = 6 
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and finally that fx*R = m/2. If satisfies these conditions there exists an auto-^ 
morphism h of R such that fjL*A = m*hA for every A (Z R^ and mch that h leaves 
the boundary fixed. 

The equivalence of the two formulations is evident. Before proving the 
theorem we shall derive from it a number of corollaries and generalizations. In 
Part V, §13 to §15 and §17, we shall give some further applications. 

Corollary 1 : Let E be any regularly connected polyhedron of dimension 
r ^ 1, and let and y 2 be two r-dimensional LS measures in E such that yiE = 
There exists an automorphism h such that ^lA = ythA for all A d E, and such 
that h leaves all singular points of E fixed. In particular ^ any r-dimensional LS 
measure in a regularly connected euclidean polyhedron E is automorphic to the 
Lebesgue measure in E^ provided only that yE = mE, 

Let V be the r-dimensional LS measure in E defined by 
and let f be the map of a rectangular r-cell R onto E given by Lemma 3. Then 
rn^A = and in particular, vfBdR = 0, so that we have yifBdR = 

y^fBdR = 0. Let vi and vt be the outer measures in R defined by = ytfA 
and V 2 A = ytfA. By Lemma 2, these are both r-dimeiisional LS measures 
with viR = V 2 R = mR. Hence, by Theorem 2i , there exist automorphisms 
hi j h 2 of R that leave the boundary fixed, such that viA = m*hiA and V 2 A = 
m*h 2 A. Then h = fh 2 ^hif^ is an automorphism of E that leaves singular 
points fixed and carries y* into y* as required. 

Corollary 2: Let E be a regularly connected polyhedron of dimension r ^ 1, 
and El any homeomorphic euclidean polyhedron. The r-dimensional Lebesgue- 
Stieltjes measures in E are the same as the measures of the, form C • mhAy where h is 
an arbitrary homeomorphism of E onto Ei , C is an arbitrary positive constant^ and 
m denotes Lebesgue measure in E, 

This follows at once from Corollary 1 and the fact that any multiple of a 
measure homeomorphic to an r-dimensional measure is again an r-dimensional 
measure. 

Corollary 3: Let Ei and E2 be homeomorphic regularly connected polyhedra 
of dimension r ^ 1, and let yi and y2 be r-dimensional Lebesgue- Stieltjes measures 
in El and E 2 respectively j such that yiE = y 2 E. Let h be any homeomorphism of 
El onto E 2 . There exists a homeomorphism g of Ei onto E 2 which carries yi into 
y 2 and which is equal to h for all singular points. In particular ^ there exists a 
measure-preserving automorphism of a rectangular r-cell which is equal to any given 
automorphism on the boundary. 

The measure viA = y 2 hA is an r-dimensional LS measure in Ei , and viEi = 
yiEi , By Corollary 1, there exists an automorphism hi of Ei such that 
yiA = vihiA, and such that it leaves singular points ifixed. Hence g = hhi is 
a homeomorphism of Ei onto E 2 that takes yi into y 2 and is equal to h for all 
singular points. ♦ 

For later use the following corollary is convenient. 

Corollary 4: Let y be a Lebesgue- Stieltjes measure in a rectangular r-cell /2, 
r ^ 2y yR mR, and let L be any straight line segment contained in the interior 
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of R such that fiL = 0. Then the automorphism that carries p into m may he so 
chosen that it leaves L fixed, as well as the boundary. 

To see this, let Ri and R% be rectangular r-cells with Ri contained in the in- 
terior of J? 2 , and let E be the polyhedron obtained from R 2 by removing the 
interior of Ri . In the case r S 2 it is evident that E is regularly connected. 
From E we can obtain R by identifying points of the inner boundary that have 
the same Xi coordinate, say. That is, we can define a continuous map f of E 
onto R which carries the inner boundarj’^ into L and elsewhere is 1:1. The two 
measures piA = mfA and p^A = pfA are easily verified to be r-dimensional LS 
measures in E, and piE = P 2 E, By Corollary 1, there exists an automorphism 
h which leaves the inner and outer boundary of E fixed and carries pi into p 2 . 
Hence fhf~^ is an automorphism of R that carries p into 7n and leaves both 
L and BdR fixed. 

The next two corollaries characterize measures automorphic to Lebesgue 
measure in the whole of euclidean space E^'‘\ 

Corollary 5: A function p* defined for all subsets of E^''\ r ^ 2, is automorphic 
to Lebesgue outer measure m* if and only if it satisfies the conditions stated in 
Theorem 2i , except that conditions Ml and M8 are to be replaced by 
Ml': 0 ^ p*A ^ p*E^^^ = + 00 
M8': p*A < +00 for every bounded set A, 

The necessity of each of the eight conditions is evident. To prove that they 
are sufficient, let p be the measure defined by any such outer measure. Let 
Ra be the closed cube in E^""^ with edges parallel to the axes, center at the origin, 
and edge length a. Under our hypotheses, the function /(a) = pRa is a finite, 
strictly increasing function in 0 < a < + 00 . Such a function can have at 
most countably many discontinuities, hence we can select a sequence of values 

0 < ai < aa < • • • , tending to infinity, at each of which /(a) is continuous. 
This means that pBdRa^ = 0. By hypothesis we have also that pRa^ — ► + as 

1 00 . Let be the edge length such that mR^^ = pR^^ . Then 0 < ft < 
ft < • • • , and /3t — > + as i — > 00 . We can therefore define a radial transforma- 
tion hi of E^""^ to carry Ra^ into R^. , i — 1, 2, • • . . Consider the new outer 
measure ptA = p'^hT^A. Then piRq. = mR^^ and piBdR^. = 0, t = 
1, 2, • * • . Let El = and for n > 1 let En be R^^ minus the interior of 
Rfi^^y . Then each En is a regularly connected polyhedron, since we have 
assumed r ^ 2, and pi is an r-dimensional measure in it such that piEn = mEn . 
By Corollary 1, there exists an automorphism ft of En such that p^A ^ m*fti4, 
for all A CL En • Since ft leaves the inner and outer boundaries of En fixed, 
these automorphisms join up to form an automorphism of E^''\ In view of 
the measurability of the sets En and the fact that their boundaries have measure 
zero, we have, for any set A C E^''\ 

00 00 ee 

m*(htA)En = m*hiA. 

n««l n>al n-ol 

Therefore ij,*A = m*hihiA for all A C E^'\ 
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It should be added that in the case r = 1 the conditions stated in Corollary 
6 are not sufficient, but a complete characterization is obtained by merely adding 
the requirement that the positive and negative halves of the line both have 
infinite measure. The function f(x) = fi(0 ^ t ^ x) for x ^ 0 , f(x) = 
—liix ^ t ^ 0) for X < 0 then defines an automorphism of the line that carries 
H into m. 

Corollary G: A measure in r ^ 2^ is automorphic to Lebesgue measure 
if and only if it is an infinite Lebesgue-Stieltjes measure thnt is zero for points 
and positive for non-void open sets. 

Here we may understand by a LS measure one that is derived from a non- 
negative additive function of an interval. Such a measure is necessarily finite 
for bounded sets, and so condition M8' is implicit. The rest then follows from 
Corollary 5. 


4. Proof of Theorem 2 

It may be remarked first of all that in the case r — 1 Theorem 2 is almost 
trivial. For suppose R is the unit interval 0 ^ x ^ 1, and let kx = y(0 ^ t ^ x). 
Then hx is strictly increasing, in virtue of the additivity of ju and the fact that 
all subintervals have positive measure. It is also continuous, since points have 
measure zero. As x describes the inteiwal (0, 1), hx describes the same interval. 
Hence h is an automorphism of R. By definition, we have pA = mhA for every 
interval A of the form (0, x). From additivity it follows that equality holds 
for all intervals, and therefore for all open sets. But this implies that 
p*A = m*hA for all sets A, by condition M5. Hence h effects the desired trans- 
formation, and also leaves the end points fixed. 

However, even in the case r = 2 the difficulties of the general case alread 3 ^ 
appear. Our proof will be based on a sequence of lemmas whose motivation 
lies in the idea of securing first that pA = mhA for all sets of a division auto- 
morphic to a dyadic subdivision. Then h is modified within each of these sets so 
as to secure equality for the sets of a finer subdivision. Finally, a convergent 
sequence of such modifications is obtained and the limiting automorphism effects 
the desired transformation for all sets. 

Lemma 6: Let p he any Lebesgue- Stieltjes measure in R that is zero for points 
and for the boundary ^ and let a be any number in the interval 0 < a < pR. There 
exists an open set G contained in the interior of R such that pG = a. 

Since pR is finite, there can be at most countably many planes parallel to the 
faces of R that intersect R in sets of positive g-measure. Hende we can divide R 
into a finite number of rectangular r-cells ai , • • • j ay of diameter less than 
whose boundaries all have pt-measure zero. Let i be the least integer such that 
+ 0-2 + • • • + (r») ^ a, and let Gi be the union of the interiors of 
(Ti , <72 , • • • , <7t-i . (Take Gi equal to the void set in case i = 1). Then pGi < a, 
but pGi + pai ^ a. Now consider the cell <7,- , calling it R\ , and divide it into 
rectangular r-cells ai^\ a 2 ^\ • • • , ay\^ of diameter less than whose boundaries 
all have M-nieasure zero. Again we find an open set G 2 C /2i , either void or 
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consisting of the interiors of some of the cells <r<“, such that n(Gi +• G*) < a, 
while m(Gi + G») + nR2 S a, where Ri is one of the cells and is disjoint to 
Gi + Gj . Proceeding in this manner, we find disjoint open sets Gi , G* , • • • 
interior to R, and a nested sequence of rectangular r-cells Ri, R2, • • • whose 
diameters tend to zero, such that a — fiR„ g m(Gi + G2 + • • • + G„) < a, 
n ^ 1. The cells Rn intersect in a point p, and we have lim /iRn = mP — 0, 

n-»oo 

by hypothesis. Hence juG = a, where G is the union of the sets Gn . 

Lemma 7 : Let fx be any Lebesgue-Stieltjes measure in R that is zero for 'points 
and for the boundary. Let Rx and R2 be the two cells obtained by bisecting R per- 
pendicularly to one of its edges. Let ax and be any two positive numbers such 
that ofi + «2 = There exists an automorphism h e Ho[R] such that fxhRx = ax 
and /ihR2 = a2 . 

We shall establish the existence of A by a category argument. Let ffx be the 
set of automorphisms h in Ho[R] such that /xhRx ^ ax and iihR2 ^ a2 . This is 
a closed set, for if hn is any sequence of automorphisms in Hx tending uniformly 
to A, then any e-neighborhood of hRi , i = 1 , 2 , contains hnRi for all sufficiently 
large n, and therefore has /u-measure at least a* . This being true for every 
€ > 0 , it follows that ^xhRx ^ ax and yLhR2 ^ ^2 . Furthermore, the set 11 x is 
non-void. For, unless it contains the identity, we have either or 

txR2 < a2 . Suppose < oLx . We can deform B by a continuous family of 
automorphisms h\ t Ho[R] in such a way that as X increases, hRx includes more 
and more of the interior of R2 . At the limiting value Xo where uhRx first be- 
comes greater than or equal to ax we have also nh\R2 ^ ^2 , because ixh\Ji2 = 
lim iih\R2 , and for X < Xo we have nh\R2 iiR — y^KRx > ju/? «i = «2 • Hence 

X-Xq- 

the set Hi , as a non-void closed subset of a complete space, is itself a complete 
space. We shall show that in it the set of automorphisms that fulfill the re- 
quirements of the lemma is residual. 

Let En be the set of all h in Hx such that ^ihRx ^ ai + -. This set is closed 

n 

in Hx , since we have already seen that it is closed in Ho[R]. To show that it 
is nowhere dense in Hx it suffices to show that if /i e there exists an arbitrarily 
small automorphism g c //o[/?] such that hg c Hx — En . Suppose that h eEn 

and consider the new measure vA = uhA. Then vRx ^ ax + - and VR2 ^ a2 . 

n 

Let Rz denote the (r -- l)-dimcnsional face common to Rx and R2 . Then 
vRx + vi 22 — vRz ^ vR = ax A" a2 • Hence vRx ~ ai ^ vRx — ax + vRz — a2 == 

vRz , and this with the inequality vRx ^ ai + ~ gives 0 < — ai — < vRz . 

n 2/2' 

Considered with respect to iJs , v is a LS measure that is zero for points and for 
the boundary. Hence, by Lemma 6 , there exists a set G, open with respect 

to R» and contained in its interior, such that vG = vRi — ai — J-. Now let a 

2 n 

be an automorphism of R that leaves the boundary fixed and also the points 
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of R» — G, but let it displace all points of G slightly into the interior of ffi . Such 
an automorphism can be found arbitrarily close to the identity. Since gRi ZD Rt , 
we have vgRi ^ a 2 ] and vgRi differs only slightly from vRi — vG, which is equal 

to ai -H If gi is sufficiently near the identity we shall have ai < vgRi < ai 

-f Going back to the measure n, we have ai < (ihgRi < ai -f- i and uhgRt 

n n 

^ 02 . Hence hg € Hi — E„ , and so En is nowhere dense in Hi . Therefore the 
00 

set Hi ^ En is residual, that is, the equation txhRi = ai holds for a residual 
1 

set of automorphisms in Hi . The r61e of R 2 being similar, we see that the auto- 
morphisms h such that iJLhR 2 = ^2 is also residual in Hi. The intersection of 
these two residual sets is the set of automorphisms having the properties required 
by the lemma, and therefore such automorphisms exist. 

It may be remarked that in the proof of this lemma it is possible to confine 
attention to automorphisms that involve only a single coordinate, namely that 
in the direction along which R is bisected. Thus, if desired, the automorphism 
h can be chosen so as to leave all coordinates unchanged except this one. 

Lemma 8: Let jjl be any Lcbesgue-Stieltjes measure in R that is zero for points 
and for the boundary. Let <ti ^ , <tn he the cells of any dyadic subdivision of /?, 

and let ai ^ • • • j be associated positive numbers whose sum is equal to yR. There 
exists an automorphism h e Hq[R] such that yher^ = a» , i = 1, • • • , iV. 

The proof consists in applying Lemma 7 a finite number of times. The cells 
of any dyadic subdivision are obtained from R by making a finite number of 
bisections. Let Ri , R 2 bo the cells obtained from thi» first bisection. Let 
R\i , R \2 ; R 21 , R 22 be the cells obtained by bisecting Ri and R 2 . After n bisec- 
tions we get 2" cells Ri^...i^ , , • • • , fn = 1, 2, and for n = /C = logo N the 

cells are the cells <ti, a n renamed. Let be the number a,- 

associated with Ri^...ij^. For 1 ^ n < K let summed over 

fn+i , • • • , fjc = 1, 2. For n = 1 we have 0i + 02 — iiR, and by Lemma 7 we 
can find hi such that /xhiRi = 0i , i — 1, 2. Suppo.se we have defined h„ such 
that uKRii - i^ = , fi , • • • , in = 1, 2. Form the new measure tinA = 

lihnA . Then /tn 8ati.sfies the conditions of Lemma 7 with respect to each of the 
cells Ri,...,,, and since 0ii...i^i -f we can find an auto- 
morphism g.-, . . . in //o[R,-, . . . ij such that ;8.i . 1 , f n+i = L 2. 

Since leaves the boundary of Rii - i^ fixed, these automorphisms join up 

to form an automorphism gtHolR], and we have ^lh„gRi^...,^^^ = 

Setting hn+i = h^, the induction hypotheses are again satisfied, and for n = R 
we get an automorphism h = hg that fulfills the requirements of the 
lemma. 

Lemma 9: Let /» he any Lebe^ue-StieUjes measure in R that is zero for points 
and for the boundary. There exists an automorphism h « Hi,[R] such that for every 
dyadic cell <r we have uhBdu = 0. 

We shall show that the automorphisms having the desired property form a 
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residual set in Hq[R].^ Let Ri be the (r — l)-dimensional cell in which R is 
intersected by any one of the planes used in forming dyadic subdivisions. Let 

En be the set of automorphisms h e ffo[R] such that ju^Ei ^ This is a closed 

n 

set. If h is any element of En , let vA = lihA. Choose € > 0 so that the 

eneighborhood of jRi has j^-measure less than pRi + Let g eHolR] be an 

n 

automorphism that displaces the interior of Ri into a set disjoint to R^ but con- 
tained in its eneighborhood. Then, since the intersection of Ri and gRi has 
i^measure zero, we have vRi + vgRi = v(Ri + gRi) ^ v(€-neighborhood of Ri) 

< vRi + Hence fihgRi < and hg eHo — En • Since hg is arbitrarily 
n n 

00 

near h, the set En is nowhere dense, and Hq — ^En is residual. The intersec- 

1 

tion of the residual sets corresponding to each of the countably many planes 
used in forming dyadic subdivisions is therefore also residual, and the auto- 
morphisms belonging to this set have the required property. 

In the following lemma we require for the first time that the measures under 
consideration be positive for non-void open sets. 

Lemma 10: Let v be two r-dimcnsioml Lehesgue-Stieltjes measures in R such 
that gR = vR^ and let € > Ohe given. There exist automorphisms g^ h in //o[/2] 
such that for each cell c of a certain dyadic subdivision of R we have gger = vha; 
ggBda = vhBda = 0; diam g<T < €, diam ha < €, diam a < e. 

By Lemma 9, there exists an automorphism gi such that for every dyadic 
cell a we have ggiBda = 0. Let be the measure giA = ggiA. Lot ai , • • • , ay 
be the cells of a dyadic subdivision such that diam cr, < € and diam giai < e, 
i = 1, • • • , iV. The numbers giai are all positive and their sum is equal to vR. 
Hence, by Lemma 8, there exists an automorphism hi such that vhiai = giai , 
i = 1, • . • , iV. Put viA = vhiA. Then since viBdai = 0, we can apply Lemma 
9 to each cell o** and get an automorphism /i 2 that transforms each cell <7* into 
itself, such that vih^Bda = 0 for every dyadic cell a. Let axj y i == 1, • • • , iNT, 
y = 1, •• • yM, an C <r<, be the cells of a finer dyadic subdivision of R, such that 
diam hih^an < e. Since the numbers vilhan are all positive, and XI = 

i 

giai , we can apply Lemma 8 to each cell o** using the measure gi and get an auto- 
morphism g 2 that transforms each cell ai into itself, such that gig^frn = vilhaij . 
That is, ggig^aij = vhihzan . Since the sum of these MN numbers is equal to 
gR (or vR)y we have also ggig^Bdan = vhih 2 Bdaij = 0. Finally, since 
hih^aij C hiaij , gig 2 <rij C gfi<r,y , and an C ai , we have also diam hd^an < c, 
diam gig 2 an < €, and diam an < €, and so the automorphisms g = gig 2 , h = hih 2 
fulfill all the requirements of the lemma. 

Lemma 11: Any two r-dimensional Lebesg^ie-Stieltjes measures g, v in R such 


Cf. footnote 28. 



MEASURE-PRESERVING HOMEOMORPHISMS 


893 


that ftR = vR are automorphic to each other under an automorphism, that leaves 
the boundary fixed. 

The proof consists in finding a sequence of partitions of R into cells” 
• • • , and two sequences of automorphisms , /i„ e H(,[R], with the 

following properties, where ^ diam R. 

1° diam ^ «n , diam gnol"^ ^ «» , diam hn^i"^ ^ «n 

2 0 _ _(n-l) (n— 1) 1 (n— 1) i (n— 1) • ^ » 7 - 

Qn^i Qn—\^i j hn^'i — hn~-l(^i y ^ — Ij **• ; -Af n— 1 

3° ugnBdal”^ = vhnBdol’'^ = 0,i = 1, . • • , iV„ 

4“ fignvl”^ = Ph„<r\’‘\ i= I,... ,N„ 

These conditions arc satisfied for n = 0 if we take go , ho equal to the identity, 
and = R. Suppose , /in ; <ti"\ • • • , have been defined so that condi- 
tions 1° to 4° arc satisfied. Let /x„.4 = iJignA and VnA = vhnA. Then for each 
cell we have and fXnBdai^^ = VnBdci''^ = 0. Hence /Xn and 

Vn satisfy the conditions of Lemma 10 relative to and there exist auto- 
morphisms gf', h' €//o[ori”^] such that for each cell of a certain dyadic sub- 
division of WG have UnQ^dij^ = vji'dif; iXnO'Bdaij^ = vJi'Bddlf = 0; 
and diam diam < e, diam < e, where we suppose e chosen 

less than €n+i , and so small that both g„ and hn take sets of diameter less than 
€ into sets of diameter less than €„ 4 -i . Then we have ixgng'(^W = vhnh'dij^] 
figng'Bddif^ = vhnh'Bddif = 0; and diam gng'dlj^ < €n+i , diam hnh'dif < €n-i-i , 
diam < €no • The automorphisms g', h' thus defined in each of the cells 
di""^ join up to form automorphisms of R, which we shall also denote by g\ h\ 
Putting gn-^i = gng\ hn^i = hnh' and taking the totality of cells dlf for 
• • • , o-^n+i > conditions 1° to 4° are again satisfied, and the inductive 

definition is complete. 

From conditions 1° to 4® it follows that the sequences gn j hn converge in 
to automorphisms g, h. Because, if xedi'‘^ then Qn+iX and gnX both 
Mong to by 2°. Hence \ gn-i-ix — gfnX | < €n by 1°. Similarly, if 

X € gn^xdi"^^ then g'^^x and (7n+i-^ both belong to (7i”\ Henci' | gn+ix — gZ^x | < €» . 
Therefore , p„) < €„ , and because of our choice of €„ , p{gn+k , gn) < €„_i . 
Hence the sequence gn converges in //o[/?], and the sequence hn for similar 
reasons. From 2° it follows that gdi"^ = and hdi''^ = hndi"\ and there- 

fore that gBddi""^ = gnBdd\''^ and hBddi"'^ = hnBdd\''\ From 3° and 4° we then 
find that = vhdi""^ and pgBdd\''^ = vhBddi"*^ = 0. Hence the measures 

/x'.4 = pgA and v'A = vhA are equal for all cells and are zero for their 
boundaries. Now from 1® it follows that any open set G can be represented as 

oO 

the union of a sequence of non-overlapping cells (7i”\ say G = ^ d„ . Then, 
since the intersection of any two cells o-, has measure zero with respect to p' 


The cells will all be dyadic cells, but not necessarily of the same subdivision. 

** We use the vector notation i a: — i/ 1 to denote the euclidean distance between points 
X and y. 
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and v', we have ijlV = 2 fi'a, = X v'a, = pV. Hence m'* and agree for 

<-1 «-i 

all open sets, and therefore for all sets. Thus fi*A = v*hg'^^A for every set, and 
the lemma is proved. 

Theorem 2 follows at once on taking v = m. 

In the proof of Lemma 7 it was remarked that in that case the automorphism 
could be chosen so as to involve only a single coordinate. A simple refinement 
of the proof of Lemma 9 shows that the automorphism there obtained may be 
taken to be a finite product of automorphisms each of which involves only a 
single coordinate. The final automorphism in Lemma 11 is obtained by com- 
posing such automorphisms and then passing to the limit. Thus it is possible^ 
to assert that the correspondence of the two measure functions can be effected 
by an automorphism that can be approximated uniformly by finite products of 
automorphisms each of which involves only a single coordinate. This remark 
is of interest in view of the fact that it is still an open question whether an 
arbitrary automorphism of R can be so approximated.®* If true, this would 
furnish a strong inductive method for proving topological theorems. 

Since the transformation can always be effected by an automorphism that is 
special at least to the extent of leaving the boundary fixed, and perhaps in 
other respects, as indicated in the last paragraph, it is natural to inquire whether 
it would suflSice to consider only differentiable automorphisms, or ones whose 
modulus of continuity is otherwise restricted. That this is not the case may be 
seen as follows. 

Consider the r-dimensional unit cube and let A be a radial contraction that 
leaves the boundary fixed and takes each concentric cube with edge length 


2d < \ into the one whose circumscribed sphere has radius 5 = e and let 
nA = mhT^A, Then the /x-measure of any sphere about the center with radius h 


< is greater than the Lebesgue measure of a sphere with radius d = 



Hence any automorphism that takes m into m must have a modulus of continuity 
at the center greater than ^log . But this function dominates any of the 


form a > 0, and so the automorphism cannot be differentiable at the 
center, nor can it satisfy even a Lipschitz or Holder condition there. 


III. Proof of Theorem 1 

In Part I, the proof of Theorem 1, as regards category, was reduced to Lemma 
5, except for an assumption in the proof of Lemma 3 which has now been re- 
moved. Lemma 5 is an approximation theorem. To prove it, it will be neces- 
sary to devise methods for modifying a given transformation so as to secure 
control over the distribution of the images of a certain closed set. We shall do 


Problem proposed by one of us in Fund. Math. 24 ( 1935 ) 324 . 
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this in three main steps. In §5 it is shown how a transformation can be modified 
so that it will have a periodic point with images equally distributed among the 
cells of a given dyadic subdivision. In §6 a lemma is derived which, in effect, 
enables one to obtain a periodic Cantor set, starting with only a periodic point. 
These two constructions are combined in §7, and the final step consists in an 
equivalence transformation which expands the Cantor s(»t to one having the 
required amount of measure. The result is that an arbitrary measure-preserving 
automorphism of a rectangular r-coll (or, more generally, a transformation in the 
r-ccll that corresponds to a measure-preserving automorphism of another poly- 
hedron as des(!ribed in Lemma 4) can be modified so that the resulting trans- 
formation is measure-preserving and has a periodic Cantor set whose images 
carry a prescribed fraction of the total measure and are ecjually distributed 
among the cells of a given dyadic subdivision. All modifications are effected by 
left and right multiplication with automorphisms that leave the boundary fixed. 
Thus Lemma 5 is established, and therefore Theorem 1. In §18 it will be shown 
that for automorphisms in Mq[R] one can obtain still more precise approximation 
theorems. 


6. Lemmas Concerning Distribution of Finite Sets 

Lemma 12: Let p, q be any two interior points of a rectangular r~cell /2, r ^ 2. 
There exists an automorphism T t Mq[R] such that Tp = q. 

Observe first that there is no difficulty in defining an automorphism g that 
carries p into q and leaves BdR fixed. Most simply, join p to the vertices of R 
and map the resulting cell complex affinely onto the similar complex obtained 
from q. Thus the only point to the lemma is to show that the transformation 
can be effected by a measure-preserving automorphism. It is possible to do this 
directly by a constmetion involving displacements around closed tubes, but a 
more elegant proof is based on Theorem 2. Let g be the automorphism just 
defined, and consider the outer measure fi* A = m*g~^A, By Theorem 2i there 
exists an automorphism h ellolR] such that ijl*A = m*hA. By Corollary 4, h 
can be so chosen as to leave q fixed, in fact it may leave a line segment through 
q fixed. The composed automorphism hg then carries p into q, leaves BdR 
fixed, and since m*hgA = = m*A we see that hg e M(i[R]. 

Lemma 13: Given two sets of points pi , • • • , Ps : q\ y • • • y qN y emh consisting 
of N distinct interior points of a rectangular r-ccll /2, r ^ 2, and | p* ^ qi\ < 
there exists an automorphism T € Mo[R] such that Tpi = g* , i = 1 , • • • , AT, and 
P{T, /)< 6 . 

In effect, the lemma asserts that any two finite sets of interior points that 
could possibly be equivalent under automorphism are equivalent under a meas- 
ure-preserving automorphism whose norm is no larger than it need be. Let L* 
denote the straight line segment joining pi to qi . Then L* is contained in the 
interior of R, Suppose first that these segments are all disjoint. Then we can 
enclose each in the interior of a rectangular r-cell cfx so chosen that the cells 
<T\y • • • , are disjoint and each has diameter less than €. By the previous 



896 


J. C. OXTOBY AND 8. M. ULAM 


lemma, we can find an automorphism Ti of each cell (n which preserves measure 
and carries pi into qi . Since these automorphisms leave the boundary of each 
cell <Ti fixed, they can be extended to an automorphism IT of 72 by defining T 
equal to T, in each cell ai and equal to the identity elsewhere. Since T only 
permutes points within each cell, it moves no point by more than €, and so 
p(r, I) < c. In case any of the segments Li intersect, we shall join each 
to qi by a chain of A; + 1 points , Pii , • * * , Ptfc = qi in such a way that 

1 Vi,i ~ Vi,M 1 < t/k and such that for each I % j ^ k the segment L*,- joining 
to pij are disjoint. This can always be done; in fact, unless two of the 
segments L* intersect in a point that divides each in the same ratio, it will suffice 
to take the points pa as the points that divide L* into k equal segments. In the 
exceptional case a slight displacement of some of the intermediate points will 
make the segments Liy , • • • , Lsj disjoint and will not disturb the inequalities 
I Lii 1 < e/A;. By the argument just given above, we can find an automorphism 
Tj of norm less than €/k such that T jPij^i = P»,j , ^ = 1 > * * • > ^* Hence the 
composed transformation T = TuTk^i • • • Ti will carry each p* into qi . Fur- 
thermore, it will have norm less than e, because the product of k transformations 
whose norms are less than e/k always has norm less than e, as may be deduced at 
once from the triangle inequality. 

Lemma 14: In a rectangular r-cell 7?, r ^ 2, let D be a set with measure equal 
to mR, Let Ut denote the operation of taking the ^neighborhood with respect 
to D” so that UiA means the set of all points in D at distance less than 5 from A . To 
each 5 > 0 corresponds a positive integer X with the following property: If T is any 
1 : 1 measure-preserving transformation of D onto itself and p is any point of D 
then {n\fv = D. 

It is to be emphasized that X depends only upon b and the dimension number 
r, is independent of the transformation T and of the set D. The transforma- 
tion need not be assumed to be an automorphism, although it will be in the only 
application we shall make. 

Essentially, the proof consists in the observation that the composite operation 
TUs operating on any non-void set either increases its measure by at least a 
certain minimum amount or else yields the whole domain D, The important 
thing is to obtain a uniform estimate of this minimum amount. 

The integer X is determined as follows. Let tj be the minimum volume of 
the intersection of the 6-neighborhoods of any two points of R at distance 6 
apart. This number rj is not simply the common volume of two such spheres, 
because when the two points are near the boundary of R part of the intersection 
of their 6-spheres may fall outside 7?. However, we are concerned only with 
the fact that 77 > 0, and a lower bound to rj is furnished by the number V’/2*‘, 
where V is the r-dimensional volume of a sphere of radius 6/2. This is because 
the intersection of the 6-neighborhoods of any two points at distance 6 certainly 
contains the 6/2-neighborhood of the point of R midway between them, and 
the minimum volume of the 6/2-neighborhood of any point of R is 7/2^ that 
being the volume of the 6/2-neighborhood of a vertex of R, We shall take for X 
the least integer greater than mRIrj, 
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Now consider the composite operation TUi, We shall show that X iterations 
of this operation, starting from any point of Z), yields the whole of D, For 
let us suppose that {TLUf'p is not equal to Z>, and consider any integer n, 0 ^ n < 
X. The set {TU^Yp is then not 5-dense in Z), and so there is a point qmR whose 
distance from it is exactly 6. Let be a limit point of the set {TU^Yp at dis- 
tance b from q. The operation Vi applied to the set {Tl\Yv therefore adjoins 
at least the common part in D of the 5-neighborhoods of q and and therefore 
increases the measure of the set by at least rj. That is, mUi(TUiYv ^ 
m{TUiYP + Hence, recalling that T preserves measure, m{Tl\Y^^V ^ 
m(TUiYv + V- This being true for n = 0, 1, , X — 1, it follows that 

m(ri‘iYp ^ Xrj, which is impossible, since b}^ definition X77 > mR. 

Lemma 15: Let T be any memure-preserving automorphism of a set D contained 
in the interior of an r-cell Z2, r ^ 2, with mD = mR. There exist arbitrarily small 
measure-preserving automorphisms Si , S 2 e Mq[R] such that under the transforma- 
tion S 2 S 1 TSY the centers of the cells of a certain arbitrarily fine dyadic subdivision 
of R undergo a cyclic permutation. 

This lemma is in a sense the key to the present problem. It enables one to 
gain control over the successive images of a certain point, in fact, it secures their 
equal distribution among the cells of a certain dyadic subdivision. Since the 
proof is somewhat involved, it may be well to sketch the idea in advance. 
It is first shown that one can find points , • • • , whose first L images under T 
constitute a set which is ‘^nearly’’ uniformlj^ distributed among the cells of a given 
dyadic subdivision. This much is deduced from the ergodic theorem. (This 
is the only place in the entire proof of Theorem 1 where the ergodic theorem of 
Birkhoff is used.) But some of the points of this set may coincide. The next 
part of the proof consists in modifying T by composition with a small trans- 
formation >Si to secure that a similarly distributed set of points are all distinct 
and also are linked together to form a single cycle. In joining the chains to- 
gether, it is necessary to add more points, but it is secured that only a ^‘few^’ 
points are added. The result is that under SiT there is a cycle consisting of 
points (7i , . . . , of which KL are distributed exactly like the first L images of 
Vi } • • • , Vk • It is further secured that the number s is equal to the number 
of cells in a finer subdivision, and that the points qi , • • • , are sufficiently 

nearly uniformly distributed that they can be set in correspondence with the 
centers of the cells of this finer subdivision in such a way that corresponding 
points are close together. By a final transformation S 2 the points , • • • , 
are carried into these centers, so that the latter constitute a cycle under S 2 SiTS 2 ^. 

Proceeding now to a more precise formulation of this proof, let 5 be an arbi- 
trary positive number, and let o-i , • • • , o-jv be the cells of a dyadic subdivision 
with diameter less than 5, say N = 2“". Let them be numbered in such a way 
that ffi has at least one vertex in common with o-i+i , I ^ i < N. This is easily 
seen to be possible. Let /*(p) be the characteristic function of the interior 

of (Ti. The ergodic theorem asserts that the limit /, (p) = lim 

n-*oo n r—l 
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exists for almost all p, 





we suppose that mR = 1. We shall show first that we can select a finite set of 
points Pi , • • • , px such that the average of each of the functions/* (p) over this 


set is nearly equal to its integral, that is, 


K^LjiiVk) ^ 


< 97. Here tj may 


be any positive number, but for our purpose it will suffice to take ri = 1/N^, Let 
J be an integer greater than 2/97, and for each vset of positive integers ii, • • • , is 

i‘ — 1 

not exceeding J let denote the set of points p in D such that ~-~j— < 


// iv) ^ -J for all integers 1 ^ ^ Let be any point of pro- 

vided this set has positive measure, otherwise undefined. Then, since on il *1 . . . 
the functions /* (p) differ from by not more than 1/./, we have 

I I g \/J < 97/2, where denotes summation 

over all sets of indices , • • • , i iv such that mA > 0. Now let be ra- 
tional numbers such that 1 1 /AT — f* (p.^ . . . | < 97/2 and r^^ = 

1. Such numbers exist, since Yh = mR = 1. Let AT be a common 

denominator of all the numbers and select Kvi^, points from each set 

Ai^..,ijf that has positive measure. Call these points pi, • • • , px. Then we 
have 


i fUVk) 

JtL fc-i 




and therefore \1/N — 1/K | < 97, / = 1, • • . , A^. We may suppose 


X;-l 


the points pi , • * • , px so chosen that no image falls on the boundary of a cell <r,- , 
since this means avoiding only a set of measure zero in making the selection. 

Recalling thatyf (p*) = lim -* 23 IjiT'^Pk), we see that for all sufficiently large n 


we have 
sufficient! 


n-*oo W y—l 
K 


UN - UK t, I tfiiT’Pk) 
y large n we have also 


< rjj j = 1, • • • J N, Hence for all 




2 (\ + 1 ) ^ 

H :: < rj 


n 


( 1 ) 


where X is the integer corresponding to 5 determined in Lemma 14. Let L 
be such a value of n, and in addition let it be so chosen that for some integer 
^ > a we have 2^ — K ^ K{L +' X) < Such a number L can be found 
since the numbers X(n + X) include all multiples of K greater than some number. 
If we let s = 2^ and Ki = s — K(L + X), then 0 g ^ X. 

We now proceed to select s distinct points , • • • , ?. from D in such a way 
that Tqi is within distance 5 of g<+i , 1 S t ^ (letting q,+i = qi), and such that 
KL of these points are interior to the same cells a; as corresponding points 
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TVk l^k^K, To secure this, we proceed step by step aa 

follows. Take qi = Tpi . For 1 < i ^ L, take g* in the same cell as T*pi 
and such that Tqi is in the same cell as . By Lemma 14 applied to T~^j 
qi 6 {T'~H\fp 2 . Hence Tqi € Ui(T~^Ui)^~'^p 2 . Choose ^l+i in (T~^Us)^~^p 2 
within distance 8 of Tq^ . For 1 < i ^ X — 1, take ^L+i c within 

distance 8 of . Then T^l+x-i is within distance 8 of pt . Take g^+x 

within distance 8 of Tqi+x-i and such that Tq^ is in the same cell as Tp 2 . 
For I ^ i ^ Lj take ^L+x+i in the same cell as Vp^ and such that Tg^+x+t is in 
the same cell as . The next X points are then chosen to lead up to pz , 

similarly to the way in which qi^i , 1 ^ ^ X, were chosen leading up to p 2 . 

Eventually, the point g(jp_i)(L-i-x)+L is chosen in the same cell as T^Pk- We 
then close the cycle by a chain of X + Xi points (instead of X points as in the 
preceding cases) in order to get a cycle with exactly s points. This can be done 
since g(i?:-i)(L+x)+L € At the last step we have g«-.i e T~^lhpi 

and choose q» near enough to p\ so that it is within distance 8 of Tq^-i and so 
that Tq^ is within distance 6 of gi = Tpi . At every step the point to be selected 
can be chosen arbitrarily from an open sphere with respect to D. Hence there 
is no difficulty in avoiding points previously chosen and thus securing that the 
points gi , • • • , g« are distinct, and therefore also the points Tqi , • • • , Tg, . 
We see that the KL points qi jq 2 y * • • , , g^+x-i-i , * • • , ^/.+x+/. , * • • > 5 (jc-i)(i, 4 -x)+i> 

• • • , g(jf-i)(L-i-x)-fL arc respectively interior to the same cells cry as the points Tpi , 
T^Pi, . . • , T^'pij Tp 2 y • • • , T^jhy • • • , TpKy ^ y T^Pk> Finally, it is seen that 
gy+i is always within distance 8 of Tqi , since they either lie in the same cell, or were 
specifically chosen so as to be within this distance. 

In virtue of Lemma 13, we can find an automorphism Si € Mo[i2], with norm 
less than 5, which carries Tqi into g,+i , 1 g i g s. Under the composed trans- 
formation SiT the points gi , • • • y qs thus form a single cycle. Furthermore, 
since KL of these lie in the same cells as corresponding points T'^pk , it follows 


that 


S - I 


2 

N 


^tiurp,) 


k-l r-l 


+ 


K\ “|- Ki 


< 


N 


1 

KL 


K L 


E HSiirvk) 

k-l p-1 


g - KL ^ K\ + Ki 

s s 


From equation (1) it follows that this is less than ij, because 

s-KL^K\ + Ki_ 2{K\ + Ki) ^ 2iC(X + 1) ^ 2(X + 1) 

s s s ' - K{L + \) +'Ki L • 

Hence the relative number of points qi , • • • , 9 , in any cell v,- differs from l/N 
by less than »? = 1 /N^. Let us now re-number the points ?i , • • • , 9 . counting 
first all those in <ri , then those in <rj , and so on. Call the resulting sequence 
9i ) 92 » • • • > • Let q'l, qi, • • • , 9 ” be the centers of the s = 2^’’ cells of the 

j 8 -th dyadic subdivision, again counting first those in < 71 , then those in at , and 



900 


J. C. OXTOBY AND S. M. ULAM 


SO on. We shall show that corresponding points and ql always lie either 
in the same cell or,- or in adjacent cells. The number of points qi in any cell o-,- 
differs from s/iV by less than Hence the indices of the points that lie 

in (T, fall between the limits - If + ^ , which are contained 

N N Jy^ 

between - and - , the limits of the indices of points q'/ lying in 

O’,--! , <Tj , and <r,-+i . Since these are adjacent cells, the distance from to qi 
is less than 25, and by Lemma 13 we can find an automorphism S 2 e ikfo[/2] 
with norm less than 25 which carries q'i into I ^ ^ s. The points then 

constitute a single cycle under the transformation S 2 SiTS 2 ^. Since Si and S 2 
are both arbitrarily near the identity, the lemma is established. 

6. Equivalence of Cantor sets under automorphism of the containing space 

Lemma 16: Let C be a linear Cantor set contained in the interior of an r-cell <ro , 
which in turn is contained in an r-cell 72, r ^ 2, and let f be a homeomorphism of 
Co onto a subset of R. There exists an automorphism hof R that leaves the boundary 
fixed and carries fC back into coincidence with C in such a way that hfp = p for 
every p in C. 

The lemma implies that any topological Cantor set C' contained in the interior 
of R is equivalent under automorphism of 72 to a linear Cantor set C provided 
some homeomorphism of C onto C' can be extended to an r-ccll containing C. 
It should be remarked that such an extension is not always possible even when 
one of the sets is linear, as is shown by Antoine^s example in the 3-dimensional 
cube (See footnote 15). 

The first step in the proof consists in showing that if o-i and <t 2 are disjoint 
r-cells contained in the interior of ao , there exists an automorphism h € 7/o[fl] 
such that hfffi C <ti and hf<T 2 C 0 - 2 . This may be seen as follows. Let pi , p 2 
be the centers of cri , 0-2 respectively. Then fpi , fp 2 are distinct interior points 
of 72, and we can find an automorphism hi c Ho[R] which carries them back into 
Pi , P 2 respectively. Then hif is a homeomorphism of <to onto a subset of 72 
which leaves pi , pi fixed. By continuity, there exist r-cells <j [ , <12 about pi , p 2 
such that hf(T[ C <71 and hif<T 2 C ( 72 . Let g e Ho[< 7 ol be such that gai C (ti and 
g(r 2 CL <72 . Such an automorphism is easily defined by dividing <70 into two 
cells containing <7i , <72 in their interiors and then drawing the interior points of 
each part toward pi , p 2 respectively. The homeomorphism hifg then carries <7i 
and (72 into subsets of themselves. Now consider the transformation /12 of 72 
equal to fgf~^ in fao and equal to the identity in the rest of 72. That fh is an 
automorphism of 72 follows from Brouwer's theorem on invariance of region.^ 
According to this theorem, fao is a closed region, that is, the closure of a connected 
open set, and interior and boundary points of <70 correspond respectively to 

^ That is, a topological Cantor set contained in a straight line segment. 

“ See e.g. AH p. 396. 
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interior and boundary points of ftro . Hence fgj^^ is an automorphism of /<ro 
that leaves all boundary points fixed, and can therefore be extended to the rest 
of R by defining it equal to the identity outside. The automorphism h = hihi 
belongs to //o[/?] and hf carries vi and (Tj into subsets of themselves, as required. 

Now let us choose a family of r-cells • ,in— 1, 2; n = 1,2, • • • ; 

contained in the interior of o-o , so as to fulfill the following conditions: 

1® For each n, the cells v.-i....-, are disjoint. 

2® is contained in the interior of . 

3® The diameter of tends to zero with l/«. 

4®c = n E Vi, ...*,. 

n— 1 

Such a representation of any linear Cantor set is immediate from its definition. 
We have shown that there exists an automorphism hi e H^[R] such that fei/cri C (ti 
and hifcr 2 C < 72 . Similarly, let be an automorphism of R that is equal to the 
identity outside ci and 0*2 and such that hJhfai^i^ C ; ii, 2*2 = 1, 2. This 
involves only an application of the previous result to the two cells <ji , 0-2 sepa- 
rately. At the n-th stage, we find an automorphism hn t Ho[R] which is equal 
to the identity outside the cells and is such that hnhn-i • • • 

The successive products hnhn^i •••/?! converge uniformly, in virtue 
of condition 3°, and therefore have for limit a continuous mapping h of R onto 
itself. That h is likewise 1 : 1 may be seen as follows. Consider two distinct 
points Pj q outside fC, They are outside the sets for some n. Hence 

their images under h are the same as under the finite product hn • • • hi ^ and 
therefore distinct and outside C. On the other hand, h carries distinct points 
of fC into distinct points of C. In fact, h is equal to f~^ on /C, because 
hfcTii . . . In Cl (T,i . . . and therefore hf leaves every point of C fixed. Thus /i is a 1 : 1 
continuous map of R onto itself, therefore an automorphism, and it leaves 
boundary points fixed since it is equal to hi there. Furthermore, we have just 
seen that hfp = p for all p in C. 

Before proceeding with our main investigation, which will be resumed begin- 
ning with Lemma 17, we shall digress to consider the bearing of the present 
lemma on the work of Antoine.*® Given two Cantor sets C and C' situated in a 
euclidean space three possibilities are conceivable: (i) there is a homeo- 
morphism of C onto C' that can be extended to the whole space; (ii) there is a 
homeomorphism that can be extended to a neighborhood of C but none can be 
extended to the whole space; (iii) no homeomorphism can be extended even to a 
neighborhood of C. Antoine showed that in the plane only case (i) can arise, 
indeed that the homeomorphism can be taken equal to the identity outside any 
given rectangle to which C and C' are interior. But he showed by examples 
that in 3-space (and therefore in r-space, r > 3) all three possibilities can arise, 
and that case (iii) can be realized even when one of the sets is linear. In his 
example illustrating case (ii), however, both sets are skew. We shall show 


See footnote 16. 
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that this is necessarily the case, that is, that if either of the sets is plane or linear 
case (ii) cannot arise in any space More precisely, the result is as follows. 

Corollary: If C and C' are Cantor sets contained in r ^ 2, and C is plane 
or linear then C and C' are equivalent under automorphism of if and only if 
some homeomorphism of C onto C' can be extended to a neighborhood of C, If f 
is any homeomorphism of C onto C' that can be extended to a neighborhood of C then 
f can be extended to E^'^^ in such a way that it is equal to the identity outside any given 
rectangular r-cell to which C and C' are interior. 

Only the second assertion need be proved since it obviously implies the first. 
We shall consider first the case in which C is linear. Let R be the given rectangu- 
lar r-cell containing C and C' in its interior and let fi be an extension of / to an 
open set G containing C. Wc may suppose that both G and fiG are contained 
in R. Using the Heine-Borel theorem we can find a finite number of disjoint 
rectangular r-cells jBi , • . • , contained in G whose interiors cover C. Let 
Pi be the center of Ri . Then fipi , • • • , /ipjv are distinct interior points of R 
and by Lemma 13 there exists hi € such that Ai/ip* = Pi . Let <Ti be an 
r-cell about p,- so small that hifiai C Ri , and let (t* be an r-cell interior to Ri 
and containing CRi in its interior. Let gf be a shrinking transformation of the 
interior of each cell Ri such that gai CZ a'i and such that g leaves boundary points 
of /2i , • • • j Rn fixed. Then hifig is a homeomorphism of each o-i onto a subset 
of Ri . By Lemma 16 applied to each cell Ri there exists hi e Ho[R] such that 
hihifig is equal to the identity on C. From the theorem on invariance of region 
it follows as before that the transformation ho equal to/ig/T^ infiRi + • * • +fiRtf 
and equal to the identity elsewhere is an automorphism, and it evidently belongs 
to Ho[R] since fiG C R, Hence h = hzhjio is in and hfp = hjiifigp == p 
for every p in C. Therefore hT^ is an extension of / to and it may be defined 
equal to the identity outside R, 

It remains to consider the case in which C is plane but not linear. Let R 
be a rectangular r-cell containing both C and C' in its interior and let C" be a 
linear Cantor set in the same plane as C and likewise interior to R, Antoine 
has shown that there is an automorphism of this plane that carries C into C" 
and is equal to the identity outside R, This automorphism can be extended to 
in such a way that it is still equal to the identity outside R, This can be 
done conveniently by projecting the transformation from two points in R on 
opposite sides of the plane in which C lies, then projecting again from two points 
in R on opposite sides of the 3-space in which the transformation is already 
defined. After r — 2 steps the desired extension is obtained. Thus we have 
an automorphism h € Ho[/?] that carries C into C". The transformation fhT^ 
is a homeomorphism of C" onto C' that can be extended to a neighborhood of 
C". Since C" is linear there exists an automorphism g c Ho[R] equal to fhT^ 
on. C", as we have already shown. The automorphism gh is therefore equal to 
f on C and it can be defined equal to the identity outside R. 

LsBiMA 17: If the given homeomorphism f in Lemma 16 is measure-preserving 
then the automorphism h can also be taken to be measure-preserving. 
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Let h be any automorphism fulfilling the requirements of Lemma 16. In R 
consider the measure function yiA = mhT^A, Then fiC = nthT^C = mfC = 0, 
since / is now assumed to be measure-preserving. Let L denote a line segment 
containing C and contained in the interior of R. It is possible that nL may be 
positive, but in that case we can displace the points of L not in C by an auto- 
morphism gi 6 IhlR] so chosen that fxgiL = 0 and gip = p for p t C, Then 
consider the measure inA = ngiA = mh~^g\A, This is an r-dimensional LS 
measure and in addition miL = 0. Hence, by Theorem 2 Corollary 4, there 
exists an automorphism g^ t Hq[R\ such that = mg 2 A and g^p = p for p € L. 
Thus we have mh' ^giA == mg2A for all A CL R, that is, mg2gT^hA = mA . Hence 
0291 ^ h is measure-preserving, and since both gi and g 2 leave the points of C fixed 
the measure-preserving automorphism T = g 2 g\^h fulfills the requirements of 
the lemma. 


7. Proof of Lemma 6 

Lemma 18: Let Rq be the interior of a rectangular r-cell i?, r ^ 2, and let T he a 
measure-preservmg homeomorphism of an open set G CL Ro onto an open set TG C 
Ro , where mG = m/2, and let ai j • • • , a ^ be the cells of any given dyadic subdivision. 
There exist arbitrarily small automorphisms hi y h 2 e Ho[R] such that hiTh 2 is a 
measure-preserving homeomorphism of hJ^G onto hiTGy where mhJ^G = m/2, 
and stich that hiTh 2 transforms a certain Cantor set Ci in the following manner: 
The points of Ci are all periodic with the same period; the distinct images of C\ 
are disjoint and equally distributed among the cells ai , • • • y (tn ; the images of Ci 
contain a prescribed fraction a < I of the measure of each of the cells ai . 

In the proof we shall assume m/2 = 1 , which involv(*s no loss of generality. 
Observe first that T may be considered as a measure-preserving automorphism 
of the set D = JJ T^^G, — oc < n < + ^ ^ which has measure one, since it is 
the intersection of countably many sets of measure one. By Lemma 15, there 
exist arbitrarily small automorphisms Si , S 2 € Mo[R\ such that Ti = S 2 SiTS 2 ^ 
permutes cyclically the centers of the cells ri , • . . , tkn of an arbitrarily fine 
dyadic subdivision, in particular, finer than the given subdivision o-i , • • • , (Tat . 
Now consider Ti to have domain S 2 C, and let r C ri be an r-cell about the center 
of Ti so small that its first KN images under Ti arc defined and respectively 
interior to 72 , 73 , • • • , tkn , 7 i . Let C be a linear Cantor set interior to 7 . 
Since Tf ^ is a measure-preserving homeomorphism of 7 onto a subset of n , 
by Lemma 17 there exists an automorphism € Afo[7i], which we define equal 
to the identity outside ti , such that under T 2 = S 3 T 1 the set C is brought back 
to coincidence with itself. Under T 2 the points of C are all periodic with period 
KNy and there is one image of C in each of the cells 7i , • • • , tkn . Now intro- 
duce a measure m in C by mapping it onto a linear Cantor set with measure 
1/KNy and extend this measure to the images of C by the transformation T 2 . 
Then pi will be a normalized measure invariant under T 2 such that pi7t = I /KNy 
i = 1, . . . , KN, Since T 2 preserves both measures pi and m, it will also preserve 
the measure p4 = (1 — a)mA + apiA, It is easily verified that p* fulfills the 
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conditions of Theorem 2i with respect to each of the cells r*- . Hence there exists 
an automorphism h e which transforms each cell n into itself, such that 

= m^hA for all A C 72. Hence Tz = hT^hT^ will preserve Lebesgue meas- 
ure, and the Cantor set Ci = hC will be periodic under Ts , will have one image 
in each cell u , and this image will contain the fraction a of the measure of u . 
Hence the images of Ci under Tz are equally distributed among o-i , • • • , o-jv , 
and contain the fraction a of their measure. Expressing Tz in terms of we 
have Tz = hSzS 2 SiTS 2 ^h~^, The automorphisms Si and S 2 could be taken 
arbitrarily small, and Sz and h have norms no greater than the diameter of the 
cells Tt . Hence Tz is of the required form hiTh , where hi and hz belong to 
and are arbitrarily small. It should be noted that Tz is measure-pre- 
serving even though hi and hz are not. 

Taking a = it is evident that liOmma 18 implies Lemma 5, in fact the 
periodicity of the set Ci is for this purpose superfluous. 

8. The Borel class of the set of metrically transitive automorphisms 

To complete the proof of Theorem 1, it only remains to show that the set of 
metrically transitive automorphisms is in M[Ej ix]. This is most easily done 
by utilizing what amounts to a necessary and sufficient condition for metrical 
transitivity, rather than the definition itself. Consider the space Lz of functions 
quadratically integrable over E, Any automorphism T e M[Ey m] induces a 
unitary transformation Uf{x) = f(Tx) of Lz , as is well-known.^^ Let/i , / 2 , • • • 
be a sequence of continuous functions dense in Lz . Let E{iy jj n) be the set of 
all T in M[Ey /x] such that 

f\l ZMT’x) - (/,, l)Tdx < i 

Je \jn J j 

where (/,• , 1) denotes the number / fi{x)dx. This set is open in M[Ey n], 

Je 

For suppose Tk yk = 1,2, • • • , belongs to the complement of E{iy j, n) and that 
f>{Tk , r) — > 0 as A; — > <» . The integrand converges boundedly to the limit and 
so T also belongs to the complement. Now, the set Mr of metrically transitive 
automorphisms is represented by 

Mr = n n r »>. 

imml n-1 

For if T is metrically transitive it will belong to E{iy n) for all sufficiently large 
n, in virtue of the mean ergodic theorem of von Neumann.*® On the other hand, 
if r is metrically intransitive there exists an invariant function (p not constant, 
namely, the characteristic function of an invariant set with measure inter- 

B. O. Koopman, Hamiltonian ay stems and transformations in Hilbert space, Proc 
Nat. Acad. USA. 17 (1931) 316. 

J. von Neumann, Proof of the quasiergodic hypothesis, Proc. Nat. Acad. USA. 18 
(1932) 70. 
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mediate between zero and iiE. Let d denote the distance in from ^ to the 
axis of constant functions, and choose \/j < J Choose/* from the sphere of 
radius d/2 about tp. Since ^ is a fixed point under f and U is unitary, all images 

of /*• under U also lie in the sphere, and therefore also all averages - 2^ fi{Tx). 

n 

j n— 1 

For no n does T belong to E{ij /, n), because the distance from - T.MT’x) to 

71 

the constant function (/* , 1) is always at least d/2, and therefore the squared 
distance is greater than 1 //. 

This representation of M r evidently exhibits it as a set in M[Ej /x]. 

IV. Metrically Transitive Flows 

9. Existence Theorem 

The results concerning metrically transitive automorphisms contained in the 
preceding sections make it possible to set up a general procedure for defining 
metrically transitive continuous flows/^ By a continuous flow we shall mean a 
one-parameter group of automorphisms 2 x , — oo < X < rf oo ^ of a space E 
such that T\x is continuous in x and X, and such that and To = /. 

Theorem 3: Let E he a regularly connected polyhedron of dimension r ^ 3, 
and let p be any r-dimensional Lcbcsgue-Stieltjes measure in E, There exists a 
continuous flow in E which is metrically transitive with respect to /x, and which leaves 
all singular points of E fixed. 

It is sufficient to define a continuous flow in a rectangular r-cell which leaves 
the boundary fixed and is metrically transitive with respect to ordinary Lebesgue 
measure. Because the image of such a flow under the map defined in Lemma 3 
will be a continuous flow in E^ in virtue of Lemma 4, and metrically transitive 
with respect to p. 

VVe first define a flow in a space Qi defined as follows. Let B denote the 
(r — l)-dimcnsional unit cube and introduce in it a memsure pA = I f{p)dp, 

J A 

where the integral is an ordinary (r ~ l)-dimcnsional Lebesgue integral and/(p) 
is a continuous function positive over the interior of B and tending to infinity 

at the boundary in such a way that / f{p) dp = 1. Then vA is an (>' — l)-dimen- 

sional LS measure in B, and by Theorem 1 there exists an automorphism T 
of B which leaves the boundary fixed and is metrically transitive with respect 
to V, Consider the product space of B with the unit interval 0 ^ X g 1, and 
identify points (p, 1) and (Tp, 0). In this space Qi define a flow upward along 
streamlines perpendicular to J5, taking the velocity at any point to be l//(p), 
where p is the last intersection of the streamline with B, The velocity along a 
streamline undergoes a discontinuous change when it crosses B, Nevertheless, 


*• This is an adaptation of a standard method. See E. Hopf, Ergodeniheorie, p. 41. 
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the flow defined by this velocity field is continuous, and since l//(p) tends to 
zero at the boundary, the boundary remains fixed. This flow preserves r-dimen- 
sional Lebesgue measure in Qi . To see this, consider any small cube interior to 
Qi with height h and base <r. Until it crosses J5, the segments along the stream- 
lines are rigidly translated, so that its volume is not changed. After it crosses 
B it has a new cross-section 7V, and the length along any streamline is now 
h-f(p)/f(Tp), The volume is therefore 

Thus, the change in velocity exactly compensates for the change in cross- 
section, and therefore the flow is measure-preserving, since a flow that preserves 
the measure of small cubes preserves the measure of all sets. To see that it is 
metrically transitive, consider any invariant measurable set. The set must be 
cylindrical, and so its intersection A with B is Lebcsgiie measurable and therefore 
i/-measurable. Since A is invariant under T its j^-measure is either zero or one, 
and consequently also its Lebesgue measure. Hence the cylindrical set over it 
has Lebesgue measure zero or one. 

The space Qi in which we have just defined a flow is homeomorphic to the 
r-dimensional tube Q, that is, the product space of B with (0, 1) where points 
(p, 0) and (p, 1) are identified. To prove this, observe that since T leaves the 
boundary fixed, it can be joined isotopically to the identity. That is, there exists 
a continuous family of automorphisms T\ of B, 0 g X ^ 1 , such that = T 
and To is the identity. The correspondence (p, X) — ^ (Txp, X) is a homeomor- 
phism of Q onto Qi . 

The r-dimensional unit cube R can be represented as the continuous image of 
Q under a map which is a homeomorphism up to tlu^ boundary of Q. This may 
be done as follows. The region of r-space defined by the inequalities 
1 ^ (:r? + xl)^ S 2, 0 ^ g 1, i > 2, is evidently homeomorphic to Q. The 
map defined by x[ = a;i[(x? + xl)^ — 1], = a: 2 [(xi + xl)^ — 1], Xi = x,, i > 2, 
is continuous and has for range the set 0 ^ {x'l + x^^)* ^ 2, 0 ^ x^ ^ 1 , i > 2, 
which is homeomorphic to R, This map is 1 : 1 except at points where (x? + 
X 2 )* = 1, which belong to the boundary of Q. Combining this map with an 
automorphism of R based on Theorem 2, the map from Qi to R can be made 
measure-preserving. The image in R of the flow already defined in Qi is there- 
fore metrically transitive and leaves the boundary of R fixed. From this we 
can derive a metrically transitive continuous flow in JS, as already explained. 

10. Most general polyhedra that can support metrically transitive 
automorphisms or flows 

In the present section we consider arbitrary finite polyhedra, not necessarily 
connected or even homogeneous-dimensional, and seek to characterize those in 

^ J. W. Alexander, On the deformation of an n~cell, Proc. Nat. Acad. USA. 9 (1923) 
406-407. 
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which metrically transitive continuous flows or automorphisms are possible. 
It will be seen that a complete answer is obtained except in the case r = 2 for 
flows. 

Theorem 4: A finite polyhedron of dimension r ^ 3 can support a metricaUy 
transitive continuous flow with respect to any given r-dimensional Lebesgue-Stieltjes 
measure if and only if its regular points form a connected set 

If the regular points form a connected set, the closure of this set is a regularly 
connected polyhedron, and we have alreiidy seen how to construct a metrically 
transitive flow in this part. Since the flow given by Theorem 3 leaves singular 
points fixed, it can be extended to the rest of the polyhedron, which is a set of 
measure zero, by defining it equal to the identity there. On the other hand, if 
the regular points fall into two or more disjoint open sets, these will be invariant 
under any continuous flow, since if one point of a streamline is regular, all must 
be. There will therefore necessarily exist disjoint invariant sets with positive 
measure, so that no metrically transitive, or even topologically transitive, con- 
tinuous flow is possible. 

The case r = 2 is not covered by our present method of construction, and it 
appears likely that further conditions on the polyhedron are necessary in this 
case. The case r = 1 is trivial, the only possibility is for the poh^hedron to be 
homeomorphic to the circumference of a circle, plus possibly some isolated 
points, the flow being topologically equivalent to a steady rotation of the circle. 
The details are left to the reader. 

Theorem 5: A finite polyhedron of dimension r ^ 2 can support a metrically 
transitive automorphism with respect to any given r-dimensional Lehesgue-Stieltjes 
measure if and only if its regular components have equal measure and can he per- 
muted cyclically by an automorphism. 

Suppose the conditions satisfied. Let h be an automorphism that permutes 
the regular components cyclically. By Theorem 2 Corollary 3, we can modify 
h within each regular component so as to make it measure-preserving. Call 
the resulting automorphism T. Suppose there are n regular components, and 
let El be one of them. Then f is a measure-preserving automorphism of Ei . 
By the Corollary to Theorem 1 , there exists an arbitrarily small automorphism S of 
El such that ST"* is a metrically transitive automorphism of Ei , and since S leaves 
all singular points fixed, it can be extended to the rest of E by defining it equal to 
the identity outside Ei , Then ST is a metrically transitive automorphism of E, 
because any invariant set of positive measure must contain almost all points 
of El and therefore almost all points of every regular component. Conversely, 
if there exists a metrically transitive automorphism it must permute the regular 
components cyclically, and consequently they must have equal measure. In 
fact, these conditions are necessary if there is to exist even a topologically transi- 
tive measure-preserving automorphism. 

It may be added that in the case r = 1 the only polyhedron that can support 
a metrically transitive automorphism is one that is homeomorphic to a finite 
number of disjoint circumferences of circles of equal measure, plus possibly some 
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isolated points. In such a polyhedron a metrically transitive automorphism is 
easily defined by composing a non-periodic rotation of one of the circles with 
a cyclic permutation of the circles. The isolated points, if any, may be left 
fixed. Any other 1-dimensional polyhedron will have a regular component with 
at least one singular point. This component will be either a line segment or a 
circle with one singular point. Some power of any given automorphism will 
leave all singular points fixed and each regular component invariant, since there 
are only a finite number of each. But a measure-preserving automorphism of a 
line segment that leaves the ends fixed must be the identity, and a measure- 
preserving automorphism of a circle that leaves one point fixed must be either 
the identity or a reflection in a diameter. In none of these cases can the auto;^ 
morphism be metrically transitive, since a power of it will be equal to the identity 
on some regular component. 

Thus we have obtained a characterization of all finite polyhedra that can sup- 
port metrically transitive automorphisms. 

It may be remarked that although metrically transitive automorphisms may 
exist in polyhedra having more than one regular component, nevertheless 
Theorem 1 is not true for such polyhedra, because we have just seen that a 
transitive automorphism must permute the regular components cyclically, and 
therefore cannot be near the identity. However, the following generalization of 
Theorem 1 holds. In the space M[Ey m] of measure-preserving automorphisms 
of any polyhedron that can support at least one metrically transitive auiomorphismj 
the metrically transitive automorphisms form a residual set with respect to the sub- 
space of automorphisms that permute the regular components cyclically. One need 
only observe that in the existence proof given above it w’as really shown that the 
metrically transitive automorphisms are dense in this subspace. Since they 
form a Gb set with respect to the w^hole space, they are with respect to the 
subspace also, and therefore residual. 

11. Transitive automorphisms in transitive flows 

In the preceding sections we have made use of a general method whereby a 
transformation can be used to define a flow in a product space. By this con- 
struction a transitive transformation gives rise to a transitive flow. But there 
is an even simpler relation connecting transformations and flows, namely, the 
individual transformations that make up a continuous flow are themselves auto- 
morphisms of the space. If even one automorphism in the flow is transitive, 
either metrically or topologically, then the flow is, because by definition a set 
that is invariant under a flow^ is invariant under each of the transformations that 
make up the flow. This might seem to suggest another way of deriving a transi- 
tive flow from a transformation, but the method is of little use because in general 
an automorphism cannot be embedded in a flow.^^ Nevertheless, it is natural 

Any transformation embedded in a continuous flow must, for example, have roots of 
all orders. A simple example of an automorphism which hasn^t even a square root is the 
following. Let Ti be a rotation of the circumference of a circle through an angle r/ky 
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to inquire whether any of the automorphisms that make up a transitive continu- 
ous flow are necessarily transitive. In the case of mtjtrical transitivity this 
question appears to be open.^^ It is therefore of interest to note that in the 
topologically transitive case the answer is in the affirmative, as we proceed to 
show. 

Theorem 6: Let Tx, — qo <X < cc ^ be a topologically transitive continuous 
flow in a separable metric space E, ami suppose there is no isolated streamline. For 
all values of X, except a set of first category on the line — x < \ <+ oc ^ the auto- 
morphisms T\ are topologically transitive. 

Let Gi y G 2 j • • • be a countable base for all open sets in E. Let Ai,j be the 
set of values of X such that for some positive or negative integer* k tluj set Tk\Gi 
overlaps Gj , that is, such that Gy, overlaps Gy under some power of . The 
set Atj is evidently open, we proceed to show that it is dense on the line 
— 00 < X < + 00 . Consider any interval I and form the set of all numbers 
k\y where X c 7 and ^• = 0, dbl, ±2, • • • . This set includes all numbers greater 
in absolute value than some number A. Form the set // = 2 7\G» and con- 

|X|>A 

sider a sphere a CL G so small that the set swept out by it as X describes the 
interval — A ^ X g A is not dense in G^ . Any sufficiently small sphere about 
a point of G* will do since by hypothesis there is no isolated streamline. The 
set H must overlap Gj , because otherwise the invariant open set swept out by 
<r would not be dense in Gy , contrary to the hypothesis that the flow is topologi- 
cally transitive. Hence there exist values of X greater in absolute value than A 
such that T\Gx overlaps G, , and so the set i4,,y contains points of the interval 7. 
Since the sets /It.y are open and everywhen* dense, their intersection as i and j 
run independently over all positive integers is a residual set. For any value of 
X in this set, the automorphism Tx is topologically transitive, b(K*ause if it had 
an invariant open set not everywhere dense in E there would exist a pair G* , Gy 
such that no image of Gy overlaps G, , and this would contradict the fact that 
X belongs to A» .y . 

V. Some Related Questions 

12. Generation of Random Sequences by Automorphisms 

In the Introduction it was explained that metrical transitivity implies that 
the images of almost all points are distributed like random sequences in respect 


where A; is a positive integer. Let T 2 be the automorphism of the segment 0 ^ -defined 


hyT20 


-(S 


and let it leave all other points fixed. Under the automorphism T =* TiTi , 


. ^ AT 2ir 

the points 0, 


(2fc - l)ir 


form a single cycle of period 2A;, and no other points are 


periodic. It is clear that T cannot be the square of a transformation Sy because a cycle 
of period 2A: in T could arise only by the splitting of a cycle of period 4fc in Sy and then T 
would have two cycles of period 2k. Hence T has no square root. 

The question was raised by H. E. Robbins. 



910 


J. C. OXTOBY AND 8. M. ULAM 


to the frequency with which they fall in any given measurable set. A random 
sequence has also the property that of its first n points the number that fall 
in A differs from n-mA by something of the order of -\/n. Furthermore, this 
difference oscillates in sign. Let us consider the r-dimensional unit cube R and 
take for A any dyadic cell <r. Let the characteristic function of a be /. The 

n 

difference in question is then — nma. Consider instead the difference 

r-ti 

n 

— n, where K ~ \/ma is the number of cells in the dyadic sub- 

>'—1 

division to which belongs. This latter difference is an integer, and as n in- 
creases by unity the difference either increases by if — 1 or decreases by 1. 
To pass from a positive to a negative value it must therefore pass through the 
value zero. For a random sequence this must happen infinitely often. This 
means that a random sequence from R has arbitrarily long segments distributed 
between o* and its complement in exmi proportion to their measures. We 
proceed to show that there exist automorphisms of R under which almost all 
points generate sequences that share this property of random sequences with 
respect to every dyadic cell, and indeed that such automorphisms are the 
‘‘general case.^^ 

Theorem 7 : IM R denote the r-dimensional unit cube, r ^ 2. There is a resid- 
ual set of automorphisms in M[R] under which almost all points p generate sequences 
distributed in the following manner: Given ariy dyadic subdivision^ there exist 
arbitrarily large values n such that the first n images of p arc equally distributed 
among the cells of this subdivision. 

Let (ri^\ • • • , (Tn} be the cells of the j-ih dyadic subdivision, and let fi^^ be 
the characteristic function of Let E(ij j, /:, n) bo the set of all T in M[R] 

1 ^ 

such that the measure of the set A {i ,j, n, T) of points p for which ~ 


1 


rriffi is greater than 1 ~ • T'he set E{i, j, k, n) is open, because if T belongs 

to it and G, denotes the «-neighborhood of the boundary of where e is so 

^1 — we have n, T) — 


L t-’g, 

r—1 ^ 


n L 


chosen that mG, < - mA (i, j, n, T) 


> 1 


1 

k' 


If p belongs to A{i, j, n, T) — ^ T 'G, , then 


F—1 


Tp, 'Tp, • • • , T^p all lie outside G, , and so ^Si’\T\p) = ^fi’\T''p) for any 

Ptmml mI 

automorphism Ti so near to T that p{Tl , T") is less than e for v = 1, * • • , n. 

‘ n 

Consequently, the set A (i, j, n, Ti) contains A (i, j, n,T) — ^ T~’G, , and there- 


-1 


fore has measure exceeding 1 — ao that Ti belongs to E{i, j, k, n). Hence 


2 it j, k, n) is likewise open. But this is the set of automorphisms such 

n"*S <•»! 
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that for some n ^ iV the set of points whose images arc distributed equally 
among , (7^/ has measure greater than 1 — r- Lemma 18 implies that 

fC 

such automorphisms are everywhere dense in M[R], as may be seen by taking 

a > 1 ~ ^ ) because an automorphism that has a periodic set whose; images arc 

equally distributed among • • ■ , and have combined measure a will 
belong to E(i, j, k, n) for any value of n divisible by the period of the set. There- 

00 00 00 00 N f 

fore the set nniT En h residual, since it is an intersection 

/-I A;-l n-^ t-1 

of countably many dense open sets. If T belongs to this set, then, for every 
pair j, Nj almost all points will generate sequences which have segments of length 
greater than N that are equally distributed among the cells of th(‘ j-th dyadic 
subdivision. The intersection of these sets as j and N run over all positive 
integers will still have measure one, and the points of this set will have images 
distributed in the required manner. 


13. Automorphisms that preserve sets of measure zero 

We shall say that an automorphism preserves zero sets if it has the property 
that mhA = 0 if and only if mA = 0. This is equivalent to requiring that hA 
be measurable if and only if A is measurable, because any L(‘bcsgu(‘ measurable 
set is the sum of a Borcl set and a set of measure zero, and th(‘refore its image is 
the sum of a Borel set and the image of a zero set. Consequently, if h preserves 
zero sets it will also preserve measurable sets. On the other hand, if it does 
not preserve zero sets either h or its invei'se must take some zero sc^t into a set 
with positive outer measure. Therefore it takes some zero set into a non- 
measurable set, because every set with positive outer measure contains a non- 
measurable subset.^^ Hence automorphisms that preserve' zero sets might 
equally well be called measurability preserving. It is well-known that an auto- 
morphism need not preserve zero sets, but we proceed to show that any auto- 
morphism is topologically equivalent to one that docs. 

Theorem 8: Let h be any automorphism of a rectangular r-cell R {or of 
r ^ 1. There exists an automorphism g of R (or such that ghg~^ preserves 
zero sets. 

Consider first the case of an automorphism of R. Define = ^m'^A + 
V (in*h”A -I- m*h~”A). Then u is an /-dimensional LS measure in R, 

ZA 2»+2 

and iiR = mR. By Theorem 2 there exists an automorphism g such that 
fiA = mg A. Evidently m- 4 = 0 if and only if mh”A = 0 for eveiy positive or 
negative integer n. Therefore ixhA = 0 if and only if nA = 0; that is, 
mghg~^A = 0 if and only if mA = 0. 

Now consider any automorphism h of E^'\ Divide the space into a lattice 


** Carath6odory, Vorleaungen Hher reelle Funkiionen, Leipzig and Berlin 1918, p. 364. 



912 


J. C. OXTOBY AND 8. M. ULAM 


of cubes RiyR^, • • • and let Gi be the interior of Ri . Form the outer measure 

^ h\2 mGi ■^n-i2-+2L mh-Gi mh^-Gi Jj* 

This measure is evidently zero for points and positive for non-void open sets. 
Furthermore, uRi = 1, and therefore bounded sets have finite measure, while 
= + 00 . Hence, by Theorem 2 Corollary 5, there exists an automorphism 
g such that fx*A = m'^gA , at least in case r ^ 2. The same argument as above 
then shows that ghg~^ preserves zero sets. In the case r = 1, the positive and 
negative half lines both have infinite /i-measure, so that the proof is valid in 
this case also. 


14. Sets automorphic to zero sets 

We shall say that two subsets A and B of are automorphic if there exists 
an automorphism h of E^''^ such that hA = B, This is evidently a stronger 
notion than that of homeomorphism of the two sets. We shall obtain a simple 
characterization of sets that arc automorphic to sets of measure zero. 

Theoiiem 9: Let B he any subset of E^^\ r ^ 1. In order that there exist an 
automorphism h of E^^^ s^ich that hB has Lebesgue measure zero it is necessary and 
sufficient that the complement of B contain a sequence of perfect sets whose union 
is dense in E^''\ If a bounded set B satisfies this condition^ the automorphism h 
can be taken equal to the identity outside of any cube that contains B. 

The condition is evidently necessary, since if mhB = 0 the complement of 
hB contains a sequence of perfect sets Pn whose union contains all the measure 
in E^''\ and is therefore dense. The perfec^t sets h~^Pn are therefore outside B 
and their union is also dense in To prove that the (condition is also suffi- 

cient, suppose that B satisfies it and consider any cube R A\ith interior Rq . 
By hypothesis Rq — RqB contains a dense sequence of perfect sets. In Rq — RqB 
it is therefore possible to find a sequence of perfect sets Pn such that every 
neighborhood in R contains at least one member of the sequence. In each set 
Pn there exists a Cantor set Cn . Introduce a normalized LS measure /un in 
Cn by mapping it homeomorphically onto a linear Cantor set with linear meas- 

ure one. Form the outer measure fi*A = mR-'^ — utACn. This is evidently 

n— 1 2” 

a LS outer measure in P, zero for points and positive for non-void open sets in 
P. Also fxR = mR and pBdR = 0. By Theorem 2i there exists an auto- 
morphism heHolR] such that = m*hA. Since pBR = 0, we have 
mh{BR) = 0. If B is contained in P we can take h equal to the identity outside 
P. If B is an unbounded set we can divide into a lattice of cubes and 
transform each into itself in such a way as to compress the part of B contained 
in it to a set of measure zero. The resulting automorphism of E^""^ will then 
cany B into a zero set. 

Since any residual set in contains a dense sequence of perfect sets, it 
follows as a corollary that any set of first category is automorphic to a zero set. 
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In a previous paper“ we have obtained this result directly by a simple category 
argument. In the case B CZ /?, we showed in fact that the automorphisms h 
such that mhB = 0 form a residual set in H[R]. It is interesting to note that 
it is only for first category sets that this method of proof is available, at least 
for sets having the property of Baire, because in the same paper it was shown 
(Theorem 4) that a set having the property of Baire is of first or second category 
according as the automorphisms that carry it into a set of measure zero form a 
residual set or a set of first category in H[R], The present theorem may be 
regarded as completing the earlier result by showing precisely which second 
category sets are automorphic to zero sets. 

16. Transformations topologically equivalent to measure-preserving 

automorphisms 

G. D. Birkhoff has formulated the following problem: Given an automorphism 
A, when can one assert that there exists an automorphism g such that ghg~~^ is 
Lebesgue measure-preserving? In other words, the problem is to characterize 
in topological terms automorphisms that are topologically equivalent to measure- 
preserving ones. It is well-known that measure-preserving automorphisms 
have special topological properties, such as the recurrence property discovered 
by Poincar6 and similar topological properties that can be deduced from the 
ergodic theorem. Again, it is obvious that a measure-pre.serving automorphism 
cannot transform a closed sphere into a subset of its interior. Thus it is clear 
that h must be restricted, in contrast to what we found in the case of the related 
problem of characterizing automorj)hisms equivalent to ones that preserve zero 
sets (§13). In the present section we shall obtain a result that constitutes a 
solution of this problem, though it must be admitted that the characterization 
obtained is neither particularly simple nor easy to apply. It is to be hoped 
that a more elegant solution may be found. 

Let us restrict attention to an ?’-dimensional cube R. If there exists an auto- 
morphism g such that ghg~^ preserves Lebesgue measure, then h preserves the 
measure nA = mg A ; and conversely, if h preserves a measure /x automorphic to 
Lebesgue measure, there will exist a g such that ghg~^ preserves Lebesgue meas- 
ure, namely, any automorphism such that pA = mg A, Thus Theorem 2 pro- 
vides the following equivalent formulation of the problem: Given an auto- 
morphism /i, when can one assert that it preserves some r-dimensional LS 
measure? It is from this point of view that we shall approach the problem. In 
a previous paper^^ we have discussed the question of the existence of somewhat 
more general invariant measures. We obtained the result (loc. cit. Th. 2) that 
an automorphism T of a complete separable metric space admits a finite invari- 
ant Borel measure that is zero for points if (i) T has non-dcnumerably many 

See footnote 28. 

J. C. Oxtoby and S. M. Ulam, On the existence of a measure invariant under a /rans- 
formation, Ann. of Math. 40 (1939) 560-566. 
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periodic points, or (ii) there exists a compact set C consisting of non-periodic 
points of which at least one returns to C with positive frequency under iteration 
of T. (A point p of C is said to return with positive frequency if 

lira - ^fciT'p) > 0, where fo is the characteristic function of C.) It should 

n-»oo ft v—l 

be added that in case (i) the invariant measure was defined in such a way 
that any prescribed sphere containing non-denumerably many periodic points 
could be made to have positive measure, and in case (ii) positive measure was 
ascribed to the set C. Assuming this result, we can obtain the following theorem. 

Theorem 10: Let h be an automorphism of the r-dimensional unit cube 72, 
r ^ 2. In order that there exist an automorphism g such that ghg~^ preserves 
Lebesgue measure it is necessary and sufficient that in every sphere there exist* a 
perfect set to which some point returns with positive frequency under iteration of hj 
and that these perfect sets can all be chosen outside of an arbitrarily prescribed 
countable set. 

The necessity of the condition may be deduced from the ergodic theorem as 
follows. Suppose h is measure-preserving and let Ao be any given countable 

*foO 

set. Then A is a measure-preserving automorphism of the setE = R — , 

n-— 00 

which has measure one. In any sphere there exists a perfect set P (Z E such 
that mP > 0. Denote its characteristic function by /(p). According t© the 

ergodic theorem /*(p) = lim 1 exists for almost all p, and f f*{p) dp — 

n^aon vl J 

mP, Hence /*(p) is positive for some point p, that is, p returns to P with posi- 
tive frequency. Thus h has the required property, and therefore also any 
equivalent automorphism ghg~^j since the condition is topologically invariant. 

Conversely, suppose h fulfills the condition. Let (ti , 0 - 2 , • • • be an enumera- 
tion of all dyadic cells in R, Let An denote the set of periodic points contained 
in (Tn provided there are only countably many, otherwise let A„ be void. Then 
the union Ao of the sets An is countable. Consider any cell <rn . If it contains 
non-denumerably many periodic points there exists an invariant measure yn 
which is zero for points and positive for an , in virtue of the theorem quoted 
above. If an contains only countably many periodic points, then by hypothesis 
there exists a perfect set P C <rn — Ao to which some point returns with positive 
frequency. Since P consists of non-periodic points, the theorem quoted asserts 
again the existence of an invariant measure yn . Thus we obtain a sequence 
of invariant Borel measures yn , each zero for points and such that ynffn > 0. 

We suppose them normalized. Then M = 23 is a normalized invariant 

n—l 

Borel measure in R that is zero for points and positive for non-void open sets. 
To obtain a measure which in addition is zero for the boundary it is sufficient 
to form vA = pARo/pRo . The Borel measure v admits an r-dimensional LS 
extension defined by v*A = inf vG, G open, G ID A, which is invariant under h. 
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By Theorem 2i there exists an automorphism g such that p*A = nt*gA, and 
therefore ghg~^ preserves Lebesgue measure, as already remarked. 


16. A topological ergodic theorem 


The pape/* referred to in the last section also contains the rqgult (Th. 1) that 
an automorphism T of a complete separable metric space admits a finite invari- 
ant Borel measure if there exists a compact set C to which some point returns 


with positive superior frequency { that is, lim sup - ^fc{T''p) > oY Again it 

\ n-^oo n v-l / 


should be added that the measure is positive for C. As a corollary of this, we 
may assert the following theorem, which properly belongs to the earlier paper 
since it involves no other results. 

Theorem 1 1 : Lei T he an automorphism of a separable metric space and let 
C be any compact set contained in E. There exists at least one point p in C such 


1 ^ 

that lim - YlfciT'^p) exists^ where fc is the characteristic function of C. 


n-*00 n pmml 


The interest of this theorem is that, like the ergodic theorem, it asserts the 
existence of a limiting frequency of return for certain points, but without any 
measure-theoretic assumptions. Nevertheless, the proof requires a very con- 
siderable excursion into measure theory. It would be interesting to know 
whether the result can be obtained directly, even in the special case in which C 
is a square and T an automorphism of the plane. 

1 ^ 

To prove the theorem, observe that either lim - 2 MT'^p) = 0 for every 

n-^OO n Vaal 


point of C, in which case the theorem Ls true, or there exists a point p in (7 such 


that lim sup - 2/c(T'p) > 0. 

n-*00 n pwal 


In the latter case there exists a finite invariant 


Borel measure u such that nC > 0, by the theorem quoted above. The ergodic 
theorem is applicable to this measure and asserts that the limit in question 
exists for almost all points (in this measure) and is positive for at least one 
point, since its integral is equal to fiC. Therefore there exists a point of C, not 
necessarily equal to p, which returns with positive frequency. 


17. Connections with Haar measure 

Haar’s Theorem^® asserts that in any locally compact separable topological 
group there exists a left (or right) invariant measure which is finite and positive 
for every compact neighborhood. It is evidently zero for points, and it is unique 
up to a constant multiplier.^^ In the compact case it is finite, and then left and 


*• A. Haar, Der Massbegriffin der Theorie der kontinuierlichen Gruppen. Ann. of Math. 
84 (1933) 147-169. 

J. von Neumann, The uniqueness of Hoar's measure. Recueil Matb^matique, Moscou, 
N.S. 1 (1936) 721-734. 
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right invariant measures coincide and are also inverse invariant/® The measure 
is derived from a Carath^odory outer measure that satisfies condition M6/® 
In case the group manifold is a polyhedron, the Haar measure is therefore 
r-dimensional, and Theorem 2 Corollary 1 establishes the following connection 
with Lebesgue measure. If the group manifold of a topological group is a finite 
euclidean polyhedron^ the Haar measure, suitably normalized, is automorphic to 
the Lebesgue measure in the polyhedron. Again, we may say that if two groups 
have for group manifold the same polyhedron, their Haar measures are automorphic 
to each other, provided only that they are similarly normalized. 

18. Approximation by locally linear automorphisms 

In the proof of Theorem 1, methods were developed that made it possible to 
approximate any measure-preserving automorphism by one that has a periodic 
Cantor set whose images are distributed in a regular manner. It is natural to 
ask whether one can find similarly an approximating automorphism that has a 
periodic cube. In the present section we shall show that this is possible for 
automorphisms of a cube that leave the boundary fixed, indeed that an approxi- 
mating automorphism can be found that has a sequence of periodic cubes which 
together include almost all points and which the transformation permutes among 
themselves as if by translation. 

It may be remarked that the same methods can be extended to apply to 
r-dimensional polyhedra embedded in r-spaee, and to automorphisms that are 
merely isotopic to the identity. An attempt to extend them to general auto- 
morphisms and polyhedra seems to encounter more serious difficulties, and for 
this reason the proof of Theorem 1 was based on periodic Cantor sets rather 
than on periodic cubes, which might have seemed more natural. 

Lemma 19: Let R be the r-dimensional unit cube, r ^ 2, and let T be a measure- 
preserving automorphism of R that has an invariant set consisting of a finite number 
of disjoint cubes Ri , • • • , Rm interior to R and each a sum of cubes of some dyadic 
subdivision. There exists an arbitrarily small automorphism S e Mo[R], equal to 
tlw identity on Ri Rm , such that ST permutes cyclically the centers of the 
cubes of a certain arbitrarily fine dyadic subdivision of R that are not contained 
inRi, ••• , Rm . 

Let E be the polyhedron obtained from R by removing the interiors of 
Ri f • • • i Rm • Then E is regularly connected, and T may be considered as an 
automorphism of E. By the Corollary to Theorem 1, T can be made metrically 
transitive by composing it with an arbitrarily small automorpliism that leaves 
the boundary of E fixed. We may therefore assume without loss of generality 
that T itself is metrically transitive with respect to E. By Lemma 3, we can 
represent E as the continuous image of a rectangular r-cell R* under a measure- 

** J. von Neumann, Zum Haarschen Mass in topologischen Oruppen. Compositio Mathe- 
matica 1 (1934) 106-114. 

See the note of S. Banach in Saks, Theory of the Integral, Appendix 1. 
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preserving map / which is a homeomorphism up to the boundary. Let e be a 
given positive number and let 5 > 0 be such that any automorphism in Hq[R*] 
with norm less than 8 corresponds to an automorphism of E with norm less 
than €. Let o-i , ... , o-at be the cubes in E belonging to a dyadic subdivision of 
diameter less than €. Order these in a sequence <rii , • • • , o-tic such that each 
cube O', appears at least once and such that and have a regular face in 
common, 1 g fc ^ if — 1 . (It may be possible to find such an ordering without 
repetitions, but this is not necessary.) Since T is metrically transitive on E 
there exists a non-periodic point whose images under iteration of T fall in the 
interiors of each of the cubes ai with frequency l/A^, in fact, such points form 
a set of measure rtiE, Let p be such a point, then for any sufficiently large 7 i 
the number of points Tp, . . . , fp in any cube (t, will differ from 7i/N by an 
arbitrarily small fraction of n, in particular by less than n/NK^. In addition, 
let us choose n so that n > NK^\ and so that n -f X is a number of the form 
where X is the integer corresponding to 8 defined in Lemma 14. As in 
the proof of Lemma 15, we can modify the transformation/* ^7/ b}’’ composition 
with an automorphism Sq e Mo[R*] such that under Sof~^Tf the point f~^p has 
period n' = n + X and its first n images are the same as under 7/. (Let D be 
the set on which To = f^Tf is 1:1, and let p* = f^Tp, 0 g i g Then 
Pn € (7V^f^«)po and step by step we can choose points Pn+i , • • • , Pn+x~i such 
that Po , • • • , Pn+x-i are distinct, and therefore also 7’opo , • • • , 7’oPn-f\-i , and 
such that 7 op* is always within distance 5 of p*+i , pX,^\ being taken equal to 
Po . Then define So with norm less than 8 so that SoTop* = p*+i ,0 ^ i ^ n + 
X — 1.) Then Si == fSof^ will be an automorphism of E with norm less than 
6 that leaves the boundary fixed, and under SiT the point p will have period n' 
and its first n images will still be Tp, . . . , 7’"p. It follows that the number of 
distinct images of p under S\T in any cube ai differs from n'/N by less than 
ry = 2n'INK^j because if a, contains n,- of the points 7’p , ... , 7'"p, and X,* of 
the points 7T^^p, • • • , Ti^^pj we have 




n 


X 

I X 

Ui + X,- — 

N 



+ 

N 


^ _L X / 2n 

NK^ + ^ < ^ 2^2 < 


Let Pi , ... , Pn' denote the n' distinct images of p under SiT, We proceed to 
assign each of these to one of the cubes <r, in' such a way that exactly n'/N are 
assigned to each cube ai , and each point is assigned either to the cube in which 
it lies or to an adjacent one. To do this we proceed as follows. First assign 
each point tentatively to the cube in which it lies. If the number of points 
in cr,i is less than n'/Nj make up the deficiency by assigning to it points from 
( 7 ,-, . If the number in ai^ is greater than n^/N, assign enough points from it 
to ( 7,2 to remove the excess. Next consider ai^ and eliminate the excess or 
deficiency of points now assigned to it by assigning points of it to (7,, , or to it 
from ( 7 ,, . After the A-th step there will be exactly n^N points assigned to each 
of the cubes ( 7 q , o’,, , . * . , <7,* except those (if any) which are equal to ai ^^^ . 
After the (K — l)-st step there will be exactly n'/N points assigned to each cell 
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(Ti . At the first step the number of points assigned to other cubes is at most 17, 
at the second step at most 2?; are assigned, and at the last step at most {K — l)i;. 
The total number of points assigned to other cubes is therefore at most 
iK(K — 1)17, which is less than the number of points p, in any one of the cubes 
(Ti . Hence the assignments can be made in such a way that no point is assigned 
to another cube more than once, and therefore every point is assigned finally 
either to the cube in which it lies or to an adjacent one. We can therefore 
number the centers gi , • • • , of the cubes of the a-th dyadic subdivision of 
0-1 , • • • , oTy in such a way that the points Qj and p/ always lie in the same cube 
(Ti or in cubes having an (r — l)-face in common. The distance between them 
is therefore less than 2^, and we can define a measure-preserving automorphism 
S2 of E that leaves the boundary fixed, has norm less than 26, and carries each 
Pj into Qj . (This does not follow directly from Lemma 13 as stated, but the 
same method of proof used there evidently applies in the present case since the 
line segment joining py to qj lies in the interior of E.) It follows that the points 
Qii • •• , Qn' are permuted cyclically by S2SiTS^\ which may be written in the 
form ST by letting S = S2SiTS2^T'~\ This completes the proof, since aS leaves 
the entire boundary of E fixed and can be made arbitrarily small by suitable 
choice of 6, since Si and S2 have norms less than 26. 

Lemma 20: Let R be the r-dimensional unit cubCf r ^ 2, and let T e Mo[R] be 
such that it permutes cyclically the centers of some of the cubes of a certain dyadic 
subdivision of R. Let cri , • . . ^ as be the cubes whose centers are permuted. There 
exist automorphisms S € Mq[R] and h e Ho[R]f equal to the identity outside the cubes 
(Ti and on their boundaries^ such that hSThT^ is measure-preserving and under it 
the cubes concentric^ to ai j • • • j as with half their diameter are rigidly permuted 
in a single cycle. 

Let Pi be the center of ai , We may suppose the cubes so numbered that 
Tpi = pt+i j i < N, and Tps = Pi . Let ri , • • • , r^r be cubes concentric to 
ai y ••• f as y Sill with the same diameter, and small enough so that Tr* is in- 
terior to (7, -1-1 y i < Ny and Tts to ai , Let gi be an automorphism of R that 
leaves the boundary fixed and translates ti into t 2 . Extend both gi and T to 
the whole space E^""^ by defining them equal to the identity outside R, Let g2 
be a radial shrinking transformation of E^'"^ such that g2R C 72 and such that 
g2 leaves both t2 and Tn fixed. It is easily verified that {g2g\T~^g2^)T translates 
Ti into 72 , and g2giT"^g2^ is an automorphism equal to the identity outside 72 
that carries Tn into 72 in a measure-preserving manner. By Theorem 2 Corol- 
lary 3, we can modify g2giT~^g2^ in 72 — Tn in such a way that it becomes a 
measure-preserving automorphism of 72 that leaves the boundary fixed. Call 
this modified automorphism S2 and define it equal to the identity outside 72 . 
Then S2T carries n rigidly into 72 . In exactly the same way we can define 
Si € MoIts] such that S3T carries 72 rigidly into n , Finally we define Si e Main] 

We ehall use the term ' 'concentric’’ to mean that the cubes have the same center and 
also have corresponding faces parallel. 
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such that SiT carries tjv rigidly into n . The product of these N transforma- 
tions Si defines an automorphism S of R that carries each cube <ri into itself 
and is equal to the identity on their boundaries and outside them. Under ST 
each cube t*- is translated into 7,4.1, i < AT, and ts into n. Finally, let A be a 
radial transformation of each cube at into itself which carries into the con- 
centric cube at with diameter half that of ai . Then hSThT^ is a measure- 
preserving automorphism that permutes the cubes cr* rigidly and cyclically. 

LEBfMA 21 : Let T be a meamre-preserving automorphism of the r-dimenmnal 
unit cube ft, r ^ 2, and suppose thxit T permutes rigidly certain disjoint cubes 
Ri j • • • , Rk contained in the interior of R which are sums of cubes of a dyadic 
subdivision. Inhere exists an arbitrarily small automorphism S e Mq[R] equal to 
the identity onR\ , • • • ,Rk such that ST permutes rigidly in a single cycle the cubes 
concentric to and with half the diameter of those of a certain dyadic subdivision of 
the complementary set E = R — (/2i + • • • + Rk)> 

We shall consider the degenerate case AT = 0 to be included in this statement. 
Let € > 0 be given. By the continuity of the group product, there exists a 
positive number 8 such that if A, >Si , S2 are any automorphisms with norm less 
than 8 then hS2SiTh~^T~^ will have norm less than e. By Lemma 19 (or by 
Lemma 15 in the case K = 0), there exists Si c Mo[R] equal to the identity on 
^1 , ••• 1 Rk with norm less than 8 such that SiT permutes cyclically the centers 
of the cubes <ri , • • • , of a dyadic subdivision of Ey and we may suppose the 
cubes Ci to have diameter less than 8 , By Lemma 20, there exist automorphisms 
h and S2 that carry these cubes into themselves and leave their boundaries fixed 
such that hS2{SiT)hr^ is measure-preserving and permutes rigidly in a single 
cycle the cubes a* concentric to and with half the diameter of at . But this 
transformation may be written in the form STy where S = hS2SiThr^T'~^, 
The automorphism S is measure-preserving, since it is a product of two such 
transformations; it is equal to the identity on /2i , • • • y Rk and on the boundary 
of Rj since hy Si , S2 are; and it has norm less than e, since hj Si , S2 have norms 
less than 8 , 

Theorem 12: Any measure-preserving automorphism T of the r-dimensional 
unit cube Ry r ^ 2 , that leaves the boundary fixed can be approximated uniformly by 
another such automorphism T* which is locally linear almost everywhere. More 
precisely, there is a sequence of disjoint cubes interior to R, having total measure 
one, which under T* are rigidly permuted among themselves. 

The proof is based on a sequence of modifications of T defined inductively. 
Let 5i , & , • • • be a sequence of positive numbers with sum less than a given 
number € > 0. We shall show that it is possible to find a sequence of automor- 
phisms Sly S2y •• • with the following properties: 
r Sn€Mo[R]yp{Sn,I) <^n 

2® SnSn-i • • • SiT permutes rigidly among themselves a finite number of 
disjoint cubes i2i , • • • , /if3r„ in n cycles, each of these cubes being a sum of 
interior cubes of a certain dyadic subdivision of R, 

3° Sn is equal to the identity on Ri + R2+ ••• + Rif^-i , ^ > L 
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4“ m{R, + . . . + = 1 - (l - 

By Lemma 21, there exists Si €Mo[/2] with norm less than such that SiT 
permutes rigidly in a single cycle the cubes /?i , • • • jRnx concentric to and with 
half the diameter of those of a certain dyadic subdivision. These cubes therefore 
have total measure l/2^ Thus conditions 1® to 4° are satisfied in the case n = 1, 
condition 3® being vacuous. Now suppose that Si , • • • , Sn and if?i , • • • , Rn^ 
have been defined so that conditions 1® to 4® are satisfied for values of n ^ 
Then Tk == SkSk-i • • • SiT fulfills the hypotheses of Lemma 21 and there exists 
an automorphism S^+i € Mo[R], with norm less than Bk-^i , equal to the identity 
onRi+ ... + Rj^j ^ , such that Sk+iTk permutes rigidly in a single cycle the cubes 
j • • • > R^k+i concentric to and with half the diameter of those of a certain 
dyadic subdivision of R that are not contained in fii + • • • + Rnj, • The total 


measure of these additional cubes is therefore ( 1 — ) 

2 ^ \ 27 


so that conditions 


1® to 4® are now satisfied for values of n ^ ik + 1, and the inductive definition 
of the successive modifications Sn is complete. 

From 1® it follows that the limit S = lim SnSn-i • • • aSi exists and has norm 


n— *00 


less than c. Furthermore, ST is equal to Sn •• • SiT onRi + R 2 + • • • + Ry^ , 
in virtue of 3®, and so it permutes these cubes rigidly among themselves. Thus 
under ST the cubes 72i , 722 , • • • are all rigidly permuted among themselves in 
finite cycles. Finally, by 4®, these cubes contain almost all points of R, Hence 
T* = ST has all the properties described in the theorem. 


Bryn Mawr College 

The University or Wisconsin 
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A REMARK ON NORMAL VARIETIES 

By H. T. Muhly* 

(Received December 22, 1040) 

1. In the terminology of the Italian School an algebraic variety is called 
'^normar' if its system of hyperplane sections is complete. O. Zariski applies 
the term “normal” to an algebraic variety whose associated ring of homogeneous 
coordinates is integrally closed.^ The two concc^pts are not equivalent. Zariski 
refers to a variety which satisfies the former condition as “normal in the geo- 
metric sense” and to one which satisfies the latter condition as “normal in the 
arithmetic sense.” 

A variety which is normal in the arithmetic sense is necessarily normal in the 
geometric sense. Moreover, an r-dimensional variety Vr which is normal in 
the arithmetic sense has no (r — l)-tlimensional singularities. A variety w’hich 
is normal in the geometric sense need not be normal in the arithmetic sense. 
For example, a plane quartic of genus two is normal in the geometric sense, 
but has a double point. A curve may be free from singularities and yet not 
normal in the arithmetic sense. A rational space quartic illustrates this possi- 
bility. The validity of all of these assertions is established in Z. 

The object of this note is to characterize geometrically those algebraic varie- 
ties which are normal in the arithmetic sense. To this (^nd we propose the fol- 
lowing theorem: A necessary ami sufficient condition that the r-dimensional algebraic 
variety Vr he normal in its ambient 'projective space Pn is that for every integer m 
the linear system cut out on Vr by the hyper surf aces of order m in Pn be coynplete. 

In the course of the proof we need the notion of the “character of homogeneity” 
of an algebraic variety, introduced b}^ Zariski in the paper Z. Let 
(o , , • • ' , be the homogeneous coordinates of the general point of a variety 

Vr in the projective space P„ . The underlying field of constants for Pn is as- 
sumed to be algebraically closed and of characteristic zero. We denote this field 
by K. The integral closure, , * • • , f*] of the ring of homogeneous 

coordinates , •••,{!!] in its quotient field S* is denoted by 5*. Each 

of the quantities To , f * , • • • , f * may be assumed to be homogeneous of positive 
degree.^ Zariski proves that there exist integers 8 with the following property. 

* National Research Fellow, 1940-41. 

1 O. Zariski, ''Some Results in the Arithmetic Theory of Algebraic Varieties," American 
Journal of Mathematics, Vol. LXI, No. 2 (April 1939); designated henceforth by Z. 

* If « (i/^o t then , ^2 , • • • , in are the noii-homogeneous coordinates of the general 

point of our Vr and 2(=«K(fi , • • • , in)) is the field of rational functions on Vr . The field 
S* is then equal to S(^o)i a pure transcendental extension of 2. An element o>* of 2* 
is said to be homogeneous of degree f if t X «* = for every automorphism t of 2* 
over 2 of the form t : jt t K. 
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If Wo* , «* , • • • , denote the possible power products of f ? , f i , • • • , f ? which 
are homogeneous of degree 6 and if o)* is any power product of , T* ? • • • > f * 
of degree of homogeneity pS (p a positive integer) then w* is a form of degree p 
in , •••,«!. Any integer d with this property is called a character of 

homogeneity of Vr . 

2. The necessity of our condition is easily established. The ring of homo- 
geneous coordinates o* = , f f , • * • , is integrally closed in its quotient 

field S* since we assume Vr to be normal in the arithmetic sense. As we have 
already pointed out, our hypothesis assures us that the linear system | V | 
which is cut out on Vr by the hyperplanes of Pn is complete. To prove that all 
of the multiples, [ mV 1, m = 1, 2, • • • , of | F 1 are also complete we point oill 
that the integer one is a character of homogeneity of Vr since o* is itself integrally 
closed and since is homogeneous of degree 1, i = 0, 1, • • •, n. It follows by 
sections 20 and 21 of Z that if w* , , • • • , co* are the linearly independent power 

products of degree m {m sl positive integer) which occur among all the power 
products of degree m which can be formed from {o , , • • • , f n , then coo , , 

• • • , CO * are the homogeneous coordinates of the general point of a variety Vl 
which is normal in the arithmetic sense and which is birationally equivalent 
to Vr . Moreover, in the birational correspondence between Vr and Vl the 
system of sections of Vr with the hypersurfaces of order m is transformed into 
the system of sections of Vr with the hyperplanes of its ambient space Ph . 
Since Vr is normal in the arithmetic sense the system of hyperplane sections of Vl 
is complete. This proves the first half of our theorem. 

3. Before proving that our condition is sufficient we list certain well known 

definitions and results to which we shall have occasion to refer, a) If 2 = , 

• • • , in) is the field of rational functions on Vr , then by a prime divisor of 2 
we shall mean an (r — l)-dimensional valuation of 2. If 3 is any finite integral 
domain in 2, and if ^ is a prime divisor whose valuation ring 93^ contains 
then ^ will be said to be of the first kind with respect to^f if the origin (the prime 
ideal of elements of positive value in 3) of ^ in 3 is an (r — l)-dimensional ideal. 
If this is not the case then ^ is of the second kind with respect to 3. 

b) Let • • • , be the homogeneous coordinates of the general point 

of a variety Vr in Pn , and let o* = iC[{o , , • • • , ? be the ring associated with 

io , , • * • , in • We may assume that , • • • , (r are algebraically inde- 
pendent and that {r+i, • • • , depend integrally on (*, , •••,(*■ This 

situation may always be realized by means of a non-singular projective trans- 
formation. If we put {,• = (*/(*, Oo = (i, , In], Oi = , ••• , 

l/(t, (i+i/ii ) •••,(«/(•], then it is not difficult to see that in each 
of the rings o,- , j =0, 1, • • • , r, the first r coordinates are algebraically inde- 
pent and that the remaining ones depend integrally on the first r (see section 4). 
The valuation ring of any prime divisor, '5?, must contain at least one of 
the rings o,-, j = 0, 1, • • • , r. Moreover, it is easily seen that if Oa C and 
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0^ C iBti) , and if ^ is of the first kind with respect to Oa then it is also of the first 
kind with respect to og . Hence we say that $ is of the first kind (or of the 
second kind) with respect to the given projective model Vr of 2. 

We consider the set © of all prime divisors of 2 which are of the first kind with 
respect to F, , and we form the abelian group @(F,) which consists of all finite 
formal power products *, 'iPi e ©, a,- an integer, i = 1,2, ,k. 

The elements of ®(Fr) are called divisors. The divisor ?l = 'ip"‘ • * 

is said to be integral if a, > 0, t = 1, 2, • • • , fc. 

As in the case of functions of one variable, a uniquely determined divisor 
8l(»?) may be associated with each element in 2. We have 

= n 

where the product is extended over all prime divisors in ©. We point out that, 
since every ^ in © is an (r — l)-dimensional valuation of S, the value group 
of ^ may be taken to be the group of integers. Those divisors 21 in ©(Tr) 
which are associated in this way with elements t; in S form a subgroup § of 
©(Vr). Two divisors 21 and 39 are said to be equivalent if 21 *39”^ e 
With every prime divisor 23 in ©, one can associate a unique irreducible 
(r — l)-dimensional subvariety F(23) of Vr . With every integral divisor 
21 = 23“^ 23^*, one associates the effective (r — l)-dimcnsional subvariety 

F(2l) = aiF(230 + --- + a.F(2}0. 

One then defines the complete system determined by V (21) to be the totality of 
all effective curves associated with integral divisors which are equivalent to 21. 
Zariski^s definition of a complete system, which we have used until now, is 
equivalent to this one in so far as the syshra of hyperplane sections and its 
multiples on a given Vr is concerned (see Z page 288). 

c) Lemma: The algebraically independent quantities , ^2 , • • • , Jr have divisor 
representations of the form 

W. i= 1,2, 

where 2l< and 21 are integral divisors and no prime divisor divides both 21,- and 21. 
The proof of the lemma runs along the following lines. Let 23 be a prime divisor, 
of the set ©, which is such that for at least one i the inequality y^(Jt) < 0 holds. 
We may assume that v^{^i) ^ j = 1, 2, . • . , r, for if this is not the case 

we consider the J of least value. The valuation ring must then contain the 
ring 0* = K[^i/^i , • • • , ft-i/Ji , 1/J.-, , • • • , fn/JJ. Moreover, since 

> 0, 1/Ji = 0(p), where p is the origin of 23 in o. . Since p is (r - 1)- 
dimensional, p cannot divide fy/Jt , i = 1, 2, • . • , r. (This follows since 
fr+i/Jy , • • • , Jn/J» depend integrally on Ji/Jy , • • • , , 1/J, , Jt+i/Jt , • • • , 

It therefore follows that 2;^(Jy/Jy) = 0, or that i;^(Jy) = t^ij(Ji), 
j = 1, 2, • • • , r. This proves the lemma. 

4. We prove that our condition is sufficient. Let Vr be a variety in the 
projective space Pn , and let Jo , t* , • • • , in be the homogeneous coordinates 
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of its general point. We assume that the system \ mV \ cut out on Vr by the 
hypersurfaces of order m in Pn is complete, m = 1, 2, • • • . We must prove 
that the ring o* = K[io ,{*,•••, fn] is integrally closed in its quotient field 
X*, As in section 3, we assume that {o , if , * • • , are algebraically independ- 
ent and that {r+i ,•••,{»» depend integrally on fo , fi , • • * , f r . Any element 
of S* which depends integrally on , • • • , is the sum of homogeneous 

elements which depend integrally on . It is therefore sufficient 

to prove that o* contains any homogeneous element of 2* which depends in- 
tegrally on {* , , • • • , • 

Let CO* be an homogeneous element of degree v with this property and let 
(1) co*^ + ai({* ,{*,•••, ^ ^ {* ^ . . . ^ {*) = 0 

be the equation which expresses the integral dependence of co* on , • • • , . 

Since every homogeneous integer satisfies an homogeneous equation of integral 
dependence, we may assume that is a fonn of degree tV in fo , ii , • • • , , 

i = 1, 2, • • • , A (see Z, section 18). If we divide equation (1) by we see 
that the quantity co = co*/{?'' is an element of 2 ( = K(^i , • • • , fn)) which depends 
integrally on , ^ 2 , • • • , fr . On the other hand, division of equation (1) by 
shows that w/fj depends integrally on {,/{< , ... , , l/f,- , ?, •+!/{< , • • • , 

{r/f< ,i = 1, 2, . . . , r. 

Let (i = i = 1, 2, • • • , r, be the divisor decomposition of mentioned 

in 3c. Since the system j vV 1 is complete for every Vy it follows that if 58 is an 
integral divisor in ®(Fr) which is equivalent to SI" (in symbols 58 ?l"), and if 

6 = 58/ SI", then 6 = /(^i , • • • , fn) where /is a polynomial of degree ^ in the 
indicated arguments. 

If 6 = 58/31", then 6 is an integral function of fi, , • • • , f r , since 6 has non- 
negative value at all prime divisors of © for which , ^ 2 , • • • , fr have non- 
negative values. On the other hand, = 58/81,", and consequently 0/{," is 
an integral function of {i/{, , • • • , l/€i , • • • , Wft • We assert that, conversely, 
if an integral function 0 of gi , • • • , fr has the property that for some integer v, 
e/^i is an integral function of fi/{, , • • • , ft-i/fi , 1/f, , ii+i/fi , • • • , Uii , 
i = 1, 2, • • • , r, then 0 may be put into the form 93/81" where 93 is an integral 
divisor in ®(Fr) which is necessarily equivalent to 81". In fact, if ^ = 58o/8(o 
is the divisor decomposition of 0, then 0/{J = 58o8[7?loSli • Since B is an integral 
function of , • • • , ir , no prime divisor of the set © can divide Slo if it does not 
divide 81. Moreover, no prime divisor of © can occur in 8lo to a higher power 
than that to which it occurs in 81", since B/ii\ is an integral function of fi/f,- , • • • , 
{<-.i/f,-, 1/f,-, f,+i/f,', • • • , fr/fi, i = 1, 2, . . . , r. It follows that 81" = 8* 8lo where 
8 is an integral divisor. We can therefore write 6 = 93/81". 

Our theorem now follows readily. If w* is an element of 2* which depends 
integrally on , • • • , and if w* is homogeneous of degree v, then the quan- 

tity w = w*/$f " is an integral function of , £ 2 , • • • , Jr which has the property 
that w/f< is an integral function of {i/{,- , . . . , J,-.i/J.- , l/f* , Jt+i/J.- , • • • , Jr/J* . 
The integral function w therefore admits a divisor representation of the form 93/8l^ 
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By virtue of the completeness of \vV\j this implies that w = /(fi , ••• , 
where / is a polynomial of degree ^ p. Hence we see that 

w* = J • • • ) fn) = <pp{io 

where (p^ is a form of degree v. The element co* is thus seen to be in o*, q.e.d. 

As a final remark we point out that there exist curves which are free from 
singularities and on which the hyperplanes cut out a complete system, but 
which are nevertheless not normal in the arithmetic sense. In fact in P3 there 
exist curves of order seven and of genus four which are free from singularities. 
On such curves the system of plane sections is complete while the system cut 
out by the quadric surfaces is not. Thus, even though freedom from singularities 
and completeness of the system of plane sections are individually necessary for 
a curve to be normal in the arithmetic sense, they are together not sufficient. 

Princeton Univbrsitt and Institute for Advanced Study 
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ON THE CONNECTION BETWEEN THE ORDINARY AND THE 
MODULAR CHARACTERS OF GROUPS OF FINITE ORDER* 

By Richard Braubr 
(Received October 21, 1940) 

Introduction 

The representations of groups by matrices with coeflBicients in a modular field 
and the corresponding modular group characters have been studied in two 
earlier papers;^ the aim of the present paper is to continue this work. Let ® 
be a group of finite order g and let p be a rational prime. If f 2 (Cr), • • • 

are the (ordinary) characters of ®, and • the modular characters 

of ® for p, then we have formulae 

(*) UG) = r d,.^,{G) 

provided that (? is a p-regular element of i.e. an element G of an order prime 
to p. The dy,p are non-negative rational integers, the decomposition numbers 
of & for p. We may say that the group characters of ® are built up by the 
modular characters <p ,, , and it is possible to obtain a deeper insight into the 
nature of the ordinary group characters by the use of the modular characters 
and their properties. However, it is disturbing that we have to restrict our- 
selves to p-regular elements. In this paper, we plan to overcome this diffi- 
culty. The value for elements G of an order divisible by p will be 

expressed by the modular characters of certain subgroups 5)lt- of ®. The corre- 
sponding generalized decomposition numbers d^y will not necessarily be rational, 
but they are integers of a cyclotomic field of an order p®. The definition of 
these numbers d*, , and the formulae generalizing (*) are given in §1. The 
numbers d^, can be arranged in the form of a square matrix D which is non- 
degenerate, and, apart from the arrangements of the rows and columns, the 
d^y are invariants of the group ®. The matrix of the group characters of ® 
can be written as the product of D and a matrix A which breaks up completely^ 
into the matrices of the modular group characters of 9?o , ,%,•••, if the 

rows and columns in all these matrices are suitably arranged. If the modular 
characters of the groups Vli are known, the product of any two colunms of D 


* Presented to the American Mathematical Society on April 11, 1941. 

^ R. Brauer and C. Nesbitt, On the modular representations of groups of finite order. 
University of Toronto Studies, Math. Series No. 4, 1937. R. Brauer and C. Nesbitt, On 
the modular characters of groups. I refer to these two papers by BN 1 and BN 2. The 
introduction of BN 2 contains a short summary of most of the methods and results of BN 1. 

* This means that the matrix A contains in its main diagonal the matrices of the modular 

group characters of - , and zero matrices outside the main diagonal. 
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can be formed; the Cartan invariants of the groups SI*- appear as the values of 
these products (§3). Further, some congruences (mod p) for the decomposition 
numbers are given which will be of fundamental importance for a later paper. 

With every column of D, all algebraically conjugate columns appear in D. 
In this manner, the colunms of D are distributed in ''families'' of conjugate 
columns. The number N of such families and the numbers Wi ^ vh y • • * , Wn 
of members of the individual families are determined in §§6, 7. The numbers 
obtained are the same as if we distribute the characters f,, into "families" of 
p-con jugate characters where two characters are said to be p-conjugatej if they 
can be transformed into each other by a change of a primitive root of 
unity. Finally, we also obtain these numbers AT, Wi , when we distribute the 
classes of conjugate elements into "families" in a certain manner which can be 
described in terms of abstract group theory. 

Notation: @ denotes a group of finite order gf, p is a fixed rational prime 
number, and we set g = with (p, g') = I, A p-regular element of ® is an 
element whose order is prime to p; the other elements are said to be p-sirigular. 
Similarly, we denote the classes of conjugate elements as p-regular or p-singular 
according as the elements of the class are 7>-regular or p-singular. The nor- 
malizor of an element G consists of those elements of ® which commute 
with G; the order of yi(G) will be denoted by n{G). When we speak of a repre- 
sentation or a character of & without further attribute, we mean a representa- 
tion in the field of all complex numbers and the corresponding character. In 
the case of a representation in a field of characteristic p, we always add the 
word "modular". 

1. Definition of the generalized decomposition numbers 

We consider a group ® of finite order g = p'^gf' where p is a prime number and 
(g\ p) = 1 . Let Po = ly Pi y p2 y • * • y Ph ho h system of elements whose 
orders are powers of p, such that they all lie in different classes of conjugate 
elements, but that every element of an order p“ (a = 0, 1, 2, • • • ) is conjugate 
to one of them. Of course, the P, can be taken from a fixed Sylow subgroup of 
order p®. Every p-singular class of & contains an element of the form PiV 
where i is uniquely determined by the class and whore V is a p-regular element 
of the normalizor 91(P,) of P,* . If W is a p-regular clement of 9J(P,) and PiV 
and PjW are conjugate, say 

G~'^PiVG = PyW, 

then by raising this equation to suitable powers, we find 

= Pi, G-^VG = W, 

Hence i = j, 0 lies in 9l(P.), and V and W are conjugate in 91(P»). Conversely, 
these conditions imply that PiV and PyF are conjugate in ®. In order to 
obtain a complete system of representatives for the p-singular classes of @, we 
have to form PiV where i = 0, 1, 2, . • • , A, and, for each f, the element V ranges 
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over a complete system of representatives of the p-regular classes of the group 
Let ki denote the number of these classes. 

Consider a representation g of ®. The matrix ^(Pi) representing a fixed ele- 
ment Pi can be assumed to be of the form 


g(P.) = 


feili 0 
0 tili 


0 



where h, h, • • • ,Ii are unit matrices, and «i , «s ,•••,«( are distinct p®*** 
roots of unity; for p“ we may take the order of Pi . The matrix representing 
an element F* of 91 (Pi) then breaks up in a corresponding manner, 


5(K-) = 


0 

0 


0 

0 


0 0 




The trace tr ({5(PiFi)) is given by 

tr (5(^<Fi)) = *1 tr (iV'") -b €2 tr -h • • • e, tr 

If Fi ranges over all elements of 91(Pi), then for a fixed X, will form a 
representation of 91(Pi). The trace tr can therefore be expressed as a 

linear combination of the irreducible characters of 91 (Pt). If Vi is p-regular, 
these characters again can be expressed by the irreducible modular characters 
of ^{Pi). 

Let , ^ 2 , ‘ • be the distinct absolutely irreducible modular characters of 
9l(P,) for p; we have ki of them.* Thus we obtain a formula 


tr (g(PiF<)) = E dV,(Fi) 


where d\ is an integer of the field of the p"*** roots of unity; it is independent of F< . 

If » ^ 2 , • • • are the distinct irreducible representations of ®, and fi , f 2 , • • • 
the corresponding characters, we therefore have formulae 


( 1 ) 



(Vi in 9l(P<), p-regular). 


We denote the d^, as the generalized decomposition numbers of ®. For i = 0, 
we have Po = 1, 91(Po) = ®, and the are identical with the ordinary decom- 
position numbers of ®* In any case, d^, is an integer of the field of the 
p®**** roots of unity where p®’ is the order of P,- . 

Let be the indecomposable modular character which corresponds to <pl , 


» BN 1, Theorem III.— BN 2, §8. 
‘ BN 1, p. 7.— BN 2, |4. 
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(v = 1, 2, * • • , ki). If n(Pi) is the order of then it follows from the or- 

thogonality relations for modular group characters^ that 

( 2 ) = UPiV)^i(V-^ 

n{Pi) V ia9l(Pi) 

where the dash indicates that V ranges over the p-regular elements of 5W(P<) 
only. We arrange these numbers for a fixed i in form of a matrix D* = 
with /i as row index and v as column index, and set 

(3) D= 

Any column of D will be denoted as a d-column of ®; each of them is given by a 
pair (i, v). It follows that the number of such columns is equal to the sum of 
all ki , i.e. equal to the full number k of classes of conjugate elements of ®. 
Hence D is a square matrix of the same degree k as the matrix Z of the group 
characters of According to (1), we have a formula Z = DA where A 
is a square matrix. Since Z is non-singular, so is D. 

Theorem 1: The matrix D of the generalized decomposition numbers of ® is 
non-singular. The matrix of the group characters of ® has the form DA where 
the matrix A breaks up completely^ into the matrices of the modular group characters 
of 9?(Po), 9?(Pi), • • • , 92 (Pa), provided that the rows and columns of the matrices 
are suitably arranged. 

If D and the modular group characters of all 9i(Pt) are known, then the 
ordinary group characters of ® can be found from (1). 

2, Change of P, 

For the definition of the generalized decomposition numbers , a special 
system of elements P* of ® has been used. We now have to see how the 
are affected by an admissible change in the choice of Pi , that is when we replace 
Pi by a conjugate element G~^P^G — Pf . Of course, G“^3?(P,)G = ?J(P?). 
If F — > iy iii 9KPt)), is a representation of 9?(P,), then 7* — ^ 

7* in 9l(Pt*), is a representation of 9?(Pf). If x(7) is the character of we 
denote the character of the new representation by i-c. 

(4) x\V*) = xiGV*(r^), V* in 

Then 

is a complete system of irreducible modular characters of 511 (P*); the corre- 
sponding indecomposable characters arc 

Since f^CP.F) = f^(G“‘P,FG), we obtain easily from (2) 

‘ BN 1, Theorem IV —BN 2, (20). 

• Cf. footnote 2. 
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Theorem 2: If Pi is replaced by CT^PjQ = P* , then 4, - < , where 4 : 
are the decomposition numbers corresponding to this new choice ^ and where 
is taken as the character of 9l(Pf). 

We see that the only possible change is a permutation of the columns of /)*. 
Theorem 3: The generalized decomposition numbers are invariants of 


3. The orthogonality relations 

We form the ^'unitary product’’ of two columns of D. According to (2), we 
have 


(5) d^pdip — ZTp'\^(p \ ^ ^ 

n\^ri)n\^rj) y in W in 9l(P,) 


Z' Z' E UPiyWiW). 


The sum over m on the right hand side vanishes, if P<F and PjW are not conju- 
gate in ®; in the other case its value is w(P<F). It follows that, for i ^ j, the 
whole expression vanishes. For i = j, only the n{Pi)/n{PiV) elements W are 
to be taken into account which, in 91(P,), are conjugate to F. Hence 

4Ap = rT^ E' ^i(F-‘)$i(F). 

n{ri) vinnPi) 

The right hand side can easily be evaluated/ We thus obtain 
Theorem 4: The generalized decomposition numbers satisfy the equations 


E 


( 6 ) 


<1-1 


d* df = 

U'Kir Ur^p 


for i j 
for i = 


where c'„ is the Cartan invariant of corresponding to the modular characters 

% i 

On multiplying D' with the conjugate complex matrix D and forming the 
determinant of th6 product, we obtain the product of all the determinants 
I cjx I, i = 0, 1, 2, • • • , /i. All these | cjx | are powers of p/ With every 
d-column, the crajugate complex column also appears as a d-column, as is easily 
seen. Hence | D | = zb| D |, Since the determinant of the matrix A in theo- 
rem 1 is prime to we have 

Theorem 5: The square of the determinant o/D is of the form =bp”*, m a rational 
integer > 0. The determinant of the second factor A in theorem 1 is prime to p. 

It is not difficult to determine the exact value of the determinant of D. 


»BNl,p. 15.~BN2, (22). 

< It should be noted that the are not thq ordinary decomposition numbers of ?l(Pi) 
though they satisfy exactly the same relations. 

• Cf . R. Brauer, On the Cartan invariants of groups of finite order, Annals of Math. 42, 
p. 63, 1941. 

^®'BN 2, §8. — In BN 1, it is shown that the determinant 1 X | of the matrix X of the 
modular group characters of a group is prime to a fixed prime ideal divisor p of p, cf. BN 1, 
(26). The proof given in BN 1, p. 14 for the fact that | X 1 is prime to p, is not correct. 
However, this result follows from BN 1, (26), since 1 X 1* is a rational integer, cf . BN 1, (29). 
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4. p-conjugate characters 

If we replace a primitive fli“* root of unity by another one ej, (X, g) — 
then every character is transformed into a conjugate character . Choose 
now X s 1 (mod g') so that the substitution e, ej amounts to an interchange 
of the p”*** roots of unity, such that the ^'*** roots of unity remain unaltered. 
In this case, we say that the two conjugate characters and f, are p-conjxigate. 
All the characters are distributed into families of p-conjugate characters. 

If and f, are p-conjugate, then tniG) = i,{G) for p-regular elements 0. It 
follows that and have the same modular constituents (for p). Hence 

Theorem 6: Two p-conjugale characters and have the same modular constit- 
uents; they lie in the same block of characters {for p). 


6. The decomposition numbers corresponding to a block of characters 

Let B be a block" of characters of ® (for p). We consider a sum analogous 
to (6) but where u ranges only over the values for which belongs to B. We 
shall say for short that these are the indices in B. Similar to (5) we have 


E 

M in B 


ji Jj 


= E' 

V w 


1 1 
n{Pi) n{Pi) 


z uPiV)UPiW). 

M in B 


As the , the whole sum is an integer of the field of the roots of unity. 
But with every all its p-conjugates appear, and the expression on the right 
hand side shows that the sum is a rational integer. 

Now collect the terms for which V lies in a fixed class of and TT in a 

fixed class of Since these classes consist of n{Pi)/n(PiV) and of 

n(Pi)/n{PjW) elements respectively, and all the corresponding terms have the 
same value, we find 


ji jj 
dfiydfip 


(7) 


= E" E' 


mV-^)/n{PiV)][4>i{W)/n{P,W)] E UPiVWiW) 

M in B 


where V and W range over certain elements of UliPi) and 91(P,) respectively. 
The numbers in the square brackets are p-integers.** If p is a prime ideal 
divisor of p in the field generated by the characters tn > then 

^^{PiV) = f.(T) (mod p). 

On the other hand, if j > 0 and, therefore, PjW p-singular, we have 

E UWPiWj = o.“ 

ii in B 


“ BN 1, §§6, 7.-BN 2, §9. 

” BN 1, theorem V.— This theorem is a consequence of BN 2, (16) and (17). 

BN 1, theorem VIIL— This can also be seen from BN 2, (28), and the formulae (1) 
and (6) of the present paper. 
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Hence for j > 0 the sum (7) is divisible by p, and since it is rational, it is 
divisible by p. 

Theorem 7: If Pj 9^ 1, i.e. if j > 0, then for every block B 

(8) X = 0 (mod p); 

M in B 

the left side is a rational integer. 

Assume that the blocks B = Bx consists of the ordinary characters f i , f 2 , 
• • • , f * and the modular characters , • • • , <^ 1 / , ((py = <pl) and form the 

matrix D\ = = (d^), (p = 1, 2, . • . , a:; tr = 1, 2, . • • , i/). The matrix D 

breaks up completely into JDi , Da , • • • corresponding to the different blocks/* 
From (6), it follows that 

^ A {clp = Cup, if i = 0, and v?p both belong to B. 

(8*) i:<pd:p = ] . „ , 

M in B 1^0, in all other cases. 

This supplements (8). 

If J f 2 , • • • , f * belong to w different families of p-conjugate characters, then 
we arrange the f,* so that f 1 , fa , • • • , fw all belong to different families. Assume 
that the family of f„ consists of characters and set 

(9) 5x = (dp.) (p = 1, 2, . . . , id; <r = 1, 2, . . . , y). 

If and fp are p-conjugate, then by theorem 6. Therefore, D\ has 

the same rows as D\ , but the p**" row of J5x appears r,, times in Dx . From (8*) 
and (1), it follows that 

X 

= 0 (for all p-singular S of ®). 

Here, p-conjugate characters have the same coefficients. If we denote by f,, 
the sum of all characters which are p-conjugate to f,* (including f,*), the equa- 
tion can be written in the form 

w 

(10) d^,l^{S) — 0 (for all p-singular S of @). 

p-i 

We set d„ = 23 for any fixed numbers «i , ... , w, . Then 

y 

tti 

(10a) ^ dpf^iS) = 0 (for all p-singular S of ®). 

M-l 

Every character ^^(G) of ® may be considered as a character of the p-Sy low- 
subgroup ^ of ®, when we take G as an element P of If, in this sense, f„ 
contains the 1-character [1] of ^ times, the same will hold for the p-conjugate 
characters and, therefore, will contain [1] exactly r^q^ times. The expression 
xiP) = 2 ^pii^iP) is a linear combination of the characters of and [1] appears 


1, theorem VII.— BN 2, (28). 
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in it with the coefficient ^ dur^q^ . But, from (10a), xiP) = 0 for P 1. If 
2 „ is the degree of , then x(l) = 23 • The orthogonality relations for 

ordinary group characters give (l/p“) 23 as the coefficient of [1] in x, 
and hence 

ID to 

( 11 ) p ~ TiidiiZfi* 

M-l M-1 

If only one of the numbers is different from 0, (11) becomes , 

and then the character is of the highest kind/^ If we exclude this case, it 
follows that it is impossible to determine coi , C 02 , • • • , coy so that only one of the 
d^ does not vanish. This implies that the rank of D\ is smaller than w. But 
D\ has the same rank as Dx , and this rank is Hence 
Theorem 8: Every block B which is not of the highest kind contains more families 
of ordinary characters than it contains modular characters: w > y}^ 

Each relation (10) must contain at least two . This gives 
Theorem 9: If the block B is not of the highest kindj then each of its modular 
constituents appears in at least two characters of B which are not p-conjugate. 
From (10) it also follows that 

w 

(12) Z MUS) = 0 

/i-1 

for any p-regular R and any p-regular S, 

The blocks of highest kind consist of exactly one whose degree is divisible 
by p®, and each such forms a block of highest kind.^** Since such a vanishes 
for all p-singular elements, (2) gives 

Theorem 10: If forms a block of highest kind, then = 0 for all i > 0 
and all v. 


6, The permutation lemma 

We now derive a simple lemma which we shall need. C'onsider a matrix 
M = (mij) with u rows and v columns. Every permutation A of the rows of M 
can be effected by left-multiplication of M with a suitable ‘‘permutation matrix^ ^ 
Pa of degree u which in every row and in every column has one coefficient 1 and 
m — 1 coefficients 0. Similarly, every permutation B of the columns of M 
can be effected by right-multiplication of M with a suitable permutation matrix 
Qb of degree v. We prove 

Lemma 1 : Let M be a non-singular matrix. If there exists a permutation A of 
the rows of M and a permutation B of the columns of M such that both carry M 
into the same matrix, then the cycles of the permutation A have the same lengths as 
those of B, In particular, A and B have the same number of cycles, 

“ BN 2, theorem 1. 

BN 1, p. 21 .—BN 2, (29), (15) and (14). 

This improves the inequality x> y given in BN 2. 

Cf. footnote 15. 
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Proof: According to the assumption, we have 

(13) PaM = MQs . 

Since M is non-singular, Pa and Qb have the same characteristic roots. To 
each cycle of length r of A, there correspond the r roots of unity as charac- 
teristic roots of Pa On comparing the roots of Pa and Qb , starting with the 
maximal r, we readily obtain lemma 1. Similarly, we prove 

Lemma 2: Let M be a rectangular matrix whose columns are linearly indeperdentj 
and assume that there exists a permutation A of the rows and a permutation B of 
the columns of M which both carry M into the same matrix. If B has a cycle of 
length r then A has a cycle whose length is divisible by r. 

Proof: Again, (13) holds. Schur's lemma shows that Qb is a constituent of 
Pa so that the characteristic roots of Qb appear among those of Pa . On com- 
paring these roots, we obtain lemma 2. We also have the result 

Lemma 3 : Let M be a non-singular matrix of degree m^ and let 21 and ® be two 
permutation groups of degree m which are both homomorphic to the same group 
If for every T in J, the corresponding element At of % applied to the rows of Af, 
and the corresponding element Brof^^ applied to the columns of M, both carry M 
into the same matrix, then the number of systems of transitivity is the same for 21 
and for 23. \ 

Proof: Again (13) will hold for corresponding A — At and B = Bt • All 
we have to show is that the number of systems of transitivity is an invariant, 
if 21 is interpreted as a group of linear transformations, and similarity trans- 
formations of 21 are performed. But this follows from the fact that ra is the 
number of 1 -constituents of the linear group 21. 

7. Families of characters, classes, and d-columns 

The results of §6 can be applied when M is the matrix of group characters 
of ®. We may construct corresponding permutations A and B in the following 
manner. Let eg be a primitive g^^ root of unity, and let X be a rational integer 
which is prime to g. The substitution T\ : eg — > cj carries every character x 
of ® into a conjugate character we have 

(14) x^\G) = x(G^). 

On the other hand, the substitution G carries every class of conjugate 

elements S into a new class Then (14) shows that the value of x for 6^’ 
is the same as the value of x^’ for S. Hence the permutation A: x of 

the rows of M, and the permutation B: Q (5^^ of the columns both carry M 
into the same matrix. 

We are interested in the case that \ s l (mod g'). Then x and x^’ belong to 

A modification is necessary, if the underlying field is modular, but the lemma remains 
valid. The same is true for lemma 2 and lemma 3. We shall use the lemmas only in the 
case of a non-modular field. 
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the same family of p-conjugate classes (§4), We shall also say that the classes 
® and belong to the same family of classes (X = 1 (mod g')). If S contains 
the element PiV {V in SICP,), p-regular), then contains P)V in this case. 

Before formulating the results, we also consider the matrix D, (3). With 
every column d*, , all the algebraically conjugate columns will appear. Indeed, 
the substitution Tx , (\ s i (mod g')) results in the replacing of P, in (2) by P) , 
and on account of Theorem 2, this new column can again be exprestsed in the 
form dir . The d-columns thus appear distributed into families of algebraically 
conjugate d-columns. The effect of the substitution T\ on D then consists of a 
permutation B* of the columns; the members of each family are interchanged 
among themselves. 

On the other hand, the effect of Tx on D can also be described by the permuta- 
tion A: X of the rows of D as follows from (2). Hence the assumptions 

of lemma 1 are also satisfied for ikf = D and the permutations A and B*. 

Let J be the group of all substitutions 2\ with X = 1 (mod g')- We then 
have homomorphic groups 21, S, S* consisting of the A, the B, and the B* 
respectively. In each of the three cases, a system of transitivity corresponds 
exactly to a family (of characters, classes, or d-columns). Hence lemma 3 gives 

Theorem 11: The number of distinct families is the same for each of the three 
kinds of families: Families of jhconjugate characters^ families of classesj and 
families of conjugate d-columns^^ 

Next let p be an odd prime. Thus X is cyclic, and a primitive element is ob- 
tained by taking for X a primitive root (mod p“), (X = 1 (mod g')). For this T\ , 
the lengths of the cycles of the permutation A are the numbers of members 
belonging to the different families of characters. A similar statement holds for 
B and B*. Lemma 1 now yields 

Theorem 12: Let p 9 ^ 2 , If the different families of characters contain 
Tij ^ 2 , • • • , r/ members respectively ^ if th£ different families of classes contain 
Si , 52 , • • • j Sf respectively, and if the different families of d-columns contain < 1 ,^ 2 , 
• • • ,tf members respectively, then the three sets (ri , r 2 , •••,?"/), (si , S 2 , • • • , S/), 
(<i , fe , • • • , </) are identical apart from the arrangement^^ 

Remark: The k^ p-regular classes form each a family of its own, «« = 1. Simi- 
larly, the fco d-columns of = D form each a family of its own, = 1. 

There is another case in which lemma 1 and lemma 3 can be applied. Every 
automorphism of ® permutes the characters, the classes, and the d-columns, and 
again the assumptions of the lemmas are satisfied. It seems unnecessary to 
formulate the results explicitly. 

University of Toronto, 

Toronto, Canada. 

For the first two kinds of families, compare the similar statement and proof in W. 
Burnside, Theory of groups of finite order, 2nd. ed., Cambridge 1911, p. 315, theorem VL 
For p “ 2 this will hold, if G does not contain elements of order 8. 
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INVESTIGATIONS ON GROUP CHARACTERS* 

By Richard Brauer 
(Received November 19, 1940) 

Introduction 

Let ® be a finite group of order g. It is well known that the distinct irre- 
ducible representations , ^ 2 , • • • , 3a: of @ in the field of complex numbers 
can be so chosen that their coefficients belong to an algebraic number field 0 , 
of finite degree. Furthermore, if p is a fixed rational prime number, we may 
assume that the coefficients are p-integers, i.e. are of the form a/ ^ where a and jS 
are integers of 12 and is prime to p. Let ^ be a fixed prime ideal divisor of p 
in 12. If every coefficient of Sk is replaced by its residue class (mod ^), then we 
obtain a modular representation with coefficients in a field*of characteristic p. 

It was shown by Dickson and Speiser^ that the ordinary theory of group 
characters remains valid for modular group characters, if the prime p does not 
divide the group order g. Every modular representation then is completely 
reducible ;^all _the distinct, absolutely irreducible modular representations are 
given by , 52 , • ‘ • 

In a recent paper, ^ C. Nesbitt and the author obtained results which may be 
considered as generalizations of these theorems. Let p be any rational prime, 
and assume that p“ is the highest power of p which divides g, ssty 

g = pV, (p, = L 

We then coi^idered representations .S* whose degree is divisible by p“. It was 
i^own that is absolutely irreducible as a modular representation. Whenever 
Sk appears as a constituent of a modular representation 5, then § breaks up 
completely into and another constituent 21 (reducible or irreducible) 



None of the representations 5x for X 9 ^ k contains 5* as a constituent. Since 
every irreducible modular representation appears as a constituent of at least one 
of the representations Siy S 2 , -y Sky this, (in the case a = 0, i.e. fif ^ 0 
(mod p)), actually yields the theorem of Dickson and Speiser. 

* Presented to the American Mathematical Society on September 5, 1941. 

^ L. E, Dickson, Trans. Am. Math. Soc. 3, p. 286, 1902. A. Speiser, Theorie der Gruppen 
von endltcher Ordnung 3^^ ed. Berlin 1937, §71. 

* 'On the modular characters of groups^ Ann. of Math., 42, p. 666, 1941. I refer to this 
paper as BN, 
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In this paper, I study representations whose degree is divisible by 
but not by If the order gf of ® is divisible by p to the first power only, then 
every representation is either of this type, or of the “highest” type, ^ Q 
(mod p“), which was studied in the former paper. Our results will enable us to 
derive a great number of properties of the characters of groups & of such an 
order g — these properties form a powerful weapon in the investigation of 
these groups.^ 

Our first result concerning representations of a degree Zk = 0 (mod 
is that the degree of all those representations which belong to the same block^ 
B as ) is also divisible by I mention here the following application of 

this theorem: The only simple group of an order 4pV) Q primes) with a ^ 2 
is the simple group of order 60; the only simple groups of an order (p, q 
primes) with a ^ 2 are the simple groups of order 60 and 168. (§9.) 

With the block B containing a representation ,3* cf degree z^ ^ 0 (mod p"~^), 
Zk 0 (mod p“), we associate a linear graph. Every vertex Vx corresponds to a 
family of p-conjugate characters*^ f x , ?x , • • • of B, every edge to a modular 
character of B, and the edge contains V\ , if <p^ is a modular constituent of fx 
(and so of all its p-conjugates). It will be shown that every Sx contains only 
two vertices, further that the complex actually is a tree T. Since we also 
have the result that never appears with higher multiplicity than 1 in an 
ordinary irreducible character, the tree describes the complete structure of the 
block B, if at every vertex Fx the number rx of characters in the family of fx 
is indicated. If T and these numbers rx are given, the decomposition numbers 
and hence the Cartan invariants corresponding to the block can be easily ob- 
tained. Of course, there exist two vertices of T which lie on only one edge. 
Consequently, the block B contains at least two characters which arc not p-conju- 
gate, and which remain irreducible, when considered as modular characters. 

If 3x is any irreducible representation of if zx is its degree and rx the number 
of its p-conjugates, then we can show that vxZx ^ 0 (mod p®^^).® If rx^x = 0 
(mod p“), then 2 x = 0 (mod p“), i.c. .3x is of the highest kind. 

In the case 2 x = 0 (mod p^*'^), 2 ^x ^ 0 (mod p"), it follows that rx divides p 1. 
Besides, we have the relation 

rir2 • • • r„ (i + i + • • • + — ) = p 

Vi Ti r„/ 

for the numbers rx belonging to the different vertices Vx of the tree T, 

In the last three sections, the arrangement of the modular constituents of an 


* Cf . R. Brauer, On groups whose order contains a prime factor to the first order ^ to appear 
soon. 

* BN, §9. Cf. also R. Brauer and C. Nesbitt, On the modular representations of groups of 
finite order y University of Toronto Studies, Math. Series No. 4, 1937. 

« For the definition of p-conjugate characters, cf. the list of notations at the end of this 
introduction. 

® This improves the theorem that the degree of an irreducible representation divides the 
order of the group. 
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irreducible representation of a degree 2 x ^ 0 (mod p“'*) is discussed. We 
assume here that the splitting field fl is normal over the field of rational numbers 
and that the order of ramification e of p in 0 is equal to the number r\ of p-conju- 
gates; there exist fields $2 satisfying these conditions, but e can never be smaller 
than rx . It turns out that the arrangement of the modular constituents of 3x 
is uniquely determined apart from a cyclic permutation of the constituents. 
If we restrict ourselves to the application of similarity transformations M whose 
coefficients are '?}-integers and whose determinant is prime to iP, then the cyclic 
permutation must be the identity. The cla.ss of all representations with 
'^J-integral coefficients in 12, which are similar to > splits into j subclasses of 
representations which are similar in this narrower sense. Here, j is the number 
of modular constituents of >ix , and each of the subclasses corresponds to one of - 
the j cyclic permutations of the modular constituents. 

Notation: @ is a group of order g = pY where p is a fixed prime and 
(s't P) = !• The words “repre.sentation” and “character” always refer to 
representations in the field of all complex numbers and their characters, unless 
the word “modular” is added, in which case we mean a representation in a field 
of characteristic p. The distinct irreducible representations of @ are denoted 
by > ^2 ) • • • J 3* ) their characters by f i , , • • • , ft and their degrees by 

2i , 2 j , • < • , 2 * . Two characters f, and fx are p-conjugate if f, can be carried 
into fx by a change of the primitive p^th roots of unity which leaves the jr'th 
roots of unity unaltered. Then fi , f 2 , • • • , ft are distributed into “families” 
of p-conjugate characters; the number of members of the family of fx is usually 
denoted by rx . If (j is an element of @, then fx((r) is the value of fx for this 
element G. The distinct, absolutely irreducible modular characters of G are 
denoted by , • • • . An element (r of @ is p-regular if its order is prime to p. 
If its order is divisible by p, then G is p-singular. 

1. Construction of a suitable splitting field' 

Let ® be a group of finite order g, and consider an irreducible representation 
.3 of the group ® in the field of all complex numbers. We want to construct a 
splitting field A for 3 such that A is normal over the field P of rational numbers, 
and that the order of ramification c of a given prime p in A is as small as possible. 
Of course, A must contain the field Z = P(f) generated by the character f of 3, 
and this fact imposes a condition on e. The following lemma shows that, for 
suitable A, the number e has the smallest value which is compatible with this 
condition. 

Lemma 1 : There exist splitting fields of the form Z(t) where r is a root of unity, 

T = 1, of an order s which is prime to p. 

Proof: Let q be a prime ideal of Z and O be a corresponding prime ideal of 

’ For the concepts of the theory of algebras used in §1, cf. M. Deuring, Algebren, Berlin 
1985, and A. A. Albert, Structure of algehraa, New York 1939. 
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Z(r). According to a theorem of Hasse,® the field Z(r) will be a splitting field, 
if for every q the q-index m, of Z divides the O-degree n, of Z(r). Let q be one 
of the prime ideals for which mq ^ 1, and le.t be the highest power of the 
rational prime r which divides mq . We shall show below that we can find a 
root of unity = i^(q, /) of an order i = j{% r) prime to p, such that for every 
prime divisor of g in Z(t?), the O-degree is divisible by If we then adjoin 
the numbers t^(q, r) for all discriminant divisors q, and all prime powers / 
dividing mq , a field Z(r) with the desired property is obtained. 

The construction of t? is immediate for infinite prime ideals; any imaginary 
root of unity of an order prime to p can be taken. Let q be finite and let q be 
the rational prime divisible by q. It will be sufficient to find a positive rational 
integer j which is prime to p, such that in a field of the roots of unity either 
the order of ramification Cq or the degree fq of the prime ideal divisors of q is 
divisible by a preassigned prime power We distinguish several cases: 

(a) if r 7*^ p, r 7*^ g then assume that q belongs to the exponent p (mod r). 
We set j = / where X is a positive rational integer, and have = 1 (mod j). 
The degree fq equals the exponent to which q belongs (mod j). Hence p\fq , 
but fq I pj and consequently, fq is of the form pr*". For sufficiently large X, we 
shall have <t t, i.e. \fq . 

(b) If r = 5^, g 7*^ p, take j = Then Cq = r\r — 1). 

(c) If r = p, q' ^ 1 (mod p), take j = q^* — 1. Then (j, p) = 1 ,/g = 

(d) If r = p, g s 1 (mod p), we may write g*" — 1 = where (cx , r) = 1 , 

6x > Raising this equation to the power we easily obtain Cx^i < c \ . 
For J = Cx , X ^ we have /g = ^ In all these cases j is prime to p. 

This finishes the proof of the lemma. 

Without restriction, we may assume that all roots of unity belong to Z(t). 
We may further assume that r is so chosen that it can be used simultaneously 
for all irreducible representations of ®. If we set K = P(r), we have 

Lemma 1*: There exists a field K over the field of rational numbers with the 
following properties: 

{a) The field K contains the roots of unity, 

{ 0 ) The prime p is not ramified in K: (p) = pm, where p is a prime ideal of K, 
and (p, m) = (1). 

(7) Every irreducible representation S of & can be written in the field K(f) 
obtained from K by adjoining the charcwter ^ of 

Two characters f and are algebraically conjugate with regard to K, if and 
only if they are p-conjugate. The degree r of K(f) with regard to K is, therefore 
equal to the number of characters in the family of f . 

Let € be a p“th root of unity such that f lies in K(€) = Q; we may always take 

® Cf. the books mentioned in footnote 7 or the original paper of Hasse, Math. Ann. 107, 
p. 731 (1933). 

» Since the field Zis fixed, the field will satisfy the condition above, if t is taken large 
enough. 

If r «» 2, choose X ^ 2. 
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1 ^ a ^ a. Let ^ be the prime ideal divisor of p in The representation 3 
can be written with ^-integral coefficients belonging to 12. When we replace 
CTery coefficient by its residue class (mod ^), we obtain a modular representation 
3 whose coefficients belong to the field S of residue classes of integers of 12 (mod 
^). After replacing 3 by a similar representation, we may assume that 3 
splits into irreducible constituents in Q. 

If 5 is any irreducible representation of ® in the algebraically closed extension 
field of S, then the traces of all the matrices are sums of modular roots of 
unity. Since f2 has the characteristic p, they are sums of roots of unity, 
and hence they belong to S. It follows that can be written with coefficients 
in 0.^^ Any modular representation which is irreducible in d is absolutely 
irrteducible. We may set 



where 2l«x = 0 (mod for /c < X, and where the (mod are the absolutely 
irreducible modular constituents of 3* 

2. On the number of p-conjugate characters 

The degree of 12 over K is m = (pip"") = p“'’^(p — 1); we denote the conjugates 
of a number co of 12 by w, co', • • • , and use the corresponding notation for 

matrices and representations. Then 3^^^ and 3^*"^ are cither non-similar or 
identical. 

Let 3(^) be the matrix representing the group element G, and denote by 
the coefficient in the upper right corner of 3(^?) and by y{G) the coefficient 
in the lower left comer of 3(®)- The fundamental relations of I. Schur^* for 
the coefficients of a representation give 

(2) Z 

OinQ^ 

where z is the degree of and = 0 for f'"’ 9 ^ and v = 1 for 
Let CO be any integer of 12, and set 

(3) m = £ co''>^((?)‘'” = tr (co^((?)); UG) = £ yiG^ = tr iy(G)), 

pBsO CaaO 

where tr ( • • • ) denotes the trace of an element of 12 with regard to K. Then (2) 
3 delds 

EUgmg-^) = 

o p,a 

“ We then have p = e * ~ !)• 

Cf . R. Brauer, Math. Zeitschr. 29, p. 79 (1929), p. 101. The fact used is equivalent 
to .Wedderburn^s theorem on finite division rings. The argument shows that § can be 
written in the field of the modular g'**^ roots of unity and, therefore, in the field K of residue 
classes of integers of K (mod p) . 

I. Schur, Sitzungsber. Preuss. Akad. d. Wiss. 1905 p. 406, theorem IV. 
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If r is the degree of K(f) over K, we have m / r characters f which are equal to a 
fixed Hence 

(4) 53 = — tr (w). 

a zr 

The trace of any i|}-integer is divisible by This holds, in particular, 

for {i(G) and ^{G). For to = 1, wc thus find 

= 0 (mod 
rz 

Since the left side is rational, p may bo replaced by p (cf. lemma 1*, (/3)). Since 
m = 9 (p“), this gives 

Theorem 1 : // f is an irreducible character of degree 2, and if r is the number of 
p-conjugate characters^ then g/ {rz) is a p~inte,ger for any prime p. 

We next assume that 3 is reducible (mod ^). Then (1) shows that fi{G) = 0 
(mod $). Set 

(5) © = (1 ~ 6^/(1 - e) = 1 + € + . . . + 

Since t is a primitive p^^ root of unity, © is divisible by \ If a ^-integer is 
divisible by ‘!l3^ its trace is divisible by p"/^ For a> = ©, wc have o)0{G) = 0 
(mod therefore, ^i{G) = 0 (mod p“). As before, ^ 2 (G) = 0 (mod p“~*). 

From (5) it follows that tr (©) = m, and (4) now yields 

gvfi jrz = 0 (mod 

Hence 

Lemma 2: If ^ in theorem 1 is redueible as a modular character j then the p-integer 
gfrz is still divisible by p, 

3. Characters with a common modular constituent 

We use a similar argument in order to study two irreducible representations 
and ^2 which have a modular constituent in common. Wc exclude the case 
when the characters fi and ^2 of ^1 and ^^2 are p-conjugate. The p"*^ root of 
unity 6 may be so chosen that 12 = K(c) contains both fi and f 2 ; let § be the 
Galois group of 12 with regard to K. 

Each 3 m can be written in the form (1), say 3 m = (31!!x). For at least one 
pair of indices i, j, we must have 

(6) (mod ^). 

Any ^-integer X can be written in the form ^ ^m^** where /x = 0, — 1 and 

the are p-integers of K. We have tr (e**) = m if m = 0 (mod p“), tr (e^) = —m/(p-- 1), 
if p ss 0 (mod n ^ 0 (mod p*), and tr («**) = 0 in all other cases. This proves the 
statement. 

It is sufficient to prove this for numbers of the form (1 — cf. footnote 14, and here 
it is evident. 
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Let yi(G) be the coefficient in the upper left comer of , and ytiG) the co- 
efficient in the upper left comer of 31* ,• , and set piG) = yi(G) — y 2 {G) so that 

(7) m = 7i((?) - ytiG) s 0 (mod ^). 

Schur’s relations’* give here 

Z yiiGY'-^yii.G-T^ = i,;,; Z y^iGY^' y2i(rY' = f C; 

o Zi o ^ 

Z yiiGY^'y^icrY' = 0, 

a 

where is the degree of , and = 0 or 1 according as 9 ^ or 
The same relations hold, when 3i = 3* » s^d 3i contains one of its modular 
constituents more than once. We then have a formula (6) with i 9 ^ j, and (7) 
and (8) are also tme. 

From (8) it follows that 

(9) Z ^ V + ^ C- 

o Zi Z 2 

We set (cf. (3)) 

(10) €.(0) = tr («/3((7)), UG) = tr mG)), 
where w and ^ are two integers of Q. Then (9) gives 

Z mMG-') = ^ z Cw'-’V''’ + ^ Z 

0 Zi p,v Z 2 p,ff 

When K(f^) corresponds to the subgroup 2p of the Galois group this can be 
written in the form 

( 11 ) £ kiiG)^2(Cr^) = Ui— + U 2 — y 

a Zi Z 2 

(12) «, = Z 

JTiaXs (mod 2 ^) 

where in (12) the sum is to be extended over all pairs of elements Xi , Xt of 
for which X 1 X 2 ’ belongs to 8,. . 

We first choose « = ©, ^^' = 1, where 0 is defined in (5). Then wfi(G) s 0 
(mod ^'’), and as in §2, the trace ^i(G) of uP(G) is divisible by Furthermore, 
&(<?) is divisible by p“~’, since it is a trace. If a = 1, we may even state fe(G) s 
0 (mod p), because ff(G) is divisible by Finally, m„ = tr {&)m/r^ = w*/r„, 
since has the order m/r^ and tr (0) =' m. Then (11) yields 

gn^lnzi -H grr^lriZi ^ 0 (mod p*“~’). 

For a = 1, this congmence even holds (mod p*). If (n , p) = 1 and (r* , p) = 1, 
we may choose a = 1. As before, p can be replaced by p. Since m = p““’(p — 1), 
we have 
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Lemma 3: Let fi and fj he two characters of ® which are not jhconjugaie hit 
which have a modular constituent in common. If has r^ jhconjugateSy and if 
is the degree of , then 

(13) g/riZi + gfr^ = 0 (mod p), 

(13*) gf/ri2i + gfr^ s 0 (mod p^), if (ri , p) = 1 and (rj , p) = 1. 

Secondly, we choose w, ^ such that w = 0, ^ = 0 (mod ^®'’^). Then {i(G) = 
fe((r) = 0 (mod p“), and we obtain 

Lemma 4: Suppose that fi and f2 satisfy the assumptions of lemma 3. Let 
0 ) and yp he two integers of K(€) which are divisible hy v = p"“^ Then 

(14) u^g/zi + U 2 g/z 2 = 0 (mod p^“), 
where u^ is defined hy (12). 

According to a remark above, the same argument will hold, if ,3i = <82 and 81 
contains one of its modular constituents more than once. 

Lemma 5: If ^ is a character which contains one of its modular constituents more 
than oncCf then for odd p, 

(15) g/(rz) s 0 (mod p^), 

where z is the degree of f , and where the number r of p-conjugates of f is assumed to 
he prime to p. 


4, On representations for which = 0 (mod p®) 

We now prove 

Theorem 2: Let f be an irreducible character of degree z which has r distinct 
p-confugates. Then rz can be divisible by p“ only if z is divisible by p“, i.e. when f 
is of the highest kind. 

Proof: Assume that rz^O (mod p®), 2; ^ 0 (mod p“). Since the corresponding 
representation 8 is not of the highest kind, the block B of f = fi cannot consist 
of the family of fi only.^® Hence we may find a character f 2 in B which is not 
p-conjugate to fi , but has a modular constituent in common with . Then 
(13) shows that also r 2 Z 2 = 0 (mod p®). On the other hand, ^2 ^ 0 (mod p®), 
because B is not of the highest kind. Consequently, ^2 satisfies the same assump- 
tions as f 1 . On considering chains of characters of B such that any two con- 
secutive terms have a modular character in common, we conclude that every 
character of B satisfies the conditions r^z^ = 0 (mod p®), ^ 0 (mod p®), 

where z^ again is the degree of and r, the number of p-conjugates. 

It now follows from lemma 2 that all the of B are modular-irreducible, and 
this implies that they all are equal when considered as modular characters. 
To the block B = Bx there corresponds a part of the matrix D of the decompo- 

R. Brauer, On the connection between the ordinary and the modular characters of groups 
of finite order, Ann. of Math., 42 , pp. 926-935, 1941, theorem 8. 

Cf. BN, §9, (28). 
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sition numbers of Our results show that the matrix D\ consists of one column 
only, and all the coefficients are 1 . All the have the same degree Zy and if 
z = p^z^ with («', p) = 1, then all the n are divisible by The number of 
rows in D\ is equal to the sum of all belonging to the different families of B, 
and hence this number is larger than p®"*^. 

There corresponds to B a part Cx = DxDx of the matrix C of the Cartan in- 
variants/^ This Cx is of degree 1 ; its only coefficient is equal to the number of 
rows of Dx , and therefore is larger than p®“^. On the other hand, the block Bx 
is of type p, and then Cx has p®“^ as an elementary divisor,^® which means that 
Cx = This gives a contradiction, and hence the theorem is proved. 

6. Evaluation of the numbers u„ in lemma 4 

Assume that a ^ 2 . Let 9 be a S 3 ^stem of p““^ = z; rational integers pi , 
P2, ••• which form a complete residue system (mod p*”^), a ^ 2, and let d: 
(Ti , <r 2 , • • • be a second system with the same properties. We set 

CO = 2) ^ = 2) c 

where p ranges over the values of p, and a over those of d. If p s r (mod v)^ 
then s i (mod when again v = p““\ It follows that co and ^ both are 
congruent to the number 0 in (5) and hence both are divisible by as assumed 
in lemma 4. Now (12) becomes 

( 16 ) u,= Z 

XimX 2 (mod 9„) p a 

If € appears, all its conjugates appear with the same multiplicity. Conse- 
quently, if terms of (IG) are equal to 1 , and terms are primitive p**' roots of 
unity, we have w,, = — B^/ (p ~ 1 ). The term on the right-hand side of ( 16 ) 

is 1 , if pXi s (7X2 (mod p“), i.e. if 9X1X2^ = or (mod p“). Similarly, the term is a 
primitive p*^ root of unity, if this congmence holds (mod p®""^) but not (mod p®). 
Now XiX 2 ^ is an element of Let Ay, denote the number of pairs (p, L), p 
in Qy L in 8 ^ , for which pL is congruent to one of the numbers <r (mod p“), and 
By the number of pairs, for which a congruence pL ^ a {a in d) holds (mod p®-^) 
but not (mod p®). Then A ' and 5' are obtained from Ay and By by multiplying 
the latter by the order (pip"*) = v{p — 1 ) of and hence 

( 17 ) Uy = v{p - 1)A^ - vBy . 


** In BN, §17, it was proved that at least one elementary divisor corresponding to a 
block of type a is divisible by Actually, exactly one elementary divisor is equal to 

pa-a while the other elementary divisors are smaller than This can be proved 

by a generalization of the method of BN, §21; cf. below section 8 of this paper where 
same method is used (for p « 2). 

We may understand pXi and <rXa as rational integers (mod p«). 
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Since every pL is congruent to one of the <r fmod p“ ‘), and since 8^ is of the 
order = v{p — l)/r^ , we have = v^{p — l)/r^ . Then (17) becomes 

= vpA^ — v^(p — l)/r^ and (14) takes the form 


Zl Zi 


-e* 


\p - l)g ^ p^ 


\V - \)9 


nzi 


nzi 




(mod p*“). 


According to (13), the last two terms are divisible by p’“ and since 3a — 2 ^ 
2a, can be neglected. We then have 


(18) 


gAi/zi + gAi/zi = 0 (mod p“). 


If p is odd, we shall need the value of A„ , only if r„ is prime to p. The field 
K(fp) then is contained in the field K(«p) where tp is a primitive p*'* root of unity. 
If p ^ 0 (mod v), (p in q), then for every L in 8^ the number is conjugate to 
t" with regard to K(fp). If t appears in the form e"^', so do 

r T r p— 1 

6 , C Cp , . . . , C €p 


and each of them appears the same number of times. Exactly one of these 
quantities is of the form {a in d). Hence, for a fixed p, one in every p of the 

elements L of 8;* satisfies the condition that pL belongs to d. For p = 0 (mod v), 
the number of elements L of , for which has a fixed value, is divisible by 
Hence, in the case (r^ , p) = 1, we have 

(19) Ap s lp{v - l)/p = v{p - l)(i; - l)/r,.p = p““V^„ (mod p“~^). 


The congruences (18) and (19) enable us to prove the following lemma: 

Lemma 6; Let p be odd. If fi and f 2 satisfy the assumptions of lemma 3, and if 
2 i = 0 (mod p““‘), then rj ^ 0 (mod p). 

Proof: From theorem 2, it follows that n ^ Q (mod p). Assume that 
r 2 = 0 (mod p). If we choose for a the smallest value for which fi and ^2 belong 
to the field K(«) obtained from K by adjoining a p“*'’ root of unity e, then r 2 
must be divisible by p““‘. Theorem 2 shows that we have 22 ^ 0 (mod p'‘~°‘^^) 
and, therefore, the second term in (18) is divisible by p“. Since (ri , p) = 1, 
we may use (19) for p = 1 and find that the first term in (18) is divisible by 
p““‘ only, which gives a contradiction. Hence r 2 ^ 0 (mod p) as was stated. 

For p = 2, we choose a ^ 3. Here, is a power of 2. If = 2^, 1 ^ S 
a — 2, the field K(e) has exactly three subfields of degree 2^ over K. One of them, 
say r)"’, is obtained by adjoining a 2^“*' root of unity to K. We denote the 
other two by and rf’, and set K(e) = Fail , K = Fo*'. Then, by an argu- 
ment similar to the one used for odd p, we may prove 

(20) Ap^O (mod if K(f,) = F,'“\ 

(21) Ap = 2“““"-’' (mod 2““‘"0, if K(f„) = Fj“ or Ff’. 

Lemma 7 : Let p = 2, and suppose that fi and ("2 satisfy the assumptions of lemma 
3. If nzi s 0 (mod 2®~‘) and if K(fi) is not of the form K(i) where i is a primitive 
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2**“ root of unity withj ^ 2, rjZj s 0 (mod 2“ *), and K(fi) ts not of the form 

K(i). 

Proof: From the assumptions, theorem 2, and (21), it follows that Ajg/zi 
is divisible by 2““‘, but not by 2“. According to (18), Aig/at then is also divisible 
by 2““^ but not by 2“. If we set r* = 2' and use (20), we see that K(fj) cannot 
be one of the fields rf , (; = 1, 2, . • .)• If K(f 2 j = and Kfr*) = rf’ we 
use (21) and conclude that zj is divisible by which implies r^ = Q (mod 
2“~‘). 

6. Representations of a degree which is divisible by p"'* 

Let f be an irreducible character of degree z = 0 (mod p“~*). If z is divisible 
by p“, then f is of the highest kind,*® and we will exclude this case in the following. 
We shall first assume that p is odd.** The block B to which T = fi belongs is 
not of the highest kind. Then B does not consist of the family of f only,** and 
we may therefore find a character which is not p-conjugate to f = but has a 
modular constituent in common with (cf. the analogous argument in §4). 
If z,. is the degree of , and r„ the number of p-conjugate characters, then 
theorem 2 and lemma 6 show that ri ^ 0, rj 0 (mod p). In (13*), lemma 3, 
the first term on the left side is divisible by p but not by p*. The same must 
hold for the second term, and hence we must have Zs = 0 (mod p"”*), so that fj 
satisfies the same assumption as f . Continuing in this manner we see that the 
degree of every character of B is divisible by p“”*. This gives 

Theorem 3 : If the degree of one character of a block B is divisible by p““*, the 
same is true for all characters of B. 

In the notation of BN, the block B is of the type a — 1. If fi and are again 
two characters of such a block B which are not p-conjugate but have a modular 
constituent in common, then on multipl 3 dug (13*) by rir^xZtlg = 0 (mod p“~*) 
the congruence riZi -f r 2 Z 2 = 0 (mod p“) is obtained. Now any two characters 
f, , can be joined by a chain , fp , • • • , IV , of characters, such that any 
two consecutive terms of the chain have a modular character in common without 
being p-conjugate. It follows that for any fp of B, we have r^z^ s inzi (mod p“). 
Since nzi ^ 0 (mod p“) and p is odd, for each y, only one of the signs can be used. 
Hence 

Theorem 4: The characters of a block B of type a — 1 can be distributed in two 
subsets B' and B" such that every character belongs to exactly one of these subsets. 
Ifz, is the degree of a character of B, and r„ the number of jhconjugates, we may find a 
rational integer N such that r^z„ = N (mod p®) for all of B' and r^z^ s —JV' 
(mod p®) for all in B". If and are not p-conjugate and belong both to the 
same subset then they have no modular constituent in common. 

Finally, lemma 5 can be applied and yields 

*0 Cf. BN, Part II. 

” The cas^ p - 2 will be treated in §8. 

Cf . footnote 16. 
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Theobbm 6; If f belongs to a block B of type a — 1, then it contains each of its 
modular constituents only with the multiplicity 1. 

7. The matrix Dx corresponding to a block B of type a — 1 

Notation: B = Bx is a block of type a — 1 consisting of the ordinary char- 
acters f 1 , f 2 , • • • , f* and the modular characters ^ , • • • ,ipy . The degree 
of is Zy , the number of p-conjugates . There are w families of p-conjugate 
characters in B, and the are arranged so that f i , f2 , • • • , lie in different 
families, while the characters of the subset Bx (theorem 4) come before the 
characters of the other subset B^ . For p-regular elements G of we have 

(22) UG) - E dy,<fi,iG), (m - 1, 2, , x). 

We set D\ = (d^v), (m = 1, 2, • • • , x; = 1, 2, . • • , ?/) and denote the matrix 
occupying the first w rows of Dx by Dx , i.e.Dx = (m = 1, 2, . . . , it;; v = 
1, 2, • • • , 2/). The matrix Dx has the same rows as Dx , the /jl^^ row of Dx ap- 
pearing Tp, times in Dx , (m = 1, 2, • . • , it;). 

The theorems 4 and 5 give at once 

Theorem 6: Every column of Dx contains exactly two coefficients 1, one in a row 
corresponding to a character fx of Bx , and the other in a row corresponding to a 
character of Bx . All the other coeffiicients in the column are zero. 

We also can prove easily 

Theorem 7 : Let { = (Ji , {2 , • • • , fu,) 6c a row with w elements such that f Dx = 0. 
Then ^ is a scalar multiple of the row (5i , 62 , • • • , 5„,), where = 1 1/ belongs to 
Bx , and 3^ = — 1, if belongs to Bx . 

Proof: Two characters = 1, 2, • • • , ti;) of B can be joined by a chain 

of characters f p , (p = 1,2, • • • , it;), such that two consecutive characters ft , f / 
of the chain have a modular character in common. Then ft , f , belong to 
different subsets Bx , B^' (theorem 4). There must be a column of Dx which 
contains the coefficients 1 in the and the row. Then {Dx = 0 implies 
Jt = — , and we obtain successively , (fi , • • • , fm) = 3i{i(3i , • • • , 3ti,) 

which proves the theorem. 

The rank of Dx is y.^^ Hence we have 

Corollary 1 : The number w of families in B and the number y of modular 
characters ofB are connected by the formula 

(23) w^y + 1. 

We further state 

Corollary 2: If fp, is the sum of the r,, characters which are p-conjugate to 
f;,(iLi = 1, 2, • • • , It;), then 3ifi((r) = dpXniG) for any p-singular element of G of ®. 

Indeed, the numbers fi(G), f2(G), • • • , f«,(G) form a solution of {Dx = 0, 
(cf. equation (11) of the paper mentioned in footnote 16). Similarly, equation 
(6) of the same paper gives 


*»Cf. BN, §9. 
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Corollary 3: Let he the higher decomposition numbers, i > 0, and set 
= X) dj ^ where the sum extends over all the values p for which fp is p-conjugate 
to fp . T'hen didu = 5^3^^ . 

For p-regular elements G, the formula (22), together with (6i , • • • , dv,)B\ = 0 
gives 

Corollary 4: For p-regular elements G of ®, we have 

(24) i d,UG) = 0. 

p-1 

In particular, for G = 1, this gives 

(25) i) 6^2^ = 0. 

M-1 

The matrix D\ has w minors of degree y = w — 1, and these, if properly 
arranged and taken with suitable signs, form a solution of = 0. Let A be a 
fixed minor. Then, according to theorem 7, every minor has the value =bA. 
The minor obtained by removing the column of 5\ will appear rir 2 . . • 
times as a minor of D\ . We now form the determinant of C\ = DxD\ , On 
the one hand, this determinant has the value p.^^ On the other hand, its value 
is the sum of the squares of all the minors of D\ . This gives 

w 

H A\rir2 • • • rjr^) = p. 

M-l 

Consequently, we must have A = zhl, and we find 
Corollary 5: The numbers satisfy the equation 

(26) rir2 • • • ru, + - + • • • + = p. 

Vi r2 fu,/ 

The numbers are divisors of p — 1 ; (26) shows that any two of them are rela- 
tively prime. 

We associate w distinct points Pi , , • • • ,Pu> with the characters f i , f 2 , 

• • • 7 fw ; we join Pi and Pj when and fy have a modular character in common. 
The linear graph thus obtained characterizes the matrix completely (apart 
from the arrangements of the columns). We prove 
Corollary 6: The linear graph associated with a block B of type a — lisa tree. 
Proof: This follows from the facts that the graph is connected and has one 
more vertex than it has edges. 

Each point P„ which lies only on one of the edges corresponds to a row of D\ 
which contains only one coefficient 1,* and this means that fp is a modular- 
irreducible character. 


The determinant of C is a power of p, cf . R. Brauer, On the Cartan invariants of groups 
of finite order, Ann. of Math. 42 , p. 63, 1941. It follows from the result of footnote 18, 
that the exponent must be 1. 
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Corollary 7 : Every block B of type a — 1 contains at least two characters 
which are not p-conjugate and which are modular-irreducible characters. 

8. The case p — 2 

For p = 2, several of the preceding proofs do not hold. We shall now treat 
this case, using a different kind of argument. 

Let f be an irreducible character of degree z where 2 = 0 (mod 2““*) but 2^0 
(mod 2“) ; here a is again the highest exponent for which 2“ = p“ divides g. From 
theorem 2, it follows that f is p-conjugate only to itself, i.e. r = 1, and f belongs 
to K. Since K is not of the form K(e) where t is a primitive 2^‘'* root of unity with 
j ^ 2, we may apply lemma 7, §5. It follows that if the character has a 
modular constituent in common with fi then r^z^ = 0 (mod 2““*), (where z^ 
denotes again the degree of , and r,, the number of 2-conjugates). Further, 
also is not of the form K(«). Therefore, lemma 7 again can be applied to 
and any character which has a modular constituent in common with without 
being p-conjugate to f,, . We finally see that the congruence r„ 2 „ = 0 (mod 2“~‘) 
is true for any character of the block B to which f belongs. 

Let fi , fa , • • • , be the ordinary characters of B, and <f>i , <p 2 , • • ■ ,<fiy the 
modular characters of B, and set 

(27) 2„ = 2"'‘2; , (zl , 2) = 1. 

It now follows easily that 

(28) 

Suppose that ri = m is the smallest of the numbers n , , . • . , t* . 

We consider the sums 

(29) S„ = i: g.UG.)UG7\ 

«-l 

where G, ranges over a system of representatives for the 2-regular classes of 
and where p, denotes the number of elements in the class of G, . The value of 
is a rational integer. Since g,i^{G,)/z^ = w,,, is an algebraic integer, it follows 
easily that S,t, is divisible by 2 „ and hence by 2”. On the other hand, we have“ 
«(K — "1* modulo a prime ideal divisor of 2. Hence 

s„ = 2 ,. Z «,.f,(Gr‘) = 2 m E «ur,(Gr*) = ‘-^Su (mod 2^'*+*). 

< < 2i 

On applying the same argument to Su = , we arrive at 

(30) S^, = 0 (mod 2"), 

(31) S„ = S„ ^ Sn (mod 2'-+‘). 


" BN, §9. 
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If the block B is the X*** of the blocks Bi , Bj , • • • of and if =* (d^), C\ * 
(c^,) are the parts” of the matrices D and C corresponding to the block Bx , 
then (22) gives for the matrix 

= (S £ g,d,,v,(G.)d„v>.(.G:^)) = Dx(gQ:')DL” 

\ K /n,P 

The relation (31) can be written in the form 

(32) (S,X.. = Ih(gC^')Di = Sn fe') + 

where H is a matrix in which eveiy coefficient in both the m*’’ row and /«“* column, 
is divisible by 2^'*’'’*. The first matrix on the right side in (32) has the rank 1 ; 
every coefficient in both the #*“* row and m*** column is divisible by 2^**. 

We now proceed to discuss the elementary divisors of (S,,,), choosing the ring 
of all 2-integers as the underlying domain. If Cx has the elementary divisors 
'it , c* , • • • ,ey with e, = 2*', then 

ICxI = eiCi ... c, = 2**+**+- 

The elementary divisors of gC\^ are 2“~‘‘', . . . , 2“~‘*, 2®~*‘, and, since the columns 
of Dx are linearly independent (mod 2),” the elementary divisors of D\{gC~^)Dx 
are given by 

(33) 2“"‘», 2“"‘»-S . . . , 2""**, 0, . . . , 0. 

On the other hand, the right side of (32) can also be used for a discussion of 
these elementary divisors. If M is a minor of degree j of (5,,,) involving the 
rows m , fjn , • - • , Hj , then a simple computation shows that M is divisible by 
2 to the exponent ^ j — 1, (m = mi » M* ? • • • > Mj) because of the properties 
of the matrices on the right side of (32). If the j characters (m = w, 

/**»•••> My)> are linearly dependent for 2-regular elements G of ®, then M — 0, 
as follows from (29). 

Let us now choose a maximal system of characters of B which are linearly 
independent for 2-regular elements @. Such a system consists of y characters. 
We first take as many characters as possible with t„ = m, then as many as 
possible with t„ = m -H 1, etc. We may assume that the characters chosen are 
, ... , . Let jSp be the number of characters fi , • . • , for which = 

m -f p — 1, (p = 1, 2, . ■ . , s), such that ft > 0, ft ^ 0, ... , ft_i ^ 0, ft > 0. 
Then 

Ti = w, T« = m-|-8 — 1: 

(34) 

+ 8 — 1 for p = 1, 2, . . . , y. 

**BN, }9, (28). 

*» Cf. BN, (21). 

** The detennioant is aotuaHy a power of 2, of. footnote 24. 

« BN, §19. 
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Of course, we have 

01 + Pt+ • • • + 0, = y. 

It now follows that every minor of degree y of (<S„,) is divisible by 2* with 
I — 0im + 0 »(.‘>n + 1) + • • • + 0 ,(Tn + s — 1) + ft + j8» + ... + ft — 1, 

l=‘ my-l + 

r-1 

Similarly, the minors of degree y — 1 are divisible by 2'' with 
I' = ftwi + ft(m + !) + •••+ ft-i(w + 8 — 2) 

+ {0.- Dim + s - 1) + ft + . . . + ft - 2, 

V = miy - 1) - 1 - 8 + 2 ffft . 

On comparing this with (33), we find 

t 

1/G — (ei + €2 + • • • + €y) ^ m^/ — 1 + ) 

9-1 

(y — l)a — (ea + €8 + • • • + €y) ^ ( j/ — l)w “* 1 
From (28) we see that nra • • • is the power of 2 with the exponent 

9 

(o — 1 — m)ft + (o — 2 — m)ft + . • • + (o ~ 8 — m)ft = (o — m)y — 22 eft . 

r— 1 

Therefore, the two inequalities can be written in the form 

(35) I C'x I = 6182 . • • Cy ^ 2rir2 ... ry , 

(36) eic» • • • ^ 2”““‘'’*’^Vir2 • • • r, . 

No two of the characters f 1 , f2 ,••••, can be Conjugate. Letting w 
be the number of families of 2-conjugate characters which belong to the block 
B — Bx, vfe have w > y.” We arrange fy+i , • . • , f* in such a manner that 
fi , Ta , • • • , r® all lie in different families. Denote the row of Dx by b, , 
and let 



** This holds in the ease y -• 1 also; we have here s 1, /)i > 1, and «+.■. + «y is to 
be taken equal to 0, and ei . • • Sy equal to 1. 

“Cf. footnote 16. 
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SO that A contains the first w rows of Dx , and T the first y rows. Then-Dx 
has the same rows as , the m*** row of appearing times in Dx . Let Ai , 
A* , • • • be the minors of degree yoiD\] the determinant | T \ appears nri • ■ • r» 
times among these minors. Consequently, we have 

(37) ' ■' • ■ |Cx| = ID^Dxl = Ea* ^ rir* ...•rJT’l*. 

Here, \ T \ 0, since fi(Cr), • • • , tyiG) are linearly independent even if G ranges 
over the 2-regular elements only. If all the minors of degree y of 5\ except | T \ 
vanish, then = 0, which is impossible. Hence the inequality sign must 
hold in (37). On comparing (35) and (37), we find 

(38) . I r I = ±1, 

and, since every r, and e, is a power of 2, we have 

(39) I Cx I = 2rirt • • . r. 

Then (36) yields 

(40) Cl ^ 2““”'~*. 

Because of (38), we may set 

br ” hplhl -|- • • • "f* hyyhy , 

where the h,p are rational integers. Then D\ = H2' with H = {h,p). It follows 
that C\ = T'H'HT, and this shows that H'H has the same elementary divisors 
as Cx . In particular, the coefficient in the row, y*** column of H'H must be 
divisible by ci , and hence, by (40), we have 

(41) i>hly^0 (mod 2“^"*). 

r-l 

When is 2-conjugate to , then b, = b„ and = 1. There must exist 
characters f, which are not 2-conjugate to and for which 0.** Using 
(34), we obtain 

E h\y >ry = 

F— 1 

and, therefore, (41) yields 

(42) E/iJ,/ ^ 2“'"*“”'*;= 2r„. 

F— 1 

Consider now the minor A, consisting of the rows 1, 2, • • • , y — 1, >». Its value 
is A»y I I = • If fi- is 2-conjugate to one of the characters fi , • • • , fi^-i , 

* ' f In §5 of the paper mentioned in footnote 16, it is shown that it is impossible to find a 

linear combination of the columns of D\ , such that'^xactly one row contains a term 

9 ^ 0. This implies the statement. 
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tlien the minor vanishes. It is easily seen that there are nr* ■ • . r^-i minors 
~o( D\ with the value ; and (37), (39) and (42) imply that 
'\ ' * 

(43) 2riri • • • r» = | Cx 1 = S A? ^ rjrj • • . r,_i Y, hly ^ 2ri • • • r„_ir,. 

Since actually the equality sign holds, it follows that those minors, which have 
not been taken into account, must all vanish. If !/ > 1, it follows that the 
minors fomied by means of the rows 2, 3, • . . , i/, j/ must vanish unless f, is 
,2-conjugate to , The value of such a minor is ±h,i , and we obtain a contra- 
diction, since there must exist characters , which arc not 2-conjugate to , 
for which hyi 9 ^ 0.^^ 

It follows that y = 1, i.e. that Dx has only one column. The coefficient in 
the first row must be 1, because of (38). We set Ky = K , 



The relation (43), (28), and (34) then imply 

(44) 1 + A 2 + • • • + A* = 2r^ = 2ri = 2""’". 

Since fi has degree Zi = 2'”z', the degree Z 2 = 2 ^^Z2 of {“2 must be equal to htZi , 
which shows that h is divisible by 2’“^^”*. The left side of (44) is at least equal 
to ri -f- Vihl , since Vi terms 1 and r 2 terms h appear. Because of (28) and (34) 
we have 

2^"*” ^ r*i + Tihl ^ ^ 

We readily see that it; = 2, 72 = m, n = r 2 = /12 = 1. The block Bx 

consists of two families. All of its characters have the same degree zi = 2”'z[ 
Since it was assumed that B contains a character of degree T~^z'j ((«', 2) = 1), 
it follows that m = a — 1 and hence ri = 72 == 1, 



This proves the theorems 3, 4, 5, 6, and 7, and the corollaries of §7, for p = 2. 

9. Applications 

Theorem 8: If ® is a group of order g = pV^^ (Vy Qy ^ distinct primes) with 
a ^ 2, then ® possesses irreducible representations 3 besides the 1 -representation 
[1] whose degree z is a power of q, and also irreducible representations 3i ^ [1] 
whose degree Zx is a power of r. 

Proof: Consider the p-block B of representations which contains the repre- 

' All the facts derived so far hold for any block B which contains a character fr with the 
following properties: (1) is not of the highest kind. (2) VpZp s 0 (mod 2®“!). (3) K(f^) 
cannot be obtained from K by adjoining a 2'^ root of unity with ; ^ 2. 
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sentation {!]. This B is not of the highest kind, and if a 2, it is not of the 
type 0—1 = 1. It follows from theorem 3 that the degrees <rf all representar 
tions of B are prime to p. We apply the relation** — 0 where m 

ranges over the indices belonging to B, and where R is p-regular and S is p-singu- 
lar. For = 1, we have . The term corresponding to the character 

[1] is 1. At least one other term must be prime to r, and 

then must be a power of q. In the same manner we see that a character 
f, ^ [1] has a degree z, which is a power of r. 

If @ is equal to its commutator group then z^ and z, cannot be 1 since [1] 
is the only linear representation of In particular, this will be so, if G is 
simple. 

Assume that r* = 4 or r* = 3. Then ® must have a representation of one of 
the degrees 2, 3, or 4. Since all linear groups of these degrees are known,** we 
obtain easily 

Theorem 9: The only simple group of an order (p, q primes) with o ^ 2 
*« (he aUemating group Hs of order 60. The only simple groups of an order 3pV> 
(p, q primes) with o ^ 2 are the groups At ^ LF{2, 5) of order 60 and the group 
LF(2, 7) of order 168. 

10. On ^-similiar representations 

Let .3 be an irreducible representation of & with ^-integral coefficients in an 
algebraic number field Q, where ^ is a prime ideal divisor of p. If 3i is a 
second representation with ^-integral coefficients in the same field Q, it may 
happen that 3 snd are similar, but that the corresponding modular repre- 
sentations 3 and .3i are not similar. Indeed, if 

(45) P-^SP = . 

we may assume that the coefficients of P are ^-integers which are not all 
divisible by Going over to residue classes mod (which again will be indi- 
cated by a bar) we obtain 

= IPSi 

and P 3 ^ 0, so that 3 and are intertwined. However, this proves B ~ Si 
only if the determinant of P is not divisible by '?J. We shall say that S and Si 
are iP-similar, if P in (45) can be chosen in accordance with these conditions, 
i.e. with ^integral coefficients and a determinant ^ 0 (mod $). The class of 
all representations Si which are similar to S and have iP-integral coefficients 
thus breaks up into subclasses of ^similar representations. 

Conversely, if 2: is any representation of @ in the field Q of residue classes 
(mod $), which is similar to S> then we may find a representation Si > which is 
^)-similar to S> such that Si = £• 

R. Brauer and C. Nesbitt, University of Toronto Studies, Math, Ser. No. 4, 1937, 
theoron VIII. 

** H. F. Blichfeldt, Finite coUineation groups, Chicago 1917. 
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• In the general case of (45), we may assume that P appears in the nonnal 
f(Hm of the theory of elementary divisors (with regard to the domain of all 
^4ntegers) if we replace 3 and 3i by ^-similar representations. We thus may 
set 


(46) 


P = 


0 

0 


0 

^Imf 

... 0 1 


0 

0 / 


— (t* *8«+x.i+i-f«x)«.Xt 


where mi > 0, m* ^ 0, • • • , m,_i ^ 0, m, > 0 are rational integers, Jm is the 
unit matrix of degree m, and t is a ^-integer which satisfies ir s 0 (mod ^), 
IT ^ 0 (mod $’). If we set 


mil 

Stl2 • • • 

8li.\ 

/S8ii 

3312 

(47) 3 = r”, 

31m 

..*“1 

II 

®22 

\a.i 

31.2 ... 

81../ 

\®.i 

33.2 


where has m,_,+i rows and m,_x+i columns, and has m« rows and m\ 
columns, then (45) gives 

(48) . 

This shows that in (47), all the terms above the main diagonal in 3 and 3i 
are congruent to 0 (mod ^). In the modular sense, 3 and 3i split into the 
(reducible or irreducible) constituents 

Sn = Sm , ^22 = i8.-l,t_l , • • • , Sm = Sll • 

If « = 1, then 3 and 3i are i|}-similar. We certainly have this case when 3 
is modular-irreducible in fi. 

Theorem 10: If the representation 3 remains irreducible as a modular repre- 
serUation, then every representation 3i ’integral coefficients, which is similar 
to 3) '^^-similar to 3- 

Remark: This theorem can always be applied if the degree « of 3 is divisible 
by p*. 

Further, if it is known that no fixed coefficient of a representation ^-similar 
to 3 is divisible by for every G in ®, then (48) shows that s ^ 1. 


11. On tile arrangement of the modular constituents of an irreducible 
representation 3 of type a — 1 

We shall say that the algebraic splitting field of the representation 3 is a 
normal splitting field of least ramification, if is normal over the field of rational 
numbers P, and if the order of ramification of the fixed rational prime p is the 
same for fl as for the subfield P(f) obtained by adjoining the character f of 3 
to P. The existence of such fields ft follows from lemma 1. Denote by K the 
field of inertia of the prime ideal divisor $ of p. Then 

- P, ip) •= with (p, q) == (1), 
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where p is a prime ideal divisor of p in K, and where r is the number of characters 
which are p-conjugate to As is easily seen, the degree of K(i') over K is r, 
and hence K(f) = 0. 

We now prove 

Lemma 8: Let ^hean irreducible representation of degree z with « = 0 (mod p“~*) 
such that all the coeffiderUs a,\(G) of the matrix ^(fl) representing G lie in the 
normal splitting field 0 of least ramification. For each pair («, X) there exists a 
group element Ga such that a^(Go) and a^,(Go) are not both divisible by i|}. For 
each (k, X), there exists a group element Gt such that either aa.(G*) is not a ^integer 
or ax,(Go) ^ 0 (mod 

Proof: (a) Assume that a«x(G) s 0^,(0) = 0 (mod $) for every G in 
We now apply the method of §2 setting /3(G) = a^(G), y(G) = ox,(Cr), w —'1. 
We have here (r, p) = 1 because of theorem 2, and hence r | p — 1, m = <p{p). 
Then |i(G) = 0, fe((r) = 0 (mod p), and (4) gives a contradiction. 

(b) If aa.(G) is a iP-integer and a\,(G) = 0 (mod iP*), we multiply the «*'• row 
by an element «• = 0 (mod ^), for which x 0 (mod and divide the «*'* 
column by x. The similar representation thus obtained satisfies the assump- 
tion of the part (a) of this proof. Therefore, we again obtain a contradiction. 

Suppose now that the coeflScients of 3 are iP-integers. It follows at once 
from lemma 8 that for the corresponding modular representation 3 all the 
Loewy constituents’* are irreducible. This implies that the arrangement of the 
irreducible (modular) constituents of S is uniquely determined. 

Further, if 3 and both have ^-integral coefficients and are similar, then 
it follows from lemma 8 that s ^ 2 in the notation of §10, (46), (47). If s = 1, 
3 and .3i are ^similar. If s = 2, we have by (48), 



xS82i\ 

SI22/’ 



The modular-irreducible constituents of .3i are, of course, the same as those 
of 3( but we see that the arrangement in which they appear is a cyclic permu- 
tation H of the arrangement in 1. Since all the modular constituents 

of S are distinct (theorem 5), it follows that S and .3i are not ^-similar. 

If the representation S with ip-integral coefficients breaks up into two modular 
constituents, then we may set 3 in the form given by the first equation (49). 
If we define P, by the other equations (49), then Si is similar to 3- This 
shows that any cyclic permutation of the modular constituents of 3 can be 
effected by a transition to a similar representation 3i • 

Theorem 11 : Let S^ean irreducible representation of a degree 2 = 0 (mod p®""’) 
whose coefficients are ^-integers of a normal splitting field Q of least ramification. 
Let j be the number of modular-drreducible constituents of 3* The doss of aU 
representations of ®, whose coefficients are ’i^integers of Q and which are similar 
to S> splits into j subclasses of S^-similar representations. In all representations' 


** Cf. e.g. R. Brauer, Trans. Amer. Math. Son. p. S02, 194L 
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‘ of a fixed subclass j the modular constituents appear in the same arrangement. The 
j possible arrangements are obtained from the arrangement in 3 by the j cyclic 
permutations. 

It is clear that lemma 8 will, in general, not remain valid if Q is replaced by 
an extension field. Then theorem 11 also will not hold. 

Let Q be the normal splitting field of least ramification mentioned in lemma 1 ; 
r is a root of unity of an order prime to p. The splitting group of the prime 
ideal ^ contains the substitution T which transforms r into and leaves the 
p® th roots of unity fixed. Then T transforms any (ordinary or modular) char- 
acter X bito a conjugate character x. It is easily seen that if an irreducible 
character f splits into the modular characters <pa , , • • • , in this arrange- 
ment, then will split into the modular characters . . • , Assume 

again that the degree z of f is divisible by where p is odd. If one of the 
constituents v? of f is left invariant by T\thm f and f have a modular constit- 
uent (p in common. Since they have the same degree, they must be p-conju- 
gate (cf. theorem 4®^). It then follow’s easily that all the modular constituents 
of f will admit the substitution T\ The same will hold for all the characters 
which have a modular constituent in common with f, and finally for all the 
of the block B of f . Hence 

Theorem 12: Let B be a block of type a — 1, and denote by T the substitution 
which replaces the g'^^ roots of unity by their p^^ powers but leaves the p®^*' roots of 
unity invariant. If a power 7^* of T transforms one of the modtilar characters of B 
into itself y it transforms every modular character of B into itself; every ordinary 
character ^ of B is transformed into a p<onjugate character by T" (p odd). 

12. Real characters of type a — 1 

To every representation 3> there belongs a contragredient representation 3* 
of the same degree z; the characters f and f* of 3 and 3* are conjugate complex, 
= f. If z is divisible by p“”\ p odd,^* then either f and f* are p-conjugate, 
or they have no modular constituent in common, as follows from theorem 4.” 
Consequently, if f contains a modular character p with p* = 9?, then f and f * 
must be p-conjugate. It is easily seen that, if the modular constituents of 3 are 

(49) Si > i?2 , • • • ; S; 
in this arrangement, those of 3* are 

(50) 5* , Sj*-! > • • • > S* . 

On the other hand, using a suitable splitting field S2, we easily find that in any 
representation p-conjugate to 3> the -modular constituents appear in the same 
arrangement as in 3* follow’s from theorem 11 that if f (G) is real 

for p-regular G the constituents (49) and (50) must be the same apart from a 

The number of p-conjugate characters is the same for both characters. 

*• The following theorems 13 and 14 are trivial for p - 2; cf. §8. 
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cyclic permutation. If ~ 5* , then g, '>>' 5*+i-» where we set 5y+„ ■» 5#* 
For odd j, there will be exactly one value of v for which i> * p + 1 — r (mod 
i.e. ~ Sr • For even j, we have either two values v or no value v. Hence 
Thbobem 13: Let ^ he a representation of degree s b 0 (mod with the 
character f. If f is net reed, for p-regvlar elements, none of the modular constitu- 
ents of I is real. If t is real for p-regvlar elements and contains j modtdar conetitu- 
erUs, then, for odd j, exactly one of these modular constituents is real’, if j is even, 
either two or none of them are real. 

If, in particular, all the modular characters of the block are real, then each f 
contains one or two modular constituents. In the tree corresponding to the 
block B of I, each vertex lies on at most two sides. Hence 
Theobem 14: If citl the modular characters of a block B of type a — 1 are teal, 
then the corresponding tree is an open polygon. 

Univbbsity or Toronto 
Toronto, Canada 
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Introduction 

This paper is the continuation of my paper in the Annals of Mathematics 
vol. 39 (1938), pp. 322-340. Originally this continuation was to appear imme- 
diately after publication of the first part and was to contain improvements of 
some theorems of I. Schur by means of results of the first part. The publishing 
was postponed again and again, in order to improve the results. In this work I 
also obtained improvements of some theorems of my previous paper. 

In 1, I state the results of the first part which I use in this paper.^ In the 
following, let again , Aj , • • • , An be sets of positive integers with the positive 
densities oi\ ^ ot2 ^ ^ an , and 7 < 1 be the density of the sum Ai + As + 

• • • + An . Improving some results of the first part (see below 1, Theorems 
V, X, and XI) I obtain instead of V the following 

Theorem: Suppose an ^ 1 — nai , then we have 


7 ^ - 


n 

Suppose ai ^ 1 — na2 , then we have 


n ' 


If we denote ai + a2 + • • • + an by <rn , we obtain instead of XI: 

^ Tfiro’aJ y S > .8804 o’ 8; y ^ > .8701<r4; 

I 7 ^ > .8679<rn for n ^ 5. 

Moreover I obtain instead of X: 

7 S ai 4- f a2 . 

If the conjecture is correct that always 
(2) 7 ^ + «2 + • • • + an , 


^ Presented to the American Mathematical Society, December 27, 1939. 

* An interesting survey on the problems connected with this paper was given by H. 
Rohrbach in his paper Einige neuere Untersuchungen Uber die Dickie in der additiven Zahlen^ 
iheorie, Jahresbericht der Deutschen Mathematiker-Vereinigung v. 48 (1938), pp. 199-236. 
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then one would obtain immediately for every n and m with n'^m that 


(3) y ^ — («i + <*2 + • • • + «m)* 

m 

In particular, it follows from (2) that the sum of the densities satisfies the in- 
equality 

(4) 0(1 + 02 + • • • + On < 1 
for 7 < 1, and more generally 

(5) oi + 02 + • • • + o« < m/n. 

Even the special cases (4) and (5) are still unproved. One only knows that* 
(4) is true forn = 2 and (5) moreover for m = 1. The former follows from the 
theorem of Schnirelmann, the latter from the theorem of Khintchine (see below, 
Theorems I and II). 

In the following, I prove that (5) is true at all events if n and m satisfy the 
condition 


( 6 ) 


-J_ + _:^ + ... + \ g™. 

n — 1 n — 2 n — m+l n 


For TO = 2, the condition (6) is always satisfied; for to = 3 it is satisfied if 
n S 5, and for fixed to certainly if 

n ^ 4- w — 2). 

Moreover I prove that (5) holds also for to = 3 and n = 4. 

It follows from the theorem of Khintchine that the sum of n sets + JI 2 + 
• • • 4- -dn is the set of all positive integers if ai ^ 1/n. It now follows that the 
same is true if 


«i 4" <*2 + • • • + Wm ^ m/n 

where to and n satisfy the condition (6), or where to = 3, n = 4. 

I. Schur’ proved 

ffz < 1.3191; <r4 < 1.3913; <rj < 1.4360; 

ffn < 1.6263 for n > 5, 

in approximation to the conjecture (4). I improve this result as follows: 

«r, < 21/20 = 1.05; ffi < 97/90 < 1.0778; <r* < 43/39 < 1.1026; 


^ 39197n 

34020n + 5177 


1.1522 


for n > 5. 


‘ * r* Schur, tTber den Begriif der Dichte in der additiven Zahlentheorie, Sit^iiri^beric&te 
der ^reussiBchen Akademie der Wissenschaften Phys.-Math". Klksse 1936, pp. 26^^29?!' 
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In order to approximate (2) and (3) for every n and m with m ^ n we shall 
determine constants c^**^ as large as possible such that 

7 ^ ci"‘^(cKi + a2 + • • • + «i»). 

For the special case n = m we obtain such constants from (1). I. Schur* proved 
that one can choose 


(7) 


= n 


and 


-(*•) _ 
On ““ 




for m > 1. 


( 8 ) 


+ (n* - n)‘ 

In the following I shall show that we can choose = n and for m > 1 

n(n + ^ + 1 

n + 2' 

w + 1 




(n + 2)c':ri + n* + n - 1 


»<•») _ 

— ^n—1 


if cilT*' ^ 


71 -f- 2 


It will be proved that this gives a better estimate than (7) for tti ^ 2. 

For 71 > 7w we set n — m = d; for a fixed value of d we denote by z the 
greatest integer such that 


log (2 - 1) + 1/(2 + 1) g d + log d + 2. 
It then follows from (8) that 


(9) 


p(m) ^ n + 1 

m + log n — log d 

/-) ^ i±l ^ + 1 

” z + 2 c-'+irf + 2 


for n S z, 
for n ^ z. 


in approximation to (3). 

Let m be fixed and n sufficiently large. I. Schur proved 

ci”'^ > n/m — 1/4 


whereas I obtain the better estimate 

> n/m — e 


from (9) for every 6 > 0. 


1. Summary of former results 

Definition 1: Let Ai , A2 , • • • , An be sets of positive integers. The sum 
jS = .4i + .4j + • • • + An is the set of all different positive integers representable 
in the form 

«iOi + e»a* + • • • + e«o„ with a, in .4,; c, = 0, 1 for >> = 1, 2, . • • , n. 


* L, c., footnote 2. 
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DomnnoN 2: LetA(x)be the number of elementa of A Use than x. The density 
a of A is the lower hound of A (x)/x for x = 1,2, ••• . 

Theorem I (Schnirelmann): //n = 2 and ai + ai ^ 1, ffien we have y = 1. 
In the following we assume 7 < 1. 

Theorem II (Khintchine): y ^ nai. 

Theorem III (Khintchine): Suppose 0 ^ p < a < 1 /n and for x = 1, 2 , • • • 

A,{x) ^ ax — ^ (v = 1, 2, • • • n — 1), 

n 

An{x) ^ (1 — no)x — np. 

Denote by S the sum Ai + At + • • • + -^n > then 

S(x) ^ (1 — a)x — p. 

Theorem IV (Schur): y ^ aj/(l — ai) (n = 2 ). 

Theorem V [ 1 ]*: If ai < 1 /n and a* ^ 1 — nai , then we have 

y ^ 1 — oil . 

If at < 1 /n and ai ^ 1 — na* , then we have 

7 ^ 1 — Oj . 

Theorem VI [6]: 7 ^ + 2 - 4^7 ; . 

1 + [1/aJ 

Theorem VII [14J: Let k ^ She any integer and k/{k — 1)’ ^ ai then we have 
for n = 2 

> * - 1 
7 & «* T «l • 

Theorem VIII [15] and [16]: Denote by j8 the density of At + A 3 + • • • + A„. 
Then we have 

,;^<,_i_n + l i3 ,4 , ,n + l 

7 fe P H ai ^ an T 7 an-l + r On-J + • • • T p-jL ai . 

71 “T ^ 4 5 71 + 2 

Theorem IX [17] : For every a with 0 < a < 1 «« have 

/ n* + n — l\ 

7 ^afi + at{n 

Theorem X [17a]: 7 ^ ai + iat • 

Q lOA 

Theorem XI [18]: 7 ^ g (ai + «»); 7 ^ (ai + a* + «$); 

7 ^ (ai + «* + •••+ an) for n ^ 4. 

* The number in parentheses refers to the numeration in the first part of this paper, 
Annals of Mathematics v. 89 (1938), pp. 322-340. 
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In what follows these theorems will be cited by I, II, and so on. 


2. Proof of the conjecture (6) for Mnaji values of m 

First we prove 

Theorem 1 : Let n and m satisfy the conditions 1 < m ^ n and 


( 10 ) 


+ ••• + ^ 

n— 1 n — 2 n — m+1 n 


Then we have for y < 1 


(11) 


+ «2 + • * * + ttm < — . 

n 


Proof: For m ^ n the condition (10) is satisfied only for m = n = 2. In 
this case, (11) follows from I. Therefore we may now assume that m < n. 
Let r be any integer with 0 ^ r ^ m. Denote by jSr the density of ili + ^2 + 
... + Ar and by the density of Ar^i + Ar^2 + • • • + An ; we set jSo = 0. 
Then it follows from II that 

(12) fir ^ rai and ^ (n — r)ar+i . 

Because of I and 7 < 1 we have fir + fir < 1, and it follows from (12) that 

rai + (n - r)ar+i < 1, 


(13) 


rai 

n r 


+ «r+l < 


1 


n — r 


We add the inequalities (13) for r = 0, 1, • • • , m — 1 after multiplying the first 
of them by a non-negative number w which will be determined later. Then we 
obtain 


ai 


(14) 


(w + + . . . + - - i— ) + «, + a, + . . . + 

\ w~l n — 2 n — m+1/ 


Ctm 


<- + ^ + —, + ■■■ + ^r-,- 

n n — 1 n — 2 n — m+ l 


On the other hand, it follows from (10) that 




+ ••• + 


n 

w — m + 1 


^ m, 




n 


n — 1 


n - 2 


n — m+l 


1 ^ 1 , 


(16) 


^ + --^+ ^ 1- 


n — 1 n — 2 


n — m + l 


Therefore, setting 



2 

n — 2 


m — 1 
n — m + l 



we have ^ 0, hence 

ai 
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+ +c^<lfi--i ? !?- => A 

TOi-r Tvcm^ ^y. ^_2 n^fn+lj 


+ _i 1 f- • • • H = 

~n—\~n—2 ~n—m+l 

because of (14), and the theorem is proved. 

It is easy to examine the condition (10) for small values of m. For m = 2 
it is always satisfied, for m = 3 if n ^ 5, and so on. Since (10) is equivalent to 
(15) and since 

1,2, ,wi — 1 

» Z ffc I * * * “t" 


71—1 71 — 2 


the inequality (11) is proved if 


71 — 771+1 

.1+2+. ••+771 — 1 m{m — 1) 


71 — 771+1 


2(71 — 771+1) 


m(m — 1) 


^ 1 , 


2(71 — 777+1) 

n ^ ^777(777 — 1) + 777 — 1 = 1(777^ + 777 — 2), 

Corollary 1 : If (10) holds and (11) is not satisfied, then the sum is the set of all 
positive integers. 

Corollary 2: Let m, k and t be integers, m ^ t and n = kt; if 


^ +.-+ + ••• + 


< - 1 i - 2 




e- 777 + 1 ~ t' 


then we have 


Oil + ajfc+i + a2Jb+i + • • • + a(m-i)ifc+i < 


777 


Proof: Let be the sum -4^*+! + ^^*+2 + • • • + A(^^i)k for /7 = 0, 1, • • . , 
Z — 1 and iS^+i the density of . It follows from II that 

(16) Ai+l — koi/Je^i . 

Applying Theorem 1 to the sets Bi , B 2 , • • • , we have 

777 


jSi + ft + • • • + < — , 

V 


therefore, because of (16), 


, , , .mm 

Ctl + OLk+l + • • • + < FI ~ • 

Kt n 


^ I ^ 
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In particular, it follows for m = 2 and n ^ 2k that 

I ^2 

ai + ajb-f 1 < - . 

n 


For odd n we infer 

Corollary 3: For w = 2fc + 1 a/id m — 2 we have 

a. ^2 

OLi + aifc+1 < - . 

n 


Proof: We have 


kai + (A; + l)ak+i < 1, 


hence 


(A; + 2)(«i + < 1 

because of ax ^ au+i . This proves Corollary 3. 

Corollary 4: For m = 3 and n = Awe have 

ai + ^2 + as < 4* 

Proof: Suppose ai + ^2 + as ^ f. Then we must have ^2 > i since ax + 
«3 < i by Corollary 2. It now follows from VI that the density ax 2 of Ax + ^42 
satisfies the condition 

ai2 ^ ai + i. 

Therefore we have by I and II 

«i2 ”h 2a3 < 1, 

ax + 2a3 < 1 — 

Otx + a2 + as < 4 

since a 2 ^ aa . This gives a contradiction, and the corollary is proved. 


3. Generalisation of Theorem VIII 

Theorem 2: Let ax S ct 2 ^ ^ <Xn be the densities of the sets , ^ 2 , • • • , 

An and y < Ihe the density of Ax + A 2 + • • • + An • Let ak-.i,k be the density of 
Ak^i + Ak-i+i + • • • + Akfor 71 ^ A; > Z S 1. Then we have 


. ,7^ — /b + 3 . n — k A , 

otk-l,k ^ OfJfc H T~T~1 + I iTTy ^^“2 + 

n — /b + 4 71 — A; + 5 


71 — A; + Z + 2 ^ 
n-k + l + Z 


For k = n and Z = n — 1 we obtain Theorem VIII. 

Proof: In the first place we consider the case Z = 1 ; we have to prove 


^ , n — A: + 3 

«*->!,* s «je T ^ ^ ^ • 
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If 


CKt-i ^ (n — fc + 4)/(n — A: + 3)*, 
the statement follows from VII. Suppose now 

otk-i > {n — k + 4)/(n — A: + 3)*. 

Then we have 


(17) 


(n — A: •+• 3)* 
n — A; + 4 


a*-i > 


1 , 


It follows from I and II that 


(18) (n — A: + l)a* + < 1. 

By (17) and (18) we have 

,n — A! + 3 1 ot_i I n — A: + 3 

** n — A: + 4 n — A:+l n — Ai + l n — A: + 4 

^ (n-A: + 3)* a*_, (n - A:+ l)(n- A: + 3) 

(n-k + l)(n - A: + 4) n - A: + 1 (n - A: + l)(n - A: + 4) 

_ (n — A: + 3)(2n — 2A: + 4) a»_i 

(n - fc + l)(n - fc + 4) n - A)+ 1 

= 2ak^i + 7 r- Tr - ivr/ r~ XT\ 1 ^ 2afc-i ^ Offc-i.fc 

[ (n — A; + l)(n — fc + 4)J n — k + 1 

because of II. 

Let us assume now that the theorem is proved for every k and for 
Z = 1, 2, • • • , X — 1 with X < A;. Then we have 

/ift\ _j_^ /5-}-3 ^ 71 A; + X-|-l 

(19) S a* + + 4 «*-»+•••+ n-ifc + x + 2 

We have to prove the theorem for Z = X. If 

«*-jk ^ (n — A: + X + 3)/(n — A: + X + 2)*, 


the statement follows again from VII and (19). Therefore let us suppose 

(20) at-x > (n — k + X + 3)/(n — A: + X + 2)*. 

By I and II we have 

(21) (n — k + l)at + Xa^-x < 1. 


First we shall prove the relation 


ock 4 - 


w — A; + X + 2 
71 — A: + X 4" 3 


a*_x < 2a|^^. 


( 22 ) 
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As in the case where X = 1 we obtain from (20) and (21) 

— A:'4-X + 2 ^ 1 X ,n — i;-i'X'{'2 

“*‘^n-jfe + X + 3“*"^^n-ifc + l n-ife+l“*^‘*’n-lfc + X + 3“‘^ 

^ (n — A; + X + 2)(2n — 2A: + X + 3) — X(» — fc + X + 3) 

(n-k+ l)(n - A: + X + 3) 

_ 2n* — 4nA! + 2nX + 7n + 2A:* — 2A:X — 7A: + 2X + 6 ^ „ 

n* - 2nA! + nX + 4n + A:* - AjX - 4A: + X + 3 ~ 


since n ^ k. 

Next, we state that under the assumption (20) 

(23) at-,. < a*_x for /* = 1, 2, • . . , X - 1. 

n — /c -f- /i “h o 

As in (21) we have 

(n — A: + M + l)«*-*i + (X — li)ah-\ < 1. 


Therefore, because of (20), 

1 — (X — ii)ak-\ ^ (n — A; + X + 2)^ — (X — n)in — A; 4~ X H~ 3) 

n — A:-J-|t + l (m — k -{■ n l)(w — A; + X + 3) 

(24)( , , 

n — ink nX "i* 4?i -I- A; ~ AfX ~ 4A; H- X H" 4 -|- i^n ~ nk + /tX 3/ii 

^ n? — 2mA; + mX -j- 4 m + A:*® — A;X — 4A; -f- X -f- 3 + iin — /lA; -f- /«X 4* 3iu 


Putting 

and 


n — A: + M + 3 — r 


n* — 2 mA: 4-mX + 4m + A!* — A;X — 4A:4-X + 3 + /itn— fik liK + 3it 8 


we obtain from (24) 


M — A: 4" -j- 2 
71 “ A: 4" M "i" 3 


Clk-it 


if 



a*-,. < 


(r - 1)(8 4- 1) 
rs 


a*_x 


r < a 4- 1. 



a/b-x < a*-x 


But this is true, since the following three inequalities hold 

M “ A: ^ M* — 2mA: 4" A:*, 

*(4 4- X 4- m) ^ «(4 4- X 4- m), 

/i4‘3 <3/t4"44“A:X4"X. 


Therefore (23) is proved. 
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Finally it follows from (22) and (23) that 


^ n - A; + 3 , 

+ T + 


n 


k + 4: 


+ 


n — fc + X + 2 
n — A; H“ X + 3 


aib-x < 2aib-x + (X l)aifc~x 

== (X + l)afr-x ^ ajb^x.Jb 


because of II. Hence Theorem 2 is proved for Z = X and consequently for each Z. 


4. Some lemmas 

Lemma 1 : Suppose n = 2 and 

(25) Qfi "|~ a2 2/3. 

TTe put 

(26) Y* - . «> + 1 + [i/„j . «■ + 1 + [i/y} i 

then we have 


(27) ai + ai-y* ^ .05. 

I.e., the difference between ai + 02 and the lower bound for the density of 
Ai A 2 obtained by II and VI is less than .05, if (25) is satisfied. 

Proof: If (27) is not satisfied, we have 

(28) 

because of (26). But the difference 1/k — l/(k + 1), where A: ^ 4 is an integer, 
is less than or equal to J — ^ = ^. Hence 

(29) “ 1 + [1/ai] - [17^] “ 1 + [l/ai] - ^ forai^i. 

Moreover (29) is true for J < ai ^ i + vV = -3; therefore we have ai > .3 and 
0(2 > -3 + .05 > i because of (28). Thus a2 > i + .05 again because of (28), 
and we obtain 


ofi -t- a2 > .3 + J + .05 > 

This contradicts (25). Therefore (27) is valid. 

Lemma 2: Suppose n = 4 and 7 < 1. Denote by yus the lower hound for the 
density of j4i + ^42 + As obtained by the theorems of this paper. Then we have 

d = ai + 02 + «3 ~ 7i2« ^ ^ . 

Proof: We write 




I 

1 + [1/aJ 


for F = 1, 2, 3. 



Then by VI 
(30) 
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d ^ Min («. + «x). 

It follows from Theorem 2 that the density aij of Ai-\- At satisfies the inequality 

(31) ai* ^ 02 + foi . 

On the other hand we have by I, II, and 7 < 1 

(32) 012 + 208 < 1, 
hence by (31) 

(33) 2o8 + 02 + Joi < 1. 

We have now to distinguish between some cases. 

1 ) «i ^ iri* 

Because of Corollary 4 of Theorem 1 we have oi + 02 + o* < J and by II 


d ^ Ol + 02 + 08 — 3oi < 


135 - 121 _ 7 
180 90' 


Therefore we may assume 

oi < Hi < yV> 

(34) Ji ^ -itS’ 

2 ) 02 ^ i + A = H- 

We have by (30) and (34) 

d^52 + 5i^A‘i"'sV~ irV* 

Hence we may assume 

(36) 02 > iJ 

and because of (33) 

(36) 08 < (1 ~ 02)72 = 

3) 08 > i. 


It follows from (33) and (35) that 

01 < f(l — 2 o 8 — 02) < f(l ~ i ~ ii) “ A i* 

Therefore we have < A 8 Jid 5a,. < H ~ i = A because of (36), hence 
d < A because of (30). Therefore we may assume 

; 08 ^ i-- 


(37) 



970 


ALTBBD BBAVIDB 


4) ot ^ or Oi ^ if • 

We have by II, (37), (36), and (34) 

<i^o3“«» + 5i^A + A“ ifir* 

Hence we nday aesume 

(38) a, < «, 

(39) as > H > i 

5) a* ^ i + iSf. 

We have by (34) and (39) 

d ^ 8i + 5s ^ i*)r + A “ 

Hence we may assume 

(40) aa > -^A* 

6) ai ^ A" 

We have 5i ^ A *“<1 5a ^ A because of (38). Therefore we may assume 

ai > A 

and obtain by VI 

ais ^ aa + J, 

aia + 2as > J + Ti + f^ = I 

because of (35) and (40). This contradicts (32) and Lemma 2 is proved. 

6. Estimates for the sum of the densities in the cases n = 3 and n = 4 

Theobem 3: Let n = 3. If Ai At At is not the set of all 'positive 
integers, then we have 

(41) ai -|- aa + Oa < 1.05. 

Pboof: Let yfa be the lower bound for the density of A\ + .4a obtained by 
II and VI. Because of Theorem 1 we have ai + aa < |. Therefore it follows 
from Lemma 1 that 

(42) ai + aa — yfa < .05. 

On the other hand we have by I 

(43) Tia + oa < 1. 

Adding (42) and (43) we obtain (41). 

Theobem 4: Let n =1 4 be. // Ai + Aa + Aa + Aa ts not the set of aU positive 
integers, then we hem 

(44) oj + a, + os + 04 < H < 1.0778. 
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Proof: Let y*** be the lower bound for the density of + Aj + At obtained 
by the theorems of this paper. It follows from Lemma 2 that 

(45) ai + ai + at — yin < ^ 
and from I that 

(46) ytu + 04 < 1. 

By the addition of (46) and (46) we obtain (44). 

6. Improvement of the Theorems V, X, and XI 

Theorem 5: If the densities ai ^ at ^ g a« o/ Ai , A 2 , • • • , A„ satisfy 


the condition 


(47) 

^ 1 — noj , 

then we have 



n - 1 , On . 
y ^ h - 


n n 

if 


(48) 

^ 1 , 

then 





Proof: If (47) is satisfied, we set 
(49) a = (1 — an)/n, 

then a < 1/n and by (47) 

^ «x ^ (1 “ an)/n = a (>» = 2, 3, • • • , n — 1), 
a» = 1 — no. 


(»' = 1» 2, • • • , n — 1), 


It follows that for a: — 1, 2, • • • 

A,(a:) ^a^^ax^ax — {v — l)/n 
An(x) ^ (1 — na)x. 

Applying III for /« = 0 to the sets Ai , As , • • • , A» we obtain by (49) 

^ 1 1 “ an Jl “ 1 , On 

7^1 — 0=1 . 

n n n 

Suppose now that (48) is satisfied. Here we set 
(50) o = (1 — ai)/n. 
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•Then we have a 1/n and 

^ as S (1 - «i)/« = “ (v = 3, 4, • • • , n), 
ai = 1 ~ Wa. 

Applying III to the sets Aj , As , • • • , A« , Ai we obtain by (50) 

1 - ai n~\ , on 


1 - a = 1 - 


— "ir' 

n n 


By means of Theorem 5 it is possible to improve XI. First we consider the 
case n = 2. 

Theorem 6: For n = 2 toe have y ^ T^(ai + on). 

Proof: We have to distinguish between certain cases: 


It follows from VII that 


and from II that 


7 ^ as + ^ai 


7 ^ 2ai, 


lOy + 7 ^ 10(ai + as), 

7 ^ irCai + as) > A(«i + «*)• 
Therefore we may assume that 
(51) i > ai > A- 

2) ai ^ Tras • 

.We deduce from II 

y ^ 2ai = 1^1 + ^ -fsioii + as). 

Hence we may assume that 
X62)' ■ • ■ ’ ■ «i < ■:nr«s 

and, because of (51) 

(53) «» > = AV- 

3) 9ai + 4a2 ^ 5. 

It follows from (51) and (53) that 

2ai + a* g -Ht > 1, 
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hence we have because of Theorem 5 for n = 2 

7 ^ ^ -Aral + = Tir(ai + aa)- 

Therefore we may assume 

(54) Qai + 4a:2 > 5. 

4) ai ^ i. 

By VI and (51) we have 

(55) 7^4“t"^2~i“l" tV ^2 + TJf0t2 . 

On the other hand, it follows from (54) that 

■A«2 > i ~ y 

hence by (55) 

7^1““ Aai + TTr<*2 ^ |ai “ xuoti + ^a2 = A(ai + ot2)* 

5) 

By VI and (52) we have 

7^i + «2 = ^ + ^ot2 + Tir«2 ^ i + iijai + tW 

> ^oti + Hoii + tti^ 2 = A(ofi + tta)* 

6) Ofl ^ y. 

It follows from (52) that a2 > if. Because of IV we have 

7 ^ T~^ ^ 9^ > A > A(«i + «2). 

1 — ai 21*4 

This proves Theorem 6. 

Theorem 7 : 7 ^ ai + |a2 . 

Proof: It follows from Theorem 6 that 

7 ^ tWi “H T(!f<^2 ^ + fa2 

if aa ^ |ai . Therefore we may assume 

(56) a2 < lax. 

2) It follows from II that 

7 ^ 2ai ^ ai + |a2 
if aa ^ iai ; hence we may assume 

(57) , ^2 > fax.. 
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3) Theorem VI implies 

7 ^ a* + X* " ^ ai + 

1 + 0(1 

if as ^ 6oi/(l + ai). Therefore we may assume 

6a!/(l + oi) > as > ^ai 

because of (67), hence ai > J. 

4) Since ai > J, we have 

7 ^ 0(s + i ^ ai + las 

if as ^ 6ai — |. Therefore we may assume 

6ai — I > as > fai 

because of (57), hence ai > ■^, as > |. 

5) Now we have 2ai + as > 1, hence by Theorem 6 

7 ^ § + io(s ^ ai + |as 
if as ^ I — 3ai . Therefore we may assume 

I — 3ai < as lai 

because of (56), hence ai > 

6) Since aj > |, we have 

7 ^ as + I ^ ai + |as 

if «i ^ |a* + i* Therefore we may assume 

ias + i < ai < fas 

because of (57), hence as > 

7) Since as > J, it follows for as ^ | that 

7 ^ ai + § ^ ai + |as . 

Hence we may assume as > f and ai > | because of (66). This gives a con- 
tradiction to I, and our theorem is proved. 

Before improving XI forn > 2 we have to prove the following 
Lemma 3: Suppose n = 3 and 

(58) Os ^ os ^ ai > .24 

If yiu I d, and S, have the same significance as in Lemma 2, then we have d ^ -Jlfg. 

Proof: Let yt\ be the lower bound for the density of A, + A\ (k 9 ^ X) ol^ 
tained by the theorems of this paper. We set 

drt =* o, + ox — 7^ . 
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Since oi + 2«j < 1, we obtain from (68) 

(69) a, < .38. 

We have again to distinguish between several cases: 

1) i < a* < .38. 

Suppose first ai > J. Then we have by Theorem 1 for m = 2 
+ — i + ofi — i = + 

Suppose next ai ^ i; then by (59) 

Because of (58) and (59) we may assume 
(60) .24 < a» g i 

2) aj ^ 

Because of (58) we have 7*2 ^ 2ai > .48 and 

7is8 ^ 2 min ( 712 , as) ^ 2 min iVW ) ~ Mr- 
On the other hand we have by Theorem 3 

ai + as "t" <*3 1.05, 

hence 

d K. 1.05 — 


d ^ di2 + Ss S 


Therefore we may assume 

(61) Os < 

3) at ^ J. 

a) Os ^ i + 

Then we have, because of (58), 

5s ^ max (i\r, du ^ a 2 ~ ai ^ rivi 

b) as > i + ift/T- 

Because of (58) and (61) we have 7*2 ^ 2ai > os , hence 7*28 ^ 203 , and 
d ^ ai + as + Os — 2a's ^ 2 a 2 — as < § — -f = inj’ij- < -j^. 
Therefore the case 3) is also proved and we may assume that as > J. 

4) J < as ^ i + lAftr = 

We have 5s ^ 5i ^ d ^ Hence we may assume as > Jft. 

6) ^ < a, ^ .3. 

a) at ^ • 
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If 03 ^ i, we have djs ^ os — 02 < If os > J, we have dn ^ #M ~ 
i = iAAf- Hence 

d^di + di^^ 7 ^ + iftft- = jyt, 
since oi ^ 02 ^ t%- Therefore we assume 

(62) az > 

h) oi ^ i and as ^ i + tt* 

From (58) and (62) it follows that ai + 2a8 > 1 . Hence we obtain by Theorem 
6 

7i» ^ i + ioi 

and by IV and (58) 

♦ ^ ^ 1 + 01 ^ 1.24.225 _ 279 

- 1 - a* - 2(1 - a*) - 2.158 316’ 

d ^ oi + 02 + 03 Itt <i + A + i + TT“ f TT = 

c) oi ^ i and 03 > i + 

We have 

2aa + 03 > i 

hence by Theorem 5 and by (58) 

7i*8 ^ J + ^03 + i, 

d = ai + aa + 08 — 7128 ^ i + t v “t“ ig^iny i i = ^ffVir ^ iftftr 
because of (61). 

d) J < oi ^ I + 

We have 

5i ^ iAAr> ^ ^ d ^ 

e) 01 > i + ^ iff + 1^. 

It follows similarly as above in 5b that 

♦ ^ 1 + 01 ^73 

- 2(1 - a2) - 79’ • 

d^«i + «, + «, ~-f|<T^ + A + 4lf + i/W-H = ^. 

f) ai > and ai > -Jfl- + 

We have 

2at + a»> m + m + ^ ^’n + m > m + i) > h ' 
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hence by Theorem 5 

TWS i + ^03 + i 

and by (61) 

d < f ““ f = AVir < 

Therefore the lemma is proved also in the case 5) and we assume 

(63) A < a2 ^ i* 

6) ai + of2 ^ i = ffr* 

It follows from (63) and (58) that 

712 ^ ^2 + i > i; 

hence, because of VI, 

7128 ^ as + 

d = ai + a2 az — ynz ^ i + tts + as “ as — ^ = Ay. 

Therefore we may assume 

(64) ai + a2 > ffv 
and, because of (63), 

(65) I 

7) as ^ i 

a) ax ^ AV« 

By II we have 

d ^ ai + a 2 + as ~ 3ai ^ 2az “ 2ai ^ f — 

b) ai < AV- 
Because of (65) we have 

5i < A((r> dss ^ as — as ^ i — A = d < AV < tts- 

Therefore we may assume os > i. 

8) < as ^ I + A®A = iWii- 

For ai ^ i + A we have by (65) 

(66) di2 ^ h ^ A* 

For ai > i + A the inequality (66) is also valid, since we have 

di2 ^ as — ai ^ i — A “ A* 
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Hence we obtain 

+ + tWif “ "ffs 

and we may assume 

(67) a. > 

9) It follows from (66) and IV that 

T?» ^ ai + «j — 

Tim ^ (ai + aj — A)/(l ” «»). 

a S ai + 02 + oa ; — 

(68) , ‘-7 

=. « _ s - A)(1 - 

1 — 02 

because of (64). If we write 

fiat) = at - (IH «8 - ^'r)(l - oi)"‘, 

we have 

/'(o«) = 1 - - o,) + fH«8 - nV}(i - o,)-* = 1 - MM (1 - «*)■*. 

Therefore /(oa) has its maximum in the interval 0 ^ oa < 1 for 

«i = 1 - (MM)* < 1 - « < 1^. 

Hence /(oa) is decreasing in the interval < oa < 1 and it follows from (67) 
and (68) that 

rf < Z°L _ (I^ ® 

- 1800 V18OO ’450 24/ 1099 

_ 701.1099 - 701 1076 + 75-1800 ^ 701 + 5400 ^ 22 . 

1800.1099 1800-40 '*^225 

This proves Lemma 3. 

Using this lemma we can improve XI. 

Theorem 8: Write ai + aa + " • + «•• = v« ; then we have 

T^M®'*^ .8804ffa ; T ^ iVA ®'4 ^ .8701^4 ; 

T ^ MM?' ®»» ^ •8679ff'i» for n ^ 5. 

Proof: The case n = 2 is already proved by Theorem 6. 

1) 

a) 


n = 3 

oti ^ 
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Denote by a» the density of ^1* + A* . It follows from Theorem 6 that 

otji ^ iAr (®» + «»)> 
hence from Theorem VII for k = 6 and from II 
(®®) 7 ^ A (<*» 4* a») + ^ ai , 

(70) y S 3ai, 
and, because of (69) and (70), 

90y + 2y ^ 81 (aj + as) + 75oi + 6ai , 

7 ^ 

b) ai > A . 

Suppose 

(71) y<U<rz. 

Then we have 


if < 3ai ^ 7 < ffs , 

(72) <r,>iff. 

On the other hand it follows from Lemma 3 and (71) that 

*■* ~ Tn ^ 7128 ^7 < fi vs , 
ii Vs < , 

V8 < iff . 

This is incompatible with (72). Therefore the supposition (71) is impossible 
and in both cases we have 

(73) 7 ^fiv,. 

2) n = 4. 

It is possible to treat this case as we have treated the case n = 3. But the proof 
of the lemma analogous to the Lemma 3 is troublesome. Therefore we use a 
method which is simpler, but less sharp. Denote by am the density of 
At + At + Ai. It follows from (73) that 

am ^ fi (a 2 + a* + <* 4 ), 

hence from VIII and from II 

(74) 7 ^ fi («! + a* + 04 ) + f ai ) 

(76) 7 ^ 4ai . 
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Therefore we have by (74) and (75) 

11047 + 187 ^ 972 (aj H* as "f* 04 )' "h 920ai + 52ai, 

7 ^ AW . 

3) n = 5. 

In similar way we obtain 

390967 + 1027 ^ 39095 (AW («2 + «8 + a^ + a*) + f ai} + 610ai, 
7 ^ •fffJr O’* • 

4) n > 5. 

It follows from VIII that 


7 S IttIt (<*n + a„_l + an-S + ttn-S + Otn-i) + ttn-* + • • • + 


n + 1 
n + 2 


ail 


hence, because of < v 1 


7 




7. Estimates for the sum of the densities for n ^ 5 

In order to obtain an estimate for the sum of the densities forn = 5 we could 
apply a similar method as in 5). But the proof of the lemma analogous to the 
Lemmas 1 and 2 would be very complicate. Therefore we are content to prove 
the following 

Theorem 9: Suppose (hat Ai + At + ••• + i4nfs not the set of all positive 
integers. Then xm have 

30107 

1,1522 /or«>5. 

Proof: For n = 5 we obtain from Theorem 2 for k = 2 and 1=1 

(76) au ^ as ■(■■?■ ai 

and from II and I 


(77) osa ^ 3a3 , 

(78) au + a346 < 1, 
hence, because of (76), (77), and (78) 

(79) -f ai + aj + 3as < 1. 
Moreover we have 

(80) ai + 4aj < 1, 

(81) 2ai + 3a, < 1, 
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and finally by Theorem 2 

dim ^ 7 f a2 + T ai , 

hence, because of I 

(82) as + 0^4 + Y f ^2 + f ai ^ ofB + ai234 < 1 . 

If we multiply (79), (80), (81),[ (82) by tIt. AV, Vffir, 1 respectively and add these 
inequalities, we obtain 

ai + a2 + a3 + a4 + as < rlrr + 1 = M ^ 1.1026. 

For n > 5 we are content to prove an inequality less sharp. It follows from 
Theorem 8 and from II that 

11 x 8 7 (ai + a2 + • • * + Otn^l) + ttn < 1, 

and because of ^ (ai + ^2 + • • • + an)/n 


34020 

39197 


(ai + a2 + • • • + otn-i 


I ^ 5^77 ai + a2 + • * • + an ^ ^ 

+ “■> + 3W7 n < '• 


ai + 02 + • • • + a„ < 


39197n 

34020n + 5177 


< 1.1522. 


8. Improvement of a theorem of Schur 

Theorem 10 : If we set = n and for m > 1 

/”•) = n(n + 2)cl’n^^ 

(n + + n" + w “ 1 


if cit;*' > 1^, 
n + 2 


On On— -1 


if cr-r> ^ 


n + 1 
n + 2 > 


then we have 


7 ^ Cn"‘*(«l + a 2 + • • • + am). 

Proof: For m = 1 the assertion follows from II. Therefore we may assume 
that the theorem is proved for m — 1 and every n. Denoting the density of 
^2 + ^8 + • • • + iln by /3 we have 

(85) ^ (a2 + as + • • • + am). 

We have now to distinguish between two cases; 

^ (m — 1) ^ n “1“ 1 

*' - ^+2- 
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It follows from VIII and from (85) that 

7^1®+ ” t* ^ + Os +•••+ am) + ^ ^ ^ ®i 

n + J n "T ^ 


^ ci“ (ai + a* + • ■ • + am)> 


hence, because of (84), 


If we set 


we have 


7 ^ + aj + • • • + ttm). 

(m-i) n + 1 


n(n + 2) 

ci’n'^n + 2) + n' + n - l’ 


„ < 1. 

«+! + «* + « — 1 


Therefore applying IX we obtain 


•^oi / n + n — \ 

7^a^+«i|« — ;r+T"“ 


n(n + 2)/3 

+ 2) + ^ — 1 


+ ai in 


n(n^ + n — 1) 

+ 2) + + n — 1 


+ 2) + + w - 1 

n(n + 2)cin^^ 


{(n +*2)^ + aici!l 4 ^^(n + 2)} 


-r /'ll I \ 

- S"(n + 2) + »■ +— 1 (“■ + »•+•■■+ 

because of (85). Hence Theorem 10 is proved. 

Corollary: J/.4i + .4* + • • • + A„ is not the sum of all positive integers, we 
have 

«! + a2 + • • • + “m < l/ci"’. 

The constants can be determined successively by (83) and (84). We 
havec»^ = n, 




2 + l/(« - l)(n + 2) ’ 


and so on. 

We want to obtain estimates for c»"\ To this end we prove 
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Theorem 11 : Set n — m = dfor n > m. For a fixed value of dvae denote by z 
the greaiest integer such that 


(86) log (z - 1) + — ^ g d + log d + 2. 

2+1 

Then we have 


(87) 

(n-d) n + 1 

n — d + log n — log d 

for d + 2 ^ n g z, 

(88) 

jn-d) ^ 2; + 1 ^ + 1 

" ^z + 2' e^+»d + 2 

for n ^ z. 

Proof: 

First we assume that 


(89) 

^ w + 1 
n + 2 



We maintain that then 


(90) 


ciV > 


n 


n + 1 ‘ 


For, if Cn-t ' ^ n/{n + 1) it follows from (84) that 


(m— 1) (m— 2) ^ 

C„_i = Cn-2 ^ 


n + 1 


n + 1 n + 2‘ 

This contradicts (89). Therefore (90) is proved; we infer by induction 


(91) 


(m— |i) ^ M “l~ 2 

^n— 41 ^ 


for = 2, 3, . . • , m — 1 


n — /* + 3 

if (89) is satisfied. Because of (91) we obtain cl*2„+2,ci*i.„+s , • • • , success- 
ively from (83). 

We set i/Jr’ = l/ci”’. It follows from (83) that 


(m) ^ n + n — \ ^ 1 <; 


«y; ' = 


yi-T*’ + 1, 


n 2 


n -|- 1 


hence 


n 


(n + l)yi"’ < , 

Applying this formula successively we obtain 
(n + < (n — + 


n 


n — 1 


+i+i< 


n 


< (n - m + 2)y\Ln^x -+ 


n 


m + 3 , n — m + 4 


n + 1 


n — m + 2 , n — m + 3 , 

* T!! rn i rt • 


n — m + 2 n — m + 3 
n + 1 


n 


+ 


n 


n — m+1 n — m + 2 

. 1 ^ , f" d® , , n 

m+ 2-» -<m+| — = m + log . 

iN-rn— m+1 V vn— m ^ n tH 
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Therefore we have 


ci"’ > 


n + 1 

m + log n — log (n — m) 


if (89) is satisfied. 

Next we want to prove that (89) is satisfied if 

d + 2 ^ n ^ 2 

where z is defined by (86). To this end we prove that 
^ ^ r + log (d + r) — log d d + r + 3 


if the condition 


is satisfied. 
We have 


d+2^d+r^z-l 


cii?i = d+l> {d + Z)/{d + 4), 

hence it follows from (92) that 

-w ^ d + Z . d + A 

^ 2 + log (d + 2) - logd ^ d + 5 


d + 3 4 > 2 + log 3 ^ 2 + log ^1 + = 2 + log (d + 2) - log d. 

Therefore (93) is proved for r = 2, We assume it to be proved by induction 
for r = 2, 3, • • • , p — 1 where 


We then have 


d + p — 1 ^ z — 2. 


Af-i) d + p d + P + 1 

od+,-1 ^ ^ 1 ^ iog(^ ^ p _ 1) _ - a + p + 2- 

Hence the condition (89) is satisfied forn = d + p and it follows from (92) that 


Cd+p > 


d + p + 1 

p + log (d + p) — log d * 


On the other hand, it follows from (95) that d + p + 1 ^ « and therefore 
from (86) that 

log (d + p) + ^^ + ^ 0 Sd + 2. 
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Consequently we have 


d + p + 2 — j - p ~ ^2 - ^”8 (<^ + p) — log d, 


(d + p + l)(d + p + 3) 


d + p + 2 


^ p + log (d + p) — log d, 


hence by (96) 


(p) ^ d + p + 1 ^ g f p -t- ^ 

p + log (d + p) - log d ^ d + p + 3 ■ 


d + p + 2 


Therefore (93) is proved also for r = p and hence by induction for each r satis- 
fying (94). It follows from (93) ford + r = z — l that (89) is true for n = z. 
This proves (87) because of (92). 

Now we have to prove (88). Let s be the greatest integer such that 

_(»-l+«-d) ^ 2 -|- S + 1 

^r+s + 2' 

then we have s ^ 0 because of (93). It follows similarly as above that 

^U-l+<T-d) p„_ n, 

(97) c._x+, >-^-^,-+2 •••.«• 

Furthermore we have 


+ <r -h 1 

Ci-l+f s — I — 

2 -I- V -f- 2 


for V ^ 8 -|- 1, 


hence by (84) 

(98) = . . . = for <r ^ 8 -h 2. 

Finally we have to consider the case n = z + s. Denoting the density of 
A 2 + As + ••• + Aa^g by we obtain from VIII 

7 ^ P + —7 - — OLi S Ia2 + «3 + • • • + H -j- — 7—7. Oil 

Z ”T“ 8 "T” ^ ^ r S 45 

> ~t- n (ttl + 0(2 + • • • + Ct,+,-d) 

z + 2 

because of (97); therefore we have 

(99) 


It follows from (98) and (99) that 


At-l+t-d) 2 -h 1 
> ^+-2 


for (T ^ 8 -hi. 
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Moreover, the condition (86) implies 
log « H ^ 

( 101 ) 


51 4“ 2 

a > e‘'+‘d. 


> d + log d + 2, 


Now (88) follows from (97) and (100). Hence Theorem 11 is proved. 

The inequality (88) can be improved a little. Since d ^ 1, it follows from 
(101) that 


log a + 


(102) 

hence we obtain from (101) 


a + 2 
a ^ 20, 


>3, 


log a > d + log d + 


cl--*) > «_+! > e- 




d "I” 1 


a + 2 e<'+«/“d + 2 

I. Schur has proved that 

y ^ Q^n\oii + a2 + 

where the constants are defined by 
(103) ” 


if n ^ 


+ Ofm) 


Qn^ 


n. 


= 

yn 


for m > 1. 


1 + (n^ - n)Vffl-T" 

We want to prove that cl"’ ^ flfl"’. For m = 1 we have cl” = grl” = n. 
Furthermore we have for n ^ 2 

(n* — n)(n + 2)* = n* + 3n’ — 4n > + 2n® — n’’ — 2n + 1 = (n* + n — 1)*, 

hence 

/ 2 ^ ^ "i*” ^ ^ 1 

<" -">> « + 2 ■ 

Therefore it follows from (103) that we have cl"’ ^ gl"’ for all those cl"’ which 
are defined by (83). 

From the proof of Theorem 11 we deduce that we have to apply (83) certainly 
as long as n ^ a for a fixed value of d. Therefore we may assume now that 

n ^ a + 1 > e^+^d + 1. 

It follows from (88) that it is sufficient to prove that 


(104) 


+ 1 ^(n_d) 


e^+‘d + 2 




for n > e ^ d + 1. 
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From (103) Schur obtained 
gn 

We have 


(105) = 


w 


(d + 1)~* + (d + 2)~* + . . . 


(106) 


J ^n+1 

x~^ dx 

d+l 

= 2(m + 1)* - 2(d + 1)‘ > 2ra‘ - 2 (d + 1)‘. 


Because of (104), (105), and (106), it is sufficient to prove that 

e‘*'^‘d + 1 

e^+‘d4-2 2n‘-2(d + l)*‘ 


This is satisfied if 

e‘'+‘dn‘ > 2(e‘‘+*d + l)(d + 1)‘, 
w* > 3(d + 1)‘, 
n > 9(d + 1). 


This, however, is true for d = 1 because of (102), and for d > 1 because of (104). 
Hence we have ^ and Theorem 10 is sharper than Schur^s theorem. 

Theorem 12: Let € be any positive quantity. For every fixed m and all suffi- 
ciently large n we have 


11 

m 




< e. 


Proof: Let m be fixed. We choose n so large that the following conditions 
are satisfied 

(107) log (ra — 1) 4 ^ < n — wi + log (n — m) + 2 

n + 1 

and 

(108) n > Max (2m, 2/6). 

Then it follows from (107), (86), and (87) that 

(.(«) > ” + ^ 

" m + log n — log (n — m) ’ 

« _ g(«) ^ ” w + 1 

m “ m m + log (1 + m/(n — m) ‘ 
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Because of (108) we have m/(n — m) < 1, hence 

^ + 1 

m ** m m + m/{n — m) 

_ n __ (n + l)(n — w) ^ 1 ^ 

m m(n — m+1) n — m+1 

Institute for Advanced Study 
Princeton, N. J. 
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ON SOME ASYMPTOTIC FORMULAS IN THE THEORY OF THE 
“FACTORISATIO NUMERORUM” 


By P. Erd5s 


(Received December 2, 1940) 

Let 1 < ai g 02 g • • • be a sequence of integers. Denote by /(n) the number 
of representations of n as the product of tlie o’s, where two representations are 
considered equal only if they contain the same factors in the same order. As 
far as I know the first papers written on the subject are those of L. Kalmdr/ 
who proved by using the methods of analytic number theory that if Oib = A; + 1 
then 


(1) nn)=i:/(r)=--^U + o(l)], 

r-1 Pf (p) 

p is defined as the unique positive root of f (p) = 2. He also gives estimates 
for the error term. 

Another paper on this subject is that of E. Hille.^ He obtains among others 
the following results: Let pi < P 2 <• * • be a sequence of primes and 
«! < a 2 < • • • the sequence of integers composed of these primes, then 


( 2 ) 


F(n) = cn^[l + o(l)], 


where S = 1, p > 0. Hille uses the theorem of Wiener and Ikehara. 

i 

In the present paper we assume that ^ converges for every t and that 
the a’s are not all powers of a \ , then we prove that 


(3) F{n) = cn^[l + o(l)], 

where ^ \ — Ij p > 0. The proof will be elementary. 

i di 

First we need 2 Lemmas. 

Lemma 1 


( 4 ) + 

Proof. Follows immediately by considering those products in which a* is 
the first factor, and summing for a* . 


1 L. Kalmar, Acta Litt ac §cient. Szeged, Tom. 5 (1930) p. 95-107. 

* E. Hille, Acta Arithmetica Vol. 2 (1937) p. 134-146, 

• The use of this identity was suggested to me by L. KalmAr. 
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Lemma 2. 


( 6 ) 


0 < lim ^ ^ lim ~ < «. 
— n** 


Proop. Put F(n) — Cnn", We have from (4) 

c^n'' < max c< 2 ^ 




O* dk 


hence 


Thus by induction 


c„ < max Ci -\ — - . 




which proves the first half of (5). 

The proof of the second half of (5) will be slightly more complicated. Put 
F(n) = cj,(n + I)'. It suffices to prove that lim cl > 0. From ^ 


n + 1 
Ok 


— 1 we obtain by (4) 


Thus 


s'n(n + 1)' > min c,- = min c,-(n + iy(l - AV 

.<n ojb^n ajfc \ ajb>n (*k/ 

el > minc< (l - £ 

. n \ o*>» dk/ 


Hence by induction 


n (i- E 

2»»-l<n \ o*>2»»* Ojfe/ 

The product on the right side (if extended to infinity) converges since 


± E isE‘-5S^‘<cE4 

m-1 a*>2«* Ck o* a* U* 

converges. This proves lim cl > 0, and completes the proof of Lemma 2. 
Now we can prove our theorem. Suppose that (3) does not hold, denote 

nn) Fin) Fin) 
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Let m be sufficiently large and such that F(m) > (C — S)(m + 1)". Clearly 
a fixed k exists (depending only on c and C) such that for every x satisfying 
m ^ X ^ m(l + k) 


( 7 ) 


F(x) 


C + c 


(x+ 1)0 2 

Now let o< be the least a which is not a power of ai . Consider any x satisfying 


mai ^ a: ^ maiil + k). We have by (4), (6), (7) and 


[|] 


+ 1 S 


X + 1 


<k 


(8) 

Fix) > Z ^’1 

X 

^ c -f C (a; + 1)" , v' (* 



2 a^ ai>ai 

Thus 




(9) 


(x-t-l)'*^ 2ao 


a< 


- oix"). 


Similarly we obtain that for the x satisfying a“a\m ^ x ^ afaim(l + k) 

Fix) 


( 10 ) 


ix + D" 


> C + 5a, (J , 


where 6a depends only upon a and /3. It is well known that the quotient of 
two consecutive integers of the form a, “a? tends to 1. Thus there exists a se- 
quence of integers < /I 2 < • • • < all of the form afa? and satisfying 


Ai+i 

Ai 


< 1 -f fc, i = 1, 2, • • . r — 1 and Ar > aiAi 


Thus by (10) and since the intervals [Am, A,m(l -f A:)] and [At+im, Ammil -j- k)] 
overlap we have for Am ^ x ^ aiAm 


( 11 ) 


Fix) 
ix + I)' 


> c -|- min Sa,ff = c -f 5, 


for sufficiently large m, where 6 is fixed and depends only on c and C. Consider 
now the integers x satisfying aiAm g x g ai.ljwti by (4), (6) and (11) we obtain 
as in (8) and (9) 

> (c -h 6) ^ -i- c 23 - — 0 ( 1 ) = c -1- 6 A — 23 — 0 ( 1 ). 

(X H- 1)'’ Oi ai>ai Oi \ «i>oi O?/ 

^i.e. ^ lies in [i4im, ^ iot( 1 -f A:)]^ Similarly for the integers satisfying alAim g 
X ^ aSAm we have 

-TO > To + s(i - z ^)1 z. r 

(x + 1)^ L \ «<>«! d?/ J Clf ai>a* a? 

- 0 ( 1 ) > c -f 5(1 - E (1 - - 0 ( 1 ). 

\ «<>ai ay \ oOaJ aj/ 
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Finally we obtain for o^^Aim ^ a: ^ aiAirn {k fixed, tn sufficiently large) 
Fix) 


(12) 

Denote 


{x + ly *^-1 \ di/ 

n(i- 

r— 1 \ a»>aj (l{/ 


The product converges since 2 converges. From (12) we have for 

Aitn ^ ^ oliAim 


oj 


(13) 

Now choose k so great that 


(14) 


(X + D' ^ 2 • 


1 ^ c + i5>j 


n E 4> 


r>k oiSo' aj c + jSi; 

Then from (13) and (4) we have for Aioim ^ x ^ Aicl\*'^m 

(z + D' 


m> E F[^l>6+t) E 


a< 


Similarly for any r, in the interval Aialm ^ x ^ Ai(iim we have by (14) 


F{x) 
ix + 1)^ 


(« + ^)n E 


{x + 1) ^ C + Srj 
ai<al p 4 


Thus lim 


Fix) 


> c. This contradicts (6) and completes the proof of our 


(X + 1 )^ 

theorem. 

It is easy to see that in our theorem, we can replace the assumption that 
2 l+J converges by the following slightly more general one: There exists 

di 

a A: > 0 such that $2 "I converges, and ^2 converges too. 

di CLi 

Let Ok = k + 1. By using Lemnia 2 we can prove that constants Ci and Cj 
exist, 0 < Ci < Cl < 1, such that for infinitely many n 


fin) > 




(log n)«i 
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and that for all n > n© 

/(") < 

As I shall show in another paper the methods used here yield some asymptotic 
formulas in the theory of partitions. 

The University of Pennsylvania 

^ E. Hille proved that /(n) > for infinitely many n (ibid). 
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CONCRETE REPRESENTATION OF ABSTRACT (M)-SPACES 
(A characterization of the space of continuous functions) 

By Shizuo Kakutani 
(Received December 23, 1940) 

Introduction 

A Banach space is called an abstract (Af)-space if it is a linear lattice, and if 
it satisfies, besides the usual axioms of Banach lattices, the following condition: 

a: § 0, y ^ 0 imply |i a: V 2/ H = max (|| x 1|, || y Jj). 

The principal purpose of the present paper is to show that every such abstract 
(ilf )-space can be concretely represented isometrically and lattice isomorphically 
by a subspace of the space C(f2) of all continuous real valued functions defined 
on a certain compact Hausdorff space U} This may be viewed as a characteriza- 
tion of the subspace of the space of continuous functions, which is closed both 
in a sense of topology and lattice. Furthermore, this problem has close rela- 
tions with the problems of concrete representation of abstract (L)-spaces, dis- 
cussed by the author [9], [11] in connection with the general theory of Markoff 
processes and ergodic theorems. 

In Part I, we shall give the definitions and the exact formulations of funda- 
mental theorems (Theorems 1 and 2). We shall also discuss their relations to 
other problems concerning the concrete representation of abstract spaces and 
rings. The proofs of Theorems 1 and 2 will be given in Part II. The main 
idea is to consider a class of functionals (viz., linear- and lattice-homomorphisms 
of a given space to the space of real numbers) and to use the notion of weak 
topology. The last Part III is devoted to the applications of fundamental 
theorems, and the relations with the theory of abstract (Z/)-spaces will also be 
discussed. 

The principal results and the general outline of their proofs were previously 
announced in [10]. I should like to express my hearty thanks to Professors 
H. F. Bohnenblust, C. Chevallcy^and J. von Neumann for their kind discussions 
in the course of this work.* 

^ We use the term * 'compact^ ^ as ‘'open coverings can be reduced to finite coverings. 

* After completing the paper, I noticed that the same problem was discussed by Mark 
and Selim Erein (On an inner characteristic of the set of all continuous functions defined 
cm a bicompact Hausdorff space, C. R. URSS, 27 (1940), 427-430). In this paper the exist- 
ence of a unit element is always assumed; Theorem 2 was proved by them, but the case of 
Theorem 1 was not discussed. 
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I. DEpmmoNS and the Statement op Fundamental Theorems 
1. Definition of abstract (ikf)-spaces 

A Banach space {AM) is called an abstract {M)-space, if there is defined a 
relation x y {or equivalently y ^ x) for some pairs of elements x, y e {AM), 
and if it satisfies the following conditions (x, y, z, w e {AM), X: real number): 


(1.1) 

All 

H 

2/ ^ X 

1 

II 

(1.2) 

* S y, 

y ^ z 

imply X ^ z, 

(1.3) 

x^y, 

X ^ 0 

imply \x ^ \yj 

(1.4) 

All 


implies x + z y + z, 


(1.5) To any pair of elements x, y e {AM), there exists a maximum z = x \f y 
such that z X, z y and z' z for any z' with z' ^ x, z' ^ y. 

(1.6) To any pair of elements x, y e {AM), there exists a minimum w = x K y 
such that w ^ X, w ^ y and w' ^ w for any w' with w' ^ x, w' ^ y. 

(1.7) x„ y„ , Xn X {strongly), Vn-^y {strongly) imply x ^ y, 

(1.8) X A 2 / = 0 implies || a: + y || = || a: — y |1, 

(1.9) X S 0, 2/^0 imply || x V 2 / II = max (|| x ||, || 2 / 1|). 

The conditions (1 .!)-(! .6) mean that (A Af ) is a linear lattice (or a vector lattice). 
Such a linear space was discussed by G. Birkhoff [1], H. Freudenthal [5] and L. 
Kantorovitch [12]. The general theory of such linear lattices will be found in 
G. Birkhoff [2]. Here we shall state some of the fundamental properties of 
such spaces, which we shall need in the following discussions: 

X ^ 0 implies X(x V y) = Xx V Xy, 

X(a: A y) = Xx A Xy, 

(a: V y) + 2 = (a; + z) V (y + z), 

{x h y) + z = {x + z) A (y + z), 

(a: V y) + (a: A y) = a: + y, 

(1.13) X = X V 0 - (-x) VO, (x V 0) A ((-x) V 0) = 0, 

(1.14) {x V y) h z = {x h z) ^ {y h z), 

(1.15) (x A y) V 2 = (x V z) A (y V z). 

We shall make use of these properties without any reference to them. 

Among all conditions (1.1)-(1.9), the last condition (1.9) is the most im- 
portant, although, as is easily seen, the condition (1.8) is also indispensable in 
the following discussions. 


( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 
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It is clear that (1.9) implies: 

(1.16) X y implies || a: || ^ || 2 / 1| ^ 0, 

(1.17) a: A 2 / = 0 implies || a: V ^ || = max (|| x ||, || y ||). 

These conditions were introduced by H. F. Bohnenblust [3]. But we do not 
know whether or not, conversely, the conditions (1.16) and (1.17) together imply 
( 1 . 9 ).^'*"^ 


2. Examples of abstract (M)-spaces 

The foremost example of abstract (Af)-spaccs will be given by the space 
C(il) of all bounded continuous real-valued functions x(i) defined on a Hausdorff 
space 12 where \\x\\ == l.u.b.i«fil x(t) | and x ^ y ii and only if x(t) ^ y{t) for 
any t eQ. If we now take an arbitrary set 12 and consider it as a discrete space, 
then the space C(12) is nothing but the space M(12) of all bounded real- valued 
functions x{t) defined on 12 (with the same norm and partial ordering as in the 
case of C(12)). 

Moreover, if we consider a subspace M{Q;m) of Af(12) consisting of all bounded 
measurable real-valued functions x{t) defined on 11 (where measurability is with 
respect to a measure m{E) defined a priori on 12), then this is also an example 
of abstract (Af)-spaces. Furthermore, a space of the same kind will be obtained 
if we neglect some class of subsets of 12. For example, in the case of M(12; m), 
if we neglect sets of measure zero of 12, then the space M'(12; m) thus obtained 
is again an example of abstract (M)-spaces. It is clear that in this case we have 
to put II 2 : II = ess. max.(«o| x{t) and x y ii and only if x{t) ^ y{t) almost 
everywhere on 12. (Two functions which differ from each other only on a set 
of measure zero are considered as the same element of Af'(12; m).) 

Another important example of abstract (M*)-spaces will be obtained by con- 
sidering a special subspacc of C(12). Indeed, if we consider only those functions 
x(t) of C(12) which vanish at a given point €12, then the space C(12; to) of all 
such functions x{t) will be an example. More generally, if we consider the 
subspace C(i2; fc, to] Xo) of C(12) consisting of all functions x{t) €C(12) which 
satisfy the relation: 

(2.1) x(k) = Xox(<o), 

where to , to eil and 0 ^ Xo ^ 1, then this is again an example. Furthermore, 
it will be easily seen that the spaces of the same kind will be obtained if we 
replace the point to of the former example by a closed set F, and if we replace 
the relation (2.1) in the latter example by the system of relations: 

(2.2) x(ta) = « t m, 

** See the following paper. 

* ess. max.fiQ | x(t) | means the greatest lower bound of all a > 0 such that m[t: | x{t) | > 
a] - 0 . 
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where 4 > 0 ^ Xa ^ 1 and 2^ is a set of indices a of any power. We shall 

denote these spaces by C(S2; F) and C(Q; <a , <« ; X„ ; a « aH) respectively. 

It is to be noted that, if in the case of C(i2; F), the closed set F consists of more 
than one point, then we can identify all points of F, and that we can thus re- 
duce the space C(S2; F) to the case of C(Si; <o). This fact is also true for the 
spaces C{U; , <1 ; X„ ; a « 2)?) if there exists a X* with Xo, = 1. 

3. Unit element 

If there exists an element 1 such that 

(3.1) 1^0, lilil = l, 

(3.2) 11x11 g 1 implies x ^ 1 , 
then 1 is called a unit element. 

It is clear that there exists at most one unit element. But the existence of a 
unit element is not assumed in abstract (Af)-spaces. Indeed, among the 
examples given in section 2, the spaces C(Q), M{Q), M(fi; m) and m) 

have unit elements (in this ease, x{t) = 1 is a unit clement), while this is not 
the case for C(ft; k) and <7(12; , /o ; Xo) if the point to is not Isolated in Q. 

Remark 1. The existence of a unit element together with the condition 
(1.16) will imply (1.9). Indeed, given x ^ 0, y ^ 0, we have, by (3.2), 
X ^ llxll*!, y g Hj/II-I, and consequently x V y ^ max (H x H, llyl|)-l, 
which in turn implies H x V y 1| ^ max (H x H, H y ||) by (3.1). The inverse 
relation H x V y || ^ max (1| x H, H y H) is clear from (I.IG). 

Remark 2. It will be easily seen that 1 is also a unit clement in the sense 
of H. Frcudenthal [5] (notation: F-unit) which is defined by the following 
condition : 

(3.3) X > 0 implies x A 1 > 0. 

Indeed, in case || x || ^ 1 this follows directly from (3.2), and if H x || > 1, then 
X A 1 ^ II X |l"‘-x A 1 = il X |r‘-x > 0. 

Moreover, an F-unit can exist even if the unit element in our sense does not 
exist. For example, consider the space C(S2o ; 0) or C(12o ; 0, 1; ^), where 12o 
is the closed interval 0 ^ ^ 1 . These arc the spaces of all continuou's real- 
valued functions x{t) defined on 0 ^ ^ 1 such that x(0) = 0 or x(0) = ix(l) 

respectively. It is easy to see that there exists an F-unit in these spaces, w'hile 
there is no unit in our sense at all. This fact is also true for general spaces 
(7(0; to) and C(0; fo , <o ; Xo) (Xo < 1) if the point <o in question is not isolated 
in 0, and if the topology of 0 satisfies the first countability axiom at < = <o • 
But in a more general case when the topology of 0 does not satisfy the first 
countability axiom at f = <o , this is no longer true. Indeed, let us consider 
the space Z)(0) of all bounded real-valued functions x(<) defined on 12 such that 
the set of points at which we have | x(<) ( > « is finite for any « > 0. Then 
D(i2) is an abstract (M)-space if w^e define the norm and the partial ordering in 
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the same way as in the case of C(12). It is easy to see that there exists no F-unit 
in this (Af)-space, and it is not without interest to notice that, if we adjoin a 
new point to Q and if we introduce a topology of 12* = 12 + (to) in the following 
manner: 

(3.4) Every point of 12 is isolated, 

(3.5) Every neighborhood U (to) of to is a set of the form: U (to) = (to) + (12 — A), 
where A is an arbitrary finite subset of 12, then 12* is a compact Hausdorff space 
and the space C(12; to) is the space I>(12) in question. 

4. Fundamental theorems 

After the preliminaries given above, we shall now state the fundamental 
theorems. 

Theorem 1 . For any abstract (M)-space (AM) (with or without a unit element), 
there exists a compact Hausdorff space 12 and a system of pairs of points {fa}, 
[ta] (ta € 12, a € S0i) and real numbers {Xa} (0 ^ Xa < 1) (a c 9W) such thxit (AM) 
is isometric and lattice isomorphic to the space C(12; /« , *, Xa ; a € SD?) of all bounded 

continuous real-valued functions x(t) which are defined on 12 and which satisfy the 
following relations: 

(4.1) x(ta) -- Kxd'a), a 6 90?, 

where 9K fs a set of indices a whose power can be arbitrarily large. 

This theorem is complicated, and the reason for this is that we do not assume 
the existence of a unit element. If we assume the existence of a unit element, 
then it becomes simpler: 

Theorem 2. For any abstract (M)-space (AM) with a unit (see section 3), 
there exists a compact Hausdorff space 12 such that (AM) is isometric and lattice 
isomorphic to the space C(12) of all bounded continuous real-valued functions x(t) 
defined on 12.* 

Proofs of Theorems 1 and 2 will be given in sections 7 and 11 respectively. 
We can also prove that the compact Hausdorff space 12 is uniquely determined 
up to a homeomorphism. This problem will be discussed in section 13 
(Theorem 6). 

6. Relations to other problems 

As is easily observed, this problem has close relations to the problems discussed 
by I. Gelfand [6], I. Gelfand~A. Kolmogoroff [7], J. von Neumann [13], G. Silov 
[16], M. H. Stone [17], [18], and K. Yosida [19]. In all cases discussed by these 
authors, the Banach space in question was always considered as a ring, and they 
have obtained a concrete representation of such Banach rings. In our case, 
however, the space in question is a lattice instead of being a ring, and we can 
also obtain a concrete representation of such Banach lattices. 

. Further, it is to be noted that the existence of the unit element (which is 

^ It is not difficult to see that Q satisfies the second countability axiom of Hausdorff 
(and hence metiisable) if and only if the given (AM) is separable. It is also obvious that 
n consists only of a finite number of points if and only if (AM) is of finite dimension. 
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necessary in the case of a ring) is not assumed in Theorem 1. H. F, Bohnen- 
blust [3] has recently discussed the characterization of Lp spaces (1 g p ^ «>), 
and the case p = (» corresponds to our problem. He has only assumed the 
conditions (1.16) and (1.17), and has obtained a concrete representation of such 
Banach lattices. But the existence of an F-unit is assumed in his paper, and 
moreover, besides the separability of the space in question, he assumed that 

(5.1) 0 ^ Xi ^ X 2 ^ ^ Xn ^ ^ X implies the existence of supnO^n , 

where x' = supn^n is an element such that Xn ^ x' forn = 1,2, • • . , and x' g x" 
for any x" with Xn ^ x" forn == 1, 2, • • • . This condition (5.1), which is also 
assumed by J. v. Neumann [13] and M. H. Stone [18] (these authors introduced 
the notions of both ring and lattice), is not satisfied even in the case of the 
space C(0o) of all continuous real-valued functions x{t) defined on f2o : 0 ^ ^ g 1. 
Indeed, for example, the sequence of functions Xnit) (n = 1,2,*..), where 

= 0, 0 g ^ i 

= - §), i g < ^ i + i, 

n 

= 1, § + - g < s 1, 

n 

satisfies (5.1) with x{t) s 1, wliile there exists no such continuous function 
x'(0 which corresponds to the element x' = supnXn . 

Finally, as will be seen from the papers of J. v. Neumann [13], M. H. Stone 
[18] and K. Yosida [19], our problem has also a close connection with the theory 
of spectra for operators.*^ 



* As was remarked by Professor Stone, our problem has close connections with the theory 
of harmonic functions. Indeed, let D be an arbitrary domain in the Gaussian plane (we 
do not assume that D is simply connected), and let H{D) be the space of all real valued 
bounded harmonic functions u(z) defined in D. H{D) is an abstract (M)-space with respect 
to the norm 1| w || =* 8up,€D | u{z) | and the partial ordering u'^v\ u{z) ^ v{z) for all z ^D, 
It is to be noticed that la = u V v is not equal to the max. (w(z), v{z)) in the ordinary sense 
(maximum taken at each point of /)), but w{z) is the smallest harmonic function which 
satisfies w{z) ^ u{z) and w{z) ^ v(z) for all z tD, (The existence of such w(z) follows 
from the well known principle in the theory of harmonic functions). If, in particular, D 
is the interior of the unit circle, then every %i(z) tH{D) can be expressed by the Poisson 


integral : 
(*) 


u{z) - tt(re^) 


JL ~ r^)x(t) dt 

2x jL, 1 — 2r cos (^ — 0 + * 


where x(t) is a bounded measurable function defined on the periphery P of the unit circle. 
It is not ^fficult to see that, if we consider the space Af'(r, m) of all real valued bounded 
measurable functions x(t) defined on T (with respect to the ordinary Lebesgue measure m 
on F; we consider two functions which differ on a set of measure zero to be the same element 
of Af'(r, m) ; see section 2), then M'(r, m) is isometric and lattice isomorphic to the abstract 
(M)-space H (D), and this isomorphism is given by (*). It is to be noticed that in this case 
both H(D) and M'(r, m) satisfy the condition (6.1), and that the representation (*) is 
isomorphic even with respect to the operation supn Xn . 
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II. Proofs of the Fundamental Theorems 

6. Weak topology of Banach spaces 

Before going to the proofs of the fundamental theorems, we shall first enter 
into some elementary considerations on the weak topology of Banach spaces. 

Let E he a Banach space and let E* be its conjugate space, i.e., the Banach 
space of all bounded linear functionals f{x) defined on E. with 1 1 / 1 1 = 
l.u.b.i|xii^i|/(a;) 1 as its norm. 

We shall introduce a weak topology* into E*, For any /o e E* its weak 
neighborhood f/(/o ; Xi , 0:2 , • • • , a:n ; «) is defined as the totality of all f eE* 
such that I f{xi) — fo{xi) ] < € for i = 1, 2, • • • , n, where {x*} (t = 1, 2, • • . , n) 
is an arbitrary system of points from E and e > 0 is an arbitrary positive number.* 
The system of all such weak neighborhoods U (fo ; Xi y X 2 y • • • y Xn ] e) determines 
a Hausdorff topology on £*, and this topology is called the weak topology of E* 
(as functionals). 

We shall list here some fundamental lemmas on weak topology, which we shall 
need in the following discussions:^ 

Lemma 6.1. For any fixed xq 6 Ey a*o(/) = f{x^ is a continuous function {even 
a hounded linear functional) defined on E*y with respect to the weak topology of E*. 

Lemma 6.2. The unit sphere: ||/|| ^ \ of E* is compact with respect to the 
weak topology of E*, 

Lemma 6.3. Let ^(ai , 0 : 2 , • • • , an) be a continuous function of n variables 
ai , 02 , • • • , an , and let Xi y X 2 y * • * y Xn be a given system of points of a Banach 
space E. Then the totality of all f eE* such that ^(/(a:i), f{x 2 )y • • • , f{Xn)) = 0 
is a closed subset of E*, 

7. Outline of the proof of Theorem 1 

Let us consider a (real- valued) bounded linear functional /(x) defined on (AM) 
which satisfies the following conditions: 

• Weak topology was first introduced by J. von Neumann, Zur Algebra der Funktional- 
operatoren und Theorie der normalen Operatoren, Math. Ann. 102(1930), 370-427. See 
also; L. Alaoglu, Weak topologies of normed linear spaces. Annals of Math., 41(1940), 
262-267; N. Bourbaki, Sur les espaces de Banach, C. R. Paris, 206(1938), 1701-1704; S. 
Kakutani, Weak topology and the regularity of Banach spaces, Proc. Imp. Acad. Japan, 
16(1939), 169-173; A. E. Taylor, Weak topologies of Banach spaces, Proc. Nat. Acad. Sci. 
U. S. A., 26(1939), 438-440; A.Tychonoff, tlber die topologische Erweiterungen von RAumen, 
Math. Ann., 102(1930), 644-661; A. Tychonoff, Vber einen Funktionenraum, Math. Ann., 
111(1936,) 762-766. 

^ Lemmas 6.1 and 6.3 follow directly from the definition of weak topology. Lemma 6.2 
is a consequence of Tychonoff^s theorem that a topological product of an arbitrary (finite 
or infinite, not necessarily countable) number of closed intervals is compact. (See the 
papers of A. Tychonoff cited in footnote 6). A simpler proof of this theorem may be found 
ip the following papers, where the result is extended to the case of the topological product 
of an arbitrary number of compact spaces; J. W. Alexander, Ordered sets, complexes and 
the problem of compactification, Proc. Nat. Acad. Sci. U. S. A., 26(1939), 296-298; H. 
Wallman, Lattices and topological spaces, Annals of Math., 39(1938), 112-126. See also 
E. <5ech [4]. 
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(7.1) ll/ll = 1, 

(7-2) Six + y) = /(x) + Siy), 

(7.3) /(Xx) = X/(x), X ^ 0, 

(7.4) x S 0 implies f(x) ^ 0, 

(7.5) X K y 0 implies f(x) = 0 or f(y) = 0, 

(7.6) f(x V 2/) = max (f{x)J{y)), 

(7.7) fix A I/) = min ifix)Jiy)). 


These conditions are clearly not mutually independent. But it is not neces- 
sary to discuss their independence. We shall only notice that the conditions 

(7.6) and (7.7) follow directly from the other conditions. This fact is needed 
in the following. 

If we consider the space of real numbers as an abstract (ilf)“space (this is in- 
deed the simplest non-trivial example of abstract (Af)-spaces), then these 
conditions mean that x fix) is a continuous homomorphic mapping of a given 
space iAM) onto the space of real numbers. (For the general principle of the 
proofs of such theorems see [10].) Indeed, (7.1) implies that x —> fix) is con- 
tinuous; (7.2) and (7.3) mean that x —> fix) is a linear homomorphism; and 
lastly, (7.4), (7.5), (7.6) and (7.7) mean that x -^fix) is a lattice homomorphism. 

Let us now consider the totality iY of all bounded linear functionals fix) de- 
fined on iAM) which satisfy the conditions (7.1)“-(7.7). 12' is a bounded set 
contained in the unit sphere of the conjugate space iAM)* of iAM), Conse- 
quently, by Lemma 6.2, the closure 12 = 12' of 12' with respect to the weak topology 
of iAM)* is compact, and it is easy to see that every / e 12 satisfies the condition 
(7.2)-(7.7). This is a direct consequence of Lemma 6.3. But, in general, the 
condition (7.1) is not necessarily satisfied, and we can only say that we have 
II / II ^ 1 for any / e 12. If there exists, indeed, an element /' e 12 with 1| / 1| = 
X < 1, then we have / = X/' for some/' cl2'. Let us denote all such relation.^* 
which exist among the elements of 12 by: 

(7.8) Sa^Xafa, « * SW, 

where fa « 12, /I e Q', 0 ^ Xo < 1 and 2)? is a set of indices a which can be finite, 
denumerably infinite or even non-dcnumerable. 

We shall next consider the functional x(/) = fix) defined on 12 (x being fixed). 
For each xo « iAM), by Lemma 6.1, xo(/) is a bounded continuous real-valued 
function defined on 12, and it is clear that the conditions: 

(7.9) xifa) = K^ifa), aeSft, 

are all satisfied. Consequently, for each Xo e iAM), the function xo(/) can be 
considered as an element of C(12; , /I ; Xo ; « e 2W) and the conditions (7.2)- 

(7.7) imply that x — » x(/) is a continuous (linear and lattice) homomorphism of 
iAM) into the space (7(12; /« , /!. ; Xo ; a « SW). 
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Thus, all that we have to do in order to prove Theorem 1, is to show that 
this mapping x x(f) is an isometric mapping of {AM) onto C(0; ; X® ; 

a 1 9K). It will be easily seen that we have, for this purpose, only to prove 
the following lemmas: 

Lemma 7.1. For any xo e (AM), there exists an foe Q such that l/o(a:o) | = 

ll^oll. 

Lemma 7.2. For any continuous realrvalued function Xo{f) €(7(12; fa, fa] 
X« ; o! c 9K), there exists an Xo e (AM) such that f(xo) = Xo{f) for any / € 12. 

These are the fundamental lemmas, to whose proofs the remaining part of 
Part II is devoted. The final proofs of these lemmas will be given in sections 
9 and 10 respectively. 

« 

8. Lemmas on abstract (ilf)-spaces 

Let Xo e (AM) and let f(x) be a bounded linear functional defined on (AM), 
Lemma 8.1.* Xo ^ 0, |1 Xo |1 = l,/(xo) = 1, ||/ 1| = 1 imply f(y) ^ Ofor any 
y ^ 0; i.e., f(x) is a positive linear functional. ■ 

Proof. Without loss of generality, we may assume ||y|| = 1. Then, 
0 ^ (xo — y) V 0 ^ Xo implies |1 (xo — y) V 0 || g || xo || = 1, and 0^(y — 

a:o) V 0 g y implies || (y - Xo) V 0 1| ^ || y H = 1. Hence, H Xo - y |1 = 

II (xo - y) V 0 - (y - Xo) V 0 || = || (xo - y) V 0 + (y - Xo) V 0 |1 = 

max (II (xo — y) V 0 ||, || (y — Xo) V 0 11) ^ 1, and consequently 1 — /(y) = 

/(xo) - /(y) = /(xo - y) g 11/ INI - 2/ II ^ or equivalently /(y) ^ 0. 

Lemma 8.2. Xo ^ 0, || Xo || = l,/(xo) = 1, ||/|1 == 1, y ^ 0, |1 xo A y || < 1, 
imply f{y) = f(xo A y) < 1. In particular, xo A y = 0 implies f(y) = 0. 

Proof. Put a = (1 — X)(xo A y) + Xy, where 0 < X < 1. Then Xo A y ^ 

2 ^ y and, for sufficiently small X, w’e have 1 1 2 1 1 ^ (1 — X) 1 1 Xo A y 1 1 + 
X|| y |1 < 1. Hence, xo A 2 = xo A (y A 2 ) = (xo A y) A 2 = Xo A y, and, 
since by lemma 8.1 f(x) is a positive linear functional, 1 = /(xo) ^ f(xo V 2 ) ^ 
11/ II- II Xo V 2 || = II /II -max (1| Xo H, 1|2||) g 1, or/(xo V 2 ) = 1. Conse- 
quently, /(xo A y) = /(xo A 2 ) = /(xo 2 — Xo V 2 ) = /(xo) -I- f(z) — f(xo V 2 ) 

= 1 +/(*)- 1 = /(«), i-e., /(xo A y) = f(z) = (1 - X)/(xo A y) -H X/(y). 

Since X > 0, we must have/(xo A y) = /(y). 

Lemma 8.3. For any xo ^ 0 with H Xo || = 1, and for any system S = Jxi , 
X 2 , - • • , x„) of positive elements of (AM), there exists a yoe (AM) and another 
system {yi , ys , • • • , y.} 0 / positive elements of (AM) such that 

(8.1) 0 ^ yo ^ Xo, II yo II = 1, 

(8.2) II yo A Xy< ll < 1 for any X > 0 and for i = 1, 2, • • ■ , n, 

(8.3) Xi A X, = 0 implies x< = y,- or x; = y,- . 

Proof. We shall define 2 < and y< (» = 1, 2, • • • , n) by mathematical induc- 
tion. Put 2o = Xo , and let us assume that 2 <_i ^ 0 with 1 1 2 ,_i 1 1 = 1 and y<_i ^ 0 

• Lemmas 8.1 and 8.2 are due to Professor Bohnenblust. By virtue of these lemmas, 
the proof of Lemma 7.1 became simpler. The original proof of the author was complicated. 
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are already defined. Then, if there exists a X,- > 0 such that || A X.i.- 11 = 1, 
put Zi — 2 <_i A X<a:< and = 0. In other cases (i.e., if we have 1 1 2 ,_i A Xa;< 1 1 < 1 
for any X > 0), put «,• = Zi-i and yi — Xi . Thus z,- and y,- arc determined for 
^ — 1> 2, • • • , n. If we now put yo = z„ , then this j/o and the system \yi , 
yi, • • • , J/n} thus obtained are the required ones. 

Indeed, (8.1) is clear. (8.2) is also clear, since > 0 implies j/, = Xi and 
consequently || yo A Xy,- [j = H yo A Xx< || g \\ 2 ,_i ^ \Xi jj < 1 for any X > 0. 
In order to prove (8.3), assume a:,- ^ Xj = 0 and i < j. Then Xi y. implies 
Zi = Zi-i A X<a:< for some X,- > 0, and consequently 0 g 2 ,_i A Xx,- ^ z. A Xx,- = 
(z,_i A X,x<) A Xxf ^ XiXi A Xxy = 0 for any X > 0, which in turn implies Xf = yj. 

Lemma 8.4. For any Xo ^ 0 wilh || xo || = 1 and for any system 2 = {xi , X 2 , 
• • • , Xn} of positive elements of {AM), there exists a hounded linear functional 
fx{x) defined on {AM) such that 

(8.4) Mxo) = l, ||MI = 1, 

(8.5) My) ^ 0 for any y ^ 0, 

(8.6) Xi A X,- = 0 implies Mxi) = 0 or Mxf) = 0. 

Proof. Let yo and a system {yi , y* , • • • , yn} be defined as in Lemma 8.3. 
If we consider a bounded linear functional /s(x) which satisfies 

(8.7) Myo)^l, ||/zli = l 

(the existence of such/ 2 (x) is an easy consequence of the Hahn-Banach extension 
theorem), then this/ 2 (x) is the required one. Indeed, (8.5) is clear by Lemma 
8.1, and consequently (8.4) becomes also clear since 1 = /r(yo) ^ Mxo) ^ 
ll/z II • II a:o II = 1. In order to prove (8.6) we observe that, by Lemma 8.3, 
we have either x< = y,- or x,- = y,- . Let us assume x* = y< . Then, by (8.2) 
we have || yo A Xx< H < 1 for any X > 0. Consequently, Lemma 8.2 implies 
Mx^ = yC^MXx^ < X~‘, and since X > 0 is arbitrary, wo must have /r(x<) = 0. 
Since the case x; = y,- can be treated in the same way, we have proved (8.6), 
and the proof of Lemma 8.4 is completed. 

9. Proof of Lemma 7.1 

First we observe that we may assume Xo ^ 0 and || Xo j| = 1. This follows 
easily from the fact that we have || Xo || = || Xo V 0 — (— xo) V 0 || = || Xo V 0 + 
(— Xo) V 0 II = max (|| Xo V 0 ||, ||(— Xo) V 0 ||). Indeed, it is clear that we may 
assume || xo || = 1, and in this case we have cither || Xo V 0 || = 1 or ||(— xo) V 
0 II = 1. Let us assume || xo V 0 || = 1. If we now assume that Lemma 7.1 
is proved for Xo ^ 0 with || Xo || = 1, then there exists a bounded linear func- 
tional/o « SI such that /o(xo V 0) = 1 and ||/o || = 1. Since (xo V 0) A ((— a^)) V 
0) = 0, we must have /o((— * 0 ) V 0) = 0 by Lemma 8.2, and consequently 
/o(*o) = Mxo V 0) - fo{{-Xo) V 0) = /o(xo V 0). Since the case ||(-xo) V 
0 II = 1 can be treated analogously, we have to prove Lemma 7.1 only for the 
casexo ^ 0, II Xo II = 1. 
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Let now Xo ^ 0 be a positive element with || xo || = 1. Then, for any system 
2 = {xt , xj , • . • , x„} of positive elements of {AM), there exists by Lemma 8.4, 
a bounded linear functional fz{x) which satisfies the conditions (8.4), (8.5) and 
(8.6). Let Oj be the set of all such functionals /s(x). (Jli is not necessarily a 
subset of 0.) Then fls is a non-empty compact set with respect to the weak 
topology of {AM)*. (Sec Lemmas 6.2 and 6.3.) Moreover, the family {Oa} 
of all such O 2 for all choice of 2 has a finite intersection property. This follows 
directly from the fact that we have II?-i 2 ffe,+ 2 ,+—+ 2 „ 5 ^ 0 for any 2,- {i = 
1, 2, • • • , n). Hence there exists, by a well known argument concerning com- 
pact sets, a bounded linear functional /o(x) which belongs to all Qj; . We shall 
show that this /o(x) is the required one. Indeed, it is easy to see that /o(x) has 
the properties (7.1)-(7.5) (see Lemmas 8.1, 8.4. (7.1) follows from the fact 

that/o(x) = 1 and ||/o |1 ^ 1), and .since both (7.6) and (7.7) are the direct con- 
sequences of (7.1)-(7.5), the proof of Lemma 7.1 is completed. 

10. Proof of Lemma 7.2° 

Let Xo(/) be an arbitrary bounded continuous real-valued function of C(S2; 
/o ) /I ; ; a « 91?). We shall first prove that for any pair of elements /o and go 

of Q there exists an element yo « {AM) such that 

(10.1) /o(yo) = ^o{fo), 9o{yo) = Xn{go)- 

Indeed, this is clear if there exists an a e 9)? .such that/o = /« , go = /I (or/o = 
fat Qo — fa) • In other cases, there exists a pair of points j/o , y'o « {AM) such 
that 

s = fo{y'o)go{yo) - fo{ya)gi>{y'o) 0. 

Hence, if we put a = d~\go{yo)Xi3{fo) ~ Myo)Xo{go)),^ 0 = {g(i{yt)Xo{fo) - 
fo{yo)Xo{go)), then (10.1) is clearly satisfied by yo = ay'o — Py". 

Thus it is proved that there exists, for any/o, go e 12, a point yo « {AM) such that 
(10.1) is true. Consequently, for any < > 0, there exists a neighborhood U{fo) 
of fo such that /(go) > Xo{f) — e for any f t U (/o). Let us now consider /o as a 
variable (go e 12 and « > 0 being fixed). Then there exists, by the compactness 
of 12, a finite number of elements/, « 12 (t = 1, 2, . • . , m), their corresponding 
points yi t {AM) (t = 1, 2, . • • , m) and a system of neighborhoods f/(/,) {i = 
1, 2, . • . , m) .such that go(g.) = Xo{go) (f = 1, 2, . . . , m), 12 C and 

/(g.) > Xo{f) — € for any / e f/(/,). Consequently, if we put Zo = gi V g 2 V 
... V gm , then we have go(2o) = maxig,g„go(gi) = Xo(go) and /(zo) = 
maxig,s„/(g,) > Xo{f) - eforany/ tft. 

Thus we have seen that there exists, for any go € 12 and for any « > 0, a point 
Zo e {AM) such that go(zo) = Xo{yo) and/(zo) > Xo{f) — t for any / e 12. Clearly, 
there exists a neighborhood y(go) of go such that/(zo) < Xo{f) -f- e for any / c 
Vgo). Let us now consider go as a variable (« > 0 being fixed). Then there 


• The proof of Lemma 7.2 became simpler by a suggestion of Professor Chevalley. 
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exist, again by the compactness of ft, a finite number of elements j ;,- 1 Q(j = 1, 2, 
• • • , n), their corresponding points z/ c (AM) {j - 1, 2, ■■■, n) and a system of 
neighborhoods V (g,) (j = 1 , 2, • • • , n) such that ft C Ey-i /(z/) > -^oC/) - 
e for any / « ft and /(z,) < Xo(/) + « for any / e Consequently, if we 

put a;. = Zi A Z 2 A • • • A Zn , then we have Xo(f) — e < f{x,) = minig,g,/(zy) < 
Xitif) + « for any / « ft. 

Thus we have proved that there exists, for any 6 > 0, a point x, t {AM) 
such that I /(Xe) — Xo(f) | < « for any /eft. I^et us now (ionsider a sequence 
(n = 1,2, ■ • • ), where; e„ > 0, e„ — > 0. Them we have 1 /(i,„ — x,J | < 

I ~ ^o(f) I + 1 fi^‘n) ~ Xoif) 1 < em + t» foi' any /eft and for any m 
and n. Consequently, by Lemma 7.1, we must have 1| — x,„ |1 < e„ + 

en for any m and n. Thus {x,,l (n = 1,2, • • • ) is a f undame ,ntal sequence in 
(AM), and it is clear that Xo = lim„_*x., will satisfy /(xo) = Xo{f) for any / e ft. 
The proof of Lemma 7.1 and consequently the proof of Themrem 1 is completed. 

Remark. It will be easily .seen that we can also state Lemma 7.2 in the 
following form : 

Theorem 3. Let ft be a compact Hausdorff space, and let E be a linear subspace 
of the space C(ft) of all bounded continuous real-valued functions defined on ft, 
which is closed in C(ft) both in the sense of topology and in the sense of lattice. 
{E is closed in C(ft) in the sense of lattice if x(t), y{t) e E imply max (x(<), y{t)), 
min {x{t), y{t)) e E.) If we now denote by |<o, <1 ; Xa ; a e 331} {where ta tQ,t'a t ft, 
0 ^ Xo ^ 1, (a e fUl), and 3D? is a .set of indices a whose power can he arbitrarily 
large) the system of all pairs ta , t'„ , Xo such that 

(10.2) x{ta) = X„x(<l), 

for all x{t) e E, then conversely, every function x{t) e C{il) which satisfies (10.2) 
for any a e SO? belongs to E] i.e., E is the subspace C(ft; ; X„ ; a e SD?). 

11. Proof of Theorem 2 

Lemma 11.1. For every positive hounded linear functioned f{x) defined on an 
^abstract {M)-spacc with a unit element 1, we have |1/ 1| = /(I). 

Proof. Let e > 0 be an arbitrarj' positive number. Then there exists an 
X ( (AM) such that || x || = 1 and/(x) > ||/!| — e. Since |1 x i| = 1 implies 
a; ^ 1 by definition, we have, by the positiveness of f{x), ||/ 1| — e < /(x) g 
/(I) ^ ll/ll • II 1 II = ||/||. Since € > 0 is arbitrarj', we must have ||/|| = 

/(I). 

Now we shall proceed to the proof of Theorem 2, which is quite easy. We 
have only to show that, if there exists a unit element 1, in the given abstract 
(M)-space (AM), then there exist no relations of the form (7.8). Indeed, we 
can prove more precisely that, under the same assumption, we have ft = ft' 
i.e., ft' itself is compact with respect to the weak topology of (AM)*. 

By Lemma 11.1, every bounded linear functional /(x) c ft' satisfi^/(l) = 1. 
Hence, by Lemma 6.3, every bounded linear functional f{x) « ft = ft' must also 
satisfy /(I) = 1 and this in turn implies (again by Lemma 11.1) |i/|l = 1 for 
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any f(x) « fi. Consequently, by the definition of S2, we must have Q = O'. 
The proof of Theorem 2 is completed. 

We can also state the following 

Theorem 4. Let ilhea compact Hausdorff space, and let E be a linear svbspace 
of the space Cifi) of all bounded continuous real-valued functions defined on 0 
which is closed in C(0) both in the sense of topology and lattice {see Theorem 3). 
If, moreover, E contains a constant function, and if there exists for any ti , U tQ, 
tij^ti,a continuous function x{t) e E such that x(ti) ^ x(ts), then E must be identi- 
cal with the entire space C(Q). 


III. Applications 

12. Theorem of E. Cech 

A Hausdorff space 0 is called completely regular if there exists, for any point 
<0 « 0 and for any neighborhood f7(<o) of <o , a continuous real-valued function 
x{t) defined on 0 such that a:(<o) = 1 and x{t) = 0 for any t e f/(<o). 

Theorem 5. For any completely regular Hausdorff space U', there exists a 
compact Hausdorff space 12 which contains 12' as a dense subset and such that every 
bounded continuous real-valued function defined on 12' can be uniquely extended to a 
continuous function defined on 12. 

This theorem is due to E. Cech [4]. 

Proof. Consider the space C(12') of all bounded continuous real- valued func- 
tions X (0 defined on 12'. C (12') is an abstract ( Af )-space with respect to the norm : 
II X II = l.u.b.t.tj' I x{t) 1 and the partial ordering x ^ y: if and only if x{t) ^ 
y{t) for all t e 12'. Moreover, x(<) = 1 is a unit clement of C(12'). Consequently, 
by Theorem 2, there exists a compact Hausdorff space 12 such that C(12') is iso- 
metric and lattice isomorphic to the space C(12) of all bounded continuous real- 
valued functions x{f) defined on 12. (We denote elements of 12' and 12 by t and/ 
respectively.) 

We shall show that 12' can be homeomorphically embedded into 12. To prove 
this, let to be an arbitrary point of 12', and put/o(x) = x{to) for all x{t) e C(12'). 
Then/o(x) is a bounded linear functional defined on C(12') and clearly satisfies 
the conditions (7.1)-(7.7) stated in section 7. Hence /o(x) can be considered as 
a point of 12. Thus the mapping U —* <f>{to) = fo of 12' onto ^(12') C 12 is defined, 
and all that we have to do is to prove that ^(12') is dense in 12 and that the map- 
ping 12' ^(12') is a homeomorphism. 

In the first place, it is clear that this mapping t <p(t) = / is continuous. 
Indeed, let f7(/o ; xi , Xj , • • • , x« ; «) be an arbitrary neighborhood of a point 
fo = v(<o) « where Xf « C(12') for f = 1, 2, • • • , n, and « > 0. (See the 
definition of weak topology given in section 6.) Since every x<(<) is continuous 
on 12', there exists a neighborhood Ui(to) of fo such that t « C/<(<o) implies ] x<(<) — 
x<(<b) I < «. Consequently, if we put U {to) = II"-! Ui{to), then t tU{to) implies 
I x,(f) — Xi{to) I < € for i = 1, 2, • • • , n, or equivalently / — <(>{t) e U{fo ’,Xi , Xt , 

• • • , Xn ; c), which means that the mapping t — > <p{t) = / is continuous at f — fo • 
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Next, it is clear that the mapping t — ► ip{t) = y* is one-to-one. For, by the 
complete regularity of 12', there exists, for any two different points /o , « 12', 

to^ to bounded continuous real-valued function Xo{t) such that Xoita) 9 ^ Xo{tli). 
To prove that the inverse mapping / t = is also continuous, let U{to) 

be an arbitrary neighborhood of a point to e 12'. Then, again by the complete 
regularity of 12', there exists a bounded continuous real-valued function Xo{t) 
such that Xoito) = 1 and Xo(0 = 0 for any t I U(to). Consequently, every t 1 12' 
which satisfies (p{t) e U{fo] Xo ; 1), where /o = must necessarily be inside of 
U (to) (see the definition of weak topology given in section 6), and this fact means 
that/— ► < = is continuous at/ = /o . 

Thus we have proved that 12' 4 -^ ^(12') C is a homcomorphic mapping. It 
is easy to see that the adjoint mapping x ^ (f>(x) = x; x(f) = x((p(t)) is an iso- 
metric and lattice-isomorphic mapping between C(12') and C(12). In order to 
prove that v?(120 is dense in 12, let us assume that the closure ^(12') of ^(12') is a 
proper subset of 12. Then there exists a continuous function Xo(f) which is zero 
at every point of ^(12') without vanishing identically on 12. This is, however, 
a contradiction, since on the one hand Xo{f) must correspond to a function Xo(t) 
which is identically zero on 12' (by the mapping ?>), while on the other hand Xo(f) 
must correspond to a function which is not identically zero on 12' (by the iso- 
metric and lattice-isomorphic mapping of C(12') and C(12)). 

Thus we have seen that <^(12') is dense in 12. Since the possibility of extension 
and the uniqueness of extension are both clear from our construction, the proof 
of Theorem 5 is completed. 

Remark 1. It is to be noted that in the proof given above we have made no 
essential use of Theorem 2. Indeed, we have only to consider each point € 12' 
as a bounded linear functional fo(x) = x(to) defined on C(12'). The mapping 
to <p(to) = /o thus obtained is a homeomorphic embedding of 12' into the conju- 
gate space C*(12') of C(12'). This can be proved in exactly the same way as 
above, and the closure 12 = ^(12') of the image of (p(iV) of 12' with respect to the 
weak topology of C*(12') is the required compact set. It is easy to see that the 
extension of bounded continuous functions is possible and that this extension is 
unique.^® 


Let G be a topological group and let B(G) be the space of all real valued bounded 
continuous almost periodic functions x(t) defined on G. B(G) is a Banach space with 
respect to the norm || a: || = Bupt^a 1 x{t) |. It is easy to see that B(G) is an abstract 
(M)H 3 pace with a unit with respect to the ordinary partial ordering x y: x(i) ^ y(t) for 
all t tG, (In this case z ^ xV yiB exactly the max. (x(0, y(i)) at each point of G). Hence 
by Theorem 2, there exists a compact Hausdorff space G* such that B(G) is isometric and 
lattice isomorphic to the space C(G*) of all real valued continuous functions x{t) defined 
on G*. It is not difficult to see that in this case G* is even a topological group, and that, 
in case G has sufficiently many almost periodic functions, G is a dense subgroup of G*, 
Thus, for every topological group G with sufficiently many almost periodic functions, there 
exists a compact topological group G* which contains G as a dense subgroup and such 
that every continuous almost periodic function defined on G can be uniquely extended to 
a continuous (and hence almost periodic) function defined on G*, This is also a conse- 
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Remark 2. There are two extreme cases of completely regular Hausdorff 
spaces, which seem to be interesting, namely, the case of compact Hausdorff 
spaces and the case of discrete spaces. These will be discussed in the following 
sections. 

13. Case of compact Hausdorff spaces 

In the arguments given above in section 12, consider the special case when 
the given Hausdorff space 11' is compact. Then the homeomorphic image 
of 12' must also be compact, and consequently 12 must coincide with v?(12'); i.e. 
12 is homeomorphic to 12'. This means that, if we start from a compact Hausdorff 
space 12' and consider the abstract (M)-space C(12') of all bounded continuous 
real-valued functions defined on 12', then the compact Hausdorff space 12 obtained 
in Theorem 2 is homeomorphic to the original space 12', or in other words: 

Theorem 6. The compact Hausdorff space 12 obtained in Theorem 2 is uniquely 
determined up to a homeomorphism. 

We can also state this theorem in the following form: 

Theorem 7. Let 12i and ik be two compact Hausdorff spaces. Then, in order 
that the two abstract {Myspaces C(12i) and C{Q^ be isometric and lattice-isomorphic ^ 
it is necessary and sufficient that 12i and 122 be homeomorphic to each other. 
Incidentally, we have also proved the following 

Theorem 8. Let be a compact Hausdorff space and let C(12) be a Banach 
space of all bounded continuous real-valued functions x{t) defined on 12. Then, 
every bounded linear functional foix) defined on C(12) which satisfies the conditions: 

(13.1) ll/oll = 1, 

(13.2) X ^ 0 implies fo(x) ^ 0, 

(13.3) X h y - 0 implies foix) = 0 or fo{y) = 0, 

(i.e., all conditions (7.1)*-(7.7)), can be uniquely expressed in the form: 

(13.4) Mx) = x(to), 
where to is a point of 12. 

Let us now consider a completely additive non-negative set function p{E) 
defined for all Borel sets E of Q such that = 1* Then the integral 

(13.5) Mx) = f x(t)M(dt) 

•'ll 


quence of a general duality theorem of Tannaka (Dualitat der nichtkommutativen Gruppen, 
Tohoku Math. Joum., 45(1939), 1~12). The compactification of G with respect to a single 
almost periodic function (in this case we have to take a factor group 0/N of G by a certain 
invariant subgroup N of G and then make this factor group G/N into a compact group 
(G/N)*) was discussed by A. Weil (Sur les functions presque p5riodiques de von Neumann, 
C, R. Paris, 200(1936), 38-40) and the general case may be obtained from this by applying 
the idea of uniform space. (As for uniform spaces see A. Weil, Sur les espaces a structure 
uniforme et sur la topologie g5n6rale, Actuality, 661, Paris, 1937) . It may be noticed that, 
after all, the method of uniform space and that of weak topology amount to the same thing. 
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will define a bounded linear functional defined on C(f2). It is easy to see 
that this/^(x) satisfies the conditions (13.1) and (13.2). 

Moreover, we can prove that conversely every such functional is of the form 

(13.5) ; i.e., 

Theorem 9. Let il he a compact Hausdorff space^ and let C{iT) he defined as 
usmL Then every hounded linear functional f(x) defined on C{U) which satisfies 
the conditions (13.1) and (13.2) can he expressed in the form (13.5), where fi{E) 
is a completely additive non-negative set funtion defined for all Rorel sets E of 
such that ijl{Q) = 1. 

This theorem was proved by S. Saks [15] under the assumption that U is a 
compact metric space. 

Proof. For any open set 0 of Q, put 

(13.6) m( 0) = l.u.b./(a:), 

where l.u.b. means the least upper bound for all continuous functions x(t) c C(12) 
such that x(t) ^ 1 for t eO and x(t) = 0 for t eil — 0. It is clear that n(fl) = 
1 and that 0 P implies ti{0) ^ /i(P) for any open sets 0 and P. It is also not 
difficult to see that we have ijl{() + P) ^ m(0) + m(P)^^ for any open sets 0 
and P, where the equality holds if 0 and P are disjoint. Next, for any subset 
M of Qj put 

(13.7) = g.lb. m(0), 

where g.l.b. means the greatest lower bound for all open sets 0 which contain M, 
It is clear that for open sets 0 we have M*(f^) = m( 0). We shall first prove that 
is a Carathdodory outer measure and that every open set is /x*-measurable 
(in the sense of Carathdodory), Among the axioms of Carath^odory we have 
only to prove that 

(13.8) ^Q ^ Zn-i m*(m„) 

for any sequence of subsets {Mn} (n = 1,2, . • •) of such that Xln-i M*(^^^n) 
< 00 . It is easy to see that we have only to prove (13,8) for the special case 
when all Mn are open, i.e., 

(13.9) M(Zn-l On) g En-1 M(0n) 

“ The proof given below follows the idea of Professor von Neumann. See his lecture 
note on Haar measure [14], 

Let € > 0 be an arbitrary positive number. Then there exists an x{t) e C(Q) such 
that/(a:) > m(0 + P) — x(t) ^ 1 for i € O + P and *(0 = 0 for i c U ~ (O + P). Let C 
be the set of all t eil hi which‘a;(0 ^ e. Then C is a closed set contained in 0 + P. Hence 
C is a sum of two closed (not necessarily disjoint) sets Ci and C2 : C — Ci + C2 such that 
CiQO and C 2 C P- Consequently, there exist two continuous functions y(0, z(0 « C(U) 
such that y(t) « 1 for t € Ci , 0 ^ y{t) ^ 1 for t iO — Ci , y(l) = 0 for i til ^ 0\ z{t) = 1 
for i € Ca , 0 ^ 2(0 ^ 1 for i « P - C2 , 2(0 *= 0 for i e fi ~ P. Then it is clear that x{t) ^ 
2/(0 -1“ «(0 + « for alU € a and/(2 /) ^ m( 0),/(2 ) ^ /li(P). Consequently, /i(0 -f P) ~ 6 < 
fix) ^ fiy) -1-/(2) -f € ^ /i(0) + m(P) + €. Since € > 0 is arbitrary this proves the required 
inequality Ai(0 -f P) ^ /*(0) -f /i(P)- 
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for any sequence of open sets {0»} (n = 1,2, • • • ) such that 2U_i/»(0«) < <». 
Indeed, for any e > 0, let 0« be an open set such that 0» 2 Mn and,/i(0«) < 
n*(M„) + 2~''-(. Then we have 2 £n-iM„ and ^ 

^ + «. Since e > 0 is arbitrary we 

have (13.8). 

Now, in order to prove (13.9), let «> 0 be an arbitrary positive number. 
Then there exists an x{t) e C(Q) such that/(x) > ^CSn-iOn) — e, x{t) ^ 1 for 
t « 2n-i0n and x{t) = 0 for f « Q — . If we denote by C the set of all 

points t at which x(i) ^ e, then C is a closed set contained in y^.”_iQ« . Hence 
there exists an integer N such that C C 

such that y(t) = 1 for < « C, y{t) = 0 for < e Q — ^n-iOn , and 0 ^ y(t) ^ 1. 
elsewhere in 0. Then we have f(y) ^ ^ J/(0 + « for all 

t 6 0. Hence we have n(^t-iOn) — t < f{x) ^ f(y) + e ^ y(^n~iOn) + « ^ 
23n-i/*(0„) + e ^ 53n-iM(On) + «. Sincc « > 0 is arbitrary we have (13.9). 

In order to prove that every open set is /i*-measurablc, we have only to show 
that 

(13.10) m*(M) ^ y*(M.O) + n*iM - M.O) 

for any open set 0 and for any subset M It is again easy to see that we 

have only to prove that (13.10) is true when M is open, i.e. 

(13.11) ix(P) ^ n{P-0) + y*iP - P-0) 

for any open sets 0 and P. Indeed, for any e > 0, there exists an open set 
P ^ M such that /t(P) < ft*(M) + e. Then we have + « > ti{P) ^ 

n(P-0) + fi*(P — P-0) ^ y*(M -0) + y*(M — M -0), and since « > 0 is arbi- 
trary, we have (13.10). 

To prove (13.11), let «> 0 be an arbitrary positive number. Then there 
exists an x(t) e C{U) such that/(x) > y{P-0) — e, a:(0 ^ 1 for < « P.O and a:(0 = 
0 for f e 0 — P-0. Let C be a set of all points t at which x{t) ^ e. Then C 
is a closed set contained in P-0. Let now y{t) e C(fi) be such that/(y) > /*(P — 
0) — «, y{t) ^ 1 for < « P — C and y(t) = 0 for < « 0 — (P — C) = C -f (0 — P). 
Then we have x{t) -H y{t) ^ 1 + tfovttP and x(<) -f y{t) = 0 for f e 0 — P. 
Hence we have f(x) -|- f(y) ^ /i(P) -1- t and consequently fx*{P — P-0) -f 
m(P-O) -2e^,i{P-C) + niP-O) - 2 « < /(x) -f f{y) < y(P) -|- t. Since 
€ > 0 is arbitrary we have (13.11). 

Thus we have proved that n* is a Carath^odory outer measure and every 
open set is M^-measurable. Consequently every Borel set is ^'''-measurable, and 
if we put iJi{E) = y*{E) for Borel setis E, then yiJEt) is the required measure. 
Since it is clear that ii{E) is completely additive and that A»(n) = 1, we have 
only to prove that we have 

(13.12) /(x) = f x(t)^^m 

Jo 

for any continuous function x(t) t C(Q). 
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Let € > 0 be an arbitrary positive number and let ao < ai < ^2 < • • • < an 
be a system of real numbers such that oq < — H a: H, an > I1 a: || and a» — a^-i < 

€ for i = 1,2, . • • , n. Let Ei be the set of points t at which x{t) > ai{i = 1, 

2, . • • , n). Then, each Ei is open, and if we put 

f = 0, if x{i) < a._i , 

Xi{t) *1 = (a,* — a»_i)“^(a:(0 ““ if «t-i S x{i) ^ a^- , 

[ = 1 if x{t) > ai , 

then Xi(t) ^ 1 for ^ € Ei-i , Xi(t) == 0 for t e and x(i) = ao + 

(a* — ai^x)xiit). Hence we have (by (13.6)) f(xi) ^ M(-Et-i) and consequently 
(since fi{Eo) = 1 and ^(^n) = 0) 

f{x) = ao + S?-i(ai a»_i)/(Xi) 

^ «o + ]^?-i(«t — a,*~i)/i(-Et_i) 

= - M(J5i)) 

^ ai^i(iJL(Ei^i) — /i(-Bi)) + € 

^ f x{t)ii{dt) + €. 

•/q 

Since €>0is arbitrary, we have /(x) g / x(t)fi{dt). Since the inverse inequality 

•'Q 

follows by replacing x(t) by —x(t)j the proof of Theorem 9 is completed. 

Remark 1. J. v. Neumann [14] started from a set function X(C) defined for 
compact sets C, and defined n(0) for open sets 0 as follows: 

(13.13) m( 0) = Lu.b. \(C), 

where l.u.b. means the least upper bound for all compact sets C contained in 0. 
In our case, we can, indeed, define X(C) by 

(13.14) X(C) = g.l.b./(x), 

where g.l.b. means the greatest lower bound for all x{t) e C(Q) such that z(t) = 
1 for ^ € C and x{t) ^ 0 for t € U — C, Then it is easy to see that the formula 
(13.13) gives the same value of m( 0) as (13.6). 

Remark 2. A completely additive non-negative set-function fi{E) is called 
regular^ if there exist, for any Borel set E and for any € > 0 a closed set C Q^E 
and an open set 0 E such that ^liC) > m(^) “■ m(0) m(A^) + (If m(^) 
is not non-negative, this last condition must be replaced by | fi(E) — n{E') ] < e 
for any Borel set E^ such that C E' CO.) 

In Theorem 9, the uniqueness of m(^) was not discussed. If, however, we 
require that ^i(E) be regular, then n{E) is uniquely determined. Indeed, if 
there exist two completely additive regular set-functions mi(-®) M 2 (-®) which 

satisfy (13.12) for any x(t) 6 0(12), then fi{E) = iii(E) — t^iiE) is also a com- 
pletely additive regular set-function which satisfies 

f x(t)fA(dt) = 0 
Jo 
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for any continuous function *(<) t C(Q). We shall show that we have /t(£!) = 0 
for any Borel set E. Let E be an arbitrary Borel set. Then, for any < > 0, 
there exist a closed set (7 C and an open mi 0 E such that 
I — y.{E') I < « for any Borel set E' with C CE' CO. Let now x(<) e (7(0) 
be a continuous function such that x{t) = 1 for < e C, x(0 = 0 for < « 0 — 0, 
and 0 ^ x(t) ^ 1 elsewhere in 0. Then, denoting by x*(<) the characteristic 
function of E, we have 

|iu(^)| = L(i?) - f xiMdt) 

I 

= f (Xjr(0 - x(t))n(.dt) 

I Jo 

^ I |x,(0-x(0||M(d<)| 

Jq-c 

^ [ I M(dt) I ^ e. 

Since € > 0 is arbitrary, we must have fxiE) = 0 for any Borel set and the 
uniqueness of fx{E) in Theorem 9 is proved. 

Since, as is easily seen, every bounded linear functional defined on C(Q) can 
be expressed as a difference of two positive bounded linear functionals, the re- 
sult obtained in Theorem 9 can be extended to a following form: 

Theorem 10. Let Q be a compact Hausdorff space^ and let C(Q) be defined as 
usual Let us further denote by SK(f2) the space of all completely additive regular 
set-functions p{E) defined for all Borel sets E of 12. If we put || /z || = total varia- 
tion of ii{E) = l.u.b.ifcfi m(^) — p{E)j and p ^ v if and only if 

p(E) ^ v{E) far any Borel set E then 912(12) is isometric and lattice isomorphic 
to the conjugate space C*(12) of C(12). The correspondence between C*(12) and 
912(12) is given by (13.12). 

We omit the proof. 

Example 1. Let 12o be a closed interval: 0 S ^ g 1. Then, as is well known, 
C*(12o) is a space of all functions of bounded variation (with total variation as 
its norm). It is easy to see that this space is nothing but the space 912(12o) 
defined in Theorem 10. 

Example 2. Let 12 be a compact Hausdorff space consisting of , fe , . . . , 
tn , • • • and t^ , where each tnin = 1,2, • • •) is isolated and t^ is a limiting point 
of all others. Then C(12) is the space (Co) of all convergent sequences of real 
numbers x = (xi , 0 : 2 , • • • , Xn , • • • , limnXn = x J, with |1 x |1 = l.u.b.n 1 Xn 1 as 
its norm. In this case C*(12) is the space of all sequences of real numbers / = 
(fufi, ,/«) such that ||/11 = 2n-iJ/» I + |/« | < «. 

In Theorem 9 we have seen that every positive bounded linear functional 
defined on C(fl) can be considered as a measure ti{E) defined for all Borel sets 
E of Q. And, as is easily seen. Theorem 8 means that if we assume the additional 
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condition (13.3) then this measure n{E) is concentrated in one point to of 12. 
Moreover, we can show the following: 

Theorem 11. Let it he a compact Hausdorff space and let C(12) be a space of 
aU bounded continuous reaUvalvcd functions x(t) defined on 12. Then every bounded 
linear functional f^{x) of the form (13.5) can be approximated {in the sense of weak 
topology) by convex combinations fz{x) of the functionals of the form (13.4): 

(13.15) h{x) = 

where Ip e 12, a, S 0 (p = 1, 2, • • • , A:) and “p = 1- 
In other words, if we denote by Ao and the set of all bounded linear functionals 
fo(x) and /^(x) of the form (13.4) and (13.5) respectively, then A,, is contained in 
{hence coincides with) the convex closure of Ao with respect to the weak topology. 

Proof. Let/^(a:) be a bounded linear functional which is defined by (13.5), 
where yL{E) is a completely additive non-negative set-function defined for all 
Borel sets JS of 0 with /i(f2) = 1. Then, for any x{t) e C{Q) and for any € > 0, 
there exists a decomposition 12 = Ep , Ep-Eq — 0 (p g) of 12 into dis- 

joint Borel sets such that 

1/m(*) - HUMtMEp) I < e 

for any t,iEp,p= 1,2, ••• ,k. Let now j;i(l) c C(12) (i = 1, 2, • • • , n) be an 
arbitrary finite system and let 12 = E^p-E^q = 0 (p g) be the 

corresponding decomposition of 12 into Borel sets (with the same «), then the 
decomposition: 12 = > where £’p,p,. .p, = 

E^ilE^'^i ■ ■ ■ Eil\ will satisfy 

forany<p,p,...p, «£^p,p,...p, (1 ^ p< ^ ki,i = 1,2, • • • , n) and for any x,- (i = 1, 
2, • • • , n). If we now put «p,p,...p, = u{Epipq...p,), then this fact means that 
the bounded linear functional 

(13.16) /l(*) ~ 2 p*i-1 2p*j— 1 ■■■ Sp»“ 1 ®PlP»''-Pii/(^PIPJ'‘'Pn) 

lies inside a weak neighborhood U{fp ; Xi , xj , • • • , Xn ; e) of /p . Consequently, 
A is a limiting point of all functionals /s(x) of the form (13.7). Since 1 = 
22 pi-i Zpj-i • • • I35r.-i ap.p,.- p„ this proves Theorem 11. 

Remark. This theorem is also true even if 12 is not compact. 

14. Case of discrete spaces, 1. Theorem of M. H. Stone 

In this section we shall consider the case when 12' is discrete, i.e., when every 
point of 12' is an isolated point. Any two such discrete spaces with the same 
power are clearly homeomorphic to each other. Consequently, the compact 
Hausdorff space 12 which is obtained in Theorem 5, is uniquelj^ determined (up 
to a homeomorphism) by the power tn of the discrete space 12. We shall denote 
this space by 12(m). 
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Since the space Q' is discrete by assumption, every bounded real-valued func- 
tion Is continuous on Let now Xs(t) be a characteristic function of an arbi- 
trary subset E of 12'. Then a;«(0 is continuous on 12' and consequently 
can be uniquely extended to a continuous function Xgif) defined on 12. It is 
clear that this function x^if) takes only the values 0 and 1. Indeed, since 
^(12') is dense in 12, there exists, for any € > 0, a point t € 12' such that 
I ^xif) — Xsit) 1 < €, Consequently, since Xsit) takes only the values 0 and 1, 
we must have a:^(/) = 0 or = 1 for any / € 12. 

Thus we have seen that Xgif) is also a characteristic function of a certain 
subset of 12. Denote this set by E. It is clear that E is open-and-closed, and if we 
consider 12' as a subset of 12 (this is possible since 12' is homeomorphic to 
^(12') C then we have E E. Moreover, it is easy to see that in case E is 
reduced to one point, E must also be reduced to the same point. 

Conversely, let E be an arbitrary open-and-closed subset of 12. Then the 
characteristic function xs(f) of E is continuous on 12, and the part xsit) of xiif) 
on 12' must take only the values 0 and 1 ; i.e., x^{t) is also a characteristic function 
of a certain subset of 12'. Denote this set by E, Then it is easy to see that 
the correspondence E ^ E is one-to-one. Moreover, as is easily seen, this 
mapping E ^ E is isomorphic; i.e., E Ey F P imply E + F ^ E + Py 
E-F E-P and 12' — ^ 12 — J?. 


This result is nothing but the theorem of M. H. Stone [17] on the concrete 
representation of a Boolean algebra S3 for the special case when ® is the Boolean 
algebra of all subsets of a space 12'. But we can proceed further, as Stone did, 
to the general case of an abstract Boolean algebra with a unit element. (The 
case of a Boolean algebra without a unit element can be treated by using Theorem 
1. But, in order to avoid unnecessary confusions, we shall discuss only those 
cases .when a unit element exists.) 

In the following lines we shall give a general outline of our proof. Let ® 
be an abstract Boolean algebra with a unit element c, and let us consider a space 
Af (53) of all step functions defined on 53. Under a step function defined on 5) 


we understand a system i ^2^ • • f j 2, • • • , 7i)y 

\ai y a2y • • y an/ 

= Cy aittj = 0 {i 9^ j) and ai{i = 1, 2, • • • , n) is a real number. Two 
step functions and ^ ^ are considered as equal 

W , a2 , • • • , am/ \Pi , P2 , • • • , Pn/ 

if and only if = 2 / 3, -7 for any real number 7, where 2 «t -7 ^ 

for (‘xample, means the sum of ail a, such that a, == 7 . If we now put 


(14.1) 


(14.2) 


,ai, a2y • • • , am/ \fily 02, • , 0n/ 


( aibiy Cllb2y ••*, Ombn \ 

ai + 0iy ai + 02y • • • , am + 0n/' 

•^/^ly ‘ , • * * » \ 

\ai y a 2 y • • • , an/ \^ai, Xa 2 , • • • , Xan/ ' 
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/ai, 

02, • • 

• , an\ jj 


1 \«i. 

Of2, • • 

• > «n/ 11 

Ct2, • 

• • ) Ctn 

) - ® 

if and 

a2, • 

" 1 OCnj 

f 



(14.3) 


then ilf (S) satisfies all the axioms of abstract (M)-spaccs excerpt the complete- 
ness with respect to the nor m (14. 3). If we now make it complete with respect 
to this norm, then the space Af (33) thus obtained is surely an abstract (A/)-space 

with ^ as its unit element. (Of course, we must define the partial ordering in 

Af(93) in a suitable manner). Moreover, if we put Xa == ^ q fhen 

a ^ Xa is a one-to-one mapping which embeds 33 isomorphically into M(3J). 

If we now apply Theorem 2 to this space ilf(33), then we have a concrete 
representation of M(®) as the space C{H) of all real valued continuous functions 

.r(/) defined on a compact Hausdoi-ff space 12. The unit element 1 = of 

M(33) is represented by a constant function x(f) = 1, and it is easy to see that^ 
for any a the function Xa{f) €C(U) which corresponds to c A/(33) is a 
characteristic function of a certain subset of 12. This follows from the fact 
that 2xa ^ 1 == Xa for any a € ^. Let us denote this set by Ea . Ea is 
clearly an open-and-closed subset of 12 and the correspondence a Ea is an 
isomorphism. Thus is concretely rei)res(*nted as a Boolean algebra of open- 
and-closed subsets of il. Mon*over, it is easy to see that Q is a totally discon- 
nected space, and that for any open-and-closed subset E of 12, there exists an 
a 6 33 such that Ea = E, 

Thus we have proved Stone’s 

1"heorem 12. For any abstract Boolean algebra 33 with a unit element^ there 
exists a totally disconnected compact Ilausdorff space 12 such that 33 is isomorphic 
to the Boolean algebra of all open-and-closed subsets of 12. 

If we, however, wish to obtain a direct proof of this theorem, then we can 
proceed in the following way: let 33 be an arbitrary Boolean algebra with unit e 
and consider the totality 12* of all real valued functions f{x) defined on 33 whose 
values are either 0 or 1. Q* is a compact Hausdorff space with respect to the 
weak topology.^® Let us further consider a real valued function /(^•) e il* which 
satisfies the following conditions: 


(14.5) 

/(O) = 0, m = 1, 

(14.6) 

fix y y) - max ifix),fiy)), 

(14.7) 

fix A j/) = min (/(x), fiy)), 

(14.8) 

fix + y) = fix) + fiy), 

(14.9) 

fixy) = fix)fiy), 


mod 2, 
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where xSy — X’-\‘y-^xyyXKy^xy. (These conditions are clearly not 
mutually independent.) These conditions mean that x -^f{x) is a homomorphism 
of SB onto the Boolean algebra SBo consisting of 0 and 1 (SBo is the simplest non- 
trivial Boolean algebra). The totality of all such J{x) constitutes again a 
compact Hausdorff space with respect to the weak topology/* and if we put 
x{j) = f{x) for any fixed x c SB, then x{f) is a continuous function defined on il 
whose values are always 0 or 1. It is easy to see that x — ► x(f) is a homomorphic 
mapping. In order to show that this is an isomorphism, we have only to prove 
that for any a 6 SB, € SB, a 9^ 6, there exists m foe Q such that fo(a) 3^ /o(&). 
This fact corresponds to Lemma 7.1 in the discussions of Part II, and also to the 
existence of a prime ideal, which contains one of a and b but not the other^ in 
the proof of M. H. Stone. 

tii order to prove the existence of such a function, let S be an arbitrary finite 
subset of SB which contains 0, 1, a and 6. Then there exists a function /^(x) eQ* 
which satisfies (14.5)-(14.9) for any x, y eX and such that/s(o) 7^ fz{h). This 
follows from the fact that the Boolean sub-algebra S82 of SB which is generated 
by 2 has also only a finite number of elements, and that for such a finite Boolean 
algebra SBs Theorem 12 is trivially true. Let Qs be the set of all such /i(x). 
Then is clearly a non-empty closed (and consequently compact) subset of Q*. 
Moreover, the family where 2 runs all finite subsets of SBi has a finite in- 
tersection property. This follows from the fact that nr- 
9^ 0 for any finite number of finite subsets 2,- (i = 1,2, • • • , n) of 93. Hence there 
exists an element /o which belongs to all such Qz and this element fo is clearly 
the required one. 

Thus we have proved that the Boolean algebra 93 is isomorphically represented by 
the system of continuous functions x(/) = /(x) (whose values are 0 or 1) defined 
on a compact space 12. Let now Ea be the set of all/(x) e 12 such that /(a) = 1. 
Then Ea is clearly closed, and since 12 — = Ee-^ , Ea must also be open. It 

is easy to see that a Ea is an isomorphism, and all that we have to do is to 
prove that 12 is totally disconnected and that for any open-and-closed subset E 
of 12 there exists an element a e 95 such that E ^ Ea- (This part of the proof 
corresponds to Lemma 7.2.) 

To prove these, let us first show that for any / € 12, gf € 12, / gf, there exists 
an open-and-closed subset ^ of 12 such that f eE, g eE, Since f 7^ Qy there 
exists an oo € 93 such that /(oo) 7^ g{(h)- Without loss of generality we may 
assume /(oo) = 1, g(ao) = 0, since otherwise we may replace Oo by c — oo . 
Then the open-and-closed subset Ea^ has the required property. 

Next we shall show that for any / € 12 and for any open set U(f) which con- 
tains /, there exists an oo € 93 such that / e Ea^ CU{f). By the above result, 
for any g e f/(/), there exists an a € 93 such that f eEay g eEa- Since Q ^ Ea 
is an open set which contains j, there exists by the compactness of 12 — U(f)y 

For apy /o c 0*^ its weak neighborhood U(fo ; Xi , Xt , • • * , x») is defined as the totality 
of all / f ft* such that/(Xt) — /o(®<) for i — 1, 2, • • • , n, where {xd (i « 1, 2, • • • , n) is an 
arbitrary finite system of elements of 93. 



CONCRETE REPRESENTATION OF ABSTRACT (M)-SPACES 


1017 


a finite number of elements a,- € 93 (f = 1, 2, • • • , n) such that / « Eat (i = 1, 2, 

• • • , n) and 0 — V{f) C 2"-* i-c-, SI l-'(f)- If we now 

put Oo = ffli A 02 A • • . A an, then we have / 6 Ea, = XI?-! C Uif). This 
proves the total disconnectedness of Q. 

Lastly, we shall prove that for any opcn-and-closed subset E of fi, there exists 
an element Oo < 93 such that £ = For any / e E, there exists, by the above 

result, an o « S such that f tEa C E. Since; each Ea is open and since E is 

compact, there exists a finite number of elements a, e'iQ (i = 1 , 2, ■ • • , n) such 

that E = • II we put Oo = Oi V 02 V • • • V a„ , then we have En, = 

= E. 

The proof of Theorem 12 is hereby completed. 

16. Case of discrete spaces 2. Banach limit s 

Let (m) be a space of all bounded .sequences of real numbers x = {xn), w = 
1, 2, • • • with 11 X II = sup, I x„ 1 as its norm. A functional Lim x„ defined on 
(m) is called a Banach limit, if it .satisfies the following conditions. 

(15.1) Lim (x„ + j/„) = Lim x„ + Lim , 

(15.2) Lim (Xx„) = X Lim x„ , 

(15.3) x„ ^ 0, n = 1, 2, • • . imply Lim x„ k 0, 

(15.4) x„ = 1, n = 1, 2, ••• imply Lim x„ = 1, 

(15.5) Lim x„+i = Lim x„ . 

If we consider a discrete space $2' consisting of a denumerable number of 
isolated points {<„) (n = 1, 2, • • •), then (m) is nothing but a space C(12') of all 
bounded continuous real-valued functions x(/) defined on S2' (x„ = a:(t„), n = 
1, 2, • • •). If we now consider C(f2') as an abstract (M)-space in the usual 
manner, then C(12') is isometric and lattice isomorphic to the space C(n), where 
fi = S2(Ko) is a compact space which was defined in the beginning of section 14. 
If we put /(x) = Lim x„ , then the functional /(x) defined on C{U) — 
satisfies the following conditions: 

(15.6) fix + y) fix) + f(y), 

(15.7) /(Xx) = X/(x), 

(15.8) X ^ 0 implies fix) ^ 0, 

(15.9) fit) = 1, where 1 = (1, 1, •••). 

(15.10) fiTix)) = fix), where Tix) = (x 2 , Xj , • ■ •) if a: = (xi , x* , • • •). 

Let us observe only the conditions (15.6)-(15.9) for the time being. Then 
these conditions mean that fix) is a positive bounded linear functional with 
fit) = 1. But this last condition is equivalent to H/ 11 = 1 (see Lemma 11.1). 
Consequently, by Theorem 9, there exists a completely additive, regular non- 
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negative set function ix(E) defined for all Borel sets E of the space 0 with /* (fl) » 1 
such that 

(15.11) f(x) = f x(t)n(dt) 

Ja 

for any x(t) eC(Q) — C(Q'). Moreover, if we require an additional condition: 

(15.12) x A y = 0 implies f{x) — 0 or f(y) = 0, 

then the measure n(E) is concentrated in one point keil. If to eQ — O', then 
the functional f{x) = x{to) is not trivial. It is easy to see that in this case we 
have 

(15.13) f(x) = 0/or any x of the form x = (xi , Xo , • • ■ , Xn , 0, 0, • ^ 

Remark. It will be easily seen that under the conditions (15.6)-(15.9) the 
condition (15.12) is equivalent to 

(15.14) if(x)f = fix\ 

where x* = (x* , xj , • • • , x* , • • • ) if a: = (xi , X 2 , • • • , x„ , • • • )• Such func- 
tionals /(x) were discussed by J. von Neumann [14], and it is to be remarked that 

(15.14) is equivalent to 

(15.15) fWiy) = f{x-y), 

where xy = (xi^i , xiy^, , x„y„ , • • •) if x = (xi , xj , • • • , x„ , • • •) and 
y = (yi , yi > • • • > y« > • • •)• This last condition together with (15.6), (15.7) 
means that x -*f{x) is a homomorphic mapping of a ring (m) onto a ring of real 
numbers. 

Next we shall discuss the condition (15.10). Let us denote by A„ the set of 
all functionals /„(x) of the form (15.11) with fi(E) ^ 0, = 1, i.e., the func- 

tionals which satisfy (15.6)-(15.9). Then A„ is a compact convex set with respect 
to the weak topology. If we put/(x) = f(T(x)), then / — » / = <p(f) is an affine 
continuous mapping of A„ into itself, where under afiine mapping we mean a 
mapping ^ such that ^(X/ -|- X'g) = X(p(f) -|- \'(p(g) for any/, g eA^ ;X, ^ 0, 

X -f- X' = 1. It is easy to see that the condition (15.10) means that /is a fixed 
point under this affine mapping v? of A^ into itself, and the existence of such a fixed 
point follows from the following 

Lemma 15.1. Let E be a Banach space, and let A be a convex compact set in 
the conjugate space E* of E {with respect to the weak topology). If <fi{f) is a continu- 
ous affine mapping of A into itself, then there exists a fixed element fie A such that 
<®(/o) = fi • 

Proof. Let A„ be the set of all elements of the form: n~‘(/ + <fi{f) -|- • • • -|- 
<?" *(/))> /«^- Then An is a non-empty compact sub.set of A and the family 
{An} (n = 1, 2, ...) has clearly a finite intersection property: for any n< 

(t = 1, 2; • • . , A:) An, • A„, . • . • An* 0. This follows directly from An, - A*, 

2 An, «,...»* 0. Hence, there exists an fi{x) which belongs to all An, 
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N = 1, 2, • • • . It is easy to see that this/o is a required one. (For generaliza- 
tions of this lemma, see [8].) 

Remark. We can also prove the existence of a fixed point in the folllowing 
way: Let S{x) be a mapping defined on (m) by i — ♦ S{x) — x'\ x = (xt , Xt, 
Xn x' = (xi , 2 ’(ii -h Xi), •••,«. '(ii + + • • • + x„), • • • )» 

andput/o(a:) =fiS{x)), where /(a;) is an arbitrary bounded linear functional which 
satisfies (15.6)-(15.9) and (15.13). Then we have fo{T{x)) = foix). Indeed, 
writing f(x) = /(ii , 12 , • • • , a:„ , • • •) for a: = (xi , X 2 , • • -) e (m), we have 
/«(x) - MT(x)) = fiSix)) - mnx))) = f{x ^ , 2;*(xi + X 2 ), . ■ • , n-‘(x, -b 
3:2 + • • • + ain) • • •) — fiXi , 2 ‘(X 2 + Xj), • • • , n ‘(X 2 + Xs + • • • + Xn+l), 
“•) — /(O, 0, • ■ • , 0, (n -f 1) \xi + X 2 + • • • + x„+i), (n + 2)“*fxi + a ;2 + 
• • • + x„+t), . . .) — /(O, 0, • • • , 0, (n + l)''“(a :2 + ars + • • • + Xn+ 2 ), (n + 2)~‘ 
( 3:2 + a;s + • • • + 3;„+3), . . .) = /(O, 0, • • • , 0, (n -b l)~‘(3:i — 3;n+2), (n + 2)"‘ 
(xi - Xn+a), • • •)• Hence, |/o(x) - MT{x)) | ^ /(O, 0, • • • , 0, 2(n -b 1)“‘|1 x ||, 
2(n -b 2) *11 X II, • • •) ^ 2n * II X 1| for n = 1, 2, • • • . Since n is arbitrary, 
we must have /o(x) = fo{T{x)). 

Summing up the results, we have 

Theorem 13. Every Banach limit which satisfies (15.1)-(15.5) can be con- 
sidered as a hounded linear functional f{x) defined on a Banach space ^(^(t^o)) 
which satisfies the conditions (15.6)-(15.10). {For the definition of Q{i^o) see the 
beginning of section 14.) The functionals f{x) which satisfy (15.6)-(15.9) can 
be expressed as an integral (15.11). The totality of all such functionals forms a 
compact convex set A„ in the conjugate space C'*(Q(Ko)) of C(fl({<o)), and every 
Banach limit {which satisfies the additional condition (15.10)) can be obtained as a 
fixed point of the affine mapping ip of A„ into itself. 

It is easy to see that the result of this section can be extended to the case 
where the power of a given discrete space W is greater than Ho . 

16. Relations with abstract (L)-spaces 

A Banach space {AL) is called an abstract {L)-space if it is a linear lattice, 
and if it satisfies, besides the axioms (1.1)-(1.8), the following condition: 

(16.1) X ^ 0, imply || 3 : + y || = || x || + || y !|. 

It is easy to see that the condition (I.IG) is also satisfied. Such a Banach 
space was introduced by G. Birkhoff [1], and it was shown that a large number 
of results concerning dependent probabilities can be extended to such spaces. 

Theorem 14. For any abstract {L)-space {AL) with an F-unit {see section 3), 
there exists a totally disconnected compact Hausdorff space U and a completely addi- 
tive measure m{E) defined for all Borel sets E of such that {AL) is isometric and 
lattice isomorphic to the space L{il; m) of all measurable functions x{t) which are 

integrable with respect to m{E) on fl ( 11 * 11 -/. I x(0 I m{dt);x ^ y: x{t) ^ y{t) 
almost everywhere on qY 
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This theorem was proved in [9], [11]. 

Remark 1. In my former paper [11] it was shown that m(E) is defined on 
the smallest Borel field which contains all open-and-closed subsets of ft. It is, 
however, easy to see that this measure can be extended to a completely additive 
measure m'{E) defined for all Borel sets E of ft. Moreover, this extension is 
unique if we require that m'{E) is regular, and it is easy to see that we have 
L{Q; m) = Z/(ft; in'). This follows from the fact that, for any Borel set E and 
for any « > 0, there exists an open-and-closed set E' such that m'{E + E' — 
E-E') < €. (See Remark 2, after Theorem 9.) 

Remark 2. Theorem 14 is tme in the following sease even if there exists 
no f^’-unit in (AL). In this case, (AL) is decomposed into a direct sum*of 
abstract (X)-spaces (AL)a with an F-unit (a c iW, where SO? is a non-denumerable 
set of indices a), and each (AL)a is concretely represented as in Theorem 14. 
Hence there exists a family of compact Hausdorff spaces fta , a € such that 
(AL) = (AL)a is isometric and lattice isomorphic to L(ft; m) = 

L(Qa ; m), where ft = fto and each element of L(il;m) is a measurable 

function x(0 defined on ft = fto such that there exists a sequence of in- 
dices a» , n = 1, 2, • • • such that || x |1 = / | x(t) \ m(dt) < « and x(t) 

JOoh 

= 0 almost everywhere on fta , a , n = 1, 2, • • • . (For details, see [11].) 

We shall discuss in this chapter the relations between abstract (Af)-spaces 
and abstract (L)-spaces. We begin with 

Lemma 16.1. Let E be a Banach lattice, i.e., a Banach space with a partial 
ordering relation x ^ y which satisfies the conditions (1.1)-(1.8) and (1.16). 
Then the conjugate, space E* of E is also a Banach lattice, if we putf ^ gif and only 
if /(^) ^ Q(^) for any x ^ 0, x e E. 

Proof, ^e have only to show that the conditions (1.5), (1.8) and (1.16) 
are satisfied for the partial ordering/ ^ g. To define h = f y g, put h{x) = 
l.u.b. {/(xi) -f g{xi ) ) for X ^ 0, where l.u.b. means the least upper bound for all 
decompositions x = Xi -|- x* , Xi ^ 0, X 2 ^ 0. h(x) is thus defined for x ^ 0, and 
if we put h{x) = h(x V 0) — h((—x) V 0), then this h{x) is a required one (see, 
for example, H. Freudenthal [5]). 

Next, to show that / ^ fit ^ 0 implies ||/ 1| ^ H y jj ^ 0, let e > 0 be an 
arbitrary positive number. Then there exists aax tE, such that 1| x 1 1 ^ 1 and 
ff(*) > II II ~ We may assume that x ^ 0, since otherwise we can replace 
xbyx V 0. Indeed, we have || x V 0 || ^ || x V 0 -f (— x) V 0 || = || x |1 ^ 1 
and gix V 0) ^ g(x) > ||gf || — e. Consequently, we have f(x) ^ g(x) > 

II y II — e for an x with || x || ^ 1,'and this implies || / 1| ^ || gr || — e. Since 
e > 0 is arbitrary, we have ||/ 1| ^ II ? ||- 

Finally, to prove that/ A y = 0 implies ||/ + y || = ||/ — jf ||, let « > 0 
be an arbitrary positive number. Then there exists an x « ^ such that [ [ x 1 1 g 1 
and/(x) -|- g(x) > || / + y || — «. We may again assume that x ^ 0. Since 
f h g — 0, there exists a decomposition x = Xi -|- 2:2 , xi ^ 0, x* ^ 0 such that 
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0 ^ fixi) + g{Xi) < €.“ If wc now put x' = -xt + xt, then we have || x' || = 
II (Xi - Xs) V 0 + (Xi - Xi) V 0 II ^ II Xi + X 2 II = II X II g 1 and/(x') - 
g{x') = -/(xi) + fiXi) + g{xi) - g(Xi) > f(xt) + /(xj) + g(xi) + g(x 2 ) - 2* = 
f(^) + - 2e > 11/ + g II - 3«. Hence we have 11/ - g || > || / + g 1| - 

3€, and since « > 0 is arbitrary, we must have ||/— g|| ^ ||/ + g||. 

In order to prove the inverse inequality, let e > 0 be an arbitrary positive 
number. Then there exists an x tE such that || x || g 1 and/(x) — g(x) > 
11/ - g II - e. Clearly x' = x V 0 + (-x) V 0 satisfies || x' || = 1| x 1| ^ 1 
(by (1.15)) and f(x') + g(x') = /(x V 0) 4- /((-x) V 0) + g(x V 0) + 
g((-x) V 0) ^ fix V 0) -/((-x) V 0) - g(x V 0) + g((-x) V 0) =/(x) - 

g(x) > 11/ - g II - <• Hence we have || / + g |i > || / - g || - «, and since 

€ > 0 is arbitrary, we must have ll/ + g||^ll/ — g||. 

Theorem 15. The conjugate space {AM)* of an abstract {M)-space (AM) 
is an abstract {L)-space, and conversely the conjugate space {AL)* of an abstract 
{L)-space {AL) is an abstract {M)-space. 

Proof. By Lemma 16.1, we need only prove the following two facts: 

(16.2) f,gt{AM)*, /^O, ggO imply ||/ + g || = ||/ 1| + || g ||, 

(16.3) f,gt{AL)*, /^O, g^O imply ||/ V g |1 = max (||/ 1|, H g H). 

To prove (16.2), let/, g € {AM)*, / ^ 0, g ^ 0, and let « > 0 be an arbitrary 
positive number. Then there exist x, y e {AM) such that ||x|l g 1, ||g|| g 1, 
/(ar) > 11/ II — « and g{y) > || g || — €. We may assume x ^ 0, g ^ 0, since 
otherwise we can replace x and y by x V 0 and g V 0. Then z = x V g satisfies 
||z|| = max(||xl|, ||g|l)^ 1 and/fz) + g(z) ^ /(x) + g(g) > ||/|| + ||g|| - 2«. 
Hence 11/ + g || > ||/|1 4- || g || — 2e, and since e > 0 Ls arbitrary, wc have 
11/4- g II ^ ll/ll 4- II g ||. The invci-sc inequality ||/ 4* g || ^ ll/ll 4- || g || 
is clear. 

Next, in order to prove (16.3), let us fii-st prove that there exists a unit element 
/o (in the sense of section 3) in {AL)*. Indeed, if we put 

(16.4) /o(x) = ||x V 011 - li(-x) V 011 
for any x e {A L)j then we have 

(16.5) |/o(x) I g Ibll, 

(16.6) Mx 4- g) = fo{x) 4- My), 

(16.7) Mhx) = Vo(a^), 

(16.8) ff{AL)*, ll/ll ^ 1 imply f ^ fa . 

Uk m, f A g is defined, for x ^ 0, by k{x) = g.l.b. l/(xi) + g(xj)l, where g.l.b. means 
the greatest lower bound for all decompositions of x: x = xi + X 2 , xi ^ 0, xi ^ 0. 
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(16.5) and (16.7) are clear; (16.6) follows from the relation 

li (* + y) V 0 II + II i-x) V 0 II + II i-y) V 0 II 

= II (-* - y) V 0 11 + II X V 0 II + II y V 0 II, 

which is a direct consequence of (16.1) and the equality 

(x + y) V 0 + (— x) V 0 + (— y) V 0 = (— x — y) VO + xVO + yVO. 

(16.8) is also clear, since ||/|| ^ 1, x ^ 0 imply /(x) g || x || = || x V 0 || — 
II (-x) V 011 = /o(x). 

Thus we have proved that /o(x) is a unit element of (AL)* in the sense* of 
section 3. Hence, by Remark 1 of section 3, (AL)* is an abstract (M)-space. 
The proof of Theorem 15 is completed. 

Example 1. If {AM) = C(Q), where fi is a compact Hausdorff space, then 
{AM)* = 9)?(fl) (see Theorem 10). 2)?(0) is clearly an abstract (L)-space. 
For further examples, see Remark after Theorem 10. 

Example 2. If {AL) = L(S2; m), where R is a compact Hausdorff space with 
a completely additive measure m(F) such that m(fi) = 1 (see Theorem 14), 
then {AL)* = M(fi; m) (for the definition of M(Q; m) see section 2). The same 
is also true if {AL) = Z/(fl; m) = L{Ua ; m), where 0 = ft* and each 
Qa is compact. 

Remark 1. Theorem 15 docs not mean that {AM) and {AL) are reflexive. 
In fact, these are reflexive only when they are finite dimensional. 

Remark 2. For any abstract (Af)-space {AM), its second conjugate space 
{AM)** is also an abstract (Af)-space (by using Theorem 15 twice) which con- 
tains {AM) as a closed linear subspace.*' The same argument is true also for 


We should be careful about the following situation: (AM) is embedded isometrically 
into (AM)** and this embedding is partial order preserving, i.e. if x, y c (AM) correspond 
to X, F € (AM)**, then x'^ y implies X ^ Y, But it is not obvious that in this case x y y 
corresponds to X v 5^. In order to show this, let us put z ^ x y y,Z ^ X y F, and let 
Z' be the element of (AM)** to which z corresponds. It is then clear that we have Z* Z 
(this is a direct consequence of Z' ^ X and Z' ^ F). In order to prove the inverse in- 
equality, let us remember that, for/ ^ 0, Z(/) is defined by Z(/) « l.u.b. {X(/i) + Y(Ji)\» 
l.u.b. lfi(x) + f 2 (y)]f where l.u.b. means the least upper bound for all decompositions of 
/: / * /i + /i , /i ^ Of f 2 0. On the other hand, if we represent (AM) concretely as a 

subspace of the space C(Q) of all real valued continuous functions defined on a compact 
Hausdorff space 12 (Theorem 1), then z(t) « max (x(0, y(0) for all t c 12, and every /€(AM)* 
with / ^ 0 may be considered as a regular measure m(^) defined for all Borel sets of 12 
(Theorem 9). Let 0 12 be the set of all t at which x{i) > y(t). Then 0 is an open set 

which is at the same time an Ft , . Let us now define two measures fxi(E) and by 
» ti(EO) andfn(^) “ “ EO). Then fjLi{E) andMj(£;) are both regular measures 

defined on Borel sets of 12, and if we denote by/i and /2 the corresponding elements of (AM)*, 
then we have/ - /i +/i ,/i ^ Off 2 ^ 0 and it is not difficult to see that /(«) - /i(x) *4- /i(y). 
Hence Z(/) ^ /(«) » Z'(f) for every / g 0, i.e. Z ^ Z'. Thus we proved the inverse in- 
equality, and hence Z » Z'. 
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{AL) and It is, however, to be noted that is always an 

abstract (ilf)-space with a unit element, while this is not the case for {ALY* 
even if {AL) has an F-unit. 

Hence, every abstract (M)-space can be embedded in an abstract (M )-space 
with a unit element. Consequently, in discussing the realization of abstract 
(M)«spaces, we have only to treat the case when there exists a unit element. 
This fact explains the relation between Theorem 1 and Theorem 2. 

Remark 3. Let {AL) be an abstract (/v)-space. Then {AL)* is an abstract 
(M)-space with a unit element. Hence, by Theorem 2, there exists a compact 
Hausdorff space U such that {AL)* is isometric and lattice isomorphic to C(Q). 
Hence every element x 6 {A L) can be considered as a bounded linear functional 
x{f) defined on C(12). Consequently, by Theorem 10, x{f) can be represented 
as an integral: 

(16.9) x{f) = f f{t)n{dt) 

•'Q 

where ti{E) is a completely additive regular real-valued set function defined for 
all Borel sets E of 12. From this we have 

Theorem 16. For any abstract {L)-space (AL), there exists a compact Haus- 
dorff space such that {AL) is isometric and lattice isomorphic to a closed linear 
subspace of the space 9K(i2) of all completely additive regular reaUvalued set~functions 
fjL{E) defined for all Borel sets E of Q {where norm and partial ordering are defined 
as in Theorem 10). 

In the same manner we can prove (see Theorem 14, Remark 2 after Theorem 
14, and Example 2 after Theorem 15) the following 

Theorem 17. For any abstract {M)-space {AM), there exists a Hausdorff space 
Q == f where each ila is compact, and a completely additive measure defined 

for all Borel sets of each ila such that {AM) is isometric and lattice isomorphic to a 
closed linear subspace of the space M{Q; m) = M{Ua] SW) of all hounded 

measurable functions x{t) defined on 12, where we call x{t) measurable if and only 
if x{t) is meas^irable on each 12a • {For the definition of M{il] m) see motion 2.) 

Theorems 16 and 17 arc weaker than Theorems 14 and 1 (or 2) respectively. 

Institute for Advanced Study 
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1. Introduction 

In the preceding paper' one of us proves that any Banach lattice which 
satisfies the condition 

(1.1) 0 < x, 0 <y implies \\x\/y\\ = Max (|1 x ||, i| y |1) 

can be represented as a sublattice of the lattice of all real valued continuous 
functions over a compact^ Hausdorff space 0. The purpose of this note is to 
obtain the same result from the weaker condition 

(1.2) X Ay ^ 0 implies \\x\/ y\\ = Max (|1 x ||, |1 y ||). 

Our proof yields, in particular, the result that in a Banach lattice (1,2) implies 

(1.1) . It does not seem possible, however, to establish this implication directly. 
Our method consists in obtaining the representation of the lattice independently 
of the previous result and then (1.1) is trivially true for continuous functions. 

If the additional assumption is made that the Banach lattice contains a unit 
element, it is shown in the preceding paper that the representation uses all 
continuous functions. In this form the result was obtained independently by 
Mark and Selim Krein.^ The method we shall use in the present paper is an 
adaptation of that followed in Krein^s paper. 

2 

Let J? be a Banach lattice, i.e. 

(2.1) E is a Banach space, 

(2.2) E is a vector lattice, 

(2.3) 0 < X < 7j implies || 1 1| g \\y ||/ 

(2.4) X Ay = 0 implies |1 ar — y || = || a- + y 1|. 

^ S. Kakutani, Concrete representation of abstract (M)-spaces. Annals of Math., 42 
(1941), pp. 994:-1024. 

* We use the term ^^compact'^ as ^*open coverings can be reduced to finite coverings.*' 

* M. and S. Krein, On an inner characteristic of the set of all continuous functions on a 
bicompact Hausdorff space, Comptes Reiidus U.R.S.S., 27 (1940), 427-'430. 

* It is interesting to notice that condition (2, 3) cannot be deduced from (2.4) and (2.5) 
combined. 
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Assume furthermore that the condition 


(2.5) * A y = 0 implies || * + y || = Max (1| x |1, || y |1) 


holds in E. 

The conjugate space E* is also a Banach lattice. Denote by S* its unit 
sphere (1|/ 1| ^ 1) and by /S+ the positive part (/ ^ 0) of S*. The set S* is 
hounded, convex and •w*-closed} The extreme points of SX form a set which 
will be denoted by T. By a theorem of Krein and Milman* we have 

Theorem 2.1. The set SX is the smallest convex, w*-closed set which contains T. 

Theorem 2.2. With the exception of 0, every element of T has norm 1. 

Proof: If / 0 belongs to T, then //H/ H belongs to SX and the element/' 

is an interior point of the segment joining 0 and //H / 1| unless || / 11 = 1. 

Theorem 2.3. If f eT and if u, v eE, u Av = 0 then f{u) -f{v) — 0. 

The proof is by contradiction. Assume/ « T, f{u) > 0, f{v) > 0 and u Av = 0. 
Two elements oi g, he E* will be constructed such that 


( 2 . 6 ) 


i) 0 g g ^ / ii) g{v) = 0 

iii) g(u) = /(«) >0 iv) f = g + h 
V) 1 = ll/ll = |l(7ll + IIM|. 


Conditions i) and iii) show that 0 < h. Thus ^? || and VII ^ II belong to 
SX and 


/=ll?l|- 



+ h ■ 


h 

II VI 


proves that / is an interior point of the segment joining g/\\ g || and VII h 1|. 
This is a contradiction to the assumption f eT since ?/|| ? || 9^ VII ^ II by ii) 
and iii). 

Definition of g. For a; ^ 0 put 


gix) = sup f(nu A x) 

n 

and for a: = — x~, g{x) = g{x^) — g{x~). We omit the details showing that 

g tE* and that i), ii), iii) are satisfied. 

Definition of h: h = f — g. Condition iv) is true and to prove the last one, 
v), we need only show that 


II (/ II + II II ^ 1 + 46 

for any e > 0. Choose « > 0 and determine Xi such that || Xi || = 1 and g{xi) > 
II p II — 6 . We may assume Xi > 0 since otherwise it could be replaced by | Xi |. 


• w*-topology in E* is the weak topology with reference to the elements of E. 

' M. Krein and D. Milman, On extreme points of regular convex sets, Studia Math., IX 
(1940), 133-138. 
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By the definition of g there will exist a positive integer wi for which 
/(niti A * 1 ) > - € > II flf II - 2e. 

Put *2 = a:i A ni«M; then 

(2.7) II Xt II g. 1, g(xt) = /(X 2 ) > II fir II - 2*, hixi) = 0. 

Now we turn our attention to h. Determine an element yi such that 

||yi|| = i, Myi) > II II - e, 

and choose n 2 to guarantee 1 < £*(712 + 1). Put 

Vi = iVi - ni‘Xi) V 0. 

Obviously 0 ^ 2/2 ^ yi and hence || 2 / 2 1| ^ 1. Also 

(2.8) h(yi) = h{yi V niXt) - thhixt) = hiyi V niX 2 ) ^ hiyi) > || A || - £. 
We evaluate the norm of Xt Ayt- Notice that 

X2 AVi = 0V[xs AiVi - rh>Xi)]. 

But 

ni[xi A ( 2/1 - ««a^)l ^ 

[a;2 A (yi — niX2)] ^ yi — rhxt 

and thus by addition 

(712 + l)[a :2 A iVi - 712 X 2 )] ^ 2/1 • 

This implies 0 ^ X 2 A ^2 ^ yi/i'fh + 1) ^ e-2/i and therefore 

(2.9) ||x2Ay2||^«. 

Finally let us put 

Xs = X 2 — (X 2 A 7 / 2 ) and yt = yt — (xt A yi)- 

Evidently xj A I/j = 0, || Xs || ^ 1, || ys || ^ 1, || Xs + 2/s II = Max (|| xj ||, 
II ys ID ^ 1 . Since 0 ^ h(xi A yi) ^ Hxi) = 0 it follows from (2.8) that 

hiyi) = h{yi) > II A II - £. 

On the other hand, by (2.7) and (2.9) 

y(xs) = ff(x 2 ) - y(x 2 Ayi) > || y || - 2£ - || y ||.£ ^ II y II - 3£. 

Combining these results we obtain 

1 ^ /(x8 + yi) = ?(xj) + g(yi) + h{xi) + h{yi) 

> II y II - 3.« + 0 + 0 + II A II - e = II g II + II ft II - 4*. 
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The proof of v) is complete and theorem 2.3 is established. 

Theorem 2.4. Let Q be the w*-closure of T. If f til then / ^ 0 and if u, 
V tE, u A V = 0, then f{u) -f(v) = 0. 

Proof: For any € > 0 there exists g.t T with 

I g(u) - f(u) I < €, 

1 giv) - f(v) 1 < e. 

By theorem 2.3 either g{u) or g{v) = 0. Hence either |/(m) | or |/(r) 1 < t, 
which implies of course f{u) •f{v) = 0. The proof of / ^ 0 is even simpler. 

3. The Representation 

Each element x of E determines a function defined over 0 by <Px(f) = /(*)• 
The set Q will be considered as a topological space by taking the w*-topology of 
E*. It is a Hausdorff space and since S* is M)*-compact, fl will also be 
«)*-compact. In the space fl the function <px is continuous. Furthermore we 
have evidently 

(3.1) <fi\x+iiu ~ hxpx "h 

(3.2) a: S 0 implies ^ 0. 

[The last inequality means: for any /« C, <px{f) ^ 0]. 

If A = 0 then f{x^ -/(arj) = 0 for any / e ft by theorem 2.4. Thus 

•fixiif) •¥»*»(/) = 0 and therefore A »>*, = 0. For any Xi and X 2 , the elements 

aJi — (*1 A ^ 2 ) and X 2 — (xi A ^ 2 ) are disjoint. We have then 

(vxi <P*lA*s) A (iPxi (PxiAxj) ~ 0 
or 

(3.3) ^*1 A s^xj “ ^xjAxj and also tpx^ V ^xi ” ^xjvxj 
Finally, if we define |1 Vx || = max j <px{f) \ (f t ft), we prove 

(3.4) 11x11 = 11^,11. 

It is sufficient to prove (3.5) for positive x, since ll|a:||| = ||a:|| and 
II <P\x\ II = II <(>x ||. Evidently 1| <f>x ll ^ || x ||. LetfoeE*, ||/o || = l,/o(x) = 1. 
We may assume /o ^ 0 since otherwise | fo \ could be taken. If now 
ll<P»ll = l|x II - e, 6 > 0 then 

f(Q^fix) ^ II X II - e, 

thus 

feSl /(i)^||x||-« 
and we obtain a contradiction for /a . 

The equation (3.4) shows in particular that ^, = 0 implies x = 0, in other 
words: to different x’s correspond different ^,’s. 

The relations (3.1), (3.2), (3.3) and (3.4) give us the desired representation. 
Princeton, N. J. 
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SELECTIVE EQUATIONS 

By E. T. Bell 
(Received October 26, 1940) 

A detail in the systematic solution of certain compound multiplicative diophan- 
tine systems^ leads to a new type of completely solvable diophantine problem 
which may be of independent interest, as but few such problems are known. 

1. Selective operators and systems 

If ni , • • • , n, are integers ^ 0, and if s > 1, (ni , • • • , n,)' denotes the least, 
and [wi , • • • , n,]' the greatest, of n, , • • • , n, if at least two of these integers are 
unequal; if Wi = n, — n, the value of each of these symbols is n. By defini- 
tion, if m is an integer ^ 0, (m)' = [mY = m. Hence, for s ^ 1, 

[(m , . . • , n.)'Y = (n. , . . . , n.y = ((n, , • . . , n.)')\ 

([ni , . . . , n.]')' = [ni , . . . , n.]' = [[m , • . . , n.]']'- 

The symbols ()', []' will be called simple selective operators. 

Let each symbol {}' denote a definite one of ()', []'. In {ni, ••• ,n,}' 
replace n, by ,•••, n, •..}', where the are integers ^ 0. In 

the result repeat the process, and so on, a finite number of times. The symbol 

so obtained will be called a compound selective opera- 
tor. It will be seen that compound operators may be replaced by simple opera- 
tors in the type of equations to be defined. 

If the results of operating on the set ni , • • • , n, with two selective operators 
are equal for all sets ni , • • . , n, , we say that the operators are identical; other- 
wise, the operators are distinct. The result of operating on the ordered set 

ni , • • • , n, with the selective operator a will be written <r'(ni , • • • , n,). 

A selective system is defined as follows. Let cr*- , • ^ • j crj ^ • • • , cr* , • » • , o-J 
be any selective operators (simple or compound, and unrestricted with respect 
to distinctness). The a, a, a» , • • • , b, ^3, , • • • , c, 7, c* , • • • , d, 5, dz are constant 

integers > 0, and all the x^s , • • • , y's , • • • , 2's , • • • , w^s are variable integers 

^ 0. The A, •••,£, • • • , C, •••,!) are constant integers ^ 0. If any of 
the A^8 are zero, the terms involving them are suppressed, and likewise for the 
B% . . . , C% . . . , D’s. We write 

> • • • ^ == Xi , • • • t I t • * • 1 y = Yj , 

Crk(^k^ y ••• t ^k,rk) ^ Z'k , f (ri{Wl,i , • • • , = W[ . 

IE. T. Bell, Proc. Nat. Acad. Sci., 26 (1940), 462-466. 
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A selective system is then a system of equations of the type 


£ AiXi + £ a<X.' = . . . = £ BiVi + £ biY'i, 


t-1 




j-1 a-l 


£ CkZk + i,cX £ Diw, + £ diW'i, 

k-l k-1 1-1 1-1 

in which the total number of equality signs is finite, and in which at least two 
sets of variables in different rows have at least one variable in common, while in 
any one row no two sets of variables are identical, but any two sets in that row 
may have variables in common. 

It is required to find all integer values ^ 0 of the variables satisf 3 dng the 
system. We shall say that this problem is solved when a method is prescribed 
for exhibiting the required integers in any given selective system in a finite num- 
ber of non-tentative steps. The solution is in terms of a certain minimum 
number N of parameters ranging independently over all integers ^ 0. The 
above definition of ‘solution’ is inserted because for even apparently trivial 
systems the N necessary and suflScient for a complete solution may be so large 
that it is impossible to write out the solution. In fact, if N' is any given positive 
integer, so elementary a selective system as 

a{xi , *2)' + a{yi , j/2)' = Hxi , 22)' + Hwi , v^)' 

can be constructed for which N > N'. If in this example N' = 1,000,000, it 
suffices to take o = 1000, h = 1001. 

A selective system is thus one of quadruple composition, the four operations 
involved being addition and multiplication of non-negative integers, and 

O', (]'. 


2. Dual of a selective system 

As might be anticipated from the definitions in §1 and a usual method for 
finding the G. C. D. and L. C. M. of a set of integers from the canonical decom- 
positions (into products of powers of distinct primes) of the integers concerned, a 
selective system may be restated in terms of G. C. D.’s, L. C. M.’s, and products 
instead of sums. It will be seen that.the solution of either system implies that 
of the other. The connection between the two types is the solution of G. C. D.- 
L. C. M. equations discussed in §§3, 4. 

With Til, , n, as in §1, (ni , • • . , n.) denotes the G. C. D., and [ni , • • • , n,] 
the L. C. M., of ni , • • • , n, ; I } denotes a definite one of (), []. The rest of §1, 
down to the selective system exhibited, may be rewritten with { }, <r in place 
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of { }', a', and Xi , F,- , Z* , TTj in place of X'i , F,- , Z* , IFj . The system is 
replaced by 








/-I j-l 





ib-l ib-l 


2-1 


and the rest of §1 follows with a few obvious verbal changes. This system 
and that in §1 will be called duals of each other, for the following reasons. 

It will be shown that the complete solution of the above system is of the 
form 

Xi = * * • > ®)j 

Xi,i = = 1, • • • , a; < = 1, • • • , m,); 

• •• ••• ••• 

Vi =ne'(i = i, 

Vi.i = = 1, • • • , = 1, • • • , «,); 

• •• ••• ••• 

Zk — ~ 1) •**(*')( 

= 1 , • • • , 7 ; < = 1 , • • • , r*); 

• •• ••• ••• 

m = nc-a = 1, ,d), 

nC-'-a = 1, ••• ,«;< = 1, ••• ,S,); 

in which the product refers to s = 1, • • • , AT, the O’s are integer parameters, all 
exponents are constant integers ^ 0 and the parameters are subject to a certain 
finite set of conditions, called the G. C. D. conditions,* of the form 


1 = 




From this, the solution of the selective system in §1 is written down by replac- 
ing all multiplications by additions, and restricting the parameters di , - dir 
to range over only integers ^ 0; 

N 

X% ~ (z ^ 1 , • • • > (z)f 

N 

Xi^l ““ I) • • • j Of I ^ * * * > f 


*E. T. Bell, Amer. Journ. Math., 55 (1933), 5(M6. 
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and similarly for the rest. The G. C. D. conditions are correspondingly re- 
placed by 



Each of these conditions is of the form 

0 = (Ai + • • • 4* -4/ , • • • , 5i + • • • + BgY, 

in which the A'y 5' are integers ^ 0. From the definition of ()', it follows that 
this condition is satisfied if and only if at least one of the following sets of condi- 
tions is satisfied, 

=•••=: = 0, 

- ... = 5 ; = 0; 

and similarly for all in the original set. The complete solution of the selective 
system may therefore be separated into sets of solutions, all the solutions in a 
particular set being obtained from the general solution by suppressing those 
parameters which occur in a selected subset of conditions sufficient to satisfy 
the complete set of conditions; the remaining parameters in the solution are then 
integers ^ 0 subject to no conditions. 

A detailed proof of the duality described is quite simple, but leads to somewhat 
complicated formulas. It will be sufficient to indicate how the proof may be 
written out in detail. 

Let Pi = 2, P 2 = 3, P3 = 5, p4 = 7, . . . 

be the natural primes in ascending order. The canonical decompositions of 
the positive integers n, n* , n,,, , . . • are written 

n = n n* = n = n • • • , 

where the product refers to $ = 1, 2, 3, • • • . (In other connections, this device 
is useful for absolute constants; for example, 10 = • • • , so that lOi = 

1, IO2 = 0, IO3 = 1, 10, = 0, 5 > 3.) In each decomposition there is a finite 
index such that J = 0 if $ ^ f > 0 if { < J'. This notational device is 
applied to the variables of the system in this section, when it follows that the 
system is equivalent to the selective system in §1. For if llpt* = llpt*. then 
/t = ffi for all integers { > 0; also, 

by the definitions of { }, { }'. The parameters 9 in the solution are replaced by 
their canonical decompositions, 9i = IIPt*’*j whence the rule for obtaining the 
solution of the dual selective system is immediate. It is not necessary to include 
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the signs of the numbers generated as the d*s in the solution of the { } -equation 
range over all integers; but if desired this may be done by noting that for any 
integer c, c = sgn c- IIpI*. where sgn has its usual meaning. 


3. G. C. D.-L. C. M. equations 


The solution of a selective system is obtained as indicated in §2 from that 
of the dual system. Obviously, the solution of the dual system may be found 
by repeated applications of the solution of 




uV[xi, ••• , x„)l = vl' 




[y 


1 > 


It, 


in which { }i , { jj are unrestricted (identical or distinct, simple or compound) 
symbols constructed from (), [] in the same way as j 1' from ()', []' in §1; the 
a, b are constant integers ^ 0, and c, d integers > 0; and the u, x, v, y are variable 
integers. Introducing new variables Xb+i , , we first solve 


{Xli • • • , Xn)l — Xn+l , \yi , • • • , J/mJs — J/m+1 ) 


as described presently. Each solution is by power products in a certain mini- 
mum number of integer parameters, subject to a set of G. C. D. conditions; 
say this gives 

Xn+l = 0l“‘ • • • <!>/', yn+1 = • • • 4^a’. 

The equation then becomes 

«?*••• uV<i>T' ■ • • <i>r = • • • i’Jvf ‘ • • • lAf'. 

This is a simple multiplicative equation,*’’ and hence its solution is obtainable 
non-tentatively in a finite number of steps. The .solution exhibits each of the 
M, 0, y, ^ as a power product in a certain minimum number of parameters 9, 
subject* to a set of G. C. D. conditions. The G. C. D. conditions on the <t>, ^ 
occurring in the previous step are replaced by their equivalents in terms of the 6, 
on substituting for the <t>, ^ their expressions as power products in the $; if any 9 
occurs to a power higher than the first, this power is replaced by the first power. 

A system of { [-equations leads in the same waj" to a simple multiplicative 
system, and hence the solution is obtainable non-tentatively in a finite number of 
steps.* 

It remains to show how an equation of the form 


{Zi j • • • , Xb } — in— I, Tl 1 , 

is to be solved for zi , • • • , Zb , tn-i , and we shall assume first that the symbol { } 
is simple. From this we shall obtain the solution when { } is compound by iterat- 
ing the method for { j simple. 


>M. Ward, ibid., 67-76. 
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4. Simple G. C. D. and L. C. M. equations 

The abstract identity of {)', []' and (), [] has been familiar for over a century, 
and Dedekind^ (1897) referred to both as giving instances of his dual groups 
(structures, lattices), constructed on the operations now frequently called union 
and intersection; he also cited the classic instance, due to Boole, of logical sum 
and logical product. All three interpretations are required for a complete 
discussion of selective equations; the Boolean instance applies when we seek a 
minimum set of G. C. D. conditions, or their () '-equivalents, which imply the 
complete set as given by the method of solution. For the moment we are 
concerned only with (),[]; and we shall require the usual postulates 

U{x, y) = U{y, x), 

UiUix, y), z) = Uix, U{y, z)), 

U(x, C(x, y)) = X, 

and the dual set obtained from these on replacing U by C and C by U. These 
are satisfied if Uix, y) is the union of x, y and C{x, y) their intersection; or if 
U{x, y) = (x, y), C{x, y) = [x, y]; or if U(x, y) = {x, y)', C(x, y) = [x, y]'. 

The following recurrence relations are immediate consequences of the postu- 
lates, 

(xi , • • • , *„) = ((xi , . • • , x„_i), x„), n ^ 2, 

\yi, ,yn] = [[yi , • • • , yn], n ^ 2; 

and there is the well known identity (x, y)[x, y] = xy, which is evident from the 
duality in §2. It is required to solve the equations 

(Xi , • • • , Xn) ~ Qn—\ , W ^ 1 ; 

[yi , • • ' , yn] = hn-l , n > 1. 

From the recurrences and the identity we have the initial solutions (n = 2), 

(xi , X 2 ) = yi : 

xi = flfiwi , X2 = giU2 , 1 = (ui , uj); 

[yi , yj] = h : 

yi = hvi , yt = kiVt , hi - kiViVi , 1 = (vi, «*). 

From the first of these and the first recurrence we find 
(xi , • • . , x„) = gn-i , n > 2: 

n-1 

Xl = Qnr^l XI ^ ffn— l'W2n-4 5 


<R. Dedekind, Werke, 2, 112-114. 
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II U 2 j+ 2 i-z, j = 2, • • • , n — 1 ; 

t—i 

1 = [ui , 1^2) = {uz , W4) = • • • = {U2n-Z y W2n~2), 

in which the f/^s are integer parameters. 

Similarly, from the second recurrence, we find 

[2/1 ) * * * > 2/w] ~ ^n— 1 , n ^ 2i 

2/1 = AjiVi ; = kt-iV 2 t- 2 , ^ = 2, . . . , n; 

Ar = krV2r^lV2r , r = 1 , • • • , 71 ““ 1 j 

1 = (^1 , V2) = (^^3,^4)= • • • (l>2n-3 , 2^2n-2) , 

in which the integer parameters A;, v are to be found from the complete solution 
of the simple multiplicative system^ 

ktV2a—lV2a = Aj«+1^2«+1 •••,71 — 2. 

The typical equation has the complete solution 

ka = o/, = abCf 

V2—1 = i^2«+i = fgh, 

V2a = CA, 

1 = (/,6c) = (6,//i). 

To solve an equation involving a compound symbol { • • • , { }i , • • • , }« , 
in which each of { }i , • • • , Hn is a definite one of (), [], we proceed from those 
{ } / which enclose no symbol { } , say these are {}«,•••,{) t , and solve each of 
{]a - Uy •••, {}t - why the above method. The { )« , • • • , { ) i are then re- 
placed in the original equation by the power products for w, • • • , ic given by the 
solutions, and the process is repeated, until at the last step only a simple symbol 
{ } remains, when one more application of the solution for a simple equation gives 
the complete solution of the compound equation. 

By §§2-4, the solution of the selective system in §1 is reduced to the solution 
of a simple multiplicative system, and this may be carried out non-tentatively 
in a finite number of steps.^ After the detailed discussion, it is unnecessary to 
give examples (especially as those of greater interest have very long solutions), 
but it may be mentioned that those suggested by the Dedekind axiom, or by 
postulated distributivity of the operators considered, furnish interesting exercises. 

An alternative method for dealing with [t/i , • • • , 2/n], proposed by Lebesgue,® 
can be stated more briefly than that followed here, but actually it demands far 
more labor if ti > 4. U pi ^ yi ••• Vny and if p, , j > 1, denotes the product 
of all the G. C. D.'s of the taken j at a time, Lebesgue^s readily proved result is 

[yi , • • • , y«] = (PiPaPs • • • )/{ptp*pt 

•V, A. Lebesgue, Nouv. Ann. Math., 8 (1849), 350. 
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A point of interest is that the G. C. D. conditions occurring in the solution of a 
simple multiplicative system by the method of arrays,* are necessary for the solu- 
tion of a selective system. In the alternative method* for simple multiplicative 
systems, the G. C. D. conditions do not appear, and seem to have no relevance 
for the solution. As both methods furnish the complete solution of a simple 
multiplicative system, it is possible that an interpretation of selective systems in 
terms of the alternative method may suggest an appropriate equivalent of the 
G. C. D. conditions. 

Caufosnia Institute of Technology 
Pasadena, California 
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SEMIGROUPS ADMITTING RELATIVE INVERSES 

By A. H. Clifford 
(Received December 17, 1940) 

By a semigroup is meant a set 5 of elements a, 6, ... closed under an associa- 
tive binary operation : 

(ab)c = a(6c). 

We shall say that S admits relative inverses if it satisfies the following condition. 

I. To each element aof S there exists an element eof S mch that (1) e is an iden- 
tity element of a: 


ea = ae = a, 

and (2) a possesses an inverse a' relative to e in S: 

aa' = a'a = e. 

It is seen almost immediately (Theorem 1) that S admits relative inverses if 
and only if it is the class sum of mutually disjoint groups Se , one to each idem- 
potent element e of S. This fact tells us little about the structure of S since the 
product of two of these groups is not necessarily contained in a third, but may be 
scattered throughout several. (This occurs in the example given at the end of 
the paper, though simpler examples can be given.) 

It is shown in Theorem 2, however, that S is the class sum of mutually disjoint 
semigroups Sa of known structure such that no such scattering takes place. 
Each Sa is what Rees^ calls a completely simple semigroup without zero. The 
structure of such a semigroup was, in the finite case, first given by Suschkewitsch,* 
who calls it a Kerngruppe, Moreover it is possible to arrange these Sa in a 
semi-lattice* P such that the product SaS^ is contained in the greatest lower 
bound (in P)Sa 0 of Sa and S^ . The structure of S is thus determined in the 
large, so to speak. 

In the special case in which any two idempotent elements of S commute 
with each other, the simple semigroups Sa reduce to groups, coinciding with the 
groups Se , and the semi-lattice P is isomorphic with the semigroup of all idem- 
potent elements of S. In this case the structure of S is completely determined 

^ D. Rees, On semi-groups (Proc. Cambr. Phil. Soc. 36, 1940, 387-400). 

* A. Suschkewitsch, Ober die endlichen Gruppen okne das Gesetz der eindeuiigen Umkehr- 
harkeit (Math. Ann. 99, 1928, 30-50). 

• A semi-lattice is a partially ordered set in which any two elements a, have a greatest 
lower bound afi, but not necessarily a least upper bound. F. Klein (Deutsche Math. 4, 
1939, 32-43) calls it a Halbverband, 


1037 



1038 


A. H, CUPFORD 


in Theorem 3 . For every pair a > jd there exists a homomorphism of the 
group Sa into the group such that if a > jS > 7 then 4 >ay = . The 

product ajbfi of any element a« of Sa with any element of S^ is then given by 

aahfi = ((l€^ay)Q>ff4>fiy) 

where 7 = aff. The groups Sa , the semi-lattice P, and the homomorphisms 
<l>afi can (conversely) be chosen arbitrarily subject only to the above transitivity 
condition on the <l>afi . 

In the general case, however, the situation is far more complicated. The 
concluding section discusses only the subsemigroup /S' of S consisting of a pair 
Sa , Sfi with a > / 3 . Theorem 4 cannot, even in this simple case, be regarded 
as a complete determination of S ' ; for it involves finding a certain mapping <l> of Sa 
into the structure group of S^ the actual construction of which is not evident. 


1. Decomposition into groups 

Lemma 1.1. If a is any element of S, and e is any element of S satisfying I, 
then e is idempotenL 

Proof: e = aa'aa' = aea' = aa' = e. 

Lemma: 1 . 2 . If a is any element of Sj and if ei and e2 both satisfy I, then ei = 62 . 
Proof: Let ai and 02 be inverses of a relative to ei and e^ respectively, as given 
by 1(2): 

oxi\ = a\a = 61 , (ZQ2 ~ ~ C2 . 

Then 

6162 = e\aa 2 = 002 ~ ^2 > 

6162 = U1UC2 = Oi® ~ e\ , 

whence 61 = 62 . 

We shall say that a belongs to the uniquely determined idempotent element 
e satisfying I. 

Lemma 1 . 3 . The set S, of all elements of S belonging to the idempotent element 
e of Sis a group with identity e. 

Proof: Let a and b be any two elements of /S, and let o' and 6 ' be inverses of 
a and b relative to e. Then e is evidently an identity element of ®i), and b'a' 
is an inverse of ab relative to e: 

abb'a' = aea' = aa' = e, 
b'a'ab = b'eb = b'b = e. 

Hence ab e Se- Evidently c 6 /S« , since e^ = e, and e is an identity element of S# . 
If a is any element of Se , ®' an inverse of a relative to e, and b = ea'e, then 

eb ^ he ^ b, 

ab = aea'e = oa'e = ee = c, 
ba = ea'ea = ea'a = ee = e. 

Hence b € S^ and b is an inverse of a therein. Thus /S« is a group. 
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Lemma 1.3 shows in particular that, among all possible inverses of a relative 
to the idempotent e to which a belongs, there is exactly one which also belongs 
to e. This we shall denote by oT^. 

Now by I every element of S belongs to at least one of the groups Se , and by 
Lemma 1.2 to exactly one. Hence S is the class sum of the mutually disjoint 
groups /S, . We therefore have the following theorem/ the converse being 
evident. 

Theorem 1. A semigroup admits relative inverses if and only if it is the class sum 
of mutually disjoint groups. 

2. Decomposition into completely simple semigroups 

A subset a of S is called an ideal if, for any o in a and any x in /S, ax and xa 
are in a; in other words, a is an ideal if SaS C a. (We shall not have occasion 
to consider one-sided ideals.) The class sum a U b and intersection a 0 b of 
any two ideals a and b are evidently ideals, and likewise the set-product ob 
consisting of all ab with a in a, 6 in b. Evidently 

ab C a n b 

and in particular C ci. If a is any element of S, the set SaS of all elements 
xay of S is an ideal which we call the principal ideal generated by a. It contains 
a itself, since a = eoc by I, and hence contains aS and Sa. 

Lemma 2.1. If an ideal a contains a single element of the group Se then it contains 
all of Se . In particular j if a** belongs to an ideal a, then a itself belongs to a. 

Proof: Let a be an element in both a and Se . Then a contains == e. 
If b is any other element of Se , then a contains be = b. Hence a 3 Se . The 
second statement then follows from the fact that a^" belongs to the same group 
Se as a. 

Lemma 2.2. If a and b are ideals of S then 

ab = a n b. 

In particular y ab = ba and every ideal a of S is idempotent: a^ = a. 

Proof: We prove the last statement first. Let a be any element of a. Then 

is in a*, whence a is in a^ by Lemma 2.1. Thus a C whence a = a^. Hence 
if a and b are any two ideals of Sy 

a n b = (a n b)(a 0 b) C o-b 

from which equality follows. 

Lemma 2.3. The product of two principal ideals SaS and SbS of S is the prin- 
cipal ideal SabS. If a and b generate the same principal ideal a, then ab is also a 
generator of a. 

Proof: If x is any element of Sy 

(bxa)^ = bx^ab'xa € SahS. 

< This result generalizes Theorem 14 of A. R. Poole, Finite Ova (Amer. Jour, of Math. 
69, 1937, 23-32). 
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By Lemma 2.1, bxa e SabS. Hence 

bSa C SabS 

and by Lemma 2.2, 

SaS-SbS = SbS-SaS C S-bSa-S C SabS. 

The opposite inclusion is evident. 

If SaS = SbS = a, then from the above and Lemma 2.2, 

SabS - SaS. SbS = a' = a. 

Lemma 2.4. If a is a principal ideal of S then the set a' of all elements of a which 
are not generators of a is also an ideal of S. 

Proof: Sa'S C SaS C we wish to show that Sa'S C Suppose Sa'S 
contained an element a of a not in a'. Then a = xa'y with a' in a', and a gen- 
erates a. Hence 

a= SaS Sxa'yS C Sa^S; 

thus a' would be a generator of a, contrary to a' e a'. 

An element 0 of a semigroup S is called a zero element of aS if Oa = aO = 0 
for all a in S. Rees (loc. cit. p. 392) defines a simple semigroup to be a semi- 
group S whose only ideals are S and the null ideal (0) consisting of 0 alone (if 
S has a zero). By a simple semigroup without zero we shall mean a semigroup S 
whose only ideal is S itself, including thereby the case in which S consists of a 
single element. Such a semigroup is characterized by the property that SaS = 
S for any element a of aS, or that, for given a and b in aS, the equation xay = b 
is always solvable for x and y in aS. 

Lemma 2.5. If a is a principal ideal of aS, then the set Sa of all generators of a 
is a simple semigroup without zero and admits relative inverses. 

Proof: aS« is a subsemigroup of S by Lemma 2.3. Let a and b be arbitrary 
elements of Sa ; we are to show that xay = b is solvable for x and y in Sa. 

Now aaa is an ideal containing and hence containing a by Lemma 2.1. 
Since a generates a and aaa C a, we have aaa = a. Hence b = xay with x and y 
in a. By Lemma 2.4, x and y must both lie in Sa ; for if either of them lay in 
the ideal a' = a — aSa then the same would be true of 6, contrary to 6 e aSo . 
Hence Sa is a simple semigroup without zero. 

If a is any element of Sa , and e is the idempotent to which a belongs, then by 
I^emma 2.1, aS« da. By the same lemma, no element of Se can belong to the 
ideal a'. Hence Se^ Sa. aSo is thus the class sum of certain of the groups Se , 
and so admits relative inverses. 

If e and / are idempotents of aS, then e is said to be under f (Rees p. 393) if 
ef — fe — €. We shall write e ^ / if e is under/; the relation ^ is easily seen 
to be a partial ordering of the set of idempotents of S. Rees makes the following 
definitions (p. 393). 
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An idempotent / is 'primitive if there exists no iciempotent e 9^ 0 such that 
e < /. A semigroup S is completely simple if 

(i) Sis simple; 

(ii) to each a in S there exist idempotents e and f in S such that ea = af — a; 

(iii) ' every idempotent of S is primitive, (We take h(‘rc his condition (iii)' 
on p. 394 which he proves to be equivalent to (iii).) 

Rees (p. 399) shows that any completely simple semigroup is isomorphic with 
what he calls (p. 397) a regular matrix semigroup over a group with zero. When no 
zero element is present, the latter may be described as follows. 

Let G be any group. Let J and K be any two sets of indices; denote the 
elements of J hy j, • * • , and those of A* by #c, X, • • • . To each pair i, k 
of indices {i e Jj k eK) assign an arbitral*}^ but fixed element of G. The semi- 
group aS shall consist of all triples (“matrices”) 

(a; iy k) {a tG\i € j y k e K) 

with multiplication defined by 

(2.1) (a; iy k)( 6; j, X) = {ap^f)\ X). 

The idempotents of S are readily seen from (2.1) to be the elements {p~l ; i, /c). 

Lemma 2.6. If S is a semigroup admitting relative invci'sesy and if e and f are 
idempotents of S such that e ^ f and f lies in SeSy then e = /. 

Proof: Fromf € SeS we have/ = xcy for some x and y in S. Setting a = fxfy 
b = fyfy and using fe = c/ = e, we have 

aeb = fxfefyf = fxeyf fff ^ f 

together with 

fa = af = a, fb = bf= b. 

Let g be the idempotent to which a belongs. Then 

f — aeb — gaeb — gf — oT^af = a~^a = g. 

Hence a belongs to /, and similarly b belongs to /. Consequently 

a~^fb~'^ = a~^aebb~^ == fef = e. 

Since and b~^ are in S/ , this implies that c is in S/ , whence c = /. 

Lemma 2.7. A simple semigroxip S without zero is completely simple if and only 
if it admits relative inverses. 

Proof: Assume that S admits relative inverses. Condition (i) for complete 
simplicity holds by hypothesis, (ii) follows from 1(1), and (iii)' from Lemma 
2.6, since SeS = S. 

Conversely, if S is completely simple then it has the matrix structure described 
above. If (a; i, k) is any element of S one readily verifies by direct calculation 
from (2.1) that {p7i ; i, k) is an identity and ipTioT^pIi ; ij k) a relative inverse 
of (a; iy k). 

By a semi-lattice (Klein, loc. cit.) we shall mean a commutative semigroup P 
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all of whose elements are idempotent. The reason for this term is that if (as 
above) we define a ^ (a arid in P) to mean afi = a, then P is a partially 
ordered set under ^ in which every pair of elements a and have a greatest 
lower bound, namely afi. The converse is likewise evident. 

Now Lemmas 2.2 and 2.3 show that the set ^ of principal ideals of S is a semi- 
lattice (actually ab = a 0 b and a ^ b is equivalent to a C b). To each a in ^ 
corresponds the semigroup of all generators of a. If a € S. , b e St then by 
Lemma 2.3, ab generates ab and so belongs to S^t . Hence SaSt C Sat • Every 
element a of aS is a generator of exactly one principal ideal a = SaS of S, and 
so belongs to exactly one Sa . Using Lemmas 2.5 and 2,7 we arrive at the 
following description of the gross structure of S. 

Theorem 2. Every semigroup S admitting relative inverses determines a semi’- 
lattice P such that to each element a of P there corresponds a subsemigroup Sa 
of S with the following properties, 

(1) The Sa are mutually disjoint and their class sum is S, 

(2) Each Sa is a completely simple semigroup without zero, hence a matrix 
semigroup over a group, 

(3) SaSfi C Safi , where afi is the product of a and /3 in P, 

Conversely, any semigroup having this structure admits relative inverses. 

We do not mention here the isomorphism of P with the semi-lattice of principal 
ideals of S, But if an ideal of S contains a single element of Sa it must by (2) 
contain the whole of Sa . From this it is clear that if S is any semigroup having 
the structure described in Theorem 2, then the lattice of all its ideals is isomorphic 
with the lattice of all ideals of P. 

3. Case in which the idempotents of S commute 

Lemma 3.1. If S is a semigroup admitting relative inverses, and if every pair 
of idempotent elements of S commute with each other, then every idempotent of S 
is in the center of S, 

Proof: The set @ of idempotents of S evidently forms a commutative sub- 
semigroup of S, hence a semi-lattice as defined above. We prove the lemma in 
four stages; e and / denote idempotents, as usual. 

(1) If SeS = SfS then e = f. For ef ^ e and e € SefS since SefS = SeS 

by Lemma 2.3. Hence c/ = e by Lemma 2.6, that is, e ^ f. By symmetry, 

f ^ e, whence e =f, 

(2) If SaS = SeS then a € Se , For if a € 5/ then SaS = SfS by Lemma 2.1, 
whence / = e by (1). 

(3) If a € Sf and e ^f, then ae = ea. For e = fe = oT^ae and so SeS C SaeS. 
Since the opposite inclusion is evident, SaeS = SeS, Similarly SeaS == SeS. 
Hence oe and ea belong to Se by (2), whence oc = e^ae = ea*e = ea. 

, (4) Now let e and a be arbitrary. Suppose a belongs to S/ . Since ef ^ f 

it follows from (3) that a*ef = e/*a. But 

a-e/ = a*/e =» a/*e = ae, 
ef>a = e>fa == ea, 


whence ae — ea. 
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Part (2) in the above proof shows that every generator of a = SaS lies in S, , 
and hence 5. = S,. Thus the simple semigroups <8. reduce to the groups St in 
this case, and the semi-lattice ^ is isomorphic with (S. We shall, as in Theorem 
2, denote the elements of the abstract semi-lattice P isomorphic with ^ and 
6 by a, j9, 7 , • • • , and the elements of 6 correspondingly by , • • • . We 
thus have 


and e* ^ if and only if a ^ Sa is the same as Se„ and 

SaSfi C Safi » 

In particular, if a ^ iS then SaSfi C Sfi and CaCfi = Cfi . Elements of Sa will be 
denoted by Ua , 6a , • • • . 

Lemma 3.2. // a ^ the mapping aa Ro^a/j defined by 

^a^afi ~ O/a^'fi 

is a homomorphism of Sa into Sfi . If a ^ 0 ^ y then the homomorphism <t>ay of 
Sa inU) Sy is the product of the homomorphisms <l>afi dnd <j>fiy of Sa into Sfi and Sfi 
into Sy : 

(3.1) (hay = (t>afi(t>fiy ^ ^ T)* 

(haa is the identical automorphism of Sa . 

Proof: That thafi maps Sa into Sfi is clear. If Oa and ha are arbitrary elements 
of Sa then (using Lemma 3.1) 

(Uo^a/j) (6 o0o/3) ~ (^aCfibaefi — UabaOfi = (Ua6a)0o/3 . 

If a ^ iS ^ 7 then for any Ua in Sa , 

(n</hctfi^(hfiy “ iflaS^Cy = UaiOfiCy) = UaCy = Of (/hay • 

Finally, a^/haa = = «« , for any aa in Sa . 

Lemma 3.3. If Ua and bfi are any two elements of S (oa in Sa , bfi in Sp) then 

(3.2) O^abfi = {(l</htty){bfil(hfiy) 
where y = a/3. 

Proof: Oabfi = daSa^bfiefi = aJyfiCa^fi = cij)fi^y 

= aaey^bfiCy = {aa(hay){bfi(hfiy)- 

From these two lemmas it is clear that the structure of S is completely known 
when we know the semi-lattice P, the groups Sa , and the homomorphisms thafi . 

Conversely, let P be any semi-lattice, and to each a in P assign a group <S« 
such that no two of them have an element in common. Furthemore to each 
pair of elements a, /3 of P such that a > 0 assign a homomorphism (hafi of 
into Sfi . Define 0«« to be the identical automorphism of S« . Let S be the 
class sum of the groups Sa . Then, if the homomorphisms 4>afi satisfy the 
transitivity conditions (3.1) and we define multiplication in S by (3.2), jS is an 
associative semigroup. 
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For if aa fbfi f Cy are any three elements of 

{0>J)^Cy = {Clo4^a,afi*b^^,afi)Cy 

= (Cta0a ,a0 * ,a$y * 

since the first factor on the right is in Sa» . Using first the fact that ^a/s.a^Y is 
a homomoiphism and then (3.1), we get 

{dabfi^Cy = ,a0y * b^^,a$y) * ,afiy • 


Similarly, 


daibffCy) — Qa^a,a0y* (b/3(f>fi,a0y ‘ dY(f>y,a0y}f 


and these arc equal by the associative law in Sa^y . 

The semigroup S so constructed evidently admits relative inverses, since it is a 
sum of groups. Likewise it is evident that the only idempotent elements of S 
are the identity elements Ca of the groups Sa . Since is a homomorphism, 
ect</>a 0 must be the identity element of Sa . Hence if Ca is any idempotent 
clement of >S, and any element of S, 


Cabfi = (ec^ay)(b^^) = ^y(b^fiy) = bfi(/>fiy , 
b^ea = {b^0y)(ea^ay) = (b^^^y = b^^y , 


(y = otfi) 


Thus Ca is in the center of S. 

Finally we remark that the semi-lattice P, the groups Sa , and the homo- 
morphisms constitute a complete set of invariants of S. To see that they 
are invariants, suppose S = S. Since idempotents must correspond to idem- 
potents, 6 ^ S, and the same abstract P may serve for both. But if e e 
then Se and Se correspond, so that Sa and Sa are isomorphic. Since 


— da^^ da^fi — dc^a^ 

the homomorphisms 0 are cogredient with the hornomorphisms 0 in the sense 
that if a a then cuf) a4. On the other hand, if S and S have the same in- 
variants in the above sense, we may identify P with P and then by Lemma3.3 
the given isomorphisms between the groups Sa and Sa define an isomorphism 
between S and S. 

Theorem 3. Every semigroup which admits relative inverses and in which every 
pair of idempotent ekments commute is isomorphic with a semigroup S constructed 
as follows. 

Let P be any semi-hitice^ and to each a in P assign a group Sa such that no two 
of them have an element in common. To each pair of elements a > of P assign 
a homomorphism 4>a^ of Sa into Sp such that if a > 13 > y then 


— 007 • 
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Let 4>aa be the identical automorphism of Sa . Let S be the class sum of the groups 
Sa , and define the product of any two elements Oa ,h^of S (Oa in Sa and b^ in S$) 
by 

aab^ = (a</i>ay) (bff(t>^y) 

where 7 = q:/3 is the product of a and 0 in P. 

Conversely j any semigroup S constructed in this fashion admits relative inverses^ 
and every idempotent element of S is in the center of S. 

The semi-lattice P, the groups Sa , and the homomorphisms (t>as together constitute 
a complete set of invariants of S. 

4. Structure of a pair Sa , Sp with a > jS 

We return now to the general case described in Theorem 2, and consider the 
stmcture of the subsemigroup S' of S consisting of a pair Sa , S^ with a > 0. 
For this purpose we may evidently assume that S = S'. As far as the results 
of this section go, Sa may be any semigroup, while S3 is to have the structure 
described in §2, the elements of S3 being the triples (a; k) with multiplication 
defined by (2.1). We shall denote the elements of Sa by capital letters 

Suppose that 

A {a; i, k) = (a'; f', k'). 

Multiplying on the right by the idempotent {p7i ; k) to which (a; k) belongs, 
we get 

A (a; i, k) = (a'p^^ipTi ] f', 

whence k = k'. Hence 


A {a; f, k) = (a' ; z', k) 


and similarly 


(a; k)A = (a"; z, k"). 


Suppose now that 

A(p«i j ij k) = {a j i j k), 

A(p7i ; h >) = («"; ^)* 

Multiplying the first of these on the right by {p\l ; z, X) we obtain 

] ij X) = {a PuiPXi ; ^ ; X). 

Hence 

i'^ a" = a%ip7l • 

The first of these shows that z' depends only on A and i and not on k; we may 
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therefore write i' = Ai . The second shows that a'p,* is likewise independent 
of k; we may therefore write 

a%i = Atf>i 

where is some mapping (depending on i) of Sa into the structure group 0 of 
Sfi . We then have 

A(p7i ; i, k) = (A<t>i-p7i ; Ai , k). 

Finally, multiplying on the right by (a; i, k), 

(4.1) A(a’, i, k) = (A<l>i-a; Ai, k). 

By left-right duality, there likewise exist mappings 

K —> kA of K into itself, 

A —* A\p, of Sa into G, 

such that 

(4.2) (a; i, k)A = (a>Ayf/, ; i, /c4). 

By double applications of (4.1) and (4.2) we find 

AB(a; i, k) — (A<j>Bi’B<l>i-a; A{Bi), k), 

(a; i, k)AB = (<i‘Af„-B\l/,A ; i, {kA)B). 

Hence 

(4.3) {AB)i = A{Bi), k{AB) = {kA)B) 

(4.4) {AB)<t>i = iA<l>Bi)iB<t>i), (riB)^. = (4^.)(5\^.^)- 
Likewise 

(a;j,K)A’ib;i,X) = {a-A\l^.-p.A.J);j,\), 

{a;j, K).Aib‘, i, X) = (ap,.^,.ri«^,-b; j, X), 

whence 

(4.5) {A^T^PtA.i = p,.Ai{Afl>i). 

Conversely, let Sa be any semigroup and Sf a matrix semigroup over a group 
G as above. Let there be given a left representation of Sa by mappings of J 
into itself, and a right representation of Sa by mappings of K into itself, in other 
words (4.3). To each i in J (and each k in K) let there be given a mapping 
of Sa into G such that (4.4) and (4.5) hold. Let S be the class sum of 
Sa and Sfi . Then if we define multiplication between elements of Sa and Sa 
by (4.1) and (4.2), the associative law holds, and 5 is a semigroup. Of the six 
possible cases to consider, three are evident from the derivation of (4.3), (4.4), 

(4.5) , and the remaining three are identically satisfied, as is easily seen. 
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The equations (4.4) and (4.5) can be simplified by normalizing' the p„-matrix 
so that 

p«i = Pn = e 

where e is the identity element of G. (No confusion arises by denoting these 
particular elements of J and K by the same letter 1.) Rather than refer to 
Rees’s Theorem 2.91 and the notion of equivalence, simply observe that if we 
write 


then 


[a; i, 4 = (gior, ; i, k) 


[aj k][6} i) X] j) X]. 

Thus p,< is replaced by 

/ 

p«< = r,p„^i . 


If we choose 


~ PllP«l ) Qi — Pn 

then pu = p'l = e. 

Assuming this normalization and setting k = 1, i = 1 in (4.5) we obtain 
Atpi = A<t>i . Denote = <f>i by <l>. Setting k = 1 and f = 1 separately in 

(4.5) we find 

(4.6) A«/», = (A<t>)piA.i , A\l/, = p,,AiiA<t>). 

Putting these back in (4.5), 

(4.7) p,.Ai{A<l>)p,A.t = p,,a.(A</>)pm,,- . 

Setting i = 1 (or K = 1) in (4.4) and using (4.0), 

(4.8) {AB)<I> — (A<l>}piA,Bi(.B<j>). 

(4.1) and (4.2) become respectively 

(4.9) A(o; i, k) = (A^-Pia.,^; Ai, k), 

(4.10) (a; i, k)A = (ap,,Ai-A<l); i, kA). 

Theorem 4. Ltt S be a semigroup which splits into two disjoint semigroups 
Sa and such that SaS^ and S^Sa arc contained in Ss , and where is a completely 
simple semigroup without zero. If in the representation of as a matrix semigroup 
over a group G we normalize the defining matrix (p„) so that p,i = pu = e, the 
identity element of G, then there exist left and right representations (4.3) of Sa by 


* That this normalization is possible was shown by Suschkewitsch (loo. cit.) in the 
finite case. 



1048 


A. H. CLIFFORD 


mappings of the index classes J and K of into themselves j and a mapping <l> of 
Sa into G satisfying (4.7) and (4.8), such that the products in SaS^ and S^Sa 
are given by (4.9) and (4.10). 

Conversely^ let Sa be any semigroup and S^ a completely simple semigroup with- 
out zero having no element in common with Sa . Let S^ be given as a matrix semi- 
group over a group G with matrix (p^i) normalized as above. Let Uiere be given left 
and right representations (4.3) of Sa by mappings of the index classes J and K 
of Sfi into themselves^ and a mapping 0 of Sa into G satisfying (4.7) and (4.8). 
Let S be the class sum of Sa and S^ . Then (4.9) and (4.10) define an associative 
multiplication in S such that SaS^ and S 0 Sa are contained in S^ . 

Proof: The first part has of course already been shown. To show the second 
part, define A4>i and A\l/^ by (4.6), vso that (4.9) and (4.10) go back into (4.1) 
and (4.2). We already have (4.3) and so need prove only (4.4) and (4.5) for 
associativity. Using the definition (4.6) we have 

{AB)<t>i = {AB)<t>*PiAB,i 

= {A4>)PlA,B\[B4>)piAB,i 

by (4.8). In (4.7) replace -4 by JS and k by \A ; 

PlA,Bx{B<l>)PiAB,i = PlA,Bi{B<t>)PiBti • 

Hence {AB) 4 >i = {A 4 >)piA.Bi{B<l>)piB^ 

= (4<^b,*)(J?0»). 

The second part of (4.4) is shown in a similar manner. To show (4.5) we have 
by (4.7) 

(^Wpic^.t = PK.Al{Att>)p^Ji^i, 

= P^,Ai{A(t>)PlA^ 

= p^,Ai{A(l>i). 

That SaS^ and SpSa are contained in S^ is obvious. 

If all the p^i = c, which is the case if and only if the product of any two 
idempotents of S^ is idempotent, (4.7) is no condition at all on <^, and (4.8) 
reduces to 

{AB)<l> = {A4>){B<t>). 

Hence the structure of S is determined in this case by the representations (4.3) 
and a homomorphism of Sa into (?. 

We close with an example to show that in the contrary case ^ need not be a 
homomorphism. Let (r be a cyclic group of order three, G = {e, a, a*}, a® = c. 

Let J = -fir = {1, 2}. Let pn = pn = P 21 = P 22 = a. Let Sa be a cyclic 

group of order two, Sa — {E, A], A^ — E. Let 

^1 = 1^= 1, E2 = 2E 2, 

ill = U = 2, i42 = 2i4 = 1. 
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Finally let 

= e, = a. 

This is evidently not a homomorphism of Sa into G. Yet the conditions (4.7) 
and (4.8) are easily verified. For example, 

(i4.i4)0 = E<f> = 

(A<I>)pia,ai{A<I>) = 0P2J0 = o’ = e. 
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DIE TOPOLOGIE DER LIESCHEN GRUPPEN ALS ALGEBRAISCHES 

PHANOMEN. I 


Von Hans Freudenthal 
(Received November 15, 1940) 


DaC man die Topologie der Lieschen Gruppen nicht rein gmppentheoretisch 
erfassen kann, ist bekannt. Desto merkwiirdiger ist der zuerst von E. Cartan/ 
danach (ohne Kenntnis der Cartanschen Arbeit) andersartig von B. L. v. d. 
Waerden^ bewiesene Satz: 

Ein Isomorphismus zwischen zwei halbeinfachen kompakten Lieschen Gruppen 
ist notwendig stetig. 

DaC die Halbeinfachheit allein die Giiltigkeit dcs Satzes nicht gewahrleistet, 
zeigt das laut v. d. Waerden von J. v. Neumann herriihrende Beispiel: 


In der Gruppe g der komplexen Matrices 



mit der Determinante 1 


kann man durch unstetige Automorphismen/des Korpers der komplexen Zahlen 
unstetige Automorphismen 


.7 5/ v/w /(«)/ 


definieren. 

Diese Gruppe g ist nun als Liesche Gruppe von 6 reellen Parametern 
(9?a j , 9?7 , , 3/3 ; 3 t) cinfach (bis auf einen diskreten Normalteiler), und 
doch fehlt dem Beispiel die rechte Uberzeugungskraft. Und das kommt so: 
Bei der reellen Klassifikation der reellen einfachen nichtabelschen Gruppen^ unter- 
scheidet man die 

erster Art, die komplex nicht mehr einfach (sondern direktes Produkt zweier 
konjugierter einfacher Gruppen sind), und die 

zweiter Art, die aiLch komplex einfach sind. 

Die erster Art lassen sich, wie man leicht beweist,^ alle so erzeugen : Man nehme 
eine reelle einfache nichtabelsche Gruppe, setze sie ins Komplexe fort und trenne 
Real- und Imaginarteil; diesen ProzeC, der die Dimensionszahl verdoppelt, 
wollen wir ^‘Verdoppelung'' nennen. 

Eine Gruppe erster Art haben wir gerade in obigem Beispiel angetroffen. So 


^ E. Cartan, Sur les representations lin^aires des groupes clos [Comment. Helvet. 2 
(1930), 269-283]. 

* B. L. van der Waerden, Stetigkeitssfitze ftir halbeinfache Liesche Gruppen [Math. 
Zeitschr. 86 (1933), 780-786]. 

’ E. Cartan, Les groupes reels simples, finis et continus [Ann. Ecole Norm. Sup. (3) 31 
(1914), 263-355). 

< a. a. 0.,« 266-267. 
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beschleicht uns der Verdacht, dafi fiir den Cartan-v.d.Waerdenschen Satz nicht 
die Kompaktheit, sondern die Zugehorigkeit der einfachen Gruppe zur zweiten 
Art verantwortlich sei. 

In der Tat beweisen wir den 

Hauptsatz I: Ein Isomorphismus zmschen zwei Lieachcn Gruppen^ von denen 
die eine einfach und von zweiter Art ist, ist notwendig stetig, Oder: Im Bereiche 
der Lieschen Gruppen ist die Topologie der einfachen Gruppen zweiter Art ein rein 
algebraisches Phdnomen. 

(In der letzten Formuliening ist der Hauptsatz auch sinnvoll fiir jemanden, 
der unstetige Abbildungcn iiberhaupt ablehnt — etwa aus intuitionistischcn 
Erwagungen.) 

Bemerkung I : Der Hauptsatz blcibt giiltig, wenii man die Einfaehheit nur 
im Kleinen fordert. 

Bemerkung 2: Hauptsatz I lai^t sich in naheliegender Weise auf halbeinfache 
Gruppen ausdehnen (siehe v. d. Waerden, a.a.O.,^ S. 785). 

Bemerkung 3: Fiir die reellen projektiven Gruppen ist Hauptsatz I bereits 
von O. Schreier und B. L. van dor Waerden bewiesen vvorden.^^ 

Man wird vermuten, daC die Aussage von Hauptsatz I fiir keine einfachc 
Gruppe erster Art richtig sei; auf die nicht so ganz leicJite Aufzahlung allot* Iso- 
morphismen fiir Gruppen erster Art werde ich bald zuriickkommen. Ich beab- 
sichtige, dieselben Fragen aueh fiir nicht-halbcinfache Gruppen zu beantworten; 
fiir die Gtiltigkeit von Hauptsatz I ist namlich etwas wie die Zugehorigkeit zur 
zweiten Art wichtiger als die Halbeinfaehheit. 

Den Gedankengang unseres Beweises erkennt man leicht aus der Gliederung 
der Arbeit in die Satze 1 — 9. Nur auf Satz 1 und seine wohl an und fiir sich 
intereasanten Anwendungen will ich besonders hinweisen. 

Allgemeine Bezeichnungen 

1. Gruppen: kleine gotische Buchstaben. 

Elemente von Gruppen: kleine lateinische Buchstaben. 

Gruppen-Eins: /. 

Infinitesimalgruppen: groCe gotische Buchstaben. 

Elemente von Infinitesimalgruppen: groCe lateinische Buchstaben. 

Mengen von Gruppen: kleine fette gotische Buchstaben. 

Mengcn von Infinitesimalgruppen: groBe fette gotische Buchstaben. 

Meistens werden Gruppe und zugehorige Infinitesimalgruppe mit demselben Buch- 
staben bezeichnet (klein und groB). 

n =* Durchschnitt, U = Vereinigung. 

Vorbereitungen — ^Liesche Gruppen 

2. Liesche Gruppe ist bei uns jede Gruppe, die von einer Infinitesimalgruppe 
erzeugt wird. Wir finden es zweckmafiig, von einer Lieschen Untergruppe nicht 
(wie es manchmal geschieht) Abgeschlossenheit zu verlangen. 

Unter einer Basis einer Infinitesimalgruppe ® verstehen wir ein System, aus 


^ Die Automorphismen der projektiven Gruppen [Abh. Hamburg 6(1928), 303-322]. 
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dem sich alle Elemente von @ eindeutig linear kombinieren lassen; ein Erzeu- 
gendensijstem von & sei dagegen ein System, aus dem sich alle Elemente von @ 
durch lineare Kombination und Kommutatorbildung herstellen lassen. 

3. In Lieschen Gruppcnkeimen verwendet man oftcrs geodatische Koordi- 
natensystcme: Ist Xi , • • • , X, eine Basis von so erhalt der Punkt 

exp X'X,) 

die Koordinaten 

X’, . . . , X'. 

Alle geodatische Koordinatensystcme transformiercn sich ineinander analytisch 
mit nicht verschwindender Funktionaldeterminante. 

Die Koordinatentransformation, bei der der Punkt 

exp (m'X, + • • . + M'‘A%,).exp + • • • + • • • 

... exp + . . . + m 

die Koordinaten 

I r 

M , • • • , M 

erhalt, ist eine analytischo Abbildung des X-Rauins in den /i-Raum mit der 
Funktionaldeterminante 1 im Nullpunkt. 

4. In iler Lieschen Grui)pe g seicn a,{t) {v = I, • • • , r) r stetig differenzierbare 
Bogen mit 0,(0) = /; die Tangentialvektoreii X, — a',(0) mogen eine Basis von 
@ Widen. Dann iiberdeeken die 

ai(t>) • • • ar(ir) 

cine Umgebung von /. 

Deiin die Abbildung des (h , ■ ■ ■ , <r)-Raumes in den X-Raum, die durch 
■ ■ ■ ar(tr) = exp (x'A'i + . . . + XLY,) 
definiert ist, besitzt in / die Funktionaldeterminante 1. 

5. Regulare Schichtung einer r-dim. analytischen Mannigfaltigkeit in der 
Umgebung eines ihrer Punkte nennen wir das analytische Bild (Funktional- 
determinante ^ 0) der Schichtung 

(*) = const, • • . , fr = const 

des ({i , . . . , {r)-Raumcs; die Bilder der g-dim. Hyperebenen (*) heiCen die 
Schichten. 

Wir zeigen: Ein stetig differenzierbarer Bogen, der in jedem seiner Punkte a 
die durch a laufende Schicht einer regularen Schichtung beriihrt, verlauft ganz 
in einer Schicht. Es geniigt, das zu beweisen fur die Schichtung (*) des 
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^Raumes. In diesem Falle gilt aber, wenn ~ 1> • • • » >■) die ^ Koordi- 

naten des Kurvenpunktes sind, (t(l) — 0 fiir alle v > q, also in der Tat {►(<) = 
const fiir alle v > q, w.z.b.w. 

6. Die (Rechts-oder Links-)Nebengruppenschichtung eines Lieschen Gmppen- 
keimes g in bezug auf einen Lieschen Untergruppenkeim ^ ist in der Umgebung 
jedes Punktes regulilr. Anwendung von 5 und des Borelschen tlberdeckungs- 
satzes liefert: Eine stetig differenzierbare Kurve in fl, die in jedem ihrer Punkte 
a die Nebengruppe ol^ beriihrt, verlauft ganz in einer Nebengruppe. 

7. In der Lieschen Gruppe g seien c,(i) (v = 1, • ■ • , n) analytische Bogeu^ 
c,(0) = /. Die kleinste Gruppe, die diese Bogen enthalt, heiCe 1)(C fl). f) ist 
notwendig Liesch. 

Beweis: a{t) — t^'X + • (Potenzreihe in t) sei die MacLaurin-Entwicklung 

eines beliebigen analytischen Bogens aus h mit o(0) = / und X 0; der Vektor 
X heiUe der “Hauptteil” von a(<). $ sei die Menge aller soldier Hauptteile 

mit a(t) < nebst dem Nullvektor. $ ist eine Infinitesimalgruppe, denn sind 
X bzw. Y die Hauptteile von a(t) bzw. 6(0, so sind aX + ffY bzw. [X, F] die 
Hauptteile der Bogen a(at)-b(0t) bzw. a(t)b{t)a~^(t)b~\t). 

Sei a ein willkvirliches Element von dann ist 

a = ••• 

wo vi , • • • , v, gewisse der Zahien 1, • • • , n (cvtl. mit Wiederholungen) sind. 
Der analytische Bogen 

a(0 = (0 ^ < g 1) 

verbindet / mit a in 1^. Fur festes t ist 

6 ( t ) = a{t)~^a{T + 0 {~i ^ T ^ I — t) 

ein analytischer Bogen in nach der Definition von ^ gehort sein Tangen- 
tialvektor fiir t = 0 zu Also gehort a'(0 (das ist namlich der Tangential- 
vektor von o(t + t) fiir t = 0) zu a(0$. Sei l)o die von ^ erzeugte (Liesche) 
Gruppe; nun beruhrt a{l) in jedem seiner Punkte die Nebengruppe a(0()o , liegt 
also nach 6 ganz in einer Nebengruppe, und da a(0) = / ist, ganz in l)o . Also 
ist a = a(l) e ()o . Da a beliebig in 1) war, haben wir 

(1) ^ C ^0 . 

Sei nun Xi , • • • , Xr eine Basis von definitionsgemaC existieren in 1^ 
analytische B6gen a,{t) mit den Hauptteilen X, : 

0,(0 = f’X, + • • • . 

In 0,(0 fiihren wir als neuen Parameter s = ein, 

0,(0 ™ 6 ,( s ) ; 
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bp{8) ist stetig diflFerenzierbar und sein Tangentialvektor fiir s = 0 ist Xy . Die 
Menge der 

6l(«l) . . • briSr) 

ist in f) enthalten und iibcrdeckt nach 4 eine Umgebung von i in bo . Also 
enthalt b eine Umgebung von / in bo , also ganz bo : 

(2) b=>bo. 

Also ((1) und (2)) ist b = bo Licsch, w.z.b.w. 

8. Satz 1: In der Untergruppe c der Lieschen Gruppe g sei jcdea Element 
analytiscli verbindbar mil /. Dann ist c Liesch, 

Beweis: f sei Liesche Untergruppe maximaler Dimension von c; Xi , • • • ,Xp 
sei eine Basis der Tnfinitesimalgruppe von f. Sei a beliebig in c; nach Voraus- 
setzung existiert ein analytischer Bogen a{t) (0 ^ ^ ^ 1) mit a(0) = /, a(l) = a, 
Nach 7 erzeugen a(t) und exp (tXy) {v = 1, ••• ,p) zusammen eine Liesche 
Untergnippe von g, die wegen der Maximalitat (s.o.) gleich f ist. Also ist 
a € f, also c C f, also c = f Liesch, w.z.b.w. 

9. Anwendungen von Satz 1 : 

1. Sei f Teilmenge der Lieschen Gruppe g; sei b cine Teilmengc von g, die / 
enthalt, und in der jedes Element mit / analytiscli verbindbar sei (z.B. eine 
Liesche Untergruppe von g). Die von den Kommutatoren k~^h~^kh (mit k et 
und h € b) erzeugte Gnippe c ist Liesch. — Denn ein Kommutator k~‘^h~^kh ist 
mit 1 durch kT^hity^khity^ analytisch verbindbar, wenn h{t) eine analytische 
Verbindung von i mit h ist; ist e € c, so ist c = ci • • • Cg , wo die c„ von der Gestalt 
k^^hT^kh sind; ist durch ey{t) mit / verbindbar, so auch e durch Ci(0 • • • eq{t). 
Die Voraussetzungen von Satz I sind also erfiillt. 

2. Ein Xormalteiler c der Lieschen Gruppe g, der mit seiner Kommutator- 

gruppe identisch ist, ist Liesch. — Man setze namlich in 9.1 : b = = C- 

3. Ein Xormalteiler c der Lieschen Gruppe g, der nicht ganz im Zentrum von 
g liegt, enthalt eine Liesche Untergruppe positiver Dimension. — Ist a € c, aber 
a nicht im Zentrum von g, so ist die von den g^^oT^ga {g e g) erzeugte Gruppe 
von positiver Dimension und nach Satz I (auch bercits nach 7) Liesch. 

4. Ist die Liesche Gruppe g einfach im Kleinen, so liegen alle ihre Normal- 
teller ( 7 >^g) in ihrem (notwendig diskreten) Zentrum.^ — Ware namlich c ein 
Normal teller, der nicht ganz im Zentrum lage, so ware, wie aus Hauptsatz I 
leicht folgt, die maximale Liesche Untergruppe f von c ebenfalls Normalteiler 
von g und nach 9.3 von positiver Dimension, was der Einfachheit im Kleinen 
widerspricht. 

5. Man kann 9.4 auf im Kleinen halbeinfache Gruppen ausdehnen. 

• Verallgemeinerung eines Satzes von v. d. Waerden, a. a. O.,* 784, fttr kompakte 
Gruppen. 
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10 * Wir erwahnen fiir spatere Anwendungen den Satz: Bei einer abgeschlos- 
senen Untergruppe einer Lieschen Gruppe ist die Menge der Komponcnten 
(abzahlbar) diskret und die Komponente von / eine Licsche Gruppe.® 

Vorbereitungen — ^halbeinfache Gruppen^ 

11 . 1. Rang I von @ nennt man bekanntlich die Zahl der algcbraisch un- 
abhangigen Wurzeln der Elemente von Bei einer halbeinfacheii Gruppe ist 
der Rang gleich der Zahl der identisch versehwinderiden Wurzeln. Reguldr 
heifit ein Element von das nicht mehr als I verschwindende Wurzeln besitzt. 
Reguldre Untergruppe der halbeinfachen Gruppe & heilSt die Gruppe ip aller 
mit einem regularen Element vertauschbaren Elemente; auch die von eiiiem 
regularen § erzeugte endliche Gruppe wird regular genannt. 

In Bezug auf eine regulare Untergruppe ^ (Elemente H) kann man eine 
halbeinfache Gruppe bekanntlich auf folgende einfache Gestalt bringen: 

[H, Ea] = aE, , 

[Ea , E^a] = Ha , 

[Ea , Efi] = Na,0Ea-i-fi{f^\h « + ^ 5 *^ 0). 

Die a, • • • sind dabei lineare Funktionale von die ‘^Wurzclformen”® von @ 
in bezug auf ^ (die man auch als kontravariante Vektoron im Raume der H 
auffassen kann). Mit a ist auch —a Wurzelform; unter den Wurzelformen gibt 
es I linear unabhangige. 

2. Wir setzen im Folgenden ® und ^ stets als reell voraus, gchen aber, wo es 
notig ist, ohneweiteres ins Komplexe liber. Dann tritt mit a auch a (das 
konjugiert komplexe Funktional) als Wurzelform auf; wir wahlen Ea und Ea so, 
daC sie konjugiert komplex sind. 

Wegen der Halbeinfachheit ist die quadratische Form 

v?(r, T) = Spur dcr Abbildung X [T[TX]] 

= E P' + L iV.r'r-'’ (7’ = // + Z r%) 

(Summon iiber alle Wurzelformen erstrecken!) bekanntlich nicht entartet. 
Np = Spur der Abbildung X — > [E^plEpX]]^ also Np — Np , Die Normierung® 

« E. Cartan, La th^orie des groupes finis et continus et Tanalysis situs [Memorial sc. 
math. XLII], p. 24. 

^ Siehe hierzu: E. Cartan, Sur la structure des groupes de transformations finis et con- 
tinus [Th^se, Paris 1894]. — H. Weyl, Theqrie der Darstellungen kontinuierlicher halbein- 
facher Gruppen durch lineare Transformationen [Math. Zeitschr. 23(1925), 271-309 ; 24 
(1926), 328-395], insb. Kap. III. — Wir richten uns hier nach B. L. v. d. Waerden, Die 
Klaasifikation der einfachen Lieschen Gruppen [Math. Zeitschr. 37(1933), 446-462]. 

* Im Interesse der Deutlichkeit unterscheiden wir zwischen den Wurzeln — das sind die 
charakteristischen Wurzeln der Matrices der adjungierten Gruppe, entweder fUr ein ein- 
zelnes Eleinent oder als Funktionen auf der ganzen Gruppe — und den Wurzelformen — das 
sind die Wurzeln, als lineare Funktionen auf $ definiert. 

® Siehe v. d. Waerden, a. a. 0.,’ 447. 
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iVp = — 1 laCt sich daher so durchfuhren, daC und konjugiert komplex 
bleiben. 

Diese Normierung hat zur Folge, daC linear von p abhangt. 1st 

X = L PpP 

P 

eine linoare Kombination von Wurzelformen, so konnen wir dann widerspruchslos 
definieren 

H\ = Pp Up y 

p 

alle Elemente von ^ lassen sich auf diese (fiir iins recht bequeme) Weise 
darstellen. 

Wir haben nun 

[H,Ep] = -(p, \)Ep ; 

— (p, X) ist der Wert des Funktionals p fur den Vektor H \ . Hier ist (X, p) 
niehts Anderes als die zu der quadratisehen Form Q{H \ , H\) = ^ p gehorige 
symmetrische Bilinearform. 

Da mit p auch p Wurzelform ist, ist die Jhlinearform (X, p) reell (d.h. reell 
fiir reelle Argumente). Die quadratisehe Form (X, X) ist im Allgemeinen nicht 
definit; trotzdem werden wir (mit der notigen Vorsicht) Bezeichnungen wie 
orthogonal (in Bezug auf diese quadratisehe Form) gebrauehen; ein Vektor 
Ih ^ 0 mit (X, X) = 0 heiftt isotrop; die Up , fiir die p eine Wurzelform ist, konnen 
nie isotrop sein, fiir Wurzelformen p gilt: (p, p) < 0. 

3. Mit a und ^ ist auch a — 2 P Wurzelform; die 2 sind ganz. Mit 

a, 0 und a + k0 ist auch a + k'0 Wurzelform fiir 0 ^ fc' ^ k. 

12. Eine halbeinfache Gmppe ist bekamitlich dann und nur dann komplex 
einfach, wenn sich je zwei Wurzelformen a, 0 durch eine ^‘Kette’' 

a = ai y a2 , • • • , Qfp , ap+i = 0 

von Wurzelformen verbinden lassen, 

(ay , av-hi) ^ 0. 

Wir behaupten: 

Ist & halbeinfach und komplex einfach, und sind a, 0 W urzelformen mit 
(a, 0) 9 ^ 0, so existiert eine Wurzelform y mit 

(a, 7 ) 5 *^ 0 , (0y 7 ) 7 *^ 0 . 

Zum Beweise nehmen wir an, obige Kettc sei minimal; wir miissen dann 
zeigen, daC p = 2 ist. Wir diirfen weiter annehmen 

(apy 

a^ti) 


< 0 fiir alle p 
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(andernfalls ersetzen wir gewisse Wurzelformen durch ihre negativen). Aus der 
Minimalitat folgt 

(a^ , a,) = 0 fur I M I > 1- 

Sei bereits fiir einq < p bewiesen, daC 2- a, entweder Wurzelform oder 0 ist; 

>»— 2 

fl+1 

wir beweisen dasselbe fiir ^ cxy . In der Tat ist 




< 0 ; 


<t Q 

ist X) Wurzelform und — ag+i , so ist nach 11.3 2 + a«+i Wurzelform; 

Q <J <1 

ist ist 2 q!f + = 0 ; ist schlieClieh X) = 0 , so ist 

F«i2 Fai2 V>i2 

2 ^ a, + aq+i = ag-^i , also Wurzelfonn. Damit ist die Induktionsbehauptung 

f-2 

bewiesen. 


p 

Aus ihr folgt: 7 = 2 «. ist Wurzelform oder 0. 

.-2 


(a, 7 ) = (ai , 7 ) = (ai , on) 9 ^ 0, (/8, 7 ) = ( 0 ^ 4 1 , 7 ) = (a^+i , Up) 7 ^ 0. 

7 ist demnach die gcsuchte Wurzelform. 


13. Aus dem Vorigcn folgt: Ist ® halbeinfach und komplex einfach, so sind 
alle Zahlen (a, ;8) (a, (8 Wurzelformen) rationale Vielfachc ciner unter ihncn. 

14. ^ sei eine p-dim. abelsche Untergnippe der halbeinfachen Gmppe ®; 
femer sei $ von keiner groCeren Untergnippe von @ Normalteiler. Dann ist ^ 
regular. 

Beweis: Nach Voraussetzung gilt fiir jedes X « ® mit 

[HX] e $ fur alle H e § 

notwendig 

Xe®. 

Wir konnen daher ® auf die Gestalt 

[HEa] = aEa 
[HE'„] *= aE’„ mod J?. 


[E,E^]€^ 
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bringen, wo die a die nichtverschwindenden Wurzelformen sind. Aus der 
Tatsache, daC die Spur von 

X irirx]] 

eine nichtentartete quadratische Form ist, schlieCt man wic iiblich, daC ^ p* 
nicht ausgeartet ist, und daC es genau p linear unabhangige Wurzelformen gibt, 
also p g I (denn die Wurzeln sind Funktionen auf ganz die Wurzelformen 
nur auf S>, und fiir die (lincaren) Wurzelformen fallen lineare und algebralsche 
Abhangigkeit zusammen; siehe auch 11.1). Andererseits ist p dcfinitionsgemaC 
auch die Zahl der verschwindenden Wurzelformen, also p ^ 1. Dcmnach 
p = 1] jedes geniigend allgemeine Element von ist also regular, und da $ 
sicher maximal abolsch ist, ist auch § regular. 


16. Eine Teilmenge der Wurzelformen der halbeinfachen Gruppe nennen wir 
geschlossen, wenn sie mit a auch —a enthalt und mit a und /3 auch a + /3, falls 
das eine Wurzelform ist. 

Sei P eine geschlossene Mcnge von Wurzelformen und 

= £ PpP 

P 

eine lineare Kombination aus P, die auf ganz P oi’thogonal sei. Dann i.st a = 0- 
Beweis: Die obige Darstellung von <r sei so gewahlt, daC 23 | Pp I minimal 
positiv ist. Es gebe ein pa mit pa 0. 

(«. '^) = 51 pp(«. p)- 

Wegen (a, y) = 0 und Pa(a, a) 9 ^ 0 gibt es ein j8(?^ — a) mit 

sgn Paia, a) = -sgn p<((a, 0), 


Sei sgn = sgn p^ . 

«P. 


-sgn 


(«, 0 ) 
(a, a) 



Dann ist sgn 


(a, a) 


< 0, also nach 11.3 /3 + « Wurzelform 


V = 2 PpP ±a±i8+(a + (3) = 22 9pPi 

ga = Po ± 1, = Pp ± = Pa+S + 1 


(untere Zeichen fiir p« > 0, obere fiir pa < 0). Das ist eine neue Darstellung 
fiir a, und es ist 2 I 9p I < 2 I Pp I • Widerspruch zur Minimalit&t. 

Analog schlieBt man bei sgn pa — —sgn pu . 


16. Sei P eine geschlossene Menge von Wurzelformen und S das System aller 
linearen Relationen in P. Dann bilden die Relationen der Form 

(*) a + /3 - 0 und a + U + 7 = 0 

aus S ein Erzeugendensystem fur S. (a, /3, y e P.) 
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Beweis: Das von (*) erzeugte Relationensystem heiCe S*. 1 st S* ^ S, so 
wahlen wir die Relation 

2 PpP = 0 

in S, aber nicht in S*, so daC | Pp | minimal ist. Wir schlieCen dann wortlich 
wie oben auf die Existenz einer Relation 

S 9pP = 0 

in S, aber nicht in S*, mit 

Z I 3p I < L I Pp l> 

also auf einen Widerspnich. 


17 . Die Untcrgruppe @ dor halbeinfachen Gruppe @ sei von einer Menge von 
Paaren Ea , E-a aus © erzeugt. Dann ist @ halbeinfach und ffi n § regulare 
Untergruppe von (S. 

Beweis: Eiii Erzeugendensystem von @ besteht aus den Ea , E^ , Ha , y^o a 
eine geschlossene Menge A durehlauft. Man berochne ^(7", T) fiir die Gruppe 
(S. Da Na ein positives Vielfaches von (a, a) 9^ 0 ist (siehe Wcyl, a.a.O., S.366), 
brauchcn wir uiis nur um JZ zu kummem, urn zu beweisen, daC <p(7\ T) nicht 
ausgeartet ist. Fiir folgt das aber nun aus 15, da danach kein von A 
abhangiger Vektor auf ganz A senkrecht steht. 

Rein gruppentheoretische Definition der regularen Untergruppen 

Tm GroCen werden wir die halbeinfachen Gruppen jetzt immer als zentrumfrei 
voraussetzen. 


18 . sei regulare Untergruppe der halbeinfachen Gnippe 9 , 1 )* sei die maximal- 
abelsche Untergruppe von 9 die enthalt. Dann ist endlich.^® 

Beweis: Sei a c Der Automorphismus 

A • • • a: — > a~^a:a 


laCt f) clementweise fest. A ist auch ein (reeller) Automorphismus fiir die 
komplexe Infinitesimalgruppc ® von 9 : 

[H, Ea] == aEa , [Hj AEa] = aAEa y RIsO AEa = VaEa . 


(1) [Ea , E^a] = //« , 


[AEa , AE-a\ = Ha , alsO VaV-a = U 


( 2 ) 


[Ea y E^] = Na,^Ea+fiy [AEa y AEfi] = Na.fiAEa^^ y also VaVfi = Va+fi y falls 

a + Wurzelform. 


In 18 und 19 befinden wir uns auf den Fufispuren von F. Gantmakher, Canonical 
representations of automorphisms of a complex semi -simple group [Recueil Math. Moscou 
6 ( 47 ) (1939), 101-146], insb. 128, 129. Da wir mehr mit dem Reellen rechnen mtissen, 
verfahren wir in 18 ein bifichen anders als Gantmakher. Die Resultate von Gantmakher 
gehen (im Komplexen) weiter als unsere in 18 und 19 ; doch spiel t das fiir unsere Unter- 
suchungen keine Rolle. 
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(3) VaEa = vJEa = AEa = AEa = AEa = VaEa = VaEa , alsO Va ^ Va • 

(1) und (2) kann man auch so interpreticren: ist a + /3 = 0 bzw. a + P + y — 0 
eine Relation zwischen Wurzelformen, so ist VaV^ = 1 bzw. VaV^Vy = 1. Nach 
IGfolgt hieraus: 

ist £ PpP = 0, so ist II Vp ' = 1 (Pp ganz). 

P P 

Auf grund dessen konnen wir fiir eine beliebige lineare Kombination 

= 53 9/>P (9p ganz) 

P 

der Wurzelformen eindeutig definieren 

= U vV. 

p 

Diese a besitzen eine Basis (fur ganzzahlige lineare Kombination) (Ti , • • • , ai, 
Definieren wir 

= log (irgendein Wert des log) 
und = 51 r* log fur cr = 51 ! 

« X 

Dann ist linear in den o- und fiir Wurzelformen a 

== Va . 

Wir definieren weiter 

Dann ist auch rj^, linear in <r, rcell fiir reelle a und 

0“’' = VffVi = pj , = di . 

Bestimmen wir H = so, daC 

wird, so ist H reell und erzeugt h = exp H einen reellen Automorphismus 

B ••• X hT^xh 
mit 

hT^Eah = exp ± VaEa . 

Der Automorphismus ABT^ von g laCt f) elementweise fest und macht 

AB ^Ea = db-Ea • 

Es gibt nur endlicli viel derartige Automorphismen (entsprechend der Zeichen- 
wahl). Da g zentrumfrei, a beliebig in f)* und /i € f) ist, besitzt also ^ in \)* nur 
endlich viel Nebengruppen, w.z.b.w. 
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19. ^ sei regultlre Untergruppe der halbeinfachen Gruppe g, t)' sei die grdCte 
Untergruppe von g, in der f) Normalteiler ist. Dann ist endlich. 

Beweis: Sei o « Der Automorphismus 

A • • • a: — » oT^xa 

laCt 1^ als Ganzes fest. Wir setzen 

A//x = Hax . 

A wirkt dann linear auf die X. Fiir eine Wurzelform p gilt 

[H\Ep] = — (p, \)Ef , also [Hax , AE^] = — (p, \)AEp . 

% 

Also permutiert A die Wurzelformen. Ist A die identische Permutation der 
Wurzelformen, so ist 

(p, AX) = (p, X) fiir allc p, 
also AX = X; 

dann laCt A also f) clemcntweise fest, und dann ist a e {)* (xsiehc 18). Da die 
Wurzelformen nur endlich viel Permutationen zulasscn, besitzt in f)' nur 
endlich viel Nebengmppen, also ist endlich, also nach 18 auch 

20, 1. Ist {) eine abelsche Gruppe, so sei die Gruppe aller /i” mit h ei); der 
Durchschnitt aller 1)” (n = 1, 2, . • •) heiCt die Verkilrzung von 

2. Man zeigt leicht: Ist {) abelsch und f)o , die Komponentc von / in f), Lie^sch, 
ist ferner eine Gruppe von endlich vielen Erzeugenden, so ist die Ver- 
kiirzung von i). 

3. Seien a, b, c Liesche Untergruppen der Lieschen abelschen Gruppe 1) und 
?I, Sdy S die zugehdrigen Infinitesimalgmppen. Sei S = ?I n S3. Dann ist c 
die Verkilrzung von a n b. 

Beweis: Nach 20.2 brauchen wir nur zu zeigen: (a n b)/c besitzt endlich 
viel Erzeugende. — Sei 

/i € a n b. 

Dann h = exp x , x € 21 (reell), 

(*) = exp (reell) ; 

also 

(**) (p, X) = (p, m) .+ np.2« (rip ganz) 

fur alle Wurzelformen p. Die Zahlen rip = np(li) fassen wir zu einem "Vektor” 
n{h) zusammen. Der Vektor n(h) ist durch h nicht eindeutig bestimmt, sondern 
nur mod m, der additiven Gruppe aller Vektoren n(/). Die n{h) mod m bilden, 
wie man leicht sieht, eine additive Darstellung der Gruppe a n 6. Ist n(h) » 0 
mod m, so kann man X und p in C") so bestimmen, daO n(h) « 0 wird; dann wird 
in (**) (p, X) = (p, p) fOr alle p, also \ — n, Hx = — <S und htc. 
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Also ist (a n b)/c homomorphes Bild der (additiven) Gruppe der n(h) mod m, 
also sicher eine Gruppe von endlich vielen Erzeugenden, w.z.b.w. 

21 . Folgender Satz definiert rein gruppentheoretisch die regularen Unter- 
gruppen: 

Satz 2: \) ist dann und nur dann reguldre Untergruppe der halbeinfachen Gruppe 
0, wenn gilt: 

1. {) ist abelsch; 

2. 1) ist seine eigene Verkurzung; 

3. tj ist maximal in bezug auf 1 und 2 zusammen] 

4. ist t)o irgendein Normalteiler von und abzdhlbar, ist weiter 1)'(C0) die 
groBte Gruppe^ in der t)o Normalteiler ist, so ist auch lf)'/^o abzdhlbar. 

Beweis: Sei 1) regular. Dann ist 1 trivial, 2 ist in 20.2 und 3 ist in 18 und 
20.2 onthalten. Nun zu 4: Sei f)/l^ abzahlbar; dann'^ ist I)o = b, also auch b 
Normalteiler von und nach 19 bVb endlich, also bVbo abzahlbar, w.z.b.w. 

Umgekehrt: Mogen Voraussetzungen 1-4 gelten. Sei acb- Nach 10 
haufen sich die Komponenten von b nicht; da aber a Haufungspunkt von b ist, 
gibt es ein 6 « b> das in derselben Komponente von IT wie a liegt. Nennen wir die 
Komponentc von / in b nun bo , so ist b~^a = c c bo . Es ist a = be, also b C b • bo • 
Andererseits b Cl b , bo Cl b , also b*bo c: b^. Demnach b = b*bo . Da b nach 
Voraussetzung 1 abelsch ist, da femer b nach Voraussetzung 2 und bo als Liesche 
abelsche Gruppe (siehe 20.2) seine eigene Verkurzung ist, ist auch b = b*bo 
seine eigene Verkurzung, also nach Voraussetzung 3: b = b- Also ist b ab- 
geschlossen. 

Sei vvieder bo die Komponente von / in b- Dann ist bo Liesch und b/bo abzahl- 
bar. Wenden wir auf dies bo nun Voraussetzung 4 an! Ist bo Normalteiler in 
b', so muC bVbo abzahlbar sein. Insbesondere kann bo nun nicht Normalteiler 
einer Lieschen Gruppe hoherer Dimension sein, ist also nach 14 regular. Nach 
18 (mit bo statt b und b statt b*) und 20.2 ist bo die \>rkurzung von b, also nach 
Voraussetzung 2: bo = b* Also ist b regular, w.z.b.w. 

Definition weiterer Untergruppen 

Eine feste regulare Untergruppe b werde zugrunde gelegt. 

22 . 1. Ca bzw. heiCe die von Ea und Ea erzeugte (reelle) Untergruppe von 
0 bzw. @. Ist A eine Menge von Wurzelformen, so heiCe Ca bzw. @a die von 
der Gesamtheit der c* bzw. Sa mit a e A erzeugte Untergnippe. Die Menge 
aller heiCe die Menge aller c« heiCe e (a variabel). 

2. Sei c c e und (5 die zugehorige Infinitesimalgruppe, sei A die Menge aller a 
mit JE^a € (g und A* die Menge aller von A abhangigen Wurzelformen. Wir 
definieren c* = Ca* (e* hangt von c ab) ; die Infinitesimalgruppe von c* heiCe S*. 
Nach 17 ist halbeinfach und n ^ regulare Untergruppe von S*. 

u Die tlberstreichung bedeutet im Augenblick den Ubergaftg zur abgeschlossenen Htille. 
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3. Sei A wie in 2 definiert. Die von den Ha mit a € A erzeugte (reelle) Gruppe 

heiCe J)e , die zugehorige Infinitesimalgruppe . Man bemerkt ohneweiteres: 
l^e = . 

4. Sei A wie in 2 definiert. Die von den auf A senkrechten H\ erzeugte Gruppe 

heiCe die zugehorige Infinitesimalgruppe Man sieht ohneweiteres: 
1)* = {)**, Ferner: und sind orthogonale Komplemcnte voneinander. 

23. Folgender Satz definiert rein gruppentheorctisch die in 22 eingefuhrten 
Untergruppen. 

Satz 3: 1. Die Untergruppe c dor halbeinfachen Gruppe g gehort dann und nur 
dann zu e, wenn c erzeugt wird von den Kommutatoren €~^hr^ch mit e ec und h \ I). 

2. c* isi die groiSte Gruppe aus t mit t)* _L 1)**. 

3. {)e entsteht durch Verkilrzung aus c* n 

4. l)‘ entsteht durch Verkilrzung aus der Gruppe (1^*)' alter h el) mit he = eh 
fiir alle e et. 

Durch Satz 2 ist 1) abstrakt definiert, Satz 3.1 definiert die Gesaihtheit der 
c 6 e abstrakt, Satz 3.4 definiert dann abstrakt zu jedem c das 1^', Satz 3.2 definiert 
abstrakt c* unter Verwendung von l)\ und schlieCIich wird durch Satz 3.3 f)e 
aus c* und 1) definiert. 

24. Wir erbringen den Beweis von Satz 3 in dor Rcihenfolge 1, 4, 2, 3. 

1. “Dann’^ Nach Anwendung 1 von Satz I (siehe 9) ist c Liesch. Sei S die 
zugehorige Infinitesimalgruppe; dann ist [HX] e S fur alle H e ^ und A" € G. 
Schreiben wir nach 11.1 

Z = , 

SO erhalten wir 

[HxX] = -2:T“(aX)£:.e($. 

Hieraus und aus der Realitat von (5 crschlieCt man leicht, daC @ von einer 
Menge von £„ , Ea erzeugt wird. 

“Nur dann”: Wird (5 von einer Menge von Ea, Ea erzeugt, so ist es reell und 
so gilt [HE] € G fiir alle E e (S. Daraus folgt die Behauptung. 

4. Da 1) abelsch ist, existiert zu jedem h 1 1) ein Hx t $ mit h = exp Hx . Es 
gilt 

hT^Eah = exp {—{\a))-E„ . 
h t (5')' ist also aquivalent mit 

exp ( — (Xo)) = 1 

Oder 

(*) (Xa) s 0 mod 2*1 

fiir alle atk (Def. von A*, siehe 22.2). 
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Sei it die Gruppe aller (reellen) mit 

(Xa) = 0 fur alle a e A. 

Dann ist nach Definition (22.4) 

(**) ^ 

Nach (*) erzcugt ^ die Gruppe 

f = Komponente von i in (1)')' 

und ist zyklisch. Nach 20.2 ist die Verkiirzung von (^')' gleich f, fcrncr 

ist nach (**) f = 1)', also 1)' die Verkiirzung von (1)')', w.z.b.w. 

2. Die Behauptung crgibt sich auf grund dcs Vorangchenden unmittelbar aus 
der Tatsache, dafi 

(aX) = 0 fiir alle a e A 

und 

(aX) = 0 fiir alle a £ A* 
aquivalente Bchauptungcn sind. 

3. Wir setzen f = c* n 1); fo sei die Komponente von / in f, die zugehSrige 

Infinitesimalgnippe. .ft wird erzeugt von den Ha = [Ea , i?_«] mit Ea e Q*, 
also ft’ = = Sp, , also 

fo = 1). . 

Nach 22.2 (End<>) ist fo regularc Untergruppc der halbeinfachen Gruppe c*, 
f 3 fo , f i.st abelsch, also ist f/fo nach 18 endlich, also nach 20.2 fo ( = h() die 
Verkiirzung von f, w.z.b.w. 

Die ausgezeichneten Untergruppen vo^I) 

25. in sei die kleinste Menge von Untergruppen von $ mit der folgenden 
Eigenschaft : 

1. m enthalt jedes und jedes mit c € e. 

2. 01 enthalt mit je zwei Gmppen ihren Durchschnitt und die von ihnen 
erzcugte Ginjppe. 

Von selber gilt dann nach 22.4 (und weil Durchschnitt und Erzeugung or- 
thogonal-komplementare Operationen sind): 

3. M enthalt mit irgendeiner Gnippe auch ihr orthogonales Komplement. 

ta war die von Ea und Ea erzeugte Gruppe. Statt bzw. wollen wir 
kurz bzw. schreiben. Analog , l)“. wird erzeugt von Ha und 
Hs. Allgemeiner sei (bei beliebigem X) die von H\ und Hi, erzeugte Gruppe; 
femer das orthogonale Komplement von $x . Analog ^x , f)^. 

Wir werden in Zukunft haufig die Falle unterscheiden : 

X reell (d.h. rein reell), 

X imaginar (d.h. rein imaginar), 
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X komplex (d.h. weder rein reell, noch rein imaginftr). 

In den beiden ersten Fallen ist eindimensional, im dritten Fall zweidimen- 
sional (entsprechend (n — 1)- oder (n — 2)-dimensional). 

Wir bemerken schlieClich: 

4. Enthalt iR eine gewisse nichtisotrope (11.2) eindimensionale Untergruppe 
von , so enthalt es auch noch eine zweite eindimensionale Untergruppe 
von (namlich das orthogonale Komplement von §x schneidet in einer 

solchen: = pa + pa, (X, fx) = 0, also wegen der Nichtisotropie X 5*^ p). 

26. Die Mengc m (von Untergruppen von f)) sei folgendermaCen definiert: 
fern dann und nur dann, wenn f die von einer Gnippc 6 ;fn erzeugte Liesche 
Gruppe ist. 

m ist dann auch die kleinste Menge von Untergruppen von mit der fol- 
genden Eingenschaft: 

1. m enthalt jedes f)e und jedes {)* mit c e e. 

2. m enthalt mit je zwei Gruppen die Verklirzung ihres Durchschnitts und 
die von ihnen erzeugte Gruppe. Um das einzusehen, beachte man 20.3. 

Nach Satz 3 konnten wir die {)« und 1^* rein gnippentheoretisch definieren. 
Somit ist auch die Menge m (als Funktion von f) natiirlich) rein gmppen- 
theorctisch definiert. 

27. Satz 4: Sei ^ hMlbeinfach und von zweiter Art Dann gilt: IstdieGrupps 
f)e eine minimale^^ Gruppe aus der Menge m, so ist ()« gleich einem und a reelle 
oder imagindre Wurzelform, 2. Sind alle Wurzclformen komplex, so gibt es 
Wurzelformen a und die auch gleich sein konnen, derart dalS \)a+a und Ele- 
mente von m sind, 

Beweis: DaC ein minimales f)e ein ist, ist klar. Die Annahme, a sei kom- 
plex, fiihren wir zum Widerspruch. 

Elar ist, dal3 ^ 

(a, a) = 0 

sein muCte, da sonst nach 11.3 entweder a + a oder a — a Wurzelform, also 
t)a+a oder in m, also i)a nicht minimal ware. 

VoraussetzungsgemaiS ist fl komplex-einfach, also gibt es nach 12 eine Wurzel- 
form 0 mit 

(a, fi) ^ 0, (a, fi) 5 ^ 0. 

Dann ist auch 

(«, 0, (a, |3) 0. 

Wir unterscheiden drei Falle: 

A: j8 ist reell oder imaginfir.— Wegen (a, /3) 0 ist nicht senkrecht auf 

^ 0 , also (siehe 22.4, Ende) (t Da femer (Z - l)-dim. ist, ist n 


i^ Natlirlich minimal bei Vernachl&ssigung der Gruppe (7). 
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eindimensional, also zu iH gehOrige echte Untergruppc von . Wider- 
spruch zur Minimalitat von l^a 1 
B: ist komplex und 

( 0 , 0 ) 0 . 

Nach 11.3 ist ctwa 

y = 0 + 0 

Wurzelform (denn Fall, dal3 0 — 0 Wurzelform ist, bchandelt man ganz analog), 
also Als Wurzelvektor ist Hy nichtisotrop, also cxistiert nach 24.4 

noch oil! € ill, C 5*^ $>y (5 braucht nieht Wurzelform zu sein). 

^y und erzeugen zusammen ^3 , und da (a, 0) 0 war, konnen nicht beide 

auf senkrecht sein. Es gibt demnach ein eindimensionales = 7 oder h) 
in iH. das nicht auf senkrecht ist. Das orthogonale Komplement von 
gehort nach 25.3 zu 4H und schneidet eindimensional. n e HI im 
Widerspruch zur Minimalitat von l)o 1 
C: jS ist komplex und 

i.0, 0) = 0. 

Wegen («, 0)^0 ist a + /3 oder a — 0 Wurzelform. Wir diirfen annehmen, 
a + i9 (sonst ersetzen wir 0 durch —0). 

Wegen (a, a) = 0 haben wir 

(a + /3, d) = (0, a) 9^ 0. 

A1.SO ist a + /3 ± d Wurzelform (± Lst im Folgenden als “+ oder zu le.sen). 
Wir unterscheiden zwei Unterfalle: 

I. Sei 

(a + 0 ± a, 0) = 0 

Dann (wegen (0, 0) = 0): 

(a ± a, 0) = 0, 

(*) 

(a ± a, 0) = 0. 

Also (22.4, Ende) 

Andererseits wegen (a, 0) 9 ^ 0 

. 

Zusammen: 

(Cl, 1) = ^.±5€il|. 

Widerspruch zur Minimalit&t von l^a • 
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Wir s chliefie n aber noch waiter, falls alle Wurzelformen komplex sind: 
(a -h /S, a + /3) = 0, also (a, = —(a, /3). Einsetzen in (*) liefert: 

(a, /3^fi)=0, 

(a, /3 T 0) = 0. 

Hieraus schlieCt man wie vorhin: 

(Cl, 2) $"n 

II. Sei nun 

(a + /8 ± a, (8) 5^ 0. 

Dann hat man vier Mdglichkeiten: 

a) a + j8 + a + |8 Wurzelform 

b) a + /3 + a - ^ ” ” 

a') a + (8 - a - |3 ” ” 

b') « + /3 - a + ^ . 

Wir bchandeln nur a und b, da a' und b' genauso vcrlaufcn. 

a) 7 = a + a + /3 + j3 ist (reelle) Wurzelform. C §<,4.3 , also cxistiert 

nach 25.4 noch ein e M, C ^ • ^y und erzeugcn 

zusammen , und da (a + (8, a) = (0, a) ^ 0 war, konnen nicht beide 
auf senkrecht sein. Sind und die orthogonalen Komplemcnte, so gilt 
demnach 

» 

also ist n odcr n eindimensional und in iW (siehe 25.4) im Wider- 
spruch zur Minimalitat von {)„ . 

b) 7 = a + a + 8 — 0 ist Wurzelform, 29?a = 917, 238 = 37- &y n = 
^a+5 e 0 , ^y n — ^B-B « 0 - — Widerspmch zur Minimalitat von 1)„ . 

Damit ist die erste Halfte des Satzes bewiesen. Die Voraussetzung der 
zweiten Halfte (alle Wurzelformen komplex) hat auch wicder (a, a) = 0 zur 
Folge; sic hat weiter zur Folge, daC wir uns in den Fallen Cl oder Cllb befinden 
— in beiden Fallen haben wir aber die zweitc Behauptung bereits bewiesen 
(siehe die Formeln Cl, 1 und Cl, 2 und die Formeln in Cllb). 


28. Ist 

so ist 
falls 

El = Ea + ^5 , 


(a, a) = 0, 

[Hi , Ell = 8El 
Hi = H. + Hs, 


(8 reell), 


ist. 


8 = (a, a). 
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Rein gruppentheoretische Definition kompakter Untergruppenkeime 

29. Satz 5: 0 sei halbeinfach von zweikr Art. Man wahlcy wenn moglichy cin 
b' = l^e , so daB es minimal in tn ist, und dabei c e t {auch genannt) so, daB es 
auch minimal ist. Ist das nicht moglich, so wdhle man c e e und eine in HI mini- 
male Untergruppe {)' von bt , so daB gilt: 

1 . c ist minimal] 

2. es gibt eine cckte Untergruppe c' 9 ^ (/) von e, derart daB die Kommutatoren 
hr^e~^he (h € {)', e t e') die Gruppe c' erzeugen. 

Diese Wahl ist moglich, und es gilt weiter : 

A. Entweder ist 1^' eine kompakte Gruppe, 

B. Oder f)' ist nicht kompakty 

f)' = (exp tW), c' = (exp tE^), 

WE^] = dE' (d reell). 

Die beiden Fdlle sind noch abstrakt dadurch unterschiedeny daB in A f)' Elemente 
endlicher Ordnung besitzt, in B iiicht. 


30. Beweis von Satz 5: Sind nicht alle Wurzelformcn komplex, so ist f)' 
wegen der Minimalitat und naeh Satz 4 ein l^a mit rcellem oder imaginarem a; 
c' = Ca Oder c^a . I«t a reell, so befinden wir uns im Fall B, = (a, a). Sei a 
imaginar. Dann vvird Ca erzeugt von Ea , E^a . Eine Basis von ist Ea , 
£'_a , Ha , und es gilt 

[Ea , E^a] = Ha , 

also nach Ubergang zum Konjugierten 

[E^a , Ea] = Ha , 

also Ha = —Hay also Ha imaginar. Wegen (a, a) < 0 und 13 ist auch («, /3) 
reell fiir alle Wurzelformen a, Ferner ist 


reell und 
In 


W = ilia 


f)' = (exp tlV)i reell • 


[H'E^] = - i{ay B)Efi 


sind wegen der Realitat der (a, /3) die Koeffizienten —2 (a, fi) imaginar. Also 
sind alle Wurzeln von H' imaginar und rationale Vielfache voneinander, und 
demnach ist 1)' kompakt (Fall A). 

Sind hingegen alle Wurzelformen komplex, so versagt nach Satz 4, 1 die erste 
Bestimmungsmethode fiir i)'. Nach Satz 4, 2 und nach 28 ist die vorgeschriebene 
Wahl von 1^' und c' moglich. Sei diese Wahl irgendwie geschehen. Dann ist 
b' eindimensional nach Satz 4, 1 und c' Liesch nach Satz 1 und eindimensional 
als echte Untergruppe von e. Wir befinden uns somit wieder im Fall B. 
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31. Satz 6: Bin eindimensionaler kompakter Untergruppenkeim der halbein- 
fachen Gruppe zmiter Art ^ Idfft sick rein gruppentheoretisch beachreiben. 

Beschreibung: Im Falle A sind wir nach Satz 5 bereits fertig. — Fall B: 

[H’E'] = itE', 

h, = exp e, = exp (sE'), 

htE'hT^ = (exp t)‘E' 

(*) hiGghi == ^«>exp t • 

% 

Sei /) bcliebig in c'; die Mengc allcr hie.Ju^ ncnnen wir einen Strahl. 

Nach (*) gibt cs in c' nur die zwei Strahlen Cr , r > 0, und Cr , r <0. Sei d 

ein Strahl von c', e ^ und t der andere Strahl. 

u = ^ n 

ist die Menge aller Cg mit s zwischen 0 und So . 

« u u~‘ u (p.,) u (e-‘) U (/) 

ist also ein kompakter Keim von c' und rein gruppentheoretisch besehricben. 

Rein gruppentheoretische Beschreibung einer kompakten Umgebung der Bins 

32. Die Elemente 


Xl y • • • j Xp 


(Vi > 1) 


mogen die r-parametrige Gruppe & erzcugcn (Halbeiiifaehheit brauchen wir 
hier nicht vorauszusetzen). Man crweitere dies System zu einem System 

-^1 > ’ * • > Xp^ j * * • > Xp2 

durch Hinzufiigung der Kommutatoren 

[XpXa] (p, <7 ^ Pi), 

dies analog zu einem System 

*^1 j • • * , Xp^ , • • • , Xp2 , • • • j Xp^ 

durch Hinzufiigung der Kommutatoren 


pCpXa] (p, (T ^ Pi) j 

und fahrc sofort. Dann gibt es ein u, das nur von r abhangt, derart daC 
eine Basis von @ bilden. 

Man nehme namlich u = pr-i . Ist t; so bestimmt, daC die 


^1, - 




p»+i 


(x,+i) 
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von den 

Xi , • • • , Xp^ (Xfl) 

linear abhangen, so enthalt Xv eine Basis von Qd. Sei v minimal. Dann liegt 
fur V < vin 


y 

f y 


mindestens ein linear unabhangiges Element mchr als in 


Da es in & nur r unabhangige Elemcnte gibt, muC also v <r sein. Somit rcicht 
u = pr-i in der Tat aus. 


33. Satz 7: In der einfacfwn Gruppe zweiter Art 0 IciM dch eine kompakie 
Teilmenge f ", die i als inneren Punkt enthalt, rein gruppentlicorctisch heschreiben. 

Beschreibung: f sci der kompakte eindimensionale Untergmppenkeim aus 
Satz 0. Wegen der Einfachheit von g kann man ai , • • . , so wahlen, dal3 
die ebenfalLs kompakten Kcime 

tp = aT^tap (j/ = 1, . . . , p) 

0 erzeugen ; 

tp : kp{s) (0 g s g 1). 

Zu den kp(s) fiige man die Kommutatorkurven 

kp{s^ ka{s^ kp{s^kff{s^ (p ^ cr), 

so dal3 das System 

ki{s), • . . , kp^is), . - , kp^{s) {pi = p) 

entsteht. So fahre man fort bis zum Index u aus 32. Naeh 32 komrnt untcr 
den Hauptteilen von 

kiis), . . . , A;u(s) 

eine Basis von @ vor. Nach 4 enthalt die offenbar kompakte Mcnge 

V ; /bi(si) • • • ku{su) {0 ^ Sp ^ 1) 

eine Umgebung von /, wie wir cs wiinschten. 

Beweis des Hauptsatzes I 

34. Satz 8: In der einfachen Gruppe zweiter Art lassen sick bcliebig kleme 
kompakte Teilmengen V, die i als inneren Punkt cnthalten, rein gruppentheoretisch 
heschreiben, 

Beschreibung: a sei beliebig ^ /. U sei gemaC Satz 7 gewahlt. 

V ^ nc7‘(6;‘o"‘6.o)c,. 

bp tU 

CptV 



1072 


HANS FREUDENTHAL 


Wortlich wie bei v. d. Waerden, a.a.O.,^ 783-784, zeigt man, daC die (von a 
abhangenden) V die gewtinschten Eigenschaftcn bcsitzen. Nur verwendet man 
hior statt der Kompaktheit von g die von U (Satz 7). 

36, Der Satz 8 ist mit imserm Hauptsatz I aquivalcnt (siehe dazu auch v. d. 
Waerden, a.a.O.,^ 784-785), wenn wir beide miteinander isomorphe Gruppen als 
von zweiter Art annehmen. Da die Einfachheit von sclber ein rein gruppen- 
theoretiseher BcgrifT ist, haben wir nur noeh zu zeigen, daC auch die “zweite 
Art’’ Oder — was auf dassclbe hinauskommt — die ^Vrste Art” rein gruppen- 
theoretisch zu beschreiben ist, um den Hauptsatz I ganz bewiesen zu haben. 
Das geschieht nun: 

Rein gruppentheoretische Beschreibung der “ersten” Art 

36. Satz 4': Eine halbeinfache Grtippe ist dann und nur dann von erster Art, 
wenn fur je zwei minimale Gruppen e und c' aus t gilt: 

1) c ist abelsch; 

2) c enthdlt Elemente endlicher Ordnung; 

3) Verkilrzung von f)« n f)*' = (/) oder ; 

4) Verkilrzung von {)« n i)e = (/) oder I)* . 

Beweis: “Nur dann”: Die Wurzelformen einer (Jruppe erster Art zerfallen 
in zwei Systeme P und P. Ist a eP, so ist a cP und uingekehrt; ist a, 0 eP, 
so ist (a, 0) = 0. 

Sei 6 von erster Art. Jcdes minimale c ist von der CJestalt Ca . Das zuge- 
horige CSa wird von Ea und Ea erzeugt. Wegen (a, a) = 0 ist [EaEa] = 0, also 
1 erfiillt. 

Seien a, p e P. Man bilde 

K = i(a, a)Ha ct)Ha ] 
aus {a, p) = (a, p) = 0 folgt 

[KEp] = -i{a, a) (a, p)Ep , 

[KEp] = i{ct, a) (a, p)Ep . 

Aus 1 1 .3 und {a, a) = (a, a) < 0 sehlieCt man, daC die Koeffizienten rechts 
(fur alle peP), d.h. die Wurzeln von K, rein imaginar und rationale Vielfache 
voneinander sind. Die von K erzeugte Untergruppe f von f)e ist also kompakt, 
und daraus folgt 2. 

c = Ca , c' = . Sei //x € ^a n Dann 

X = pa + pa, (X, 0) = 0, 

also w^egen (a, jS) == 0 

p(a, 0) = 0. 

Also entweder (a, jS) = 0 und dann senkrecht auf und $« n . 

Oder p = 0, p = 0, X = 0 und dann n = (0). Also gilt 3 (siehe 20.3). 
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Wir betrachten nun H\ c n . 

X = pof + pa = + qfi 

‘‘Multiplikation^’ mit p licfert: 

P(«p) = fur alle p, 

also 

pa = qff. 

Also entwedor p = 7 = 0, X = 0 und dann n = (0). ()d(*r p 9 ^ 0 und 
dann • Also gilt 4 (sieho 20.3). 

^^Danri’’: W(‘gen Voraussotzurig 1 kann das a oin(\s rninimal(*n Ca nicht 
imaginar sein ([EaE^a] i«t doeh = //«), wogon Voraussetzung 2 kann (»s nicht 
r(‘cll sein (c* ist dann offen); also ist fur ein minimalcs Ca das a kompk^x. Da 
andercrsoits €« fur reellcs odcr imaginiin's a sichor minimal ist, miissc'ii allc 
Wurzolformcn komplex scin. Ware ^ von zwoiter Art, so kamon nur die Fallo 
Cl und ("Ilb aus 27 in Frage. Cl ist ausgeschlossen wegen n ^3 9 ^ ^^3 , 
5^(0) (Formel Cl, 1) und Cllb wegen n , 9^(0). Also ist g von 

ei-ster Art. 


Einfache Gruppen mit diskretem Zentrum 

37 . Wir boweisen die Bemerkung 1 zu Hauptsatz I. 

Die einfachcn Gmppen zwoiter Art f und g diirfen ein diskret(»s Zentrum 
besitzcn. A sei ein Isomorphimus, Af = g. Die resp. Faktorgruppen na(‘h dcm 
Zentmm seien f' und g'; <p und ^ seien die zugchorigen Homomorphismen, 
^0 = 0^- A induziert einen Isomorphismus A', A'f' = g', 

(1) AV ~ ^A, 

Die universcllen t'’berlagerungsgnippen von f und g seien f und g, die zuge- 
horigen Projektionen <l> und 4^, 4>f = f, = g. A' ist naeh Hauptsatz I stetig 
und induziert, wic man weib, einen stetigen Homomorphismus A, Af = g, 

( 2 ) A'<p^ = 

Wir definieren 


( 3 ) 


A4> = Bj 
^A = C. 


Aus (1), (2), (3) folgt 

(4) ypB = ^A4> = A'^ = 


Das ^-Urbild von / ist das Zentrum von g, also folgt aus (4) : 

Fiir jedes x e ] ist (Bx) • {Cx)~^ im Zentrum von g. Da das Zentrum ab- 
zahlbar ist, kann der Normalteiler b aller x mit 


Bx = Cx 
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nicht abzahlbar sein, sicher also nicht im Zentrum von f liegen. Nach An- 
wendung 4 von Satz 1 ist dann b = f, also 

Bx = Cx 

fur alle x. Da also nach (3) auch C stetig war, ist B stetig. Da als im 
Kleinen topologische Abbildung beidcrseits stetig ist (Bilder offener Mengen 
sind offen), ist nach (3) auch A stetig, w.z.b.w. 

Amsterdam, Holland 
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The formulae 


1. Introduction 


g»v/(2n/3) 

( 1 ) ~ 

where p(n) is the number of unrestricted partitions of n and q(n) the number 
of partitions of n into unequal parts (or into odd parts), were discovered by 
Hardy and Ramanujan [4], and independently by Uspensky [7]. Their proofs 
give much more than simple asymptotic equality, but demand a rather special 
study of the generating functions 


00 OO i 

n—0 1 2 

t qMz" = II (1 + z’) = U 

based on the transformation theory of the elliptic modular functions. Later 
researches have tended in the direction of a still deeper study of particular 
problems, culminating in the exact formulae of Rademacher [6] and his followers, 
or in the direction of a broader and more elementary treatment giving less 
precise results than (1). But a specification of properties of the generating 
functions sufficient for the deduction of (1), but not highly extravagant, seems 
to be lacking. 

In this paper we show how to deduce (1) from an elementary knowledge of 
the asymptotic behaviour of the generating functions when z{= x + iy) ap- 
proaches the principal singularity z — 1 in an arbitrarily wide ^Stolz angle’ 
I y I ^ A(1 — :r), (0 < A < oo). A general result to which the method naturally 
leads is set out as Theorem 2 in §3, with indications of some of the more im- 
mediate applications. 

Theorem 2 is deduced from Theorem 1, a Tauberian theorem for the integral 

(2) /(s) = j[“ e-^*dA{u), A(0) = 0, (fi = <r + tO, 

which occupies an intermediate pasition between theorems of Hardy-Littlewood 
type with conclusion A{u) w® and of Wiener-Ikehara type with conclusion 
A{u) (u — > 00 ; a > 0). The nature of the interpolation is exhibited in 

1076 
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the following table, in which a simple specimen of each type of theorem has 
been selected. 


Hypotheses 


Conclusion 


(Ai) /(s) ~ 1 /s when s — » 0 by real positive values ; ] 


[A{u) ~ u. 


(W {—'“0 

s — » 0 in every fixed ‘Stolz angle' 1 1 ^ An, 
(0 < A < oo); 


A(m) I 

I increasing; I 


(0 < a < 1). 


(As) /(s) — 1/(5 — 1) — > limit when o- — > 1 + 0, 
uniformly in every fixed interval \ t\ ^ 1\ 
(0 <T < oo); 


A{u) 


Theorem 1, of which (A 2 ) is a very special case, is stated and proved, on the 
lines of the Heilbronn-Landaii version of the Wiener-Ikehara theorem, in §2. 

It will be seen that, in the method of interpolation shown in the above table, 
the region involved in the hypothesis on f{s) undergoes a discontinuous change 
of form at each end of the range but no steady change in the interior. This is 
in contrast to some other possible methods, of which two may be mentioned 
here. In one method, essentially that of Wiener and Pitt [8], we first transform 
(Ai) and (A3) into equivalent theorems (A*) and (A*) by changing ^f(s) — 
(s — 1) '^ limit when <t 1 + 0, • • • to ^f(s) — limit when a 

+ 0, • • • ,Mn the hypotheses of (A3) and replacing the conclusions by 


A(z^ 4- dhu) — Ain — 5/i„) . 

2tt. " 


as 00 


for fixed 6, 


(0 < 5 g 1), 


where hu is u in (A*) and 1 in (A^);^ and we then interpolate by taking inter- 
mediate forms of hu , say hu = n/, (1 > t? > 0). Another method, outlined by 
Avakumovi6 [1], is to interpolate similarly (by way of hu) between the con- 
vergence theorems associated with (Aj) and (A3), in which the conclusion is 
A{u) A and the hypothesis on A{u), taken in the ‘Schmidt^ form, is 


Ijm {A(u) - A{u')} ^ -6(5), lim €(5) = 0, 

tt,w'-+oo j-^+O 


with hu as before. In these two methods the hypotheses on f{s) (which need 
not be specified in detail here) involve a region of the form | < 1 ^ Co’ which 
gradually extends (in the neighbourhood of s = 0) as decreases. This exten- 
sion of the region is a natural way of tightening the bond between f(s) and its 
approximation (1/s or A) to balance the strengthening of the conclusion, or the 
weakening of the hypothesis on A{u), as the order of K decreases. But the fact 


* The equivalence of (Ai) and (A^) is trivial, and that of (A.) and (A^) is easily proved 
by setting up the relation /(s) - /‘(s - 1), where /(s) and }*(a) satisfy the conditions of 
(Aj) and (Aj), respectively. 



TAUBEUIAN THEOREM FOR PARTITIONS 


1077 


that the boundary of the region touches the imaginary axis at s = 0 makes this 
kind of hypothesis more difficult to verify in applications than the ‘Stolz angle' 
hypotheses used in this paper. 

An explicit deduction of the asymptotic formula for p(n) from a Tauberian 
theorem has been indicated by Avakumovi6 [1, 2], but his demands on the 
generating function are much more severe, as regards both the region and the 
degree of the approximation, than those made by Theorem 1.^ 

There is also a paper by Martin and Wiener [5] which works in broadly the 
same range as Theorem 1 with regard to the rate of growth of f{s) with 1/s, 
hut on a real variable basis A passage to the complex domain is effected by 
means of Parseval's theorem in the case of power series, and the possibility of 
arithmetical applications is announced. This paper, and a paper by Avaku- 
movic and Karamata [3], will be referred to again in §4 in the course of some 
comments on the conditions of Theorem 1. 

I am indebted to Professor Wiener for his help in elucidating the relationship 
between various methods and results. 

Notation. We write f < gj> g, / < g for //gf 0, //g , / = 0{g) 

respectively, where / and g are positive functions. 

A sloping arrow indicates monotonic approach to a (finite or infinite) limit. 

We denote the open and closed segments with end points a and h in the 
complex plane by (a, h) and [a, 6], respectively, and use the mixed notations 
(a, 6] and [a, h) with the obvious meanings. 

Limit operations in the complex plane are, of course, to be understood in the 
usual two-dimensional sense. Thus the hypothesis (i) of Theorem 1 (below) 
means: driven € > 0, we can find b = 6(e) so that \f(s)/fo(s) — 1 | < e at all 
points s of /> for which 0 < | s | < 5. 


2. A Tauberian theorem 

Let there be given two functions ^(s) and x(s), and a domain D of the s-plane, 
satisfying the following conditions: 

a) ip(s) and x(s) regular in D, and real and 'positive on a segment (0, h] of 
the positive real axis lying in D; 

b) — (np\(j) 00 as <r \ 0 

[whence \(t<p\(t)Y ^ 0 and therefore 

(3) <r<p''(a’) ^ ’—(p\a) > 0 


for sufficiently small positive cr]; 


c) 


ff 


as cr \ 0, 


* In a more recent paper, Neuer Beweis eines Satzea von G. Hardy und S. Ramanujan aber 
das qsymptotische Verhalten der ZerfallungskoeffizienteUy Am. Jour, of Math., 62 (1940), pp. 
877-880, Avakumovid applies substantially the same methods directly to p(n) without 
explicit formulation of the relevant Tauberian theorem. 
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where 5(<r) is the distance of the point 9 from the complement of D [so that 

( 4 ) «(«r) ^9, (0 < 9 ^ h), 

since the origin cannot belong to D by a) and b)]; 

d) + z) = 

X(<r + 2 ) = 0{x(<r)), 

uniformly for | 2 | < 6(<r) when <r \ 0. 

Define: 

/o(s) = x(a)«’’^*’, ^’o(s) = /o(s)/s, 

. M ^ FMe'^ 

where o- = <r„ is the solution [existent and unique for sufficiently large w, by a) 
and b)] of 

(5) = CO, (0 < a ^ h). 

In these circumstances we have 

Theorem 1. Suppose that the integral (2) is convergent for 9 > 0, and that 

(i) /(«) fo(s) when s —* 0 in D; 

(ii) f(s) = 0{/o(l s I)} when s —* 0 in some fixed angle ‘A’ of the form | < | ^ 
A9, (0 < A < 00 ); 

(iii) A(u) is increasing {in the wide sense) for m ^ 0. 

Then 

(6) , P(A) g 1 ]^ ^ < ^(A), 

U-*qO Aq\^) 

where p(A) and ^(A) depend only on A, are strictly positive and finite for any 
given A, (0 < A < « ), and tend to 1 when A — » « . 

If (ii) holds for every fixed A, then 

(7) A (m) ~ Ao{u) as u—*^. 

The last part is obtained from (6) by taking A arbitrarily large, and we there- 
fore concentrate on (6). We begin with two lemmas concerning /o(8). 

Lemma 1. We have, uniformly for | 2 | g T(<r) < 6 ( 9 ), when cr \ 0, 

/o(cr + 2 ) _ M'(,)+j,«^«(tf)|i+o(i))+«(i) 

/o(«r) 

* ^ o{\zW"{9) -f- 

for any fixed « > 0. 

By the definition of /o(8), 

/o(ir + z) ^ xCo' + 2 ) 

/o(<r) x{a) 


(8) 
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By a) and d) we have 

where T is the circle 1 f — z • = and all estimates are uniform for | ^ | ^ 
T((r) < 6(<t) when tr \ 0; whence by integration 

(10) x(. + ») - xM = 0 = 0 - .(x(,)|. 

Similarly + «) — <p"(<r) = o{v>"(<r)l, whence by two integrations 

(11) ^(«r + z)- v>i<r) = V(«r) + W{<r) + o[| z !V'(<r)}. 

Substituting from (10) and (11) into (8) we obtain the first formula of the lemma, 
and the second follows from it in virtue of the inequality | — 1 j g ( Z | e'*'. 

Lemma 2. /o(o') increases as <r decreases, for sufficiently small positive or. 
Applying (9) with z = 0, we obtain 

(12) T T Y ~ —<p'(<r) — = — ^'(<r) + 0(l/6(<r)) ~ —<p'{(r) 

M<r) XW 

as (T \ 0, since, by c), (3) and b), 

— 5(<r)<e'(<r) > {c<p"{a)\^ ^ {-<7^'((r)}* > 1. 

Thus —fo(<r) > 0 ultimately. This proves the lemma, but we carry the argu- 
ment a little further for future reference. 

Given «, (0 < e < 1), we have, by (12) and b), 

i < _(1 _ e)^'(^) < < -(1 eWM, (0<c^ O, 

€<T fo{<T) 

whence, integrating over [<r, <r«] and taking exponentials, 

(13) A.(r-''* < (0 < <r < <r.), 

where A, , B, , C, > 0. 

Proof of Theorem 1. In the following argument the main variables are 
or and w, connected by (5) and supposed ‘sufficiently small’ and ‘sufficiently large’, 
respectively. Limit operations refer to the process <r \ 0 or the equivalent 
process w /” « . 

In the formula 

r A(w)e"“*dM = = F{s), (ff > 0), 

Jo s 

say, obtained from (2) by partial integration, change s to <r -f z, multiply by 
k(z/T)e^‘ dz, where T > 0, f is real, and k{z) is any function regular along 
[0, *■], and integrate along a path I from 0 to iT. This gives 

(14) A(.u)e-^K{Tu - n)Tdu = F{<r + z)kiz/T)e^ dz, 
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where 

(16) K(v) = tk{Z)e'^UZ 

Jo 

taken along the path L corresponding to I by the transformation z = TZ, pro- 
vided that 9f(<7 + z) > 0 at all points z of L For L we may take the segment 
^ [0, i] or any sufficiently near path giving the same value of K{v). 

Take 

(16) i = i{<r) = CO + 0(0 = -^'(cr) + 0 {<r\ 

(17) T = T{a) = Acr, 


with the A of hypothesis (ii), and suppose A;(0) 9 ^ 0. Let I = l{(r) be ihade up 
of the segment l\ from 0 to fr and the broken line U from ir to iT formed of 
two segments to the left of, and inclined at tan~^ r/cr to, the segment [fr, iT]j 
where t = t{<t) is chosen so that 

(18) dM > tM > 

-<p W 

This choice is possible by c); and the path L — L(a) corresponding to I = l{a) 
tends to coincidence with the segment [0, i], its greatest distance from this 
segment being Oir/a) = o(l) by (18) and (4). 

When z = iy is on k, the point o- + 2 is in Z>, by (18), whence, by (16), (17) 
and hypothesis (i) [since | 2 /<r | ^ T/<r = o(l)]. 


F{<t + z)k{z/T)e ^' _ fjff + z ) _ffkiz/Air) w*fO(T/a) 

' ("^ T^WO) ■ 

g<.(i).g«(i).g-„>'w+o<i) ^ ^ o(j/V"(<r) + 

/o(<r) 


uniformly in y, by Lemma 1 (with e = i). Inserting this in (14) and making 
the substitution y{^"(<r)j* = w, we deduce that the contribution of h to the 
right hand side of (14) is 


ikmFoM ( r'" 

{^'V)i* aX 


e i"’ dw + 0 



ik{0)Fo(.(T)iir/2f 


where ij(ir) = T(ff){<p"(a)}^ > 1 by (18) and (3). 

When 2 = X + is on ^ 2 , the point <r + z is in the angle ‘A’ of hypothesis 
(ii) and | <r + 2 | > <r (as may be seen at once from a figure, the lower segment 
of k being at right angles to the segment [—a, z'r]); whence, by (ii), (16), (17) 
and Lemma 2, 


F(<r + z)k{z/T)e^' = 0 • 1 • = 0{Fo(ff)e"*} 


uniformly in z. Also x ^ 0 and 


dz 

dx 


*= 1 1 T (tr/r)* I = Oia/r) 
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on each of the segments of k. Hence the contribution of h to the right hand 
side of (14) is 

0 (f.M [[ e-Mr) &) = O . o ,) , 

since <or = —<p'(a)T(iT) > bj" (18). Thus 

j[‘" F{a + z)k{z/T)e^’dz ~ 

by the definition of .4o(«). Substituting in (14) and putting m = J 4- v/T, we 
obtain 

(19) f ^(1 + v/T)e-'’"‘^K(v) dv ~ fA:(0)T^o(«)e 

in which we note that, by (16), (17) and b), 

(20) Tf = -A<r/(<r) + 0(1) > 1. 

Take, firstly 

k{Z) = 2(Z - i). 

Then 


({~w)a 


2t ^ 2(1 - epn 

„i ’ 




Kiv) = -- + 

V 

Taking real parts in (19), and using (20) and hypothesis (iii) [which implies 
■4 (w) ^ A (0) = 0, (m ^ 0)], we deduce that 

Aii- \/T)e-^''^ dv < [1 + o(l)l 2 T^,(a,)c«-“^ 

where X is any fixed positive number. Taking 

{ = CO + X/T = w + X/Aa 
[an admissible choice by (16)], we infer that 




2ire' 


.aX/il 


Ao(w) 


f ^ / sin r/2\' 

L ) 


2 ' 
dv 


and the second part of (6) follows on putting X = A*. 
Take, secondly. 


k(Z) = 2(Z - i) 


IX > 0, n = 0(mod 2 t). 
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atXCt;) = 



^ 0, (I t; I g n), 
^ 0, (I v I ^ n), 


whence, by a similar argument, with f = co — n/T 


lim 

The denominator here is 

£2Mn’./2(| + 


A(a>) 

■4o(«) 


2ire 


,“2/*/ A 


f" /sin t)/2Y j 

L\-i72-) 


+ 


liili — v) niji 


ir.) 


dv 


. r(S!1^2Y*+ ^ 

Lfi \ v/2 / /i Jo w 


and the first part of (6) follows on taking /i = 27r([A^] + 1). 

An alternative treatment of the range from it to iT in the above proof is 
possible under certain conditions, for example on the additional assumption 
b') of §4 (Theorem 1'), and, in particular, in the special case to be applied in §3. 
This consists in taking the segment [ir, iT] as path of integration and applying 
an estimate 


F(cr 4" iy)k{iy/T)e ^ ^ 

Fo{cr) 

- (» > 0) 

to the integrand. [The first step here depends on (ii) and an application of the 
mean value theorem to log/o(o’), followed by (12) and b) ; but the next step seems 
to require an additional assumption such as b').] The procedure places the argu- 
ment on an essentially ‘real variable^ footing, and this may be considered desir- 
able with a view to the logical status of Theorem 1 in arithmetical applications. 
It should be observed, however, that the use of a complex variable technique in 
the original (general) proof does not imply any essential dependence on complex 
function theory. Thus the fact that the special integrals K{v) are independent 
of the path L ^ L{<r) is verified by the calculations without reference to Cauchy’s 
general theorem. And, of course, the incidental appeals to Cauchy’s theorem 
in Lemmas 1 and 2 can be avoided in particular applications, like that of §3, 
by an independent verification of the results. 

Special Cases. Take first 

ip{8) = x(«) = (j9, M, C > 0, m real). 

Then 

(21) /o(8) = 

(22) • (a = ^/(^ + l)). 
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as may be verified by a simple calculation. For D we may take, for example, 
any domain of the form | i | < Aoa'' with Ao > 0, y ^ 1 [to .satisfy d)], and 
y < 1 + i8/2 [to satisfy c)]. The actual result to be used in §3, and quoted 
with special values of M,m,C as (^j) in §1, is obtained directly by taking y = 1 
and Ao arbitrarily large; but the hypotheses (i) and (ii) on /(s) become more 
general as y is increased (within the permitted range 1 ^ y < 1 + /3/2). Ac- 
tually it will appear from §4 (Theorem 1') that in this example we may replace 
(i) by the corresponding hypothesis along the positive real axis, retaining the 
complex variable explicitly only in the hypothesis (ii). 

The scope of the conditions a), b), c), d) may be illustrated by two further 
examples, in which we take x(s) = 1 : 

V>is) = fi(l/s)Z„(l/s), <r{f„(l/<7)r‘ < 6 ((t) (0 < «? < 1); 

v(s) = c»(l/s), <rje„(lA)r* < 5{a) ^ <r*{c,(l/<r) • • • c„_i(lA)!“‘. 

Here h and en denote iterated logarithms and exponential^, and the conditions 
on 8{(t) correspond to c) and d), respectively. A study of such examples, in 
conjunction with the inequalities (13), shows that foia) must increase more 
rapidly than any power of l/cr when o- \ 0, but that, subject to conditions of 
regularity and smoothness, any rate of growth above this limit is permitted, 
the latitude in the choice of D becoming greater with the rate of growth. The 
extraneous factor x(«) adds nothing essential, since it can in practice be absorbed 
by adding log x(^) to (p{s); it serves merely to simplify the calculation of Ao(c4>) 
in special cases. 


3. Application to partitions 

Theorem 2. Let 


0 < Xi < X 2 < • • • 

be a given sequence with 

(23) N{u) = Bu^ + R{u), 
where N{u) is the number of not exceeding u, and 

(24) f dv = blogu + c + 0 ( 1 ) 

Jo V 

For real I let p(l) be the number of solutions of 

I = riXi + r2X2 + • • • 


(B > 0, > 0), 


as u-^ 00 . 


in integers r, ^ 0, and p*{l) the number of solutions with r, = Q or I, (where the 
formally infinite sum contains a finite but unrestricted number of non-zero terms). 
For u real and h > 0 let 

P(u) = I!) P(0, P*(.u) = S P*(0, 

Ku i<u 

P(u) - P(u - h) 


PM = 


pr(„) = 
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where each summation is over the {discrete) set of I for which the summand is 
different from zero. 

Then, when w oo, 


(25) 


P(u) ~ 1 

/!-«> 
V 27r > 

^ e‘ Af U*^"*"*’ ga-HlUu)"^ 

(26) 


P*(u) ~ 

/l — 

\ 27r } 


where 





a = 

/3 

0+1' 

, M = 

{B^r(^ 

+ l)f(/3 + 1))*"’, M* = (1 - 

% 

Also 




vi 

) e' (!-«)-§ gO-i(iKu)« 

(27) 


Ph(u) ~ 

/I - a 
\ 2 t , 

(28) 


P*(n) ~ 

\ 27r , 



if h is a positive constant for which the left hand side is an increasing function of u. 
This condition is certainly satisfied for Ph{u) if h belongs to the given sequence {Xvl, 
and for P*(u), if h, 2h, 2^h, • • • all belong to {X^. 

The formulae (26) and (28) for P*(w) and P*(w) remain valid if (24) is replaced 
by the weaker assumption 

(29) / R{v)dv = 6u + o{u)y as u—^ ^ 

Jo 

[derivable from (24) by partial integration]. 

Consider first P{u) and Ph{u). By (23) and (24) 

N{u) g 2 dv = 2 f r ^—dv + L{2u) - L(m)) = 0{u^), 

Ju V \Ju V / 

where L(u) is the left hand side of (24). This suffices to justify the formal 
transformations which follow, when tr > 0. By the definition of p(l), 

L = ft (1 - = g{8), 

t .-1 

say. By (23) and (24), 

log g(s) = -S log (1 - e-’^") = - r log (1 - e'**) dN(u) 

1^1 Jo 


(30) 



{Bu^ du + udL{u)) 


B f“ (usYdius) 
gf Ju~« e“* — 1 
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(31) = 


Bn$ + Dtifi + 1 ) 


— — f (b log u -j- c)^'(us)s du — f S{u)\l/'ius)sdu, 
•'0 Jo 


where 4>{s) = s/(e‘ - 1), and Siu) is o(l) when u -> oo, 0(1 log u |) when « \ 0, 
and continuous for m > 0. The first integral in (31) is 


1^(5 log M + c) — 5 log (1 — e “*)J = 6 log s — c. 

And, since e'^V'(s) and | s j/o- are bounded in any fixed angle ‘A’ of the type 
I < I ^ Aa, (0 < A < 00 ), the second integral is 


I log u I + l)<rdM^ + ^ '‘"'^(rdt^ = o(l) 


when s — > 0 in any ‘A’. Hence 

log g{s) = pr\M/sf — 6 log s + c + o(l), 
(32) g(s) ~ 

when s ^ 0 in any fixed ‘A', where + l)f(/3 + 1). 

But 


f e '‘*dPiu) = g{s), 

Jo 

(33) e-'“dP,iu) = ^ e-''‘dP(u) - dP(u)) = g{s), 

and (1 — (~^')/h ^ s when 6’ 0 in any way. The results (25) and (27) may 

now be obtained at once by taking ni = (b dz in the first of 

the special eases of Theorem 1 discussed at the end of §2, since P{u) obviously 
increases with u and Ph{u) is explicitly assumed to increase. 

Finally, the identity (33), which is equivalent to an identity between Dirich- 
let^s series, shows that the step-function Ph{u) increases with u if and only if 
the series for (1 — e~^^)g(s) has positive coefficients; and this is certainly so if 
h belongs to {X^l, since then 

(1 - e-**)ff(s) = n (1 - 

\,,th 

The formulae for P*(u) and P*(w) follow similarly from 
S p*{l)e-“ = n (1 + e'^'*) = g*is), 

I F-1 

g*{s) ~ when s — » 0 in any ‘A’, 

where M*^ = (1— The last relation may be deduced from (32), since 

g*(s) = g(s)/g{2s). But the direct proof is more elementary and demands only 
(29) in place of (24), because log (1 + e“*) and l/(e* + 1) are regular at s = 0, 
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SO that in the formula corresponding to (30) we can use R(u) du directly without 
replacing it by udL{u). The step-function Pa(m) increases with m if and only 
if the Dirichlet’s series for (1 — e“**)gr*(s) has positive coefficients; and this is 
certainly so if the numbers Th, (fi = 0, 1, 2, • • •), all belong to since then 

(l-e"*V(s) = (l-c"**)n(l+e-*'‘**) n (l+s'^")= n (1+e-n 

Special Cases. The formulae (1) may be deduced at once form (27) and (28), 
respectively, by taking X, = j', (v = 1, 2, • • •) and A = 1, since 

(34) f ^*^^3 — - dv == log - — u = —ilogu — i log 27r + o(l) 

Jo ^ V 

as w 00 (by Stirling’s theorem for log n!), and r(2)f(2) = t /6. In the case 
of q(n) the simpler result 

/ (M — v)dv = + o(u) 

Jo 

may be used in place of (34), in virtue of the concluding remark of Theorem 2. 
The formula for q(n) may, alternatively, be deduced from (27) by taking 
X, = 2v - 1, A = 1. 

An asymptotic formula for the number of partitions of a positive integer n 
into positive integral A-th powers, where A is any given positive integer, may be 
deduced similarly from (27) by taking X» = / and A = 1, the verification of (23) 
and (24), with = 1/A, 5 = 1,6= "“I, c = ~4A log 27r depending on a formula 
equivalent to (34). This particular problem has been studied in detail by 
Wright [9], who obtains by more special methods an asymptotic expansion in 
functions of descending order of magnitude. 

Some obvious extensions of the case X„ = / fall within the scope of Theorem 
2. Thus we may restrict y to certain arithmetical progressions, and modify a 
finite portion of the sequence in any way. In applications of (27) or (28) atten- 
tion must, of course, be paid to the condition that the left hand side increases 
with u, at any rate for large u (this being obviously sufficient). 

Theorem 2 is a very special deduction from Theorem 1 and could easily be 
extended to cover other partition functions, such as the number of partitions 
of n into Ai-th and Arth powers. 

4. Notes on the conditions of Theorem 1 

1) Theorem 1'. If, in addition to the conditions a), b), c), d), we have 
b') — \ 0 as <r\ 0,/or some fixed A, then the hypothesis (i) of Theorem 1 

may he replaced by 

(iO /(s) Ms) when s -^0 by real positive values. 

We shall prove the following facts: 

(a) On the assumptions a), b), c), d) only, (i)' and (iii) [or, alternatively. 



TAUBERIAN THEOREM FOR PARTITIONS 


1087 


(i)' and (ii)] imply (i) with D replaced by a certain sub-domain Df (depending 
on f) for which 

(35) Sf{<r) > asff\0, 

where 5/(<r) has the same meaning for Df as 5(<r) for Z>; 

(/3) On the additional assumption b'), the domain Df is ‘admissible’ in the 
sense of conditions a), c), d). 

An appeal to Theorem 1 with D replaced by Df will then establish Theorem 1'. 
Choose p{a) so that (when o- \ 0) 

(36) {v"(<r)}"* < p(<r) < d(<r), 
as is possible by c) and (3). Consider 


G(z) = G,(z) = 


/(<r -b z) 
/o(o’ + z) 


- 1, 


(z = x + iy) 


in the circle C(<r) defined by | 3 | g p{a). 

By (iii) and (i)', |/(<r -f 2 ) | ^ /(cr -|- x) = 0{fo{a + a;)}, [or, alternatively, 
by (ii) and Lemma 2, f(<r 4- 2 ) = 0{/o(| a -f- 2 |)| = 0(/o(<r -|- a:)}], uniformly 
for 1 2 I ^ p(<r) when or \ 0; whence, by Lemma 1, G{z) is regular and satisfies 


|(?(2)l =0 


( 


/o(<r -f- a:) \ 

1/0(0^“+ 2 ) 1 / 


+ 0 ( 1 ) 


= 0{c 


T^'(<r)+|x*v>"(‘^) 




in C(cr) (if <7 is sufficiently small). 

By (i)' we have, since f>{<r) < -iS(<r) ^ j<r ultimatelj^ 

|0(2)|< e(a) 

on the diameter [— p(o-), p(<r)], where e(ff) — €f(e) —* 0 as a \ 0 and is inde- 
pendent of the choice of p(ff) in the range (36). 

It follows, by a well known convexity theorem [applied separately to the 
upper and lower halves of C(<7-)], that, in the region bounded by the two circular 
arcs — p(<r), ± iXp((r), p(<r), (0 < X < 1), and so in particular in the circle | 2 j < 
Xp(<r), 

(37) I 0 ( 2 ) I < 

where (1 — i?)jr is the angle at which the two circular arcs intersect, so that 
0 < «> < 1 and depends only on X. 

Take a fixed X and choose p(cr) = p/(<r) in the range (36) so that the right 
hand side of (37) is < «^(<r). Then we shall have /(«) ~ /o(8) when s — » 0 in 
the sub-domain 

I>/= E dfM 

of D, where d/(«r) is the circular domain of the 8-plane with centre <r and radius 
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Xp/((r), hf is a sufficiently small positive number, and ^ denotes logical summa- 
tion over o-. Also5/(<r) ^ Xp/(cr) > (36). This proves (a). 

Since Df lies in Z>, contains the segment (0, A/], and satisfies (35), it will 
satisfy all the conditions imposed on D in a), c), d), if <T(p”{a) = 0{ — 

But this is so on the assumption b'), which implies that {(rV'(o’)r ^ 0 and 
therefore 


<r^"(<r) ^ -“A^'(a’). 

This proves (/3) and completes the proof of Theorem 1'. 

2) In Theorem 1' we may regard (iii) and (ii) (for every A) as Tauberian 
conditions which convert the generally false inference (i)' — > (7) into a true 
proposition. An example showing that (iii) alone is not a sufficient Tauberian 
condition has been constructed by Avakumovic and Karamata [3] (353, e). In 
this example (i)' and (iii) are satisfied but the lim and lim in (6) are 0 and oo. 

Another example proving less in this direction, but illustrating the effect of 
the supplementary hypothesis (ii), may be constructed as follows. With the 
special functions (21) and (22), and any fixed IJ > 0, we can show, by the 
saddle point method, that 

(38) [ e~'**dAo(u) '^fo(s), 

when s — > 0 in a certain angle | ^ | ^ 8<r, (8 > 0); whence, by a change of the 
variables and of the path of integration, 

(39) r e~^^dAo{pu)^ Ms/ p\ 

when 5 0 in I < I ^ 5'a, (0 < 5' < 6), if p = is fixed with r > 0, and ^ > 0 

and sufficiently small. 

Choose p so that 9?p® = 1. Then SRp^ < 1, since 

(cos < (cos 

as may be verified without difficulty (for small positive since > a > 0. 
Take 

A{u) = Ao{u) + \diAo(pu)j (u ^ U), A(w) = 0, {0 ^ u < 17), 

with X > 0. Then, since SRp" = 1, 

(40) M m = 1 ± X', (X' > 0). 

Ao{u) 

so that (7) is false. On the other hand, since SRp** < 1, /o(o-/p) = o{/o(<r)j as 
o- \ 0, whence, by (38) and (39), 

f(«) = r e~“*dA(M) ~/o(«) 

Jo 


( 41 ) 
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when s —> 0 by real positive values, so that (i)' is satisfied. Also, (iii) is satisfied 
if X is suflicientl}’' small and U sufficiently large, as may he verified by 
differentiation. 

In this example, (41) holds in the angle | < | g Acr if A Is sufficiently small, so 
that we have (ii) and therefore (6) for some A > 0. On the other hand, (40) 
shows that, apart from the precise forms of ^(A) and *iP(A), the conclusion (6) 
cannot be improved, at any rate for the smaller values of A. 

The actual form of the supplementary hypothesis (ii) was adopted with 
a view to applications, but it Is naturally not the only possible form. 

3) The distinction between Theorem 1' and the Hardy-Littlcwood case/o(s) = 

s ", (a > 0), in which (iii) alone is a sufficient Tauberian condition for an in- 
ference of the form (i)' (7), can })e explained very simply in terms of the ideas 

of this paper. A valid (if somewhat sophisticated) proof of the Hardy- 
Littlewood theorem [quoted in the case a = 1 as (Ai) in §1] can be constructed 
by applying, first, a convexity argument, substantially as in Theorem 1' (a) [with 
x(s) = 1 and ip(s) = a log l/s] or as a Phragm^n-Lindelof theorem, to deduce 
from (i)' and (iii) that f(s) ^ fo{s) when s — > 0 in any fixed angle 1^1^ Ao*, 
(0 < A < 00 ), and, then, a slightly modified form of the argument of Theorem 
1, with r = T = Ao- and an arbitrarily large A, to deduce (7) with Ao(w) = 

+ 1). Thus the convexity argument is completely successful in re- 
moving the complex variable from the hypotheses in the Hardy-I.ittlewood 
case, but only partially successful in Theorem 1', the essential difference lying 
in the fact that jv?"((r)l“* Is of the same order as a in the former case, but of 
lower order in the latter. 

4) If we ask what can be proved about A(u) when we simply omit (ii) from 
the hypotheses of Theorem 1 ', or, more generally, when we replace the hypothe- 
ses (i) and (ii) of Theorem 1 by (i)', a partial answer can be given by the methods 
of this paper, though the question belongs more naturally to the order of ideas 
of Martin and Wiener [5]. We can first use the convexity argument of Theorem 
l'(a) to extend (i)' to the region \ t\ ^ C\<p"{<t)\~\ where C is any positive con- 
stant, and then take t = T — C{v?"((7)} in the argument of Theorem 1 [or in 
the corresponding argument with A{u) du replaced by dA{u) and F{s) by /(«)]. 
The general effect of this, when we reject the parts of the range of integration 
where 5)fif(/0 is relatively small and ase the condition A (w) ^ 0 [or the condition 
‘dA (u) ^ O'], is to give information about certain weighted averages of A{u) du 
[or of dA{u)] over an interval about the point w = w = —^'((t) whose length 
is of order \/T, i.e. of order {^"( 0 -))^ But this is just the kind of result that 
Martin and Wiener obtain by real variable methods more appropriate to the 
form of the problem. The actual theorems proved by Martin and Wiener do 
not emerge readily by the method outlined above, ^hich is somewhat artificial 
in this context, but the discussion serves at any rate to explain the effect of the 
various hypotheses concerning /(s). The extension from the real form (i)' to 
the complex form ‘(i) + (ii)^ reduces the length of the interval of averaging 
from c{^"(<r)}* to c/cr, and this enables us to draw the conclusion (6) when A{u) 
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is monotonic, because varies only by a constant factor when u ranges 
over an interval of length c/<r; and the sharper conclusion (7) is possible if c 
can be taken arbitrarily small, because c"*"® — > 1 when c — ► 0. 

The Institute for Advanced Study 
Princeton, New Jersey 
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BEITR&GE ZUR TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 

Von Hans Samelson 
(Received October 18, 1940) 

Einleitung 

Die Theorie der Lic'«chcn Gruppen war ursprunglich eine “lokale^^ Theorie: 
man betrachtete nur eine Umgcbung des Einsclementes einer Gruppe, das, was 
man heute einon Gruppcnkeim oder eine lokale Gruppe nennt [1].^ Diese 
Einschrankung, die dem Gruppenbegriff cigentlich nicht angemessen ist, ^vurde 
in der ncueren Forschung aufgcgeben. Man betrachtet heute die Algebra der 
ganzen Gnippe und die Geomotrie im Grossen des die Grupjie repr^entierenden 
Raumes, der “Gruppen-Mannigfaltigkeit''. Die damit auftretenden geo- 
metrischcn Fragen sind im wesentlichen topologische Probleme. Die hierher- 
gehorigon Ergebnissc, die im Sommer 1935 bekannt waren, hat E. Cartan in 
einem Vortrag ^^Sur la topologie des groupos dc Lie^^ zusammengestellt [2]. 
(In der vorliegenden Arbeit werdcn nur kompakte Gruppen, deren Raumc 
also geschlosseiie Mannigfaltigkeiten sind, behandelt.) 

Der topologische Bau einer Mannigfaltigkeit wird in erster Linie beschrieben 
durch ihre Betti^schen Gruppen, sowie durch ihren Homologie-Ring, den man 
aus den Betti\schen Gruppen bekommt, wcnn man die Schnitt-Bildung als 
Multiplikation einfiihrt.^ Fur (?r?ippen-Mannigfaltigkeiten hat dieser Ring 
eine besondere Bcdeutung: er ist — naen Cartan — isomorph dem Ring der 
invarianten Differentialformen der Gruppe. Daraus ergibt sioh weiter, dass 
das topologische Problem, die Struktur des Homologie-Ringes einer Gruppe zu 
bcstimmen, aquivalent ist mit einem algebraischen Problem, das von den 
Invarianten linearer Gruppen handelt. Auf beiden Wegen zur Untersuchung 
des Ringes sind aber die Schwicrigkeiten so gross, dass heute noch nicht die 
Ringe aller bekannten Gmppen ermittelt sind. 

Immerhin ist diese Aufgabe gelost fur die Gruppen, die Weyl die “klas&isiihen^' 
nennt — also die orthogonalen, die unitaren und die symplektischen — , und zwar 
von Pontrjagin auf dem topologischen [3], von R. Brauer auf dem algebraischen 
Wege [4]. Es stellte sich dabei heraus: Die genannten Gruppen haben die 
gleichen Homologie-Ringe wie gewisse topologische Produkte von Spharen. 
Die Dimensionszahlen dieser Spharen, die ja dann den Ring bestimmen, lassen 
sich fiir jede dieser Gruppen angeben. Fiir die Poincar^’schen Polynome — also 

^ Die Nummern im Text verweisen auf das Literaturverzeichnis am Schluss der Arbeit. 

* Wir verwenden als Koeffizientenberich in dieser Arbeit immer den Korper der ra- 
tionalen Zahlen (oder, was fast auf dasselbe herauskommt, den Korper der reellen Zahlen ; 
dieser Kdrper ist bei der im n&chsten Satz genannten Isomorphic mit dem Ring der in- 
varianten Differentialformen bentitzt). 
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fur die Polynome in einer Unbestimmten tj deren Koeffizienten die Betti^schen 
Zahlen der betreflenden Mannigfaltigkeit sind — ^folgt, dass sie in Faktoren der 
Gestalt (1 + f) zerfallen; dabei sind die Exponenten m die erwahnten Dimen- 
sionszahlen. 

Diese wichtigen Untersuchungen von Pontrjagin und Brauer — (ebenso wie 
eine etwas jungere topologische Arbeit von Ehresmann [5], in der dieselben 
Ergebnisse erhalten werden) — ^haben einen '^speziellen^^ Charakter: es wird 
jedesmal eine spezielle Klasse von Gruppen betrachtet, und es werden jedesmal 
ganz spezielle Eigenschaften dieser Gruppen beniitzt. Daher erhebt sich die 
Frage nach einer allgemeinen topologischen Theorie der Gruppenmannigfal- 
tigkeiten, aus der man die erwahnten Satze iiber die klassischen Gruppen durch 
Spezialisierung gewinnen konnte. So schliesst auch Cartan seinen genailnten 
Vortrag nach einem Bericht iiber die Pontrjagin-Brauer^schen Untersuchungen 
mit den Worten: “II faut esp^rer qu'on trouvera aussi une raison de portfe 
g4n^rale expliquant la forme si particulifere des polynomes de Poincar4 des 
groupes simples clos/^ [6] 

In dieser Hinsicht ist nun ein wichtiger Schritt der folgende Satz von Hopf : [7] 
“Fiir jede (geschlossene) Gruppe ist der Homologie-Ring isomorph dem Ring 
eines gewissen topologischen Produktes von Spharcn, deren Dimensionen un- 
gerade sind^’; es gilt also allgemein das, was Pontrjagin und Brauer fiir die 
klassischen Gruppen festgestellt haben — ^insbesondere zerfallt das Poincar^'sche 
Polynom jeder Gruppe in Faktoren der Gestalt (1 + mit ungcraden Expo- 
nenten m. Dieser Satz besitzt offenbar die gewiinschte Allgemeinheit; jedoch 
wird in seinem Beweis die Gruppen-Eigenschaft nicht volLstandig ausgeniitzt 
und vor allem ein wichtiges Hilfsmittel nicht herangezogen, das Pontrjagin in 
seiner Arbeit [3] eingeftihrt hat: eine Multiplikation von Zyklen mit Hilfe der 
Gruppenmultiplikation, die kurz so aussieht: Durchlauft der Punkt p den 
Zykliis X und der Punkt q den Zyklus y, dann durchlauft der Produktpunkt yq 
den “Produktzyklus'^ von x und y, 

Auf der Betrachtung dieser “Pontrjagin'scheiP^ Multiplikation und ihrer 
Kombination mit dem Satz von Hopf basiert nun die vorliegende Arl)eit. Und 
zwar beweisen wir in Kap. I, §3 einen Satz (den “Aufspannsatz^^) iiber die 
Struktur des Ringes einer Gruppe, dessen Beweis fiir die klassischen Gruppen 
einen wesentlichen Teil des Inhaltcs der Pontrjagin^schcn Arbeit bildet und 
dessen Giiltigkeit fiir alle Gruppen von Cartan [8] vermutet wurde. Der Inhalt 
dieses Satzes ist eine ganz bestimmte Dualitat zwischen der Gruppen- (Pontrja- 
gin^schen)-Multiplikation der Z^^klen und der Schnitt-Bildung der Zyklen; 
dadurch wird die Gruppe in eine noch engere Analogic zu einem Spharen-Produkt 
gebracht als durch den Satz von Hopf; es handelt sich um einen “doppelten^' 
Isomorphismus. 

Der §1 von Kap. I enthalt eine Zusammenstellung bekannter Tatsachen 
iiber Homologie-Ringe von Mannigfaltigkeiten, und die Definition und Eigen- 
schaften der (bei Hopf [7] eingeftihrten) Begriffe “maximales^' und “minimales'’ 
Element eines Homologie-Ringes. In §2 wird der Satz von Hopf zitiert, und 
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es werden die fiir das folgende grundlegenden Eigenschaften des Ringes einer 
Gnippe dargestellt. Der §3 enthalt den Beweis des oben gcnannten “Auf- 
spannsatzes”. 

Auf Grund dieses Satzes werden dann in Kap. II die beiden wichtigsten 
gruppentheoretischen Begriffe “homomorphe Abbildung” und “Untergruppe” 
in topologischer Hinsicht untersucht. Es wird die Frage diskutiert, wie die 
Mannigfaltigkeit einer Untergruppe in die Gruppe eingclagert ist, d.h. welche 
Zyklen aus der Untergruppe in der Gruppe homolog Null sind; dabei ergeben 
sich einfache Gesetze. Diese spielen im folgcnden eine Rolle. 

Eine kontinuierliche Gruppe G ist gewohnlich gegcben als transitive Trans- 
formationsgruppe einer Mannigfaltigkeit W, des “Wirkungsraumcs” (“espace 
homoghne”) [9]. Diejenigen Transformationen, die einen bestimmten Punkt 
von W festhalten, bilden eine Untergmppc U von G, die sogenannte “Isotropie- 
gruppe” von W, die bis auf innere Automorphismen von G unabhangig von der 
Wahl des festen Punktes ist. Die Nebengruppen, in welche G nach U zerfallt, 
stchen in eineindeu tiger und stetigcr Beziehung zu den Punkten von W; geo- 
metrisch gesehen liegt eine “Fascrung” von G in die (untereinander homo- 
omorphen) Nebengruppen von U vor [10]. 

Eines der Hauptprobleme der weitercn Thcorie bcsteht nun in der Unter- 
suehung der Beziehungen zwischen G, U und W. Eincrseits ist das der natur- 
liche Ansatzpunkt zur Untersuchung einer als Transformationsgruppe gegebenen 
Gruppe; andererseits sind die Wirkungsraume, also die Mannigfaltigkeiten, die 
transitive Transformationsgruppen zulassen, an und fiir sich interessant. Hier 
hat man nun Moglichkeiten, wenn man die Satze der Kap. I und II dieser Arbeit 
verkniipft mit topologischen Satzen iiber die Faseningen von Mannigfaltigkeiten. 
Dazu werden in Kap. Ill und IV einige Beitrage geliefert. 

Das Kap. Ill behandelt den Fall, dass der Wirkungsraum W eine Sphare ist. 
Das Ergebnis ist, dass man auf eine sehr einfache Weise aus dem Homologic-Ring 
der Isotropiegruppe U und der Dimension der Wirkungs-Sphare W den Ring der 
Gruppe (7 bcstimmen kann. Die.ser allgemeine Satz gibt muhelos durch eine 
Rekursion die Pontrjagin-Braucr’schen Resultate uber die Ringe der “klas- 
sischen” Gruppen; denn diese Gmppen sind bekanntlich transitive Transforma- 
tionsgruppen von Spharen, und die zugehorigen Isotropiegruppen sind auch 
klassische Gruppen. 

Im Kap. IV werden die Beziehungen zwischen G, U und IF ohne spezielle 
Voraussetzungen iiber W untersucht. Unter anderem wird der Satz bewiesen; 
Ist U nicht homolog 0 in G, dann ist der Homologic-Ring von 0 isomorph dem 
Ring des topologischen Produktes von U und W. Dabei ergibt .sich noch: 
Ein Wirkungsraum W, dessen Isotropiegruppe I ' nicht homolog 0 in dcr Gruppe 
G ist, hat den glcichen Ring wie ein gewisses Produkt von Spharen ungerader 
Dimensionen. Das ist eine Verallgemcinerung des Satzes von Hopf iiber den 
Ring einer Gruppen-Mannigfaltigkeit (eine Gruppe liisst sich auffassen als 
Wirkungsraum, dessen Isotropiegruppe ein Punkt ist, und ein Punkt ist nie 
homolog 0). 
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Kapitel I 

Ein Satz Ober Gruppen-Mannigpaltigkeiten 

Die §§1 und 2 enthalten cine geeignete Zusammenstellung bekannter Dinge 
(im wesentlichen ohne Beweise) und einen Bericht iiber eine Arbeit von Hopf 
tiber Gruppenmannigfaltigkeiten, auf die sich die vorliegende Arbeit stlitzt. 
In §3 wird ein allgemeiner Satz iiber Gruppenmannigfaltigkeiten bewiesen. 

1. Der Homologie-Ring einer Mannigfaltigkeit. Irreduzible Erzeugenden- 
systeme, mazimale und minimale Eiemente 

1. M sei eine geschlossene, orientierbare Mannigfaltigkeit der Dimension n. 
Die Homologieklassen von M, die Eiemente der Betti’schen Gruppe ^{M), 
bilden einen Ring, den Homologie- oder Schnittring 5 W(Af), wenn man die Addi- 
tion dureh die Addition in der Betti'schen Gruppe und das Produkt durch die 
Schnittbildung erklilrt [11]. Dabei sollen in dieser Arbeit immer die rationalen 
Zahlen als Kocffizienten dienen. 

enthalt ein Eins-Elcment, namlich den orientierten n-dimensionalen 
Grundzyklus von M ; es wird mit 1 bezeichnet. Die Dimension eines homogen- 
dimensionalen Elementes z von 5R(M) bezeichen^n wir mit d(z); die Zahl {(«) = 
n — d(z) heissc die duale Dimension von z. Das Null-Element 0 hat jede 
Dimension. 

F(ir homogen-dimensionale Eiemente z, z' ist auch das Produkt oder der 
Schnitt z-z' homogen-dimensional und zwar gilt: 

S(z-z') = 5 («) -f- 6(2'). 

Weiter ist: 

2.2' = (-1)*''>*'*'V.2, 

also speziell : 

2-2 = 0 bei ungeradem 3(2). 

Die rationalen Vielfachen der 1 heissen die Skalare. 

Wo im folgenden Homologieklassen auftreten, sollen sie immer, wenn nicht 
anders bemerkt, homogen-dimensional sein. 

2. ®r(Af), oder kurz 33 , , sei die r-te Betti’sche Gruppe von M, also die additive 
Gruppe der r-dimensionalen Eiemente von 0?(M); ihr Rang p, ist die r-te Bet- 
ti’sche Zahl von M. Die voile Betti’sche Gruppe 33(M) ist die direktc Summe 

58o(M) + ^i(M) + ■■’ + 33» W. 

Fiir r < n sei U, die Gruppe derjenigen Eiemente von 33 , , die sich aus den 
Elementen der Gruppen 

33 ( 1 - 1 , 33 n-J t • • • ) 33 r+l 
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durch Multiplikatiori und Addition erzeugen lassen (vgl. [7], Nr. 30), die sich 
also als ^Xh-yh mit d{xh) > 0 und 8 (yh) > 0 schreiben lassen; die Elemente 
von Ur heissen “zusammengesetzt.^' 

Ein nicht-skalares Element heisst maximal, wenn es nicht zusammengesetzt 
ist, wenn es sich also nicht als Summe von Produkten von hoherdimensionalen 
Elementen darstellen lasst. Ist z maximal und w zusammengesetzt, dann ist 
auch z w maximal, weil Ur cine Gruppe ist. Die Skalare werden nicht als 
maximal angesehen; die hochstdimensionalen untcr den nicht-skalaren, nicht- 
verschwindenden Elementen sind immer maximal. 

Man stelle als direkte Summe Ur + Sr dar; das ist moglich, weil die ratio- 
nalen Zahlen als Koeffizienten dienen. Die Elemente von Sr sind dann maximal. 
Wahlt man in jeder Gruppe Sr eine Basis, so bildet die Gesamtheit dieser Basis- 
elemente mit der 1 zusammen, wie man leicht sieht, ein Erzeugendensystem des 
Ringes d.h.: jedes Element von 9t(M) lasst sich als Polynom in den 

Elementen dieses Systems schreiben. Man bestatigt auch leicht, dass ein 
irreduzibles Erzeugendensystem vorliegt, d.h. dass kein echtes Teilsystem ein 
Erzeugendensystem ist. 

Der Rang der Gruppe 3n-r , also auch der Rang der Restklassengruppe 
33«-r — Un~r , wcrdc Ir geuanut. (Rang = Maximalzahl linear unabhangiger 
Elemente.) Man stellt fest, dass die nicht-skalaren Elemente eines beliebigen 
irreduziblen Erzeugendensystems (1, zi , Z2 , • • • , zi) von di{M) maximal sind, 
und dass die Zahl derjenigen Zi , fiir die 8 (Zt) = r ist, immer gleich Ir ist; die 
Anzahl der Elemente eines solchen Systems (ohne die 1 ) ist also immer 

l^li + h+ ••• +ln. ([7],Nr.31) 

Ersetzt man die Elemente Zi eines solchen Systems durch z< + ijr , wo die Ele- 
mente yi nicht maximal sind, so erhalt man wieder ein irreduzibles Erzeugenden- 
system; das kommt daher, dass die z* Repr^entantem fur die Restklassengruppe 
Sr — Ur sind. 

3. Unter den Vielfachen x*v eines Elementes v von 9J(ilf), wo x alle Elemente 
von 5R(Af) durchlauft, treten immer auf: 

a) die rationalen Vielfachen von v, deren Dimension gleich der voii v ist — 
man setze fur a; einen beliebigen Skalar ein — und 

b) alle null-dimensionalen Elemente, d.h. der Punkt mit einem beliebigen 
Koeffizienten, wennt^ 9 ^ Oist — wegendesPoincar^-Veblen’schen Dualitatssatzes. 

Wir definieren nun: 

Ein Element v von’dt(M) heisst minimal^ wenn es keine anderen Vielfachen 
besitztj d. h. wennausO < d(x-v) < dip) folgt: xv^O. (Statt 0 < d{x-v) < d{v) 
kann man auch sagen: 0 < 5(x) < d{v),) (Vgl. [7], Nr. 32) 

Die nulldimensionalen Elemente gelten nicht als minimal, so wie die n-dimen- 
sionalen Elemente nicht als maximal gelten. Dagegcn ist die Null minimal. 

Es gilt der folgende Satz; 

Das s^imensionale Element v ist dann und nur dann minimal^ wenn es ein 
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Annulator der Gruppe Un-« ist, d,h. wenn u-v = Q ist fur jedes Element u von 
U«_« (s = 1, • • • , n) ([7], Nr. 33). Daraus entnimmt man: die «-<limensionalen 
minimalen Elemente bilden cine additive Gruppe SJ, , eine Untergruppe von 93, . 
Aus dem Poincar^-Veblen’schen Dualitatssatz folgt leicht, dass der Rang von 
93, gleich U ist, namlich gleich dem Rang von in der direkten Summe 
93n-, = Un-* + \ 95, uud 3n-, sind gewissermassen dual zueinander. Die 

direkte Summe 93i + 932 + • • • + 95n aller dieser Gnippen heisst die Gruppe 
der minimalen Elemente von 9f (ilf ) ; sie wird mit 93(M), oder kurz mit 93 bezeich- 
net. Ihr Rang ist 

/ = 4- /g + • • • + in . 


4. M und M' seien zwei Maimigfaltigkeiten, / eine Abbildung von M in M'.^ 
/ bildet den Ring 9{(ikf) in den Ring 9t(M') ab. Dann gilt der wichtige In- 
varianzsatz : 

Ist V ein minimales Element von 5W(M), so ist sein Bild f{v) cin minimales 
Element von ([7], Nr. 34) 

Eine spezielle Folgerung hieraus ist: 

Ein Element von 9?(M), das durch das stetigc Bild einer Sphare Sn {n > 0) 
repriisenticrt wird, ist ein minimales Element. Denn in 9?(6"n) ist der Grund- 
zyklus Sn — die 1 von $tt(5„) —minimal. 

5. M und M' seien zwei geschlossene, orientierbare Mannigfaltigkeiten; / sei 
eine Abbildung von M in M Durch / wird eine Abbildung von ?R(M) in J)?(M') 
bewirkt, die auch f heisse; sie ist additiv, aber im allgemeinen nicht multipli- 
kativ homomorph. Dann existiert eine Abbildung von 9?(M') in 5R(M) — 
der TJmkehningshomomorphismus — mit folgendcn Eigenschaften: [12] 

1) (P ist ein Ring-Homomorphismus, also additiv und multiplikativ homo- 
morph, 

2) (p ist mit / durch die Funktionalgleichung 

fMz')^x) = z'./(x) 

verkniipft, in der x ein beliebiges Element von 9?(M) und z' ein beliebiges Ele- 
ment von 9?(Af') ist, 

3) ist z' ein homogen-dimensionales Element von 5W(M'), so ist auch ^(z') 
homogen-dimensional, und zwar ist 

8(^(z')) = «(^'), 

anders geschrieben: 

d{<p(z')) = d(z') + d{M) - d(M'). 

(Vgl. [7], Nr. 25) Mit Hilfe dieser Eigenschaften lasst sich allgemein bei gege- 
bener Abbildung/, bzw. tp, die Abbildung bzw. /, anschreiben; wir werden 

* Alle in dieser Arbeit vorkommenden Abbildungen sind eindeutig und stetig. 
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jedoch diese Beziehung, die wir nur in spezieller Weise brauchen, jedesmal 
direkt ableiten. 

6. Es soil jetzt noch cin Hilfssatz abgeleitct warden, der spater gebraucht 
wird. Es sei zo , bzw. 4 , der einfach gezahlte Punkt von M, bzw. M'. 

Hilfssatz: 1st <p(Z(i) 0, so ist f eine AhbiUlung von fR(ilf) auf 9i(Af'). 

Es sei also (p(2o) ^ 0; wir zeigen zunachst: Ist x' von Null vcrschicden, dann 
ist auch <p{x') nicht Null. Weil x' nicht Null ist, gibt es ein duales y' mit 
y'-x' — Zo . Wegen der Multiplikativitat von ,p ist <f>(y') ■ <fi(x') = <p(y'-x') = 
ifiizo) 9 ^ 0. Also ist auch <(>(x') 7 ^ 0. Die Gruppe derjenigen Elemcnte von 
53(3/'). die boi der Abbildung / als Bilder von Elementen von 53(3f) auftreten, 
die Bildgruppe /(^(3f)), hat dann die folgende Eigcnschaft: 

Sie enthalt zu einem bcliebigen Element x\ 9 ^ 0) von 53(3/') ein Element y' 
mit x'-y' = 2 o . 

Denn aus a;' 0 folgt ip{x') 9 ^ 0; also gibt es ein y so, dass >p(x')-y = zo ist; 

iibt man auf diese Gleichung / aus und bcaehtet die Funktionalgleichung fiir 
so erhalt man x'-f(y) = z'o . Die Behauptung ist also mit y' = f(y) eifiillt. 

Aber aus dieser Eigenschaft der Bildgruppe folgt naeh dem Poincar6- 
Veblen’schen Dualitatssatz sofort, dass die Bildgruppe mit ^8(3/') zusammen- 
fallt, was zu beweisen war. 

7. Zu zwei Mannigfaltigkciten M und M' gehort die Produktmannigfaltigkeit 
M X 3/'. Eeber die Homologieeigenschaften von M X M' ist bekannt [13] 
(vgl. [7], Nr. 19): 

Zu jedem Element x von 91(3/) und jedem Element x' von 91(M') gehort ein 
Element x X x' von 91(3/ X 3/'); diese Produktbildung ist mit dor Addition 
distributiv verkniipft; es gilt: d(x X x') = d{x) + d(x'). 

Jedes Element von 91(3/ X 3/') lasst sich als (^a X n) darstellen; genaucr 
gilt: Ist (Zi , Z« , • • ■ Zp) eine additive Basis von 91(3/) — d.h. eine Basis von 
53(3/) — und ist (Z[ , Z 2 , • • • Zp>) eine additive Basis von 91(3/'), so bilden die 
Elemcnte Z, X Zi eine additive Basis in 91(3/ X 3/'); die Elemente von 
91(3/ X 3/') lassen sich in eineindeutiger Weise als 23 <ia(^< X Z*) mit ra- 
tionalen Koeffizienten schreiben. (All das gilt auch ftir den Produktkomplex 
zweier Komplexe.) 

Fiir die Multiplikation gilt [14] : 

(x X x').{y X y') = (-l)*‘*> ‘''''>(z:-j/ X x'.y'Y, 

dabei miissen x und y' homogen-dimensional sein. Ausserdem gelten die 
tiblichen distributiven Gesetze. 

8. Der folgende Abbildungssatz fiir topologische Produkte wird spater Qfters 
verwendet: 

A, B, A', B' seien Mannigfaltigkeiten;/ sei eine Abbildung von A in A', g sei 
eine Abbildung von B in B'. Man konstruiert eine Abbildung h von A X B 
in A' X B', indem man setzt: 
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Kp X g) = Sip) X flf(g). 

Ist dann x, bzw. y, ein Homologieelement von A, bzw. B, so gilt; 

hix Xy) = fix) X giy). 

Man beweist das, indem man / und g simplizial approximiert. Ist dann o, 
bzw. b, ein Simplex von A, bzw. B, so ist das Bild der Zelle o X b die Zelle 
/(a) X gib): 

hia Xb) = fia) X gib); 

denn beide Zellen rechts und links haben dieselben Eckpunkte, und auch die 
Orientierung stimmt uberein, wie man leicht sieht. Durch Addition gewinnt 
man die Formel dann fiir Komplexe, Zyklen und Homologieklassen. 

9. Wie man ganz leicht sieht, besteht die Gruppe 5B(M X M') der minimalen 
Elemente von M X M' genau aus den Elementen (t> X 4) + iso X v'), wo Zo , 
bzw. Zo , der einfach gezahlte Punkt von Af, bzw. M', ist und v, bzw. v', ein 
beliebiges Element von 9S(Af), bzw. ^iM'), ist. 

2. Der Ring einer Gruppen-Mannigfaltigkeit 

1. G sei eine geschlossene Gruppen-Mannigfaltigkeit, also eine geschlossene 
Mannigfaltigkeit (der Dimension n), zwischen deren Punkten eine Multiplika- 
tion erklSrt ist, die die bekannten Gruppenaxiome erfiillt, und die die weitere 
Eigenschaft hat, dass das Produkt pg zweier Punkte p, g von G stetig von dem 
Paar (p, g) abhangt, und ebenso das Inverse p~* stetig von p abhangt. (Grup- 
penmannigfaltigkeiten sind bekanntlich orientierbar.) 

Ueber den Homologie-Ring von G ist der folgende Satz bekannt ([7], Nr. 2): 
Satz a. Der Ring imit rationakn Koeffizienten) einer Gruppen-Mannig- 
faltigkeit G ist dimensionstreu isomorph dem Ring 9i(n) eines topohgischen 
Produktes 

n = X S«. X • • • X , 1^1, 

wo Sm die m-dimensionale SpMre bezeichnet, und die Dimensionen ungerade 
sind. 


2. Der Beweis dieses Satzes verlauft so, dass man zeigt: Bilden die Elemente 
Zi, Z 2 , • •• zi mit der 1 zusammen ein irreduzibles Erzeugendensy.stem von 3i(G), 
dann ist 

a) das Produkt Zi-Zf ■ zi von Null verschieden, 

b) 5(z,) = Mi ungerade (t = 1, • • • , Z) ([7], Nr. 15). 

Daraus folgert man: Es ist 

= ~Zk‘Zi, speziell z<-z< = 0; 

und eine voile additive Basis von ^ftiG) (eine Basis von i8(G)) wird gebildet von 
den 2^ Elementen 
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1 > ('^*1 ^ • Zig • Zfj {ii < 22 K, 2*3), • • • f Zi»Z2 Zi • 

Diese Basis, die also durch das irreduzible Erzeugendensystem (1, zi , za , • • • , ^i) 
bestimmt ist, heisse die Basis [z,]. 

Sind X, y zwei Elemente 1) dicser Basis, so ist a;. 2 / 5 ^ 0, wonn kcin Element 
Zi in bciden Elementen zugleich als Faktor auftritt, dagegen ist x-i/ = 0, wenn 
wenigstens ein Zi in beiden Elementen als Faktor auftritt, wie man leicht mit 
Hilfe der Assoziativitat, dor Antikommutativitat der Elemente z,- und der 

Tatsachc Zi-Za zi 7 ^ 0 bestatigt. Man kann 9?(G) als den Ring der in- 

homogenen Multilinearformen in den antikommutativen Grosser! Zi , za , • • • z/ 
beschreiben. Die Dimension von G ist 


n = Wi + Wa + • • . + mz . 

Das Produkt Zi^Za Zi ist nulldimensional; man kann annehmen, dass es 

gleich dem einfach gezahlten Punkt von G ist, der heissen soil (man kann 
namlich ctwa Zi durch ein geeignetes rationales Vielf aches ersetzen). 

Die Isomorphic zwischen JR((r) und 9J(II) wird folgendermassen hergestellt: 
Der orientierte Gmndzyklus der Sphare Sm werde auch mit Sm bczeichnet; 
p sei ein einfach gezahlter Punkt von Sm . Man bilde die Elemente 

= p X 5^2 X Sm, X • • • X Smi 

Z 2 = Sm, X P X Sm, X • • X Smi 

Zl = Sm, X Sm2 X Sm, X ••• X P 

von 91(11). Die Z. haben auch die Eigenschaften a) und b); die Zuordnung 

Zi ^ Zi orgibt offenbar einen Isomorphismus von 9?(G) und 9J(n). 

Die Elemente Zi sind maximal, weil sie zu einem irreduziblen Erzeugenden- 
system gehoren (§1, Nr. 2). 

Ein Produkt z,, -z.^ Zi^ ist durch seine Faktoren bis auf das Vorzeichen 

bestimmt; in diesein Sinne kann man von dem Produkt der z,^. sprechen, ohne 
auf ihre Reihenfolge zu achten. 

3. Die Gruppe 93(G) der minimalen Elemente von 9?(G) lasst sich leicht 
bestimmen. Von den Elementen der Basis [z,] sind minimal die und nur die, 
die Produktc von 1—1 Faktoren z, sind, also die Elemente 

Vi — Zi*Z2 Zt—i'Zt+i Z/ . 

Denn ist x ein Element dieser Basis, das Produkt von hdchstens I — 2 Faktoren 
2 , ist, also mindestens zwei der 2 , , etwa 2, und z, , nicht als Faktoren enthftlt, 
so ist 2 r-x pi 0 und 0 < d(zr-x) < d(x), also x nicht minimal. Dagegen ist 
ff-Vi = 0 ftir jedes von 2 ,- und 1 verschiedene Basiselement y, weil y dann min- 
destens einen Faktor 2 * enthfilt, der auch in a,- vorkommt; aus 0 < 5(y) < d(v.) 
folgt also y-»>< = 0 (denn wegen S(Zi) = d(vi) ist dann y 9^ 2 <); also ist Vi minimal. 
Mit derselben Ueberlegung stellt man fest, dass die von den Elementen «,• 
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erzeugte Untergruppe von 93(0) schon die ganze Gruppe 93 (G) ist, dass also die 
minimalen Elemente von 9?(G) genau die Lincarkombinationen ^ a.i;, mit 
rationalen Koeffizienten a, sind; die Elemente Vi (i = 1, • • • , Z) bilden also eine 
Basis von 93(G). 

Der Schnitt Zi-Vi ist gleich ztvo . Wir wollen das Vorzeichen der Elemente 
Vi so definieren, dass Zi-Vi = vq gilt; die Vi erftillen dann die Gleichungen 

Zi^Vk = dikVo (i, k == !,•••, l)y 

durch die sie, wie man leicht iiberlegt, auch vollstandig bestimmt sind. 

Im Spharenprodukt 11 entsprechen den Vi die ‘^Spharen selbst/' namlich die 
Elemente 


6 

II 

X p 

X p X •• 

• X p 

II 

X 

X p X •• 

. X p 

v, = p 

Xp 

X P X •• 

• X s, 


die offenbar eine Basis von 95(11) darstellen. (Um die richtigen Vorzeichen zu 
erhalten, muss man die Elemente aus Nr. 2 durch die Elemente ( — 1)^“* 
ersetzen; es gelten namlich die Gleichungen Zi-Vk = (“~l)^”*5,it Vo mit Fo = 
p X p X • • • X p. Die in Nr. 2 genannten Eigenschaften der Zt gelten auch 
fiir die Elemente ( — l)^~"Zi.) 

Hieran sicht man unmittelbar, dass $3 d{vi) = n ist (das gilt dann naturlich 
fiir jede Basis (^ 1 ,^ 2 , • • • vi) von 95(G)). 

Die Dimension d{vt) = 8{Zi) = d{Syni) = ist ungerade; in eiiier Gruppe 
gibt es also nur ungerade-dimensionale minimale Elemente ([7], Nr. 36). 

Die Zahlen U , die Range der Gruppen 95i(G) (§1, Nr. 3), geben an, wieviel 
der Faktor-Spharen Smi, des Produktes IT i-dimcnsional sind; durch die U ist 11, 
und folglich auch 9{(G) vollstandig bestimmt. Die Zahlen U sollen die charak- 
teristischen Zahlen der Gruppe G genannt werden. U ist Null fiir gerades f. 
Die Zahl 


Z(G) - Zi + Za + ^5 + • • • 

soli der Rang^ der Gruppe heissen; der Rang einer Gruppe G ist also gleich dem 
Rang der Gruppe 95(G) der minimalen Elemente von G. 

4. Die von den Elementen 

* Zjj • • • • * Zf^ (Zj ^2 ^ ... ^ ^r) j 1 

gebildete Basis [Zi] ist zu sich selbst dual, d.h. die duale Basis besteht aus 
denselben Elementen (bis auf das Vorzeichen). 


* FUr den Zusammenhang dieser Definition des Ranges einer Gruppe mit der tiblichen 
Definition des Ranges einer Lieschen Gruppe vgl.: H. Hopf: Vber den Rang geschlosaener 
Lieecher Qruppen [Comm. Math. Helv. 13 h940/41)]. 
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1st ntlmlich x = z., -Zi, ein beliebigcs dieser Elemente, und ist x = 

2;i -Zij Zji-, das Produkt derjenigen Zj , die in x nicht als Faktoren auftretcn, 

so ist a: = dbPo ; ist aber y ciu von x vcrschicdcnes Element der Basis [z,] 
mit d{y) = d(x), so ist 2 / -a: = 0, weil y mindestens cinen Faktor Zj cnthalt, der 
auch in x vorkommt. 

In Nr. 2 sind wir ausgegangen von cinem belicbigen irreduziblen Erzeugenden- 
system (zi , Z 2 , • • • , z« , 1) von nach Nr. 3 sind den z, die minimalen 

Elemente zugeordnet, die eine Basis von bilden. Man sieht ganz Icicht, 
dass man auf diese Weisc, d.h. durch geeignete Wahl der Z; , jede Basis von 35(0’) 
erhalten kann (mit der unwe.sentlichen Einschrankung, dass man, wegen der 

Bedingung Zi-Zt zi = vo , nur solche Basen von 35(G) bekommt, die durch 

eine lineare Transformation mit der Determinante 1 auseinandcr hervorgehen; 
das bedeutet nur, dass man cventuell Vi durch ein rationales Vielfaches ersetzen 
muss.). Das beweist man z.B. mit Hilfe der Bemerkung, dass die Gleichungen 
Zi-Vk = SikVo, durch die bei gegebenen z, die v, vollstandig bestimmt sind, in- 
variant bleiben, wenn man auf die z< und die v, kontragrediente lineare Trans- 
formationen ausiibt. 

Man nehme die zu cinem beliebigen irreduziblen Erzeugenden.system (zi , 
Zi, • ,zi , 1) von 9?(G) gehorenden minimalen Elemente e,- in eine sonst 
beliebige Basis von 58(0) auf. Dann ist das zu Vi duale Element z,- der dualen 
Basis von der Form z,- = z< 4- j/,- mit nichtmaximalem y, ; das bestatigt man 
leicht auf Grand der Tatsacihe, dass Zi-Vi = eo ist, dass aber fiir jedes von z,- 
und 1 verschiedene Element x der Basis [z,] der Schnitt x-Vi gleich Null ist. 
Diese Elemente z\ bilden ebenfalLs mit 1 zusammen ein imHiuzibles Erzeugen- 
densystem von 9J(G); sie besitzen auch die Eigenschaften a) und b) (§1, Nr. 2); 
es ist nSmlich 5(z,-) = a(z<) und zl-zj zj = Zi-Z 2 zr, aus den Gleich- 

ungen Zi'Vk = SikVo folgen ohne weiteres die Gleichungen ZfVk = d,kVo ■ 

3 . Der Pontrjagin’sehe Ring imd der “Aufspann-Satz” 

1. G sei, wie in §1, eine (geschlossene) Gruppcnmannigfaltigkeit. Die Multi- 
plikation in G, die jedem Punktepaar (p, q) von G den Punkt p-q zuordnet, 
kann man auffassen als eine Abbildung F des topologischen Produktes G X G 
zweier Excmplare von G in G, die definiert ist durch: 

F{p Xq) = p-q- 

Sind X, y zwei Homologieklasscn von G, so wollen wir untcr dem Ponlrjagin’schcn 
Produkt [3] (kilrzer: P-Produkt) von x und y das BUd des Elementes x X y von 
dt(G X G) bei F verstehen; wir bczeichnen es mit xoy; also: 

Fix X y) = xoy. 

Anschaulich, aber etwas unscharf, kann man das so sagen: Durehlauft der 
Punkt p den Zyklus x, und der Punkt q den Zyklus y, dann durehlauft der Punkt 
pq den Zyklus xoy. 

Es ist dixoy) = d{x) + diy). 
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Wegen des Assoziativgesetzes in G ist diese Multiplikation auch assoziativ; 
fur drei Homologieelemente Xi, X 2 , Xz gilt: 

{xiox2)<^Xz = 0:10(0:20x3). 

Das P-Produkt ist mit der Addition distributiv verkniipft, wie man sofort sieht. 

Das bedeutet: Man kann die Betti^sche Gruppe 33(6) nicht nur dutch die 
Schnitibildung x-y zu einem Ring 9i(G), sondern auch dutch die Ponttjagin^sche 
Ptoduktbildung xoy zu einem Ring $(6), dem Ponttjagin^schen Ring von 6, 
machen, 

Auf den Ring 'iP(6) kann man die ublichen algebraischen Begriffe anwenden; 
sind Xi , X2 , • • • Xr irgondwelche Elemente von ^(G), so ist klar, was man unter 
dem von den x, erzeugteii Pontrjagin’schen Teilring und was man unter dem 
von den Xi erzeugten Poiitrjagin^schen Ideal (Reehts-, Links-, oder zweiseitig) 
zu verstehen hat. 

(Jcdes von homogen-dimensionalen x* crzeugte Ideal in 5R(0) ist iibrigcns 
zweiseitig, wegen der Regel x-y = dbi/ x fur homogcn-dimensionale x, y; es wird 
sich zeigen, dass das auch in ^(G) so ist.) 

Der Ring ^(6) besitzt eine Eins, namlich das nulldimcnsionale Element Vo , 
das man ctwa durch den cinfach gezahlten Einheitspunkt c, das Gruppen- 
Einselement von 6, reprasentieren kann; denn wegen F{e X p) = ep ^ p ftir 
jeden Punkt p von G ist offenbar F(vq X x ) = x fur jcdes Element x von ^{G), 
und ebenso ist F(x X Vo) = d.h. : 

VqoX = xovo = X. 

2. Dcr Ring ^(6) und sein Verhaltnis zu dem Ring 5)f(6) soli nun untersucht 
werden. 

Die Pontrjagin\schen Untersuchungen [3] haben ergebcn, dass fur die Gruppen 
der bekannten vier Killing-Cartan^schen Klassen die Ringe 5R(6) und ^{G) ein 
ganz bestimmtes, in gewissem Sinn duales, Verhalten aufweisen. Von Cartan 
[15] und in anderer Form von Hopf [16] ist die Vermutung ausgesprochen 
worden, dass diese Dualitat den Ringen 9?(G) und ‘iP(6’) aller (gcschlossener) 
Gmppenmannigfaltigkeiten zukommc. Diese Vermutung wollen wir im fol- 
genden beweisen. Satz I ist die Cartan^sehe, Satz I' die Hopf'sche Formu- 
lierung der Vermutung. Aus Griinden, die bei der Formulierung und beim 
Beweis der Vermutung, besonders in der Form I', klar werden werden, wollen 
wir die zu beweisende Tatsache den ‘‘Aufspann-Satz” nennen. Die Cartan^sche 
Formulierung ist [15]: 

Satz I. G sei cine geschlossene Gtuppen-Mannigfaltigkeit det Dimension n, 
vom Rang I, 

a) Dann gibt es im Ring ^(G) (mit tationalen Koeffizienten) I Elemente 
Vi j V 2 f • • • vi ungetader Dimensionen, filt die gilt: 

ViOVk = —Vk^Vi und ViOVi = 0; 

die 2^. — 1 Elemente 

Vi^ovi^o . . . ovi^ {ii < i2 < • • < it) 
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hilden mit dem Punkt Vo zusammen eine voile Betti* sche Basis {Basis der Betti* schen 
Gruppe S3((r)). 

b) Sind Wi = Vi^ovi^o ... ovi^ und = Vj^ovj^o ... ovj^ zwci solche 
Basiselementey so isi der Schnitt wi * Wz gleich Nully wenn eines der Elemente Vi weder 
in dem Produkt Wi noch in dem Produkt W 2 als Faktor vorkommt) kommt jedcs Vi 
entweder in Wi oder in W 2 oder in heiden als Faktor vor, dann ist der Schnitt Wi-W 2 
(bis auf das Vorzeichen) gleich dem Produkt Vk^ovi,^o . . . 0 ^;^^ {ki < k 2 < • • • <kt) 
derjenigen Vi , die sowohl in Wi als auch in W 2 als Faktor auftretcn, oder, falls kein Vi 
sowohl in W\ als auch in W 2 vorkommt, gleich vo . 

Teil a) von Satz I beschreibt den Ring ^{G)) die Elemente Vt sind antikom- 
mutativ und bilden cin irreduzibles Erzeugendensystem von dem 

Beweis wird hervorgehen, dass man fiir diese Elemente i\ die Elemente einer 
beliebigen Basis der Gruppe ^(G) der minimalen Elemente von 5R(G) wahlen 
darf. Die in I a) genannte Basis von 93((i) wollen wir die Basis (vi) nennen; 
sie ist durch die Elemente Vi bestimmt. 

Teil b) enthalt die Beziehung zwischen und ‘iP(G); denn b) bestimmt 
den Schnitt zweier beliebiger Elemente von *il3((T). Diese Beziehung tritt klarer 
hervor in der Hopf’sehen Formulierung des Satzes I, die durch den Satz I' 
gegeben wird. Dazu ist eine Vorbereitung notig. 

3. n = Smi X Snii X Smi X ••• X Smi sci cin Produkt von Spharen Smi 
der Dimensionen m» . Zi und Vi seien die in §2, Nr. 2 u. 3 definierten maxi- 
malen und minimalen Elemente von SR(n). 

In S8(n) l^st sich neben der Schnittbildung in naheliegender Weise noch 
eine zweite Multiplikation, das ‘‘Aufspanneii/^ erklaren [16]. Das Produkt 
zweier Elemente X, Y von ®(n) wird mit X Y bezeiehnet; die Definition 
geschieht folgendermasscn: 

FUr ii < i 2 < ••• < ir ist Vi^ ^ Vi^ . . . )8( Vi^ dasjenige Element 
Xi X X 2 X • • • X xi von S3(n), in dem 

Xj = Smf ftir i = , ^ 2 , • • • , ir und 

Xj = p fiir alle anderen j 

ist. Das sind mit dem Punkt Fo zusammen 2* Elemente, die eine voile Betti^sche 
Basis von 93(11) bilden. 

Fiir zwei solche Elemente 

X = Vi, K F.-, K . . . K F.V , Y = Vi, Fy, K . . . K F,. 

wird das ‘‘aufgespannte” Element X Y dadurch definiert, dass man die 
rechten Seiten nach dem assoziativen Gesetz miteinander multipliziert und die 
Regeln 

Vi ^Vk^ n Vi , Vi^Vi^O 

(mi = d(Vi)) anwendet; dann wird X '0. Y entweder = 0 oder (bis auf das 
Vorzeichen) eins der oben genannten Basiselemcnte. Fiir belicbige Elemente 
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von 93(11) definiert man das Produkt, indem man sie durch die Elemente dieser 
Basis darstellt und die distributiven Gesetzc anwendet. Es ist d{X'&Y) == d{X) 
+ 

Durch diese Multiplikation wird die Betti\sche Gruppe 93(11) zu einem Ring 
Q(n). Es existiert eine Eins: 

Fo = p X p X • • • X p. 

Die Ringe 9t(n) und 0(11) sind isomorph; die Isomorphie bekommt man, wenn 
man die Erzeugenden Zi von 9i(n) den Erzeugenden Vi von Q(n) zuordnet. 

Es besteht aber weiter eine gewisse Dualitat; es gilt namlich die folgende 
‘Tormcl (A)”: 

(A) Zi, Zi, Z,v = ±V,, Fy, K . . . K , 

wenn die Mengcn {ii , ^ 2 , * • • , ir] und {ji , ^ 2 , • * * komplementare Teil- 

mengen der Menge der Zahlen von 1 bis I sind. Beide Seiten bedeuten namlich 

dasjenige Elememt Xi X X 2 X • • • X xi von 93(11), in dem 

Xj = fiir j = , j 2 , • • • , ji-r und 

Xj = p fur i = , 1*2 , • • • , if 

ist. Das Vorzeichen hangt auf gewisse Weise von den Indizes ab. 

Mit Hilfe dieser Formel (A) liisst sich jedes Element von 3)(I1) sowohl als 
Element von 9i(n) als auch als Element von 0(11) schreiben. Infolgedessen 
kann man den Schnitt X*Y zweier beliebiger Elemente X, Y von 0(11) und das 
Produkt X K F zweier beliebiger Elemente X, Y von 9?(n) berechnen; die 
Formel (A) bestimmt die Bezic^hung zwischen $K(n) und 0(11) vollkommen. 

4. Der Satz I' lautet nun folgendermassen [16]: 

Satz I'. Die auf Grund von Satz A moglichey isomorphe Abbildung der Ringe 
9J(fr) und 5R(n) {wo n ein gewiases Spharenprodukt id) Idsst s^ich so wdhkn^ dass 
zugleich die Ringe ^{G) und 0(11) isomorph aufeinander abgebildet werden. 

Der Beweis fiir die Satze I und 1' wird in den Nummern 5-8 geliefert; er geht 
folgendermassen vor sich: Wir beweisen zunachst (in Nr. 5, 6, 7) den Teil a) 
von Satz 1, und zwar in der folgenden verscharften Form: Die Elemente Vi einer 
beliebigen Basis (vi , , • • • vi) der Gruppe 9S(f?) der minimalen Elemente von 

9i(Gr) haben die in I a) genannten Eigenschaften. Den Teil b) von Satz I 
beweisen wir in Nr. 8 folgendermassen: Wir bilden mit den Elementen Vi die 
in I a) genannte Basis (r,); die in der dualen Basis zu den Vi dualen Elemente 
nennen wir Zi ; sic haben die in §2, Nr. 4, Ende, genannten Eigenschaften. 
Dann beweisen wir die Giiltigkeit dcr der Formel (A) (Nr. 3) entsprechenden 
^Tormel (D)’\- 

(E>) 2.. ‘Zi, 2.V = , 

ftir komplementare Teilmengen {*i , ij, •••,».} und \ji, jt, ••• iji-r] der 
Mongo {1, 2, ••• ,Z}. 
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Au 8 dieser Formel folgt danii sofort I b): Man schreibe die Elementc Wi und 
W 2 mit Hilfe von (D) als Schnitt gewisser Zi ; dann bilde man den Schnitt Wi-W 2 j 
der entweder 0 oder wieder ein Schnitt gewisser z, ist; im zweiten Falle schreibt 
man Wi»W 2 wieder mit Hilfe von (D) als P-Produkt gewisser t;* . Man best^igt 
ohne MUhe, dass der Schnitt Wi-W 2 das in I b) angegebene Verhalten zeigt, 
wegen der Dualitat der Formel (D), die man folgendermasscn aiissprechen kann: 
Kommt in (D) auf der linken Seite das Element Zi vor, so kommt rechts das dazu 
duale Vi nicht vor; kommt links das Element Zk nicht vor, so kommt rechts das 
dazu duale Vk vor. 

Der Satz I' ist dann auch bewiesen: ordnet man die eben genannten z* den 
Elementen Zi von 9i(n) zu, so erhalt man einen IsomorphLsmus JK(6’) = 3i(n). 
Dabei entsprecheii wegen §2, Nr. 4 die Elemente Vi von ^K((r) den Elementen Vi 
von 5K(n). Wegen der Formeln (D) und (A) entspri(4it dann dem P-Produkt 
irgendwelcher Vi^ das von den ontsprechenden Fi* ‘‘aufgespannte” Element, d. h. 
esliegtein Isomorphismus zwischen ^(G) und 0(11) vor; um Uebereinstimmung 
der Vorzeichen in (D) und (A) zu erhalten, muss man jedoch die Elemente Z, 
durch die Elemente ( — l)^“*Zi ersetzen (vgl. §2, Nr. 3). 

5. Wir beginnen mit dem Beweis von I und I'. Wir betrachten die Abbildung 

P(P X q) = pq 

des Produktes G X 0 zweier Ex(‘mplare von G in G; <f> sei der zugehorige Um- 
kehrungshomomorphismus (§1, Nr. 5). 

Das Bild 0(z) eines beliebigen Elementes z von 9i(G) hat eine sehr speziclle 
(xestalt, auf der alle weiteren Ueberlegungen beruhen; sie ist cine Folge der 
Tatsache, dass der Punkt vo in ^(G) die Rollc der Eins spiel t, also eine Folge 
der Gleichungen 

F(x X Vo) = X, F(vo X y) = y 
ftir beliebige Elemente x, y von S(G). 

Das Bild 0(z) eines beliebigen z{^ 1) lasst sich in der folgenden Form 
schreiben : 

0(z) = (1 X y) + (a: X 1) + 2 (xa X yn), 

wo die Ungleichungen d{z) < d{Xh) < n, d{z) < d{yh) < n fur alle h gelten; 
denn auf die Form der rechten Seite kann man jedes Element von 9J(G X G) 
bringen, und die Ungleichungen folgen aus der Gleichung 6(0(z)) = 6{z). Hicrin 
laasen sich nun y und x bestimmen: 

Wir bilden den Schnitt 0(a)- (t>o XI). Der Schnitt von vo mit nicht skalaren 
Elementen ist immer 0; auf Grund dor in §1, Nr. 7 genannten Satze findet man 
sofort; 

0 ( 2 ) -(fo X 1) = fo X j/. 

Uebt man auf diese Gleichung die Abbildung F aus und beachtet die Funktional- 
gleichung fur 0 (§1, Nr. 5), so erhalt man: 



1106 


HANS SAMELSON 




z-1 = 2 /, also z — y. 

Entsprechend bilden wir den Schnitt <l>{z)*{l X vo), Man findet: 

^(8^(1 X t»o) = X «;o). 

Durch Ausiibung von F und Anwendung der Funktionalgleichung fiir ^ erhalt 
man, wenn man noch beachtet, dass B{vo) = n ist: 

Damit ist gezeigt: Fiir jedes Element z(i>^ 1) von 9?((t) gilt die “Formel 
(<p) 4>i.z) = (1 X 2) + (-l)’-*“’(2 X 1) + E (a:* X y») 

« 

mit den Ungleichungen d{z) < d(xh) < n, d(z) < d{yh) < n. Ausserdem ist 
nattirlich 0(1) = 1X1. 

Wir ftihren nun eine Basis in 93(0?) ein. Und zwar wahlen wir die von einem 
beliebigen irreduziblen Erzeugendensystem (1, zi , Z 2 , • • • «/) von 9l((r) erzeugte 

Basis [z,| (§2, Nr. 2); wir diirfen Zl^z^ z; = t>o annehmen. Das Vorzeichen 

der Elemente t>, , die zu dieser Basis gehoren, ist durch 

Vi - (-iy~^Zi-Z2 Zi-i-Zi+i Zl 

definiert; dann sind in dcr dualen Basis, die nach §2, Nr. 4 bis auf Vorzeichen 
aus densclben Elementen wie die Basis [z<] besteht, gerade die Elemente z,- zu 
den Elementen v, dual, d. h. es ist z, .t)< = t>o ; es gelten dann die Gleichungen; 


Zi-vt = SikVo. 

Die Elemente Vi bilden eine Basis von SS(G); nach §2, Nr. 4 kann man durch 
geeignete Wahl der Elemente z< jede Basis von 93(G) auf diese Weise erhalten. 

Durch die Basis [z<] in S8(G) ist eine Basis in 93(G X G) bestimmt (§1, Nr. 7), 
die wir die Basis [z,]^ nennen wollen; auch diese Basis ist (bis auf Vorzeichen) zu 
sich dual. 

Fiir die maximalen Elemente z< ist 5(z,) ungcrade. Daher heisst fiir sie die 
Formel (0): 

(0.) 0(zO = (1 X Zi) + (-l)”(z.- X 1) + «< ; 

dabei ist der Term E (*» X t/h) aus (0) mit ft,- bezeichnet worden. Weil alle 
6(z,) ungerade sind, ist ftir jeden Term (xa X yn) von ft< entweder S{Xh) oder 
HVh) gerade, also nie sowohl xa als auch y* maximal, sondern wenigstens eines 
zusammengesetzt. 

6. Wir beweisen zunachst die Behauptungen 

Viot),- = 0 und ViOVA = —VkoVi 

von I a) ; anders gesagt, wir beweisen: fiir die Elemente t)< X a,- und (t)< X »*) + 
(vk X Vi), die wir fiir den Moment mit und va bezeichnen, gilt: 
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F{vii) = F{vik) = 0 . 

Zu^n Beweis beachteii wir, dass die Funktiorialgleichung fiir <t> die Gleichung 
F(<l>(x')-Vii) — x^-F(Vii) und die entsprechendc fiir Vik mit cinom beliebigcn 
x' € SB(G) liefert. Um zu zeigen, dass F(v„) = 0 ist, geniigt es wcgen des 
Poincar6-Veblen\schen Duafitatssatzos, die folgcnde Bohauptung (a) zu beweiscn: 

(a) fiir jedes x von 93(G) mit 3(x) = diva) ist die Schnittzahl (f>(x)-Vt^ gleich 
Null. 

Ebenso geniigt es fiir den Beweis von F{vtk) = 0, zu zeigen: 

(b) fiir jedes y von 93(G) mit b{y) = d(t’a-) ist die Schnittzahl <t>{y)-v^k gleich 
Null. 

Wir betrachten nun die Menge d(»rjenigen Elementc ^ {xh X y)) in 9f (G X G), 
in denen in jedem Term Xh X yh entweder Xh odcr yh oder beide zusammcngcsetzte 
Elemente von 5K(G) sind; wie man sofort einsicht, ist diesc Menge, die U heisse, 
ein zweiseitiges Ideal in JJi(G X G). Ilie Elemente (2* X {Zi X Z/t), {Zk X z^) 
gehoren zu verschiedenen Restklassen von U. 

Alls der Formcl (<^i) und der ansehliessenden Bemerkung iiber folgen die 
Kongruenzen : 

4>{Zr) s (1 X Zt) + (~l)"(2r X 1) mod U. 

Weil die Elemente (1 X Zr-z$) und {zr-z^ X 1) zu U gehoren, folgt daraus sofort: 

4>{Zr-Z.) = 0(2r)-0(2,) « (-1)'*('2'- X Zr) - (-l)'*(2:r X Zb) mod U, 

WO das Vorzcichcn des zweiten Gliedes daraus folgt, dass die 6(2,) ungerade sind. 
Ebenso rcchnet man sofort aus: 

(t>(Zr*ZB-Zt) = <l>(zr)-<t>(zs)-<l>(zt) = 0 mod U, 

und das Gleiche fiir alle Produkte mit mehr als drei Faktoren. Stellt man also 
fiir irgendein Element x dor Basis [2,] von 93(G) das Bild 0(x) durch die Basis 
[2,]^ von 93(G X G) dar, so tritt darin das Basiselemcnt 2» X 2. nieht (d. h. mit 
dem Koeffizienten Null) auf; die Basisolemente Zi X Zk und Zk X 2, treten nur 
dann mit nichtversehwindcndcm Koeffizienten auf, wenn x = Zt-Zk ist, und 
dann treten sie mit entgegensetzten Koeffizienten auf (namlich mit +1 und — 1). 

Nun sind aber die Elementc (2* X 2,), (2, X 2^), {zk X 2,), wenn man sie noch 
mit den Vorzeichen ( — 1)” versieht, die zu den Elemcnten {vi X vO, {vt X Vk), 
(Vk X Vi) dualen Elemente der Basis [2*]^ (man beachte, dass Basis und dualc 
Basis bis auf Vorzeichen mit der Basis [2,]^ iibereinstimmen). 

Daraus schliesst man sofort die Behauptung (a): 

<l>(x)-(vi X Vi) = 0, wenn 6(x) = d{vi X Vi), 

Auch fiir die Behauptung (b) muss man nur noch den Schnitt (l>{zi-Zk) • va priifen. 
Aber wegen der Verschiedenheit der Vorzeichen von (2,- X Zk) und (zk X Zi) in 
<^(Zi-Zk) ist auch dieser Schnitt Null. Damit ist (a) und (b), also auch die 
Behauptung am Anfang dieser Nummer, bewiesen. 
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7. Als zweites beweisen wir die Gleichung: 

t)iot;20 • • • ov/ = 1. 

Wegcn der eben bewiesenen Antikommutativitat dcr Vi dtirfen wir annehmen, 
die Vi seien so angeordnet, dass d{vi) ^ d{vk) ist fiir i < k. 

Dass das Produkt der Vi gcrade +1 ist, licgt daran, dass die z* so definiert 
sind, dass Zi-Z 2 • • • Zi = +«;o ist; das Wescntliche ist, dass das — n-dimensionalc — 
Element t;ioi;20 ... ovi nicht Null ist, d.h. dass die ganze Mannigfaltigkeit G 
von der Basis {vi, ^2, der Gruppe ®(G) ^‘aufgespannt^' wird; dem 

entsprieht die Gleichung Vil^ V 2 I& • • • Vi = 1 beim Spharenprodukt IT. 

Wir bezeichnen mit Wk das Teilprodukt VkoVk+io ... ovi (k = 1 , 2, • • • , 2) 
und setzen noch wi^i ^ vo . 

Dann beweisen wir fiir A; = 1, 2, • • • , 2 die Gleichungen: 

(U) 2*-U)* = 

{2k) ZfWk = 0 fur* < h 

Das ist richtig fur k = I, wegen Zi-vi = vo . Dip Gleichungen seien bewiesen 
fiir wir beweisen sie fiir A; — 1. 

Wir gehen aus von der Tatsachc 

F{vk-i X Wk) = Wk-i , 
die aus der Definition der Wk folgt. 

Fiir cin bcliebiges Element Zi ergibt die Funktionalgleichung fiir </> die 
Gleichung: 

(3) F(<t>(z,)-ivk-i X Wk)) = Zi-xDk-i. 

Fiir i < k setae man jetzt ^(2,) aus der Formel (<^,) (Nr. 5) ein. Man erhalt: 

(4) <l>{zi)‘{vk-i X Wk) = X Wk) fiirf < k. 

Denn wegen (2*) ist (1 X z%)-{vk~i X Wk) = 0; und ist a: X J/ ein Element aus 
iZi = x* X 2 /a , so ist wegen d(x) > d(z,) ^ d{zk-i) der Schnitt x-Vk-i = 0, 
also auch /?, • (i^a-i X w*) = 0 (die zweite Unglcichung folgt aus der Voraussetzung 
uber die d{vi)). 

Fiir f = A: — 1 erhalt man also; 

(!') <l>{zk-i)-ivk-i X Wk) = {-iy~^'‘~^\vo X Wk), 

fiir i < A: — 1 erhalt man dagegen: 

(2') <l>{zi) • (vk-i X Wk) = 0 fiir i < A; — 1. 

Aus (1') und (3) entnimmt man j^tzt: 

Zk-i-Wk = 

aus (20 und (3) dagegen: 

Zi-Wk-i = 0 

und das sind die Gleichungen (U-i) und (2*_i). 


fiir * < A: — 1 ; 
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Aus den damit fiir fc = 1, 2, • • • , Z bewiesenen Gleichungen (U) schliesst man 
jetzt der Reihe nach: wi 9 ^ 0 (wegen wt+i = vi 9 ^ 0), wi-i 9 ^ 0, Wi ^ 0. 
Also ist jedenfalls Wi — i;ioj )20 . . . oyj 0. Bei Durchfiihrung der elementaren 
Rechnung erhalt man die genauerc Aussagc; 

tijoyjo ... ovi = 1. 

Aus den Tatsachen, dass die Vi antikommutativ sind (in ^(0)), und dass 
Viovto . . . ovi 9^0 ist, kann man nun schliessen, dass die Elemente Vi (zusammen 
mit Vo) den Ring ^(t?) crzeugen. Dazu betrachten wir die 2* Elemente 

Vo und . . . ot),-, {ii < it < •■ • < ir). 

Wegen der Antikommutativitat der Vi ist jedes beliebige Potenz-P-Produkt, 
das man aus den lu bilden kann, entwcder 0 oder — bis aufs Vorzeichen — einem 
dieser Elemente gleich. Xun stellt man leicht fest, dass diese Elemente linear 
unabhangig sind : 

0 = 23 ®> • 2/i sei eine Relation zwLschen solehen Elementen yt mit Koeffi- 
zienten a, . Es sei yi ein “kurzestes” dieser Elemente, d. h. eines mit moglichst 
kleiner Zahl von Faktoren r, ; mit yi werde das P-Produkt derjenigen r,- bezeich- 
net, die in 2/1 nicht als Faktoren auftreten. 

Nun multipliziere man die Gleichung 0 = S Of2/» im Sinne des P-Produktes 
mit yi . Auf der rechten Seite ergibt ai-yioyi das Element ±ai - 1; denn es ist 
yioyi = iwiot.’so ... ovi . Fiir die yi mit t > 1 ist aber y,oyi = 0, vveil mindestens 
ein Vk in y, und in yi zugleich vorkommt. Man erhalt also: 0 = ±Oi ; ebenso 
zeigt man, dass alle a< verschwinden. 

Nun hat aber 33(0) den Rang 2* (§2, Nr. 2). Also bilden die Elemente 

ViiOVi^o . . . oVi, (il < 12 < • • • < ir) 

mit ro zusammen eine Basis von S(G), die die Basis (r,) genannt werden soli. 
Da nach §2, Nr. 3 die d{v,) ungerade sind, ist jetzt I a) vollstandig bewiesen. 
Die Elemente y,- bilden ein irreduzibles Erzeugendensystem von ^(G). 

8. Wir kommen jetzt zum Beweis von I b). Wir betrachten wieder die 
Abbildungen F und 0. Aber als Ba.sis in G und zur Bildung der Basis in G X 
nehmen wir jetzt die Basis {vi). In der dualen Basis sind zu den y< dual gewisse 
Elemente z,' , die nach §2, Nr. 4 ein irreduzibles Erzeugendensystem von 9Z(G) 
bilden, und fiir die die Gleichungen 

z'i-Vk = 6ikVo 

gelten. Die z< neiinen wir wieder z,- ; fiir die so durch die y,- bestimmten z< 
i^weisen wir die Formel (D). 

Wir behaupten: fiir die so bestimmten Zj verschwindet der Rest in der 
Formel d. h. es gilt die verfeinerte Formel (0o): 

(^) m = (1 X Zi) + (-l)"(2i X 1). 
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Zum Beweis betrachten wir die Abbildung F; sie ist vollst^ndig zu iibersehen. 
Die Bilder der Elemente der durch die Basis {i><) von ®(G) bestimmten Basis 
(vt)^ von S8{G X G) werden durch folgende Gleichungen gegeben: 

F{{V{iOVi^o ... otJ,-,) X ••• »»>,)) = Vi^oVi^o ... oVi^oVjiOVj^o ... oVj, . 

Dabei ist das Element rechts entweder 0 oder — bis aufs Vorzeichen — ein 
Element der Basis {»<). (y<,o«<,o • . • oVi, oder Vj^oVj^o . . . oVj^ kann auch das 
Element vo bedeuten; dann ist F durch F(vo X x) = F(x X Vo) — x gegeben.) 

Nun seien wi und wt zwei beliebige Elemente der Basis (v,) von !8{G), die der 
Bedingung d{zi) = d(wi) + d{wi) genilgen, sodass also w = WiXwt ein Element 
der Basis (v,)^ von i8(G X G) mit 6(^(2,)) = d(w) ist. Wir betrachten die 
Schnittzahl ^(Zi) • w. Wegen der Funktionalgleichung fiir ^ 1 st 

F{<t>{zi)-w) — Zi‘F{w). 

Weil Zi das zu Vi duale Element ist, ist diese Schnittzahl nur dann uicht Null, 
wenn F{w), das ja ein Element der Basis (r.) von S8(G) ist, gleich r, ist. Daraus 
folgt: Der Schnitt 4i{zi)-w ist nur dann nicht Null, wenn entweder w = Vi X vo 
oder w — Vo X Vi ist. Das bedeutet: in der Darstellung von <i>izi) durch die zu 
der Basis duale Basis treten nur die zu Vi X vo und vo X v, dualen Elemente 
mit von Null verschiedenem Koeffizienten auf; und das sind eben die Ele- 
mente (1 X 2i) und ( — 1 )"( 2 .- X 1). Damit ist die Formel (4>o) bewiesen. 

Wir betrachten ein beliebiges Produkt v^oVi^o . . . oy,^ (mit lauter ver- 
schiedenen Faktoren v). Wir behaupten das Bestehen der folgenden Gleich- 
ungen: 


( 1 ) KiriVi^oVi^o ... oVi,) 


Vo 

( — l)'~V<,ot;j,o • • • ovi. 


fiir r = 1, 
fur r > 1, 


( 2 ) 2*. (vi^ov,fO . . . oVi^) = 0 , wenn keiner der Indizes 11,^2, • • • , tV gleich k ist 


Beachtet man die Antikommutativitat der t>,- , so erhait man aus der Gleichung 
(1) die folgende etwas allgemeinere, in der u ein beliebiger der Indizes n , 
^2 ) ... f tf 1st ■ 


(lO Zik-(ViiOVi,o ... oy.jO ... oViJ 

= ±Vi,oVi,o . . . oVi^.^oVi^^.^o . . . oVi, (fur r > 1 ). 

Diese Gleichungen besagen: Der Schnitt eines Elementes w = rjjoy,,o . . . oy,-, 
mit einem Element z,- ist dann und nur dann nicht Null, wenn das zu z,- duale 
Vj als Faktor in w auftritt; tritt v,- als Faktor in w auf, dann erhait man den 
Schnitt Zj-w (bis aufs Vorzeichen), indem man den Faktor y,- aus dem Produkt 
y<,oy,-,o . . . ovi, weglasst. 

Den Beweis ftihren wir durch Induktion nach r; ftkr r = 1 ist die Richtigkeit 
von (1) und (2) klar. (1) und (2) seien also richtig ftlr alle P-Produkte mit 
weniger als r Faktoren y< . 
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Wir gehen aus von der Tatsache: 

F{Vi^ X {Vi^oVi^o . . . oVi^)) = . . . ol’,, , 

die aus der Definition des P-Produktes folgt. 

Nach der Funktionalglei^ihung fur 0 ist: 

(3) X ... ot><,))) = Zi-{vi^ov,,o ... oy,,). 

In dem darin auftretenden Produkt 

<A(z>)-K X (»,joy,-,o ... ovi^)), 

das wir ftir den Moment X nennen wollen, setzen wir fUr 4>izj) den Ausdruck aus 
Formel («^) ein. Wir erhalten: 

X = (r<, X izr{Vi,oVi,o ... oy.,,))) + (-l)’’“*((zy.y<^) X (y.-,oy,-,o ... oy,,)). 

Ist erstens j = , so ist nach Induktionsvoraussetzung 2 ,.(y,joy,,o . . . oy,-,) 

gleich Null; andererseits ist dann 2 ,.y,, = vq. Also ist 

X = (-l)''“‘yo X (vi,oVi,o ... oyy,) 

und die Gleichung (3) liefert die Gleichung (1) fiir den Index r. 

Ist zwcitens j keiner der Indizes h , ii , ... , t, , so ist nach Induktionsvoraus- 
setzung (y,joy,,o . . . oy,-,) gleich Null. Aber auchzy.y,, ist gleich Null; also 
ist Z = 0. Dann liefert die Gleichung (3) die Gleichung (2) ftir den Index r. 

Durch die Gleichungen (1) und (2) ist das gegenseitige Verhalten von 91(G) und 
^(G) vollkommen bestimmt; wir wollen jetzt die Dualitatsformel (D) daraus 
ableiten; 

(D) 2,-, .2,-, . . . 2,v = ±V)iOVj,o . . . oyy,_, , 

wenn {ii , iz, ... ,ir\ und {ji , , • • • , j’l-r! komplementare Teihnengen der 

Menge der Zahlen von 1 bis I sind. 

(Das Vorzeichen hiingt auf etwas komplizierte Weise von den Indizes ab; es 
sei bemerkt, dass 

21.22 . . . 2r = ( — l)’'‘'"’'’yr+10Vr+20 • • • oVi 

ist. Da-ss die Vorzeichen in (D) und (A) iibereinstimmen (nach der Ersetzung 
von Zi durch ( — vgl. Nr. 4), ergibt sich nach einer elementaren Rech- 

nung.) 

Wir gehen aus von der Tatsache 

t’ioy20 . . . oVi = 1, 

und betrachten ein beliebiges Produkt 2 ., .z,-, 2 ,, . Wir multiplizieren die 

Gleichung yioy 20 - evi = 1 mit zy, . Rechts entsteht dabei z,-, ; und links fallt 
nach Gleichung (!') der Faktor y,j weg. Die so entstandene Gleichung multi- 
plizieren wir mit z<, . Rechts entsteht dabei Zii-Zi, ; und links failt auch noch 
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cler Faktor Vi^ weg. So fahren wir fort; jedesmal kommt rechts ein Faktor 
Zi^ (im Schnitt-Sinn) dazu, und links fallt der P-Faktor y,* weg. So entsteht die 
Gleichung (D). Nach Nr. 5 ist damit 1 b), und damit der ganze “Aufspann- 
Satz’^ bewiesen. 

9. Zum Rechnen in ^(G) bemerken wir noch folgendcs: 

Gehen die Elemente Vi^ , , • • • , Vi^ aus den Elementen Vi^ , t’lj ? • * * ? Vir 

durch eine lineare Transformation 

Vij = iji ^ ~ Ij ‘ 

mit der Determinante \ a jk\ hervor, so gilt wegen der Antikommutativitat dcr 
Vi die Gleichung: 

Vi^ov'i^o . . . ov'i, = I ajk • 

Daraus folgt z. B., dass das Produkt (in ^(G)) von linear abhangigen mini- 
malen Elementen Vi^ , Vi^ ^ , Vi^ immer Null ist. 

Weiter gilt: fiir beliebige (homogen-dimensionale) Elemente x, y ist 

xoy = 

zum Beweis muss man nur x und y in der Basis (i;») schreiben. 

In Nr. 5 sind wir ausgegangen von einer belicbigen Basis [zi] von 93(G) ; dadurch 
wurden die Elemente v* , die eine Basis von 58 (G) bilden, bestimmt; nach §2, 
Nr. 4 kann man jede Basis von 5B(G) auf diese Weise bekommen. In der 
Fassung I des Aufspannsatzes kann man also unter den Elementen e, die Ele- 
mente einer beliebigen Basis von 9S(G) verstehen. Die Elemente Zt , die dann 
in der Forrnel (D) auftreten (und die ein irreduzibles Erzeugendensystem von 
9f(G) bilden), sind folgendermassen bestimmt: sie sind in der zu der Basis (y,) 
dualen Basis die zu den y» dualen Elemente. Auf Grund der Forrnel (D) beste- 
hen die Basis [zil und die Basis (y.) aus denselben Elementen; nun ist die Basis 
[Zi] zu sich selbst dual (bis auf Vorzeichen) ; also ist die Basis [z»] zu der Basis 
(y.) dual. Man bestatigt auch Icicht unmittelbar an der Forrnel (D), dass das 
einzige Element der Basis [z,], das mit dem Element y,,oy,jO . . . oy,^ der Basis 

(y,) den Schnitt ±vq ergibt, das Element ist. Wir wollen diese 

und noch zwei andere Regeln notieren, die unmittelbar aus (D) folgen: 


(1) Zii-Zii Zi,•{Vi^oVi^Q oy<J = zfcyo, 

(2) Zi^-(vh<^Vi^o ... oyyj = 0, wenn 

die Indexmengen {ii , ^2 , • • • , ir] uiid [ji , ^2 , • • • , jr} voneinander verschieden 
sind, 

(3) Zi^>(vkiOVk^o ... oVk,) = 0, wenn s < r. 


Um sie zu beweisen, hat man nur die P-Produkte der y< mit Hilfe von (D) als 
Schnitt der z» zu schreiben, und dann die Rechenregeln fur 5R(G) anzuwenden. 
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10. Es seien x = zi^ und y = Zj^^Zj^ zwei Elemente 

der Basis [z,\ und es sei x-t/ = ifcPo, d. h. die Elemente Zij , • • • , z*, , 2 ;^ , • . . , 
sind die Elemente Zi , Z 2 , • • • , Zi , nur in anderer Reihenfolge. Auf Grund 
von (D) ist dann 

Xoy = Vj^oVj^o ... oVji^^oVi^oVt.^o ... oVi^ ; 

und dieses Produkt ist glcich ±1, weil die darin auftrctenderi r. bis auf die 
Reihenfolge mit den Elementen Vi ,V 2 y • • • yVi libereinstimmen. Fuhrt man die 
elementare Bestimmung des Vorzeichens durch, so crhalt man: Aus x-y = 
folgt Xoy — 1. Daraus folgt leicht allgemein : Sind X, Y zwei beliebige Elemente 
von ®(G) mit d{X) + d{Y) = n, dann ist die Schnittzahl von und Y gleich 
ihrer ‘^Aufspannzahl/’ d. h. in X* F = a - vq und in Xo F = 6*1 sind die Koeffi- 
zienten a und b gleich; diese Gleichheit ist ja anschaulich sehr nahelicgend. 

Einc letzte Bemerkung ist folgende : 

Die Elemente pi , • • • , Pr seien irgcndwelche, linear unabhangige Elemente 
von 35 (G); dann sind die Elemente 

Vi^oVi^o . . . oVi^ (1 ^ ik ^ r, < 2*2 < . . • < is) 

linear unabhtogige Elemente von 33(G). Zum Beweis hat man nur die vi , 
. • • yVr in eine Basis vi y • • • yVi von 35(G) aufzunehmen, und mit dieser Basis 
die Basis (vt) von 33(G) zu bilden. 

Kapitel II 

Erste Anwendungen des Aufspannsatzes 

Der Aufspannsatz soil jetzt mit den wichtigsten gruppentheoretischen Be- 
griffen in Zusammenhang gebracht werden: mit dem der homomorphen Ab- 
bildung und hauptsachlich denen der Untergruppe und der Nebengrui)pen- 
zerlegung. 

1. Homomorphe Abbildung 

1. G und G' seien zwei Gruppenmannigfaltigkeiten. Eine Abbildung h von 
G in G' heisst homomorphe Abbildung, wenn sie 

a) einc homomorphe Abbildung im gewdhnlichen gruppentheoretischen Sinn 
ist, und 

b) eine stetige Abbildung dcr Mannigfaltigkeit G in die Mannigfaltigkeit 
G' ist. 

Die homomorphe Abbildung h bildet den Ring ^(G) homomorph in den Ring 
^(G') ab; die additive Homomorphic ist klar; die Gleichung 

h{xoy) = h{x)oh{y) 

fiir zwei beliebige Homologieklassen x, y von G und ihre Bilder /i(a*), h{y) bei h 
beweist man etwa folgendermassen : 

Man bilde das topologische Produkt G X G durch die Abbildung /(p X <z) = 
hipq) in G' ab. Ist F die Abbildung F{p X q) — pq von G X G in G, ist F' die 
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entsprechende Abbildung fiir G', und bezeichnet man mit g die Abbildung 
giP X q) = kip) X hiq) von G XG'mG' X G', dann kann man wegen hip-q) — 
hip) • hiq) die Abbildung / sowohl als hF als auch als F'g schreiben. Nun ist 
Fix X y) — xoy, also hFix X y) = hixoy). Andererseits ist (nach Kap. I, §1, 
Nr. 8) gix X y) — hix) X Ky), und folglich F'gix X y) = hix)ohiy). Damit 
ist die Behauptung bewiesen. 

Ist speziell hix) homolog Null in G', so folgt, dass auch hixoy) homolog Null 
ist fiir beliebiges y; denn es ist O'oz' = 0' (O' die Nullklasse, z' eine beliebige 
Homoiogieklassc von G'). 

2. Der Kem einer homomorphen Abbildung cines Ringes bzw. einer Gruppe 
ist die Menge dorjenigen Elemente, deren Bild die Null ist; der Kem ist ein 
Ideal bzw. eine (invariante) Untergmppe. 

Wir betrachten die Gruppen 3J(G) und 5S(G') der minimalen Elemente von G 
und G\ Durch h wird ®(G) homomorph in 93(G') abgebildet (nach Kap. I, 
§1, Nr. 4); 58®(G) sei der Kern dieser Abbildung. 9S(G) werde als direkte 
Summe 3J“(G) + 35' (G) dargestellt; dann wird 35' (G) isomorph abgebildet. 

. , t)(o) sei eine Basis von SS®, {vi«+i , • • • , t)i} eine von 35'; {t>i , • • • , Vi} 
ist dann eine Basis von 35(G). Die Elemente vi, • • • ,vio werden auf Null 
abgebildet; die Elemente hivio+i), • •• , hivi) sind in G' linear unabhangig. 

Wir betrachten die von t>o und den Produkten 

ViioVi^o • . • oVi^ (i’l < is < • • • < ir) 

gebildete Basis (v,) von ©(G) (vgl. Satz I a)). Nach der letzten Bemerkung in 
Nr. 1 wird ein solches Produkt sicher auf 0 abgebildet, wenn auch nur ein Faktor 
v,^ auf 0 abgebildet wird, wenn also wenigstens ein Index ik aus der Reihe 1, 2, 

• • • ,t .stammt. Andererseits werden diejenigen Elemente Vji°Vj,o • • • oVj , , 
in denen alle Indizes > f sind, auf die Elemente 

hiVj^oVj^o . . . OVj,) = hiVj^)ohiVi,)o . . . ohiVj,) 

abgebildet, und diese Elemente sind in G' linear unabhangig, weil die — nach 
Kap. I, §1, Nr. 4 minimalen — Elemente hivj) ij = f + 1, ,1) linear unab- 

hangig sind (Kap. I, §3, Nr. 10). 

Das bedeutet offenbar, dass der Charakter der Abbildung h durch folgcnden 
Satz bestimmt ist: 

Satz II. Ist h eine homomorphe Abbildung von G in G', so ist der Kem der 
dadurch bemrkten homomorphen Abbildung von '!P(G) in 35(G') das Ideal von 35(G), 
das erzeugt vrird von denjenigen minimalen Elementen von 9?(G), deren Bild bei h 
die Null ist. 

Der Rcstklas.senring von 35(G) nach diesem Ideal — der ja durch h isomorph 
abgebildet wird — , ist isomorph dem von den Elementen vo , , • • • , t»j 

erzeugten Teilring von 35(G). 

In jedem von Null verschiedenen Ideal von 35(G) ist das Element 1 (die Eins 
von ?R(G)) enthalten; denn wegen der Gleichung viovto . . . ovi = 1 gibt es zu 
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jedem Element 0) ein ymAxoy = 1. Daher ist eine direkte Konsequenz 
des Satzes II das folgende. 

Korollar 1. Das Bild h{l) des Elementes 1 ist dann und nur dann ~0 in G', 
wenn durch h wenigstens ein minimales Element 0) von G auf 0 abgebildet 
vyird. 1st /i(l) ot/ 0, dann mrd der game Ring '13(6') isomorph abgebildet. 

Daraus schliesst man nun welter: 

Korollar 2. Ist G durch f homomorph in G' abgebildet, und G’ durch g homo- 
morph in G" abgebildet, ist weiter f{G) oo 0 in G', und g{G') 0 in G", so ist 

gf{G) 0 in G" (G, G' bezeichnen hier die Einselcmcnte von JR(f;'))- 

Denn durch den HomomorphLsmus gf wild sogar dcr ganze Ring ^{G) iso- 
morph abgebildet, well f und g Isomorphismen sind. 

3. In Anwendung dieser Begriffe soil jetzt die Abbildung q(p) = p‘ von G 
in sich, die also jedem Punkt p von G sein Quadrat p' zuordnet, untersucht 
werden. 

Bezeichnet man mit / die Abbildung /(p) = p X p von GmG X G und mit F 
die schon betrachtete Abbildung F{p X p') — p-p', so karin man die Abbildung 
^(p) als zusammengesetzte Abbildung Ff{p) sehreiben. Das Produkt G X G 
ist selbst eine Gruppe, als direktes Produkt von G und G; und f(p) = p X p 
ist eine homomorphe Abbildung von G in G X G. 

Nach Nr. 2 wird man die /-Bilder dcr minimalen Elementc von G betrachten. 
Wir behaupten: Fiir jedes Element v von 93(6/) ist 

S{v) = {v X Vo) -f (I'o X v). 

Zum Beweis beachten wir, dass f{v) als minimales Element von iiliG X G) von 
der Form X Vo) + (fo X v^) mit «*, v^ e ®(G) ist (Kap. 1, §1, Nr. 9). Um zu 
zeigen, dass v^ = v^ = v gilt, betrachten wir die Abbildungen irdp X p') = p 
und ir 2 (p X p') = p' von G X G in G; die Abbildungen xi/und ir 2 /sind dann 
die Identitat von G. Man erkennt sofort: Fiir jedes Element A' der Form 
{x X Vo) -I- {vo X y) ist vi{X) = x und ttjCA) = y; fiir jedes z von iS(G) ist 
iri/(z) = irj/( 2 ) = z. Damit hat man die folgenden Gleichungen: 

V = vifiv) = viiiv^ X Vo) -h (t'o X v^)) = f'; 

ebenso zeigt man: v = v~, womit die obige Behauptung bewiesen ist. 

Sei jetzt {vi , t; 2 , • • • ,vi\ eine Basis von 3J(G). Xach dem eben Bewiesenen 
ist dann 

/(r,) = {Vi X Vo) -I- (ro X v.), 

also 


g(vi) = Ff(vi) — F{(vi X Vo) + {vo X r,)) = v,- -1-1;, = 2i',- . 

Die Bilder /(y<,oD,-,o . . . oa,-,) der Elemente der Basis (v,) bestimmt man 
jetzt daraus, dass / homomorph ist. Man hat dabei zu beachten, dass fiir die 
Pontrjagin’sche Multiplikation in G X G, wie man leicht sieht, gilt: 

(* X y)o{x' X y') = X (Slop'). 
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Damit lauft die Rechnung so: 
fiVioVk) = f(Vi)ofiVk) 

= {{vi X Vo) + (vo X Vi))o({vk X Vo) + (vo X Vk)) 

= ((vioVk) X Wo) + (Vi X Vk) - (Wfc X Vi) + (vo X (v.oVfc)); 

also 

q{vioVk) = FfivioVk) 

= X I’o) + F(v^ X X Vi) + F(2;o X (vioVk)) 

= (VkoVi) + (VioVk)] 

und wegen VioVk = —VkoVi erhalt man endlich: 

qiVioVk) = 4^,0 . 

Entsprechend verfahrt man im allgemeinen Falle, bei der Berechnung von 
q(vi^oVt 20 . . • oVi^) = FfiviiOVi^o • • • oVi^). Man gcht aus von der Gleichung 

fiVi.oVi.o . . . oVi,) = f{Vi,)of{Vi^)o . . . of{vi^), 

setzt f(vtk) = (I’i* X «^o) + (i’o X Vtf) ein, und multipliziert aus. Man erhalt 
2^ Summanden, von denen jeder das Element dz tu^oVi^o . . . als Bild bei F 
hat — und man stellt fest, dass immer das positive Vorzeichen gilt. Damit hat 
man den Satz: 

Der Homologietyp der Abbildung q{p) = p^ von G in sich ist bestimmt diirch die 
folgendcn Gleichungerij in denen die q-Bildcr der Elemente der Basis (y,) von 3J(G) 
angegeben sind: 

qiVi^oVi^o . . . oVi^) = 2\^oVi^o . . . oVi^ {ii < Z2 < • • • < Q 

(und natiirlich q{vo) = i^o). 

Darin ist, wegen der Gleichung 1 = VioV 20 • • • ov^ cnthalten:® Die Abbildung 
q{p) = p^ von G in sich hat den Grad 2^ 

2. Untergruppen und Nebengruppenzerlegung 

1. G sei wie immer einc Gruppenmannigfaltigkeit. Eine Teilmengc U heisst 
eine Untergruppe, wenn sie 

a) eine Untergruppe von G im gewohnlichen gruppcntheoretischen Sinn ist, und 

b) eine abgeschlossene Teilmenge von G ist. 

Dazu bemerken wir folgendes: Es ist bekannt, dass jede geschlossene Gruppen- 
mannigfaltigkeit eine Lie^sche Gruppe, also jedenfalls einige Male dififerenzierbar 
ist. Ueber das Verhalten einer Untergruppe U ist bekannt [17]: Man kann in 
einer hinreichend klcinen, dem Euklidischen Rn (n = d(G)) homoomorphen, 

® Vgl.: H. Hopf : Vber den Rang geschlossener Liescher Gruppen [Comm. Math. Helv 13. 
(1940/41)1, Satz I ftir A; - 2. 
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Umgebimg V des Einheitspunktes e der Gruppe G ein solches Koordinaten- 
system einfuhren, dass diejeiiigcn Punktc von U, die zu V geborcn, die also den 
Durehschnitt U-V bilden, eine gewisse Ebene durch e erfiillen. U ist also im 
kleinen eiiklidisch. Beachtet man noch, dass U als abgeschlossene Teilmenge 
von G kompakt ist, so sieht man leicht: Ist die Untergmppe U zusammenhan- 
gend, dann ist sie eine differenzierbare und differenzierbar in G eingelagerte, 
geschlovssene, Gruppenmannigfaltigkeit; ist U nicht zusammenhangend, dann 
ist die Kom])onentc U'j die den Punkt e enthalt, selbst eine zusammenhtogende 
Untergmppe von G, also eine Gmppenmannigfaltigkeit in G, und U besteht 
aus cndlich viol Komponcntcn, die Nebengmppen von U' sind. 

Deshalb bedeutet es kaum eine Einsehrankung, wenn wir im folgenden die 
Forderung b) ersetzen dureh die Forderung 

b') r ist eine (differenzierbar) in G eingelagerte geschlossene Mannigfaltigkeit 
(also zusammenhangend). 

Da V eine Gmppenmannigfaltigkeit ist, haben fur sie die Definitionen und 
Satze des Kap. I Giiltigkeit. 

2. G sei eine Gmppe, ( ' eine Untergmppe. Die Gmppenmannigfaltigkeit U 
ist dadureh, dass sie cine Untergmppe von G ist, auf naturliche Weise homo- 
morph, sogar isomorph, in G abgebildet; man hat dazu die Punkte von U, die 
ja aueh Punkte von G sind, eben als Punkte von G aufzufassen. Das Bild einer 
Homologieklasse u von I ' bei dieser Abbildung ist ?/, als Homologieklasse von 
G betrachtf't; genauer: das Bild von u Ist die Homologieklasse von G, in der 
die Zyklen aus u, die ja aueh Zyklen in G sind, liegen. Die Homomorphic 
besteht darin, dass fiir die Homologieelemente von V die Pontrjagin^sche Multi- 
plikation in ( ’ ubereinstimmt mit der in G. 

Man kann also die Satze des §1 anwenden. Wir stellen die Frage: Welohe 
Elemente von 3^(f ^ sind homolog 0 in G? Naeh §1 htogt das davon ab, welche 
minimalen Elemente von 5R(r) in G homolog 0 sind. Aus dem Satz II folgt der 

Satz III. Die Gesamtheit der Homologieelemente der Untergruppe l\ die in 
der Gruppe G homolog 0 smd, ist das Ideal von ‘iP(f '), das erzeugt mrd von denje- 
nigen minimalen Elementen von 3i(r), die in G homolog 0 sind. 

Das sind also die Elemente WhoVh , wo die xvh beliebige Elemente von 
sind, und die Vk Elemente von 33 (T) bedeuten, die in G homolog 0 sind. 

Daraus entnimmt man sofort das 

Korollar 1. Eine Untergruppe I " ist dann xmd nur danxi in der Gruppe G, 
wenn wenigsiens ein von Nxdl verschiedenes minimales Element aus 5K(U) in G 
homolog 0 isL 

Weiter gilt: 

Korollar 2. Ist U nicht homolog 0 in G, dann ist kein von Null verschiedenes 
Element von ^(U) homolog 0 in G. 

Daraus wieder folgt sofort: 

Korollar 3. Ist G" eine Untergruppe von G', die nicht homolog 0 ist in G', 
und ist G' eine Untergruppe von G, die nicht homolog 0 ist in G, dann ist G" nicht 
homolog 0 in G. 
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Dann ist sogar kein Element von S((r") homolog 0 in (?. 

Diesen Satz verallgemeinert man zu folgendem: 

Ist Gi Z) G 2 D Gz • • • ZD Gr cine absteigende Kette von Untergruppen, und ist 
Gi+i ot/ 0 in Gi (fiir i = 1, 2, • • • , r — 1), dann ist Gr in Gi . 

Man kann die Ueberlegungen, die zum Satz III fiihren, etwas anders fassen: 
sei die Gruppe derjenigen Elemente von die in G sind. 

Man stelle ^(U) als direkte Summe + ^\U) dar. Die Elemente 

vi j V 2 f • • • , Vr einer Basis von S3^(f/) sind dann in G linear unabhangig; man 
kann sie sowohl in eine Basis von 5B(fO als auch in eine Basis von 33((?) aiif- 
nehmen. Die Produkte Vi^oVi^o • • • oVi^ {ii < 2*2 < • • • < ir , 1 ^ ik ^ r), die 
man sowohl als Elemente von "iPCf/) als auch als Elemente von ^((?) auffassen 
kann, sind nach dem Aufspannsatz sowohl in ^(t/) als auch in “iPCG) linear 
unabhangig; sie bildcn eine Basis der Gruppe derjenigen Homologieklassen von 
(?, in dcnen Homologieklassen von U liegen; die Elemente von S(f '); die 
in G sind, sind die Elemente mit Wh C ^iV)j C 

Gleichbedeutend damit, dass V 00 0 in G ist, ist: enthalt nur die Null. 

3. Ist G eine Gruppe, U eine Untergruppe, so zerfallt G in die (etwa linkssei- 
tigen) Nebengruppen, was man durch die Gleichung 

G = r + ai^U + 02. r + ••• 

ausdrtickt, in der die a» gewisse Elemente von G sind. (Wir gebrauchen die 
iibliche Schreibweise auch hier, wo die Anzahl der Nebengruppen kontinuier- 
lich ist.) 

Die Wichtigkeit dicser Nebengruppenzerlegung fur topologische Gruppen G 
besteht darin, dass man die Nebengnippen als Punktc einos topologischen 
Raumcs, des Nebengruppen raumes, auffassen kann, dcssen Topologie eng mit 
der von G verkniipft ist. Dicser Raum, der mit G/U oder mit W (“Wirkungs- 
raum,^* vgl. Nr. 5) bezeichnet wird, ist also folgendermassen definiert: 

Die Punkte von W sind die Nebengruppen aU von U; cine Umgebung eines 
Punktes aU besteht aus den Nebengruppen a' •(', wo dor Punkt o' eine Umge- 
bung von o in G durchlauft. 

Auf Grund der Bemerkungen in Nr. 1 ist leicht zu sehen, dass auch der 
Nebengruppenraum eine diffcrenzierbare Mannigfaltigkeit ist. Man fiihrt dazu 
in einer (hinreichend kleinen) Umgebung des beliebigen Punktes a von G ein 
Koordinatensystem so ein, dass die Nebengruppe aU durch eine r-dimensionale 
Ebene (r = d{U)) durch a dargestellt wird; man stellt leicht fest, dass die 
Nebengi-uppen, die eine Umgebuiig von aV in W bilden, eineindeutig den 
Punkten der zu all senkrechten, {n — r)-dimensionalen Ebene durch a ent- 
sprechen (n = d(G). Damit hat man in der Umgebung des Punktes aU von W 
ein Euklidisches Koordinatensystem eingefiihrt. Die Differenzierbarkeit zeigt 
man ebenso. 

Wir konne und wollen also im folgenden annehmen, dass der Nebengruppen- 
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raum W eine differenzierbare, also triangulierbare [18], geschlossene Mannig- 
faltigkeit ist. 

4. Die Zerlegung von G in die Nebengruppen a(^ ist cine Faserung mit der 
Faser U; dabei versteht man unter der Faserung einer Mannigfaltigkeit M mit 
der Faser (-Mannigfaltigkeit) F folgendes [10]: M ist zerlegt in Mannigfaltig- 
keiten, die alle einer festen Mannigfaltigkeit F homoomorph sind, und die 
^Tasem'^ von M heissen; diirch jeden Punkt von M geht also eine und nur eine 
Faser; und eine Umgebung einer beliebigen Faser ist fasertreu homoomorph 
dem topologischen Produkt E X F, wo E ein Element (Vollkugel) der Dimen- 
sion d{E) = d(M) ~ d(F) ist. 

‘‘Fasertreu homoomorph^^ heisst dabei: jede Faser der Umgebung ist topo- 
logisch auf eine der Mannigfaltigkeiten p X F abgebildet (p ein Punkt von E ) — 
verschiedene Fascm natiirlich auf vcrschiedene p X F, 

Fasst man die Fasem als Punkte eines Raumes, mit naturliehem Umgebungs- 
begriff, auf (l)ildet man den sog. Zerlegungsraum der Zerlegung von M in die 
Fasern), so erhalt man den Faser- oder Basisraum By der ofifenbar eine Mannig- 
faltigkeit ist; der Faserraum wird auch, in einer naheliegenden Schreibweise, 
mit M/F bezciehnet. 

Wir sprechen im folgenden vgn Faserungen auch bei Teilmengen einer gefa- 
serten Mannigfaltigkeit, die ganz aus Fasem bestehen, d. h. zu einer beliebigen 
Faser entw(*der fremd sind oder sie ganz enthalten; und ist K ein beliebiger 
Komplex, so nennen wir das topologische Produkt K X F gefasert — die Fasern 
sind natiirlich die Mengen p X F, wo p ein beliebiger Punkt von K ist. Es ist 
dann klar, was man unter einer fasertreuen (topologischen) Abbildung zu ver- 
stehen hat. 

Ordnet man jedem Punkt einer gefaserten Mannigfaltigkeit M die Faser zu, 
auf der er liegt, so erhalt man eine stetige Abbildung von M auf den Faserraum 
By die Projektion P. Das Urbild P~^{T) einer Teilmenge T von B ist die 
(gefaserte) Menge der Punkte der “iiber T stehenden^' Fasem. Ftir jede hin- 
reichend kleine Umgebung V eines beliebigen Punktes von B ist P~\V) faser- 
treu homoomorph mit V X F; M ist im kleinen ein topologisches Produkt. 
Ueber dieses lokale Zerfallen in ein topologisches Produkt gilt der folgende Satz 
von Feldbau [19]: 

Ist E ein Element (Vollkugel) im Faserraum B, dann ist die Urhildmenge P~'^(E) 
dem Produkt E X F fasertreu homoomorph, 

Nach Nr. 3 ist leicht zu sehen, dass die Zerlegung einer Gmppe G in die 
Nebengruppen aU einer Untergmppe U eine Fasemng von G mit der Faser U 
ist. Man erkennt namlich sofort: Durchlauft p die in Nr. 3 genannte, zu aU 
senkrechte Ebene, die E heissen moge, in der Umgebung von a, und durchlauft 
q die Untergmppe Uy dann ist /(p X q) - p*q eine fasertreue topologische 
Abbildung von E X U auf die Umgebung von U (pq ist das Produkt von p 
und q in G), 

Der Faserraum dieser Fasemng ist der Nebengmppen- oder Wirkungsraum W. 
Die Projektion P besteht darin, dass man dem Punkt p von G die Nebengmppe 
pU (als Punkt von W) zuordnet. 



1120 


HANS SAMELSON 


5. Eine Mannigfaltigkeit W heisat Wirkungsraum der Gruppetimannigfaltig- 
keit G (^‘espace homogfene”) [9], wenn folgendes erfiillt ist: 

Jedem Punkt p von G ist eine topologische Transformation Tp von W auf 
sich zugeordnet; die Transformationen Tp hangen stetig von dem Punkt p ab; 
es gilt: Tp-Tq = Tpq ; und die aus den Tp bestehende Transformationsgruppe 
von W ist transitiv, d. h. jeder Punkt von W (es geniigt: ein bestimmter Punkt 
von W) kann (durch geeignete Transformationen Tp) in jeden Punkt von W 
ubergefuhrt wcrden. 

a sei ein Punkt von W ; diejenigen Punkte p von G, fur die Tp{a) = a gilt, 
d. h. deren Tp den Punkt a als Fixpunkt hat, bilden eine Untergnippe vou G, 
die ^^Isotropiegruppe” von W. (Setzt man W = Rn und nimmt als G die 
Gruppe der Bewegungen des Rn , so ist die Isotropiegruppe die Gruppe der 
Rotationen um einen festen Punkt.) Die zu verschiedenen Punkten a von W 
gehorigen Isotropiegruppen sind in G konjugiert, sodass man von der Isotro- 
piegruppe LI sprechen kann. 

Die Punkte p von G, deren Tp den Punkt a in den gleichen Punkt b transfor- 
mieren, bilden eine linke Nebengruppe von U, Diese eineindeutige Zuordnung 
der Punkte von W und der linken Nebengmppen von ist eine Homoomorphic 
zwischen W und dem Nebengruppenraum G/(\ 

Die Transformationen Tp konnen also auch als Transformationen des Ncben- 
gruppenraumes G/U auf gef asst werden; sie haben da eine einfache Bedeutung: 
Die Transformation Tp besteht namlich darin, dass man jeder Nebengruppe qU 
die Nebengruppe pqU zuordnet. 

Ein Wirkungsraum W ist also identisch mit dem zur Isotropiegruppe I ' von W 
gehorigen Nebengruppenraum G/U (bei der Definition des Nebengruppenraums 
muss man dann mehrkomponentige Untergruppen (vgl. Nr. 1) T zulassen). 

Diese Definition des Wirkungsraumes ist etwas allgemeiner als dii' ubliehe: 
wir lassen zu, dass Tp fiir gewisse p die Identitat von W ist (p gehbrt dann zu f '). 

Ist U zusammenhangend, dann ist W orientierbar (aber nieht nur dann): 
Man stelle (nach Nr. 4) die Umgebung einer Nebcngiiippe pU als topologisches 
Produkt E X U dar. Die Orientierung von G und die von I ' bostimmen dann 
eindeutig eine Orientiening von Ej und diese iibertragt man mittels der Pro- 
jektion P in den Wirkungsraum W, (Entsprechend flir Faserungen Af/F.) 

6. Das Problem, das sich jetzt erhebt, ist: Zusammenhange zwischen G, G, IF, 
insbesondere zwischen ihren Homologieeigenschaften, zu finden. Es handelt 
sich z. B. um die Aufgabe, aus den Homologieeigenschaften von G und U die 
von W zu bestimmen, wobei man natiirlich die Lage von iJ in G beriicksichtigen 
muss. Zur Losung dieser Aufgabe werden in Kap. IV einige Beitrage geliefert. 
Noch naheliegender ist die Fragestellung: was kann man bei gegebenem G und 
W liber U aussagen?, also die Frage nach der Isotropiegruppe U eines vorge- 
legten Wirkungsraumes W. Diese Frage wird im Kap. Ill fiir den speziellen 
Fall IF = Sn gelost; als Anwendung werden die Homologieringe der Gruppen 
An f Bn t Gn 9 Dn bcstimmt. 
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Kapitel III 

Die Spharen ai.s Wirkungsraume 

In (lipsem Kapitel wird der Spczialfall untersucht, dass dcr zn dor Gruppe G 
und der Untorgruppe X ' gehorigo Wirkungsraum W der m-dimensionalen »Sphare 
Sm homdemorph ist. Dieser Fall tritt auf hci den Gruppen der bekannten vier 
Klassen A„ , B„ , Cn , D„ ; die Homologieringe dieser Gruppen lassen sich damit 
vollstandig hestimmen. 


1. G/U = ,S„ 

1. G sei eine Grupiie; der Rang von G (Kap. I, §2, Nr. 3) sei 1; X^ sei eine 
Untergrup])e von G. W'ir beweisen den folgenden Satz: 

Satz IV. Dcr zu dcr X'ntcrgruppe X' dcr Gruppe (r gehorige Wirkungsraum 
G/X' = TV sei der m-dimensionalen Spbetre Hm hom6onu)rph\ dann gilt: 

a) ist rn ungerade, so ist 3{(G) isomorph niit X Bm), und X' ist noQ in G, 

b) ist m gerade, so ist 'ift{X') isomorph mit 3{(n X wo 11 cin topologisches 

Produkt von I — I Sphiiren ungerader Dimensionen ist, und DliG) ist isomorph mit 
3?(n X >S' 2 »/,-i) ; und X ’ ist ~0 in G. 

Bemerkung: fiir I — I bedeutet b): 'iltd') und ?K(G) iXliSim-i)- 

(Dann ist ubrigen.s, was aber fiir das folgenden unwe.scntlieh ist, notwendiger- 
wei.se m — 2.) 

Fiir die Range liG), liX') und die eharakteristisehen Zahlen 1,{G), l,(X') (Kap. 
I, §2, Nr. 3) bedeub't dieser Satz das Bestehen der folgenden Gleiehungen: 

a) w ungprad<>: 

HG) = m + 1 , 

L{G) = L{X^) + 1. 

(.(G) = hiU) fur i m, 

b) m gerade: 

l{G) = KXO 

- 1 , 

hm-liG) = km-l(X0 + 

(,(G) = 1,{X') flirt 7 ^ tn — 1, 2m — 1. 

Der Bewei.s bemht auf der Betrachtung der Fascrung von G in die Neben- 
gruppen aX' von X\ 

2. Wir erinnern zunachst an einige Begriffe: 

Ein endliches, euklidisches Polyeder ist die Menge der Punkte, die zu einem 
endlichen, euklidischen, siraplizialen (allgemeiner: Zellen-) Komplex gehoren. 
Ein endliches, krummes Polyeder (kurz: Polyeder) P in einer Mannigfaltigkeit 
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M ist das topologische Bild in M eines endlichen, euklidischen Polyeders [ 20 ]. 
Ein stetiger Zykius ist das stetige Bild eines, in einem euklidischen Rn liegenden, 
simplizialen ^Tarameter’^-Zyklus. Ein stetiger Zykius z in einem Polyeder P 
bestimmt eine Homologieklasse von P, die man eben durch z reprasentieren 
kann [ 21 ]. Im folgenden verstehen wir unter Zyklen immer stetige Zyklen. 

Wir betrachten eine beliebige Gruppe (?. Im Kap. I, § 3 , Nr. 1 ist mit Hilfe 
der Abbildung F(p X q) — pq von G X G inG das Pontrjagin^sche Produkt xoy 
zweier Homologieklassen x und y von G definiert worden. Diese Definition 
Ifest sich unmittelbar erweitern zu der des Pontrjagin’schen Produktes Z10Z2 
zweier stetiger Zyklen Zi ^ Z2 in G: man bilde den stetigen Zykius Zi X Z2 in 
G X Gy und definiere 2:102:2 durch 

Z10Z2 = F(zi X Z2 ) ; 

2:1022 ist ebenfalls ein stetiger Zykius in 6 . 

3 . Jetzt sei gemass der Voraussetzung von Satz IV der zur Untergruppe U der 
Gruppe G gehorige Nebengruppenraum G/V der Sm homoomorph. P bezeich- 
net die Projektion von G auf G/U = Sm . 

Wir zerlegen die Sm durch eine (m — l)-dimensionale Aequatorsphare *Sm-i 
in zwei Elemente (Vollkugeln) und E^y die ‘^lordliche und siidliche Halb- 
kugel.^^ Es ist also E' + E' = Sm und E'.E“ = Sm^i . Das Urbild P“'(E') 
von E' heisse G', das Urbild P“”'(E') von E' heisse G". Es ist G - G' + G"; 
d. h., G wird von G' und G" liberdeckt. Der Durchschnitt G'-G", der H heisse, 
ist das Urbild P~^(Sm-i) von Sm-i . 

Wir wenden jetzt den Satz von Feldbau an (Kap. II, § 2 , Nr. 4 ). Weil E^ 
ein Element ist, ist danach die Menge G', die ja ganz aus Nebengruppen von U 
besteht, dem topologischen Produkt E^ X I ' fasertreu homoomorph. Dabei 
ist nur benutzt, dass eine Faserung von G in die Nebengruppen von U vorliegt. 
Indem man nun die Gruppeneigenschaft starker ausniitzt, kann man die Dar- 
stellung von G' als Produkt E^ X U in einer speziellen Weise wahlen. Man 
betrachte dazu fiir einen beliebig, aber fest gewahlten Punkt q von U das in 
E^ X V liegende Element E^ X q. Ihm entspricht infolge der Homoomorphie 
von E^ X V und G' ein Element E' in G'. Aus der Definition folgt unmittelbar, 
dass E' mit jcder zu G' gchorendcn Faser von G (Nebengruppe von U) genau 
einen, und mit jeder nicht zu G' gehorenden Faser keinen Punkt gemeinsam 
hat und dass E' durch P topologisch auf E^ abgebildet wird. Man betrachte 
nun das in G X G liegende Polyeder E' X t' . Bei der Abbildung F wird dieses 
Polyeder topologisch-fasertreu auf G' abgebildet. Denn ist p ein beliebiger 
Punkt von E', so wird die Teilmenge p X U von E' X U topologisch auf die, 
in G' enthaltene, Nebengruppe pU abgebildet (das ist geradezu die Definition 
der Nebengruppe) ; sind pi , p2 zwei verschiedene Punkte von E', so sind, wie 
eben bemerkt, die Nebengruppen pi*U und P2-U, auf die die Mengen pi X U 
und P2 X U abgebildet werden, verschieden; und man erhalt so auch alle zu G' 
gehdrenden Nebengruppen. Die ursprtingsliche Homfiomorphie zwischen 
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X U und G' ist also jetzt ersetzt durch die durch F vermittelte Homoomorphie 
zwischen E' X V und G'. Entsprechend lasst sich G" darstellen als topolo- 
gischcs F-Bild eines in G X G liegenden Produktes E" X V, wo E" ein Element 
in G ist, das durch P topologisch auf E‘ abgebildct wird. G' und G" sind also 
krumme Polycder in G; sie sind sogar berandete Mannigfaltigkeiten. 

Die Randsphare von E' heisse S', die von E" heisse S". Beide Spharen 
werden durch P topologisch auf <Sm-i abgebildet. Dann sieht man: ^i der 
topologisch-fasertreuen Abbildung F von E' X V auf G' erscheint ala Bild des 
Randes S' X V von E' X U die Menge H = P~‘(<S„_i) = G'-G". Denn S' X V 
wird bei F topologisch auf die Menge der Punktc derjenigen Nebengruppen 
von U abgebildet, die einen Punkt mit S' gemeinsam haben, deren Projektion, 
d. h. deren Bild bei P, also zu Sm-i gehort. Als topologisches Bild der Mannig- 
faltigkeit S' X U ist H eine Mannigfaltigkeit in G. 

Ebenso stellt man fest, dass H topologisch-fasertreucs F-Bild des Randes 
S" X U von E" X U ist. 


4. Den orientierten Gmndzyklus der Sphare S' bezeichnen wir auch mit S'; 
p' sei ein einfach gezahlter Punkt von S'; die Zyklen wi , • • • , m, m6gen eine 
Basis von 9?(f’) bilden. Dann bilden die Zyklen p' X u, und S' X u, (f = 
1, • • • , r) eine Basis von 93(5' X f'^); fiir das topologisehe Bild H — F(<S' X V) 
bedeutet das: die (nach Nr. 2 gebildeten) Zyklen 

p'oUi , S'oUi (f = 1, • • • , r) 

bilden eine Basis von 93(H); diese Basis heisse 93i . Eben.so folgt aus der 
Tatsache, dass H topologisches F-Bild von S" X C ist, dass die Zyklen 

p"ou, , S"oUi (i = 1, • . . , r) 

eine Basis von i8(H) bilden; p”, S” sind analog wie p', S' definiert. 

Man sieht nun leicht ein, dass man die beiden Punktc p' und p" und ebenso 
den einfach gezahlten Punkt po von '^(V) durch den Einheitspunkt e von G 
reprasentieren kann. (Man kann zunadist <Sm-i so wahlen, dass V in 
P~‘((Sm_i) = H liegt, und kann dann die Elemente E' und E" .so bestimmen, 
dass sie den Punkt e in ihrem Rand enthalten.) 

Man betrachte die Untergruppe von 93(H), die von den Elementen p'ou mit 
beliebigem u aus S8(H) gebildet nird; .sie ist mit 93(fO isomorph (entsprechend 
der Tatsache, dass die Gruppe dcr Elemente p' X u von 93(>S' X V) mit 93(f'’) 
isomorph ist). Wegen der speziellen Wahl von p' ist 

p'ou = Com = m; 

das bedeutet: man kann die Elemente p'ou dieser Untergruppe mit den Ele- 
menten M von 93(H) identifizieren, man kann also 93(f/) als Untergruppe von 
93(H) auffassen. Die Elemente S'ou (und ebenso die Elemente S"ou) gehoren 
nicht zu dieser Untergruppe. Wir bemerken schlieaslich noch, dass wir, wegen 
po == c, das Element S'opo von ®(H) mit der Sphare S' identifizieren kdnnen; 
ebenso identifizieren wir /S"opo mit S". 
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5. Wir stellen jetzt die Frage; Welche Elemente von 93(t/) sind homolog 0 
in (r? Um sie zu beantworten, verallgemeinem wir sie zu der Frage: Welche 
Elemente von 33(H) sind homolog 0 in G? 

Wir gehen aus von der Tatsache, dass G uberdeckt ist mit den Polyedem G' 
und G", deren Durchschnitt eben das Polyeder H ist. Daher lilsst sich ein 
elementarer Satz aus dem Kreis der “Additionssatze der kombinatorischen 
Topologie” [22] anwenden, der besagt: 

Die Homologieklasse z von H ist dann und nur dann homolog 0 in G, wenn 
sie sich in H darstellen lasst als Summe Zi + Zi zweier Homologieklassen z\ , zt 
von H, wobei zi in G' und z^ in G" homolog 0 ist. 

(Im rein kombinatorischen Fall verlauft der Beweis dieses Satzes folgender- 
massen : der in H liegende Zyklus z sei ~0 in G, also z = C. (Mit C bezeichnen 
wir den Rand des Komplexes C.) Unter Ci verstehe man den Teilkomplex 
von C, dessen Simplexe in G' liegen, unter C 2 den von den ubrigen Simplexen 
von C gebildeten Teilkomplex von C ; es ist also C = Ci + C 2 . Dann ist 
z = C = Cl + C 2 , und Cl , bzw. Ct , ist ein Zyklus in H, der ~0 in G', bzw. G", 
ist. Im vorliegenden Fall krummer Polyeder muss man die vorkommenden 
Zyklen und Komplexe als stetige Zyklen und stetige Komplexe annehmen und 
noch einige einfache Approximationen vomehmen.) 

6. Die Zyklen von H, die in G' homolog 0 sind, sind nun genau die Zyklen 
S'ou, wo u ein beliebiges Element von S3((’) ist, entsprechend der Tatsache, 
dass m E' X V genau die Homologieklassen S' X u des Randcs S' X V von 
E' X V horaolog 0 sind. Analog sind genau die Elemente S"ou von 33(H) in 
G" = F{E" X V) homolog 0. Die Elemente R von 33(H), die in G horaolog 0 
sind, sind also nach dem genannten Addition.ssatz die Elemente 

(1) R = S'oUi + S"oU 2 

mit beliebigem Ui und Ui aus 33(tO. 

Um eine Uebersicht iiber sie zu bekommen, schreiben wir sie in der Basis 33i 
von 33(H). Dazu stellen wir zunachst einmal S" in dieser Basis dar: 

S" ~ S'ou' + p'ou in H. 

Aus Dimensionsgriinden ist u' gleich epo mit einem gewissen Koeffizienten 
c. Wegen der in Nr. 4 getroffenen speziellen Wahl von po und p' hat man 
also: 

S" ~ cS' + « in H. 

(S' und S" sind als Spharen minimale Elemente von 9i(H) (vgl. Kap. I, §1, Nr. 4); 
da die minimalen Elemente eine Gruppe bilden, ist auch u ein minimales Element 
von 9J(H), Aus dem Zusammenhang zwischen den minimalen Elementen eines 
topologischen Produktes mit den minimalen Elementen seiner Faktoren (Kap. 
I, §1, Nr. 9) folgt, dass u sogar ein minimales Element von 9i(f/) ist, das wir 
mit V bezeichnen wollen. Es ist also schliesslich: 
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(2) S'' ~ cS' + » in H. 

Dabei ist v eventuell das Nullelement. 

(2) in (1) eingesetzt, ergibt die folgende Gleichung: 

R ~ <S^o(mi + cMj) + V 0 U 2 in H. 

(Dabei ist beniitzt, dass fvir einen Zyklus z in H und eincn Zyklus u in U das 
Produkt zou in H liegt, und dass ftir zwei Zyklen Zi , in H und einen Zyklus u 
in U gilt; 

(«i + zt)ou ~ Ziou + 220 « in H. 

Um das zu beweisen, beaehte man, dass H aus linken Xcbengnippen von U 
besteht, und dass folglich die Teilmenge H X V von G X G durch F in H 
abgebildet wird. In H X U ist nun {zi + Zi) X u homolog ( 2 , X u) + (22 X w); 
(ibt man darauf F aus, so erhalt man die behauptete Homologie.) 

Damit hat man schliesslich: 

Die Gesamtheit dcr Elemente von 33(//), die in G horaolog 0 sind, wird 
gebildet von den Elcmenten 

(3) S'ou -|- V 0 U 2 ) 

wo u, U 2 belicbige Elemente von 93(r') sind. 

Unter den Elementen (3) sind nur die mit u = 0 in der Gruppe ©(f') ent- 
halten; also folgt: 

Die Gesamtheit der Elemente von S3(r), die in G homolog 0 sind, wird 
gebildet von den Elementen 

VoU 

mit beliebigem u aus ^(U), sie ist also das von v = S" — cS' erzeugte Ideal 
von W')- 

7. Nach Satz III (Kap. II, §2, Nr. 2) ist dahcr v das einzige minimale Element 
von das homolog 0 in 0 ist; genauer: die Gruppe derjenigen mini- 

malen Elemente von ^{V), die in G homolog 0 sind, besteht aus den rationalen 
Vielfachen von v. 

Aus der Definition von v folgt: d{v) = d{S') — d{S") = m — 1. Wir unter- 
schciden jetzt die Falle p = 0 und t) 0. Der Kurze halber wird der Rang 
von ®(G) mit I und der Rang von S8(t0 V bezeichnet. 

a) Es sei t) = 0. Dann ist also (ausser 0) kein minimalcs Element von 
9i(I0 ~ 0 in G; also ist nach Kap. II, §2, Nr. 2, Korollar 1 die Untergruppe 
f' 0 in G, und nach Korollar 2 kann man ©(T) als Untergruppe von S(G) 
auffassen. Eine Basis jpi, P 2 , ••• ,p/') von S5(r) kann man aufnehmen in 

i' 

eine Basis {pi , P 2 , • • • ,vi> , Pi<+i , • • • , pj} von SB(G). Wegen X) d(Pt) = d{V), 

i 

2 d{vi) = d(G) und d(G) = d(U) + m gilt dabei: 
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d{vt>+i) + d(j;i/+j) + • • • + d(vi) =* m. 

Nun ist aber jede Homologicklasse von G, deren Dimension kleiner als m ist, 
in G einer Homologieklasse von U homolog. Denn aus der Tatsache, dass S' 
ein m-dimensionales Element ist (i = 1, 2), schliesst man ohne weiteres, dass 
man jeden hochstens (m — l)-dimen8ionalen Zyklus von G auf den gemeinsamen 
Rand H von G' und G" deformieren kann. Aber die Homologieelemente von 
93(ff), die oc-o in G sind, sind in G den Elementen der Untergruppe S3(r0 von 
93(H) homolog (wcil die Elemente S'ou von 93(H) in G homolog 0 sind). 

Die Dimensionen der nicht zu der Untergruppe 93(fO von 93(G) gehdrigen 
Elemente vi>+i , Vi>+ 2 , • • • ,vi miissen also sein; da die Summe der Dimen- 
sionen, wie oben festgestellt, gleich m ist, gibt es nur ein einziges solches Elepient, 
und es hat die Dimension m. 

Das bedeutet: Man erh&lt eine Basis von 93(G), indem man zu einer Basis 
jfi , i' 2 , • • • ,vi'} von 93((0 ein gewLsses Element vi mit d(vi) = m hinzufUgt. 

Im Falle eines ungeraden m ist nun das Element v ein minimales Element der 
geradcn Dimension to — 1, und folglich gleich Null (Kap. I, §2, Nr. 3). Die 
eben angestellten Ueberlegungen sind also anwendbar auf diesen Fall, und 
enthalten offenbar einen Beweis der Behauptung a) aus Nr. 1. 

Da aus e = 0 die Existenz eines minimalen Elementes vi 9 ^ 0 mit d(vi) = to 
folgt, und andererseits ein minimales Element gerader Dimension immer Null 
ist, so muss im Fall eines geraden to das Element v von Null verschieden sein. 
Damit kommen wir zum Fall b). 

b) Es sei v 0. Nimmt man t» in eine Basis {ci , i' 2 , ■ • • , vi>-j , v\ von 93((0 
auf, so sind, weil die rationalen Vielfachen von v die einzigen Elemente von 93(f/) 
sind, die in G homolog 0 sind, die Elemente Vi, vt , - , vr-i in G linear unab- 

hangig und konnen durch Elemente I’j' , «i<+i , • • • ,vi zu einer Basis von 93(G) 
erganzt werden. Wegen d{v) — m — I gilt 

d{vi.) -H d(vi>+i) + ■■■ + d(v,) = d{G) - {d(U) - d{v)) = 2to - 1. 

Nun kann aber, genau wie in a), unter den Elementen Vr , Vi>+i, ,vi 
keines vorkommen, dessen Dimension kleiner als to ist; folglich kann es nur 
ein solches Element geben, und es muss die Dimension 2 to — 1 haben. 

Das bedeutet; Es gibt in 93((') ein Element v der Dimension to — 1, dass 
nicht Null ist; und aus einer Basis von 93(fO( in der dieses Element v als Basis- 
element auftritt, erhalt man eine Basis von 93(G), indem man v ersetzt durch ein 
gewisses Element Vi der Dimension 2 to — 1. 

Aus i; ~ 0 in G folgt nach Kap. II, §2, Nr. 2, Korollar 1, dass auch U ~ 0 
in G ist. 

Damit ist die Behauptung b) von Nr. 1 vollstandig bewiesen. 

2. Die Gruppen A„ , , C« , D„ 

Mit Hilfe des Satzes lY aus §1 lassen sich die Homologieringe der klassischen 
Gruppen An, Bn, G„ , D„ leicht bestimmen, auf Grund der Tatsache, dass 
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diesen Gruppen in naturlicher Weise Spharcn als Wirkungsraume zugeord- 
net sind. 

1. Die Gruppe (^ = 1, 2, • • • ) ist die Gruppc der linearen, unitaren, uni- 
modularen Transformationen in n + 1 Variabcln, also die Gruppc der Trans- 
formationen 

mit der Determinante \ a jk\ == 1, die die Hermite^schc Form 

Zl-Zi + Z2-Z2 + • • - + Zn^-l-^n+l 

invariant lassen [23]. Wir setzen Zj = Xj + iyj (jy , 2/y recll); die Hermite^sche 
Form geht dabei iiber in 

+ l/i + + ^2 + • * • + a^n+i + 2/n+i . 


Die Transformationen von An lassen sich also auffassen als (reelle) orthogonale 
Transformationen eines Euklidischen R 2 n -^2 mit den Koordinaten Xi , 2/1 , :r2 , 
2/2 , • • • , Xn^-i , 2/714.1 , die paarweise zu den komplexen Koordinaten 2, = 
+ Wi zusammengefasst sind. An ist also eine Gruppe von topologischen 
(sogar orthogonalen) Transformationen der {2n + l)-dimensioualen Sphare 
S2n+i , die durch 

iCl + 2/1 + + 2/2 + • * • + + 2 /n+l = 1 


gegeben ist. Man sieht leicht, dass diese Gmppe die /S271+1 transitiv trans- 
formiert. Es gentigt zu beweisen, dass man den Punkt (21= 1, Zi = 0 (i > 1)) 
in einen beliebigen Punkt (ui , aa , ••• , Un+i) (mit ^aj-dj = 1) iiberfuhrcn 
kann. Und das kann man, weil man immer iinitare, unimodulare Matrizen 
angeben kann, deren erste Spalte (an , aai , • * • , a„+i,i) mit (ai , a2 , • • • , Un+i) 
iibereinstimmt. S2,»4-i ist also ein Wirkungsraum von An (die Bedingung 
Tp- T q = Tp,g aus Kap. II, §2, Nr, 4 ist natiirlich erftillt). Die Isotropiegnippe 
ist die Untergruppe, die einen Punkt, etwa den Punkt (zi = 1, 2, = 0 (z > 1)) 
festhalt; das ist offenbar die Gruppe An-i . 

2n + 1 ist ungerade; man erhalt also nach Satz IV a) (§1) : Der Homologiering 
yi{An) ist isomorph dem Ring SR(i4n-i X AS2r»4i). Die Mannigfaltigkeit Ai ist 
bekanntlich der Sphare Sz homdomorph. Damit erhalt man durch Induk- 
tion [24]: 

Der Homologiering ist isomorph dem Ring 9? (11) der Mannigfaltigkeit 

n = >83 X /Ss X 5*7 X • • • X AS2n+i ; 

dabei bezeichnet Si die z-dimensionale Sphare. 

Definiert man fiir einen beliebigen Komplex k das Poinear^^sche Polynom 
Pk{t) durch: 


Pk{t) = Po + Pi • f + P2 • r + • • • , 
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wobei Pi die t-te Betti^sche Zahl von k und t eine Variable ist, und beachtet, 
dass 


PkiXkiit) = Pkiit)^Pki{t) 

ist, so liest man ab: 

Das Poincar&sche Polynom von An ist 

PaSO = (1 + <’)•(! + <‘)-a + <’)•••(!+ O. 

2. Die Gruppc Bn ist die orthogonale Gruppc in 2n + 1 Variabeln [23]. Das 
ist eine transitive Transformationsgnippe der Sphare ; also ist S 2 n ein 
Wirkungsraiim von Bn . 

Die Gnippe Dn ist die orthogonale Gruppc in 2n Variabeln [23]. Das ist eine 
transitive Transformationsgruppc dcr Sphare Sin-i ; also ist Sin-i oin Wirkungs- 
raum von Dn . 

Bn ist (lefiniert fur n = 1, 2, • • • ; Z>n wird bei der Aufzahlung dcr einfaehen 
Gruppen nur flir n ^ 3 hotraehtet; fiir unsere Zweeko konnen wir aber die 
Falle 71 = 1,2 m die Definition von Dn einbeziehon. A ist dem Kreis Si 
homboniorph. 

Die Isotropiegruppe des Wirkungsraumes S 2 n~i von ist die Gruppe ; 
das sieht man, wenn man als Punkt der Sphare a:? = I, den man festhalt, 
den Punkt (1, 0, 0, • • • ,0) wahlt. 2n — 1 ist ungerade; aus Satz IV a) folgt 
also : 

Der Ring !jW(D„) ist isomorph dem Ring X *S 2 n -i)- Dabei ist n > \ 

vorausgesetzt; 5T{(Di) ist isomorph !?R(/Si). 

Die Isotropiegnippe des Wirkungsraumes S 2 n von ist die Gruppe Dn ; 
das sieht man wieder, wenn man den Punkt (1, 0, • • • ,0) festhalt. 2n ist 
gcradc; also kaim man Satz IV b) anwcndeii. Danaeh hat man 5R{i>n) als 
5R(ri X S 2 n^i) darzustelleu, und erhalt dann dt{Bn) als 3t(n X >S 4 n-i). Wegen 
des ebon erhaltenen Resultats tibcr kann man fur 11 einsetzen; damit 

ist gezeigt: 

Der Ring ist isomorph dem Ring ^l{Bn~-i X Sin^i), fiir n > 1. Fur 

n = 1, folgt, naeh der Bemerkung nach Satz IV, aus der Isomorphic von 5)?(Z)i) 
mit 9 J(aSi), dass JR (Si) mit isomorph ist; das ergibt sich auch daraus, dass 
Bi bekanntlich mit dem projektivcn Raum Ps homoomorph ist. 

Durch Induktion erhalt man jetzt sofort [24]: 

Der Homologiering 5R(Pn) ist isomorph dem Ring 5R(11) der Mannigfaltigkeit 
n == ^3 X ^7 X Sn X • • • X Sin-^i ; 

Der Homologiering dt(Dn) ist isomorph dem Ring 9?(n) der Mannigfaltigkeit 
n = iSa X St X aSii X • • • X X >S2n-i {fuT n > 1); 
3i(Di) ist isomorph 9?(Si). 

Fiir die Poincar^^schen Polynome entnimmt man daraus: 
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Panit) = (1 + <*)(! +<")•••(!+ i*”"'); 

Ponit) - (1 + i’Xl +<’).••(! + «*"“')(! + furn > l;Pi,,(<) = 1 + <. 

3. Die 3 Gruppe Cn (n = 1, 2, • • • ) ist die syrnplektische Gruppe [23, 25]: 
die Grup])e derjenigen unitan^n Transformationon eincs R^n mit don (komplexen) 
Koordinaten (.i*i , , a*2 , :r2 , • • • , , Xn)^ die die schiofsymmetrische Bi- 

linearform 

(xm - x[yi) 4 - (X2y2 - 0:22/2) + • • • + (Xnyn - o:l 2 /n) 


invariant lasson. 

Den Rnn kann man, indom man die Koordinaten Xj^ Xj in Real- iind Imaginarteil 
zerlegt, als oinon reellen, Euklidisohon, R^n auffassen; die Transfoi-rnationen von 
Cn sind dann wogen ihror Unitaritat in Rzn orthogonak^ Transformationon dor 
(4n — l)-dimonsi(jnalon Sphiiro (otwa mit dom Radius 1) um d(^n Xullpunkt 
dos i?4n . 1st (ci , c( , • • • , On , Cn) oiii bolichigor Punkt diesor Spharo (ist also 
Ci-Ci + + • • • + Cn-c'n = 1), so kanu man eino Matrix aus Cn angoben, 

dorcn orsto Spalte (cn , Cn , C21 , 021 , • • • , Oni , di) mit (oi . r( , • • . , c„ , Cn) 
tibcroinstinimt [25]; das bedout(4: die S^n-i wird transitiv transforrniert, sic ist 
ein Wirkungsraum von Cn . 

Die zugohorigo Lsotropiogruppo ist Man halte don Punkt (1, 0, 0, • • • ,0) 
(im R 2 n) fost; dann rechnet man (unter Boachtung dor Invarianz dor Bilinear- 
form und dor UnitaritM) sofort nach, dass au(‘h dor Punkt (0, 1, 0, • • • , 0) des 
fostbloibt. Boaohtot man noch einmal die Unitaritat, so (»rkonnt man: Dio 
Isotropiogruiipo bostclit aus don Transformationon von Cn , fur die 

O’l Xi , x[ x[ 

gilt, und das ist ebon die Gruppe Cn_i . 

4?i — 1 ist ungerado. Xach Satz IV a) ist also JK(C„) isomorph mit 
5)f(Cn-i X Beachtet man noch, dass die Gruppe Ci mit dor Gruppe Ai 

idontiseh ist, so orhalt man durch Induktion [24]: 

Dcr Homologiering 9J(Cn) ist isomorph dan Ring 3f(n) der MannigfalHgkeit 

n = S3 X S7 X Sn X • • X S4n-i 

Daraus Host man ab: Das PoincarCsche Polynom von Cn ist 

Pc,it) = (1 + <*)(! +/').••(!+ 

Kapitel IV 

HoMOLOGIEEIGENSCHAFTEN der WlRKUNGSRAUMli 

Nachdem wir im Kapitel III den speziellen Fall W = Sm behandelt haben, 
vvollen wir jetzt zur Untersuchung belicbiger Wirkungsraume iibergehen. Die 
Untersuchung, die wir im Folgenden durchfuhren, ermdglicht es, wenp U ot/ 0 
in G ist, den Ring 9i(Tr) durch di(,G) und iit{U) zu bestimmen. 
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1. Die Gruppe P(SB((?)) 

1. Wie immer, bedeute G eine Gmppe, U eine (zusammenhangende) Unter- 
gruppe, W den zugehorigen Wirkungsraum G/U, Dann ist W eine orientier- 
bare, geschlossene Mannigfaltigkeit der Dimension d(W) = d{G) — d(U). Die 
Projektion P von G auf W bewirkt eine Abbildung P der Betti’schen Gmppe 
S(G) in die Betti^sche Gmppe 8(1^). Die Gmppe derjenigen Elemente von 
S8(TF), die vermoge P Bilder von Elementen von 93(G) sind, heisse die Bild- 
gmppe P(93(G)); ihre Stmktur soli untersucht werden. 

Wenn U ein Normalteiler von G ist, dann ist P die natiirliche homomorphe 
Abbildung von G auf die Faktorgmppe G/f/, hat also die in Kap. II, §1 
beschriebenen Eigenschaften. Wir werden nun zeigen, dass auch dann, wenu U 
kein Normalteiler ist, die Abbildung P von diesem Typ ist; nur muss beriick- 
sichtigt werden, dass es in W ini allgemeinen keine Multiplikation gibt. 

2. Es sci also U eine beliebige (zusammenhangende) Untergmppe von G. 
Wir beweisen dann den 

Satz V. Der Kern der Abbildung P von 93(G) in 93(W) ist das Ideal in 9J(G) 
(auf gef asst als Unter gruppe von 93(G)), das erzeugt wird von denjenigen minimalen 
Elementen von G, deren Bild bei P die Null ist 

Die Restklassengmppe von 93(G) nach diesem Ideal (das Ideal als Unter- 
gmppe von 93(G) aufgefasst) wird also isomorph auf die Bildgmppe abgebildct. 
(Die Elemente dieser Restklassengmppe bilden zugleich den Restklassenring 
von ^(G) nach dem Ideal.) 

Der Beweis geht aus von dem Aufspannsatz in der Form I (Kap. I, §3, Nr. 2) 
und wird folgendermassen geftihrt: 

Die Gmppe 9S(G) ist durch P homomorph in 9S(W) abgebildet. 93^(G) sei 
der Kern dieser Abbildung; 9S(G) werde als direkte Summe 9S^(G) + ^\G) 
dargestellt; 1B^(G) wird also isomorph abgebildet. {^i, i> 2 , ••• ,Vmt sei eine 
Basis von 9?^(G), und {vm+i , , • • • , eine von 9S‘^(G); dann ist 

{vi, V 2 j • • • jVi\ eine Basis von ®(G). Die Produkte 

Vi^oVi^o ... oVi^ (ii < 22 < • • • < ir) 

bilden mit t’o zusammen eine Basis {v^ von 93(G) nach Satz T. Dann bewei- 
sen wir: 

a) Ein solches Produkt wird durch P auf 0 gebildet, wenn wenigstens ein 
Faktor Vij^ zu 93°(G) gehort, wenn also wenigstens ein Index u > m ist; 

b) diejenigen Produkte, in denen alle Faktoren Vi^ zu 95\G) gchoren, in 
denen also alle Indizes ik ^ m sind, werden durch P auf linear unabhangige 
Elemente von 93(W) abgebildet. Aus a) und b) folgt dann sofort der Satz V: 
Die in a) auftretenden Elemente bilden eine Basis des von 9S®(G) erzeugten 
Ideals von 93(0^); dieses Ideal ist das in Satz V genannte. Aus a) folgt, dass 
das von ®®(G) erzeugte Ideal durch P auf 0 abgebildet wird; aus b) entnimmt 
man, dass nur die Elemente dieses Ideals auf 0 abgebildet werden, womit Satz 
V bewiesen ist. 
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Man kann b) auch so formulieren: der von vq und , ^ 2 , • • • , erzeugte 
Teilring von ^(G) wird eineindeutig abgebildet; wegen a) wird er auf die Bild- 
gruppe abgebildet. Bezeichnet Si eine Sphare mit d{Si) = d{vi) fiir i = 1, 
2, • • • , m, so sieht man daraus: Die Gmppe P(93((7)) ist isomorph der Betti'sehen 
Gruppe der Mannigfaltigkeit Si X S 2 X Sz X • • X Sm • 

Aus a) und b) kann man noch folgenden Schluss ziehen, der den Charakter 
der Abbildung P besser verstehen lasst: , ^ 2 , • • • , seien irgendwelche Ele- 
mente von 33(G); das Bild P(v[oV 20 • • • ovl) von v[ov^o - • • ovl ist dann und nur 
dann in Wy wenn die Elemente rji = P(vi) in W linear abhangig sind. 

Sind namlich die rfi unabhangig, so kann man die Vi in eine Basis von SS^G) 
aufnehmen, und nach b) ist P{v[oVio • • . ovl) nicht Null. 

Sind aber die rii abhangig, so kann man durch eine lineare Transformation 
der Vi erreichen, dass rjl = P{vl) gleich Null ist; das Produkt v^ov^o ^ • ovl ist 
nach Kap. I, §3, Nr. 9 invariant gegen eine solche Transformation, und aus 
P{vl) = 0 folgt nach a), dass auch P(v[oV 20 ••• ovl) =0 ist. 

Wir kommen jetzt zum Beweis unseres Satzes. 

3. Zuerst beweisen wir den Teil a). 

Wir definieren cine Abbildung T des topologischen Produktes G X W auf W, 
indem wir setzen : 


T(p X q') - TM)y 

wo p ein Punkt von G, und ein Punkt von W ist; Tp ist erklart in Kap. II, 
§2, Nr. 4. Schreibt man W als Nebengmppenraum, und bedeutet q' die Neben- 
gruppe q(\ dann ist T{p X q') die Nebengruppe pql\ 

Der Punkt T{p X q') heisst das Produkt von p und g' und wird auch mit pq' 
bezeichnet. (Wenn Produkte c-r/ auftreten, so wird es immer klar sein, ob es 
sioh um das Gmppenprodukt in G handelt, wenn namlich c, d € G, oder um 
das eben detinierte Produkt, wenn namlich c e G, d e TP; das gleiche gilt fiir das 
sofort zu definierende verallgemeinerte Pontrjagin\sche Produkt; es werden 
deshalb die alten Zeichen fiir die Multiplikation beniitzt.) 

Ueber dieses Produkt sei bemerkt: p-q' ist bei festem p als Abbildung von 
W in sich aufzufassen, namlich als Tp{q'); diese Abbildung ist topologisch und 
zur Identitat homotop — man lasse p nach c, dem Einheitspunkt von G, wandern. 

Bei festem q' dagegen ist p-q' eine Abbildung von G auf TP, die zu der Pro- 
jektion P homotop ist: man lasse g' in den die Nebengruppe U selbst darstel- 
lenden Punkt e/ von TP wandern; p-e' ist dann die Nebengruppe pU, als Punkt 
von TP betrachtet, und das ist eben P(p). 

Die Eigenschaft des Produktes p-g', die wir brauchen, ist eine Funktional- 
gleichung fiir P; es gilt namlich: 

PiPi^Pt) = Pi-P{Pi); 

Pi , P 2 sind zwei beliebige Punkte von G; links steht die Projektion des Pro- 
duktes Pi-P 2 ; rechts steht das Produkt des Punktes pi von G mit dem Punkte 
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P(ps) von W, also r(pi X P(p»)); beide Seiten der Gleichung bedeuten die 
Nebengruppe pi-p 2 - f ^ als Punkt von W. 

Die Abbildung T bewirkt eine Abbildung T der Homologieklassen. Wir 
definieren nun, wie ja nahe liegt, das “vcrallgemcinerte Pontrjagin’sche Produkt 
xoy'” eines Elementes x von S8(G) mit einem Element y' von i8(TP), indem wir 
setzen: 

xoy' = Tix X 2/0; 

das ist wieder ein Element von 5J(TP). 

Diese Multiplikation ist oflfenbar distributiv mit der Addition verkniipft. 
Es gilt 

a:o0' = Qoy' = O', 

wo 0, bzw. O', das Nullelement von 33(G), bzw. 33(TP), ist, und x, y' beliebig sind' 
Die Funktionalgleichung fiir P gibt fur die Homologieklassen die entsprech- 
ende Funktionalgleichung, nSmlich: 

P{XioX^ = XioPCls), 

wenn Xi , Xi zwei bcliebige Elemente von 33(G) sind. Das ergibt sicli so: F sei 
die bekannte Abbildung von G X G in G; mit S bezeichne man die Abbildung 
von G X G in G X IF, die durch <S(pi X P 2 ) = Pi X P{Pi) gegeben ist. Dann 
ist wegen der Funktionalgleichung die Abbildung PF von G X G in IF gleich 
der Abbildung TS. Nun ist PF(xi X Xt) = Pixioxi); andererseits ist 
S(xi X Xj) = xi X P{Xi) (vgl. Kap. I, §1, Nr. 8), also TS{xi X X 2 ) = XioP{xi). 

Jetzt folgt sofort die Behauptung a). y,,oj;,,o . • . ot>,, sei ein Element der 

Basis {v^, und es sei P(t',*) = O', k ^ r. Wegen der Antikommutativitat der Vi 
darf man k = r annehmen, und kann also das Element in der Form wovi, mit 
w = schreiben. Dann ist 

P{WoVi^) = WoP{Vi^) = WoO' = O'. 

4. Jetzt beweisen wir die Behauptung b); wir benutzen den Umkehnings- 
homomorphismus <f> der Abbildung P. 

Als Basis in 33(G) benutzen wir die von vo und den Elementen 

e<,oe,jO . . . oi',-, (ii < < . . . < I,) 

gebildete Basis (v,). Nach dem Aufspannsatz (vgl. Kap. I, §3, Nr. 9) ist die 
duale Basis die Basis [z,], die erzeugt wird von den zu den Vi dualen Elementen z, . 

Die Bilder rn = Pivi) der Elemente vi , vz , ■ ■ • , Vm sind nach Voraussetzung 
in TF linear unabhangig. Sie werden in eine Betti’sche Basis von 33(TF) aufge- 
nommen; (i = 1, 2, • • • , m) seien die in der dualen Basis zu den ij, dualen 
Elemente. 

Wir betrachten ¥>(f<)- Wir behaupten: stellt man v>(fi) in der Basis [zj dar, 
dann ist z< das einzige maximale Basiselement, das in ^(f.) auftritt, und zwar 
hat es den Koeffizienten 1. Wir behaupten also: 

(f) + 22 > 
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WO die Xh zusammeiigesetzte Elemente der Basis [zi\ und die ah KoeflSzienten sind, 
Zum Beweis betrachten wir das Produkt (p(^t)’Vk . Die Funktionalgleichung 
(Kap. I, §1, Nr. 5) fur <p liefert 

P{<p{^i)-Vk) = ^i-P(vk) = bzw. = f.-O' 

also 

P{<p(^i)-Vk) = 6ik-vo (^' = 1, • • • , A: = 1, • • • , Z), 

wo riQ = P{vo) der einfach gezahlte Punkt von W ist; denn weil rjk minimal ist, 
ist ^k-Vk = ^0 der einzige von Null verschiedcne Schnitt von rjk y fiir k = 
1, 2, • • • , m; fiir A; > m ist P(vk) = O'. Also ist 

<pi^i)'^k = ^ikVQ ; 

daraus folgt auf Grund dor Rechenregeln in 9i(G) sofort die Behauptung (f) — 
man beachte etwa die Gleichungen z^-Vk — dtkVo {i, k = 1, ••• ,Z) (Kap. I, 
§3, Nr. 8). 

Wegcn der Multiplikativitat von ^ hat man dann: 

ft,) ^ Zx^ 2 2/A > 

wo jedes yh ein Produkt von mindestens r + 1 Faktoren Zi ist. 

Aus dieser Darstellung leitct man die folgenden Formeln ab (vgl. Kap. 1, 
§3, Nr. 9): 

1) ^(^*1*^*2* *** • f*r) * °^»r) ~ y 

2) f*r) • *** ^^3r) ~ 

wenn die Indexmengen |ti , • • • , ir] und {ji , ^ 2 , • • • yjr\ voneinander ver- 

schieden sind, 

3) **• s < r, 

5. Daraus folgt nun leicht die Behauptung b) in der Formulierung: der von 
2 ^ 0 , , • • * , erzeugte Teilring von ‘i|}((T) wird eineindeutig abgebildet. 

Es sei namlich w ein Element dieses Teilringes, also eine Linearkombination 
53 Koeffizientcn a,), in der die Wi solche Elemente® 

ViiOVi^o • . . oVi^ {ii < 2*2 < • • • < ir)j 

bedeuten, in dencn ik ^ m gilt; die KoeflSzienten a, seien von Null verschieden. 
Wi = VhioVk^o • • • ovh^ sei eines dieser Elemente mit maximaler xYnzahl von 
Faktoren Vi . Dann ist nach Nr. 4, 1), 

= ^^Oy 

und nach Nr. 4, 2) und 3), 

= 0 fiir 2 > 1; 

also ist schliesslich 

= dzaiPo . 


•Wir dUrfen Wi 9^ Vo annehmen. 
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Nach der Funktionalgleichung fiir ip folgt hieraus 

(1) (f •{■*«) = ±Oii;o. 

Also ist P(w) 0, q.e.d. 

Es sei noch bemerkt, dass das Produkt aller f,- , das Element fi-f 2 fm , 

von Null verschieden ist: man setze fur w das Produkt viovto ... oVm ein. 

2. t/ooO 

1. Fiir den Fall, dass U oo 0 in G ist, l&sst sich jetzt eine sehr prazise Aussage 
herleiten. Wir beweisen namlich den folgenden Satz: 

Satz VI. Die Untergruppe If der Gruppe G sei nicfU homolog 0 in G; der 
zugehUrige Wirkungsraum sei G/U = W; dann gilt: 

a) der Ring 91(ir) ist isomorph dem Ring eines iopologischen Produktes von 
Sphdren ungerader Dimensionen, 

b) der Ring 9?(G) ist isomorph dem Ring 91(1/ X W) des topologischen Pro- 
duktes U X w. 

Danach ist 9?(IF) durch 91(G) und 91(G) bestimmt; Z,(Tr), die Zahl der ^■-dimen- 
sionalen Spharen in dem 91(1V) darstellenden Spharenprodukt, ist gegeben 
durch liiG) - l.(G). 

Zum Beweis zeigen wir erstens, dass die Projektion P eine Abbildung von 
91(G) ow/91(lV) liefert; nach §1 ist dann 91(TV) eineindeutiges Bild eines gewissen 
Teilringes des Pontrjagin'schen Binges '!P(G). Zweitens bestimmen wir diesen 
Teilring; er ergibt sich als isomorph dem Restklassenring des von den Ele- 
menten von 5B(G) erzeugtcn Ideals von 'J)(G). Daraus folgt dann leicht der 
Satz. 

2. G ist -TO 0 in G; die Homologieklasse von G, in der G liegt, bezeichnen wir 
auch mit G. Unter <p verstehen wir, wir in §1, den Umkehrungshomomor- 
phismus der Projektion P. Dann gilt: 

<pivo) - G. 

Dabei ist rjo der einfach gezahlte Punkt in W. 

Es gilt namlich allgemcin fiir die Projektion eines gefascrten Raumes auf den 
Faserraum: Der Urbildzyklus (das v?-Bild) des Punktes ist die Faser. Das folgt 
z.B. daraus, dass man die Umkehrung einer solchen Abbildung P folgender- 
masscn erklaren kann: Der Faserraum B sei hinreichend fein trianguliert. Fiir 
ein Simplex Xi von B definiert man ^(Xi) als die, in geeigneter Weise als Komplex 
aufgefasste, Menge P~^{xi), die fasertreu homoomorph mit x< X F {F = Faser) 
ist. Fiir Komplexe, Zyklen usw. erhalt man p dann durch Addition. 

Wegen der Voraussetzung f/ ot/ 0 in G ist also (f>{rio) ^ 0. Nach dem Hilfssatz 
aus Kap. I, §1, Nr. 6 ist dann P eine Abbildung von 91(G) aw/ 91(Tr). 

Zieht man jetzt den Satz V heran, so sieht man, dass die Gruppe 33(1^) 
bestimmt ist, wenn man die Gruppe ®®(G), d.h. die Gruppe derjenigen mini- 
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malen Elemente von 9t(G), deren P-Bild in W homolog 0 ist kennt. Diese 
Gruppe soil jetzt bestimmt werdcn. 

3. Weil U oc 0 ist, ist kein Element (ausscr 0) von iB((7) homolog 0 in G 
(Kap. II, §2, Nr. 2, Korollar 1), und man kann 35(10 S'ls Untcrgruppe von 35(G) 
auffassen. Die Elemente von 33(1/) werden bei P sicher auf 0 abgebildet: die 
ganze Untergruppe U wird ja auf einen Punkt abgebildet. Wir behaupten: mit 
den Elementen von 35(1/) sind die Elemente von 35(G), deren P-Bild die Null 
ist, erschopft, oder in der Bezeichnung von §1, Nr. 2: es ist 35®(G) = 33(17). 

Zum Beweis setzen wir i(G) = I und 1(1/) = V. Die Elemente vi,V 2 , • • • ,vi> 
mdgen eine Basis von 33(1/) bilden; sie werden aufgenommen in eine Basis 
(vi , V 2 , ■ ■ • , V/} von 35(G). Dann gilt (nach dem Aufspannsatz, angewendet 
auf die Gruppe 1/ ; vgl. Kap. I, §3, Nr. 7) 

Vioyjo • • • oVif “ 1/ 

als Homologie in U (dann bedeutet 1/ die Eins von 91(1/)); also gilt die Gleich- 
ung auch als Homologie in G. Wir setzen noch 

fl'+l0Vi'+20 • • * °Vl = V, 

Dann gilt, wieder nach den Aufspannsatz, die Gleichung 

UoV = 1, 

wo 1 die Eins von 91(G) bedeutet; daher gilt (nach Kap. I, §3, Nr. 10) fiir den 
Schnitt U-V: 


U-V = Vo. 

Uebt man auf diese Gleichung die Abbildung P aus, und beachtet, dass U = 
<fi(flo) ist, so erhalt man wegen der Funktionalgleichung fiir <p die Gleichung: 

Vo-PiV) = VO. 


Bezeichnet man die Eins von 91(W) mit 1, so heisst das: 

P(V) = i. 

Es ist also P(yi'+ioi;j/+20 . • • ovi) ^ 0 ; daraus folgt nach dor letzten Bemcrkung 
in §1, Nr. 2, dass die Bilder Vi = Pif’i) (fcr Elemente vr+i , vr+i, • • • , ft 
in W linear unabhangig sind. Das bedeutet aber: die Restklassengruppe 
35(G) — 35(1’) wird durch P isomorph abgebildet. 

Daher ist 35(1/) der Kern der Abbildung P von 33(G); die Behauptung 
35“(G) = 33(bO ist bewiesen. 

Die von t’t'+i , fr+ 2 , ••• ,vi erzeugtc Untergruppe von 35(G) ist die in §1, 
Nr. 2 mit 35‘(G) bezcichnete Gruppe; der von dem Punkt co und den Elementen 
dieser Gruppe erzeugte Teilring von 33(G) wird nach §1, Nr. 2 eineindeutig auf 
die Bildgruppe abgebildet. Da jetzt nach Nr. 2 die Bildgruppe mit der ganzen 
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Gruppc 93 (TF) zusammenfallt, ist also 93(TF) eineindeutiges Bild des von den 
, • • • , und vq erzeugten Teilringes von 9^(0). 

Dieser Teilring onthalt nun genau 2^”*' linear unabhangige Elemente, z.B. den 
Punkt V(s und die Produkte 

Vi^oVi^o . . . oVi^ (V + 1 ^ ik Silyil < H < ••• < it)- 

Also enthalt auoh 93(1^) genau 2^“^' linear unabhangige Elemente. 

4. Wir betrachton die zu den rn = P{vi) dualen Elemente f,- von 93(TF) 
(z = r + 1, , 1), Weil P{V) = P(vi/+ioy/'+20 • ovi) = I die Dimen- 
sion d{W) hat, ist dor Schnitt T/ nulldimensional. Aus der 

Formel (1) in §1, Nr. 5, ontnimmt man Icicht, dass dieser Schnitt gleich ± 770 , 
also von Null vcrschieden ist; man setze dazu fiir das dort mit w bezeichnete 
Element das Produkt V = vv^\ovv .^20 * • • oVi ein und bcaehte, dass P(V) = I 
ist. Ausserdem sind die f, antikommutativ in Bezug auf den Schnitt: 

und = 0, 

denn es ist 5(f*) = d{rit) = d(vi) ungcrade. 

Daraus folgert man (vgl. die Betra(‘htung in Kap. I, §3, Nr. 7), dass die 
Produkte 


f*r (i' + 1 ^ 4 ^ 2*1 < 4 < • * • < ir) 

linear unabhtogige Elemente in 93(W'^) sind; mit I ziisammen sind das genau 
2^'“^' Elemente; die f* bilden also mit I zusamnK'n ein irreduzibles Erzeugenden- 
S 3 ^stem von yi{W). Dicso Eigenschaften der f, sind es abin* gerade, die 5)i(W') 
als Ring oines Produktes von ungerade-dimensionalen Spharen charakterisieren. 
Damit ist VI a) bewicsen. Den ‘^Spharen selbst^^ entsprechen die Elemente rji . 

5. Den Isoinorphismus von 9v((?) und 5)i(r X W) stellt man jetzt folgender- 
massen her: 

1 sei die Eins von 1' die von 5R(f '), I die von 5R(1V). 

Zi seien die zu den Vi dualen Elemente von 93((?) (2 = 1, • • • , Oi sie bilden 
mit 1 zusammen ein irreduzibles Erzeugendensystem von 5)f((7) (vgl. Kaj). I, 
§2, Nr. 4). 

Zj seien die zu den Vj dualen Elemente von 93(^0 0 = bilden 

mit 1' zusammen ein irreduzibles Erzeugendensystem von 

seien die oben eingefuhrten Elemente von 93 (TV) (A: == P + 1, • • • , i); sie 
bilden mit i zusammen ein irreduzibles Erzeugendensystem von 9i(TV). 

Die Elemente {Zj X i) und (1'‘ X f*) bilden dann mit dem Element (1' X 1) 
zusammen ein irreduzibles Erzeugendensystem von yi{U X TV). 

Alle diese Systeme sind antikommutativ; und das Produkt aller Elemente 
jeden Systems ist der einfach gezahlte Punkt des betreffenden Ringes. 

Jetzt ordnet man zu: 

Den Elementen z,- (i = !,•••, V) die Elemente (z,- X 1), 
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den Elementen {i = V + 1 , . . . , J) die Elemente (1' X ik), 
dem Element 1 das Element 1' X I. 

Das ergibt offenbar cinen Isomorphismus zwischen 3 {((j) und X W) der 
gewtinschten Art; damit ist auch VI b) bewiesen. 

ZURICH, Switzerland 
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INTRINSIC TOPOLOGY AND COMPLETION OF BOOLEAN RINGS 

By Henry L5wig 
(Received October 29, 1940) 

Notation 

If 93 is a subclass of a lattice A we denote the meet (cross-cut, intersection, 
product) of the elements of 93 with respect to il, i. e. the maximal element of A, 
contained in all elements of 93, its existence supposed, by 11x1 « x, and the join 
(union, conjunction, lattice-sum) of the elements of 93 with respect to A, i.e. 
the minimal element of A, containing all elements of 93, its existence supposed, 
by e X. If 93 consists only of two elements, a and 6, we write also a Aa & 
instead of X and a \/ A b instead of If ^ is especially a Boolean 

ring we denote the ring-sum (the symmetric difference) of two elements a and b 
with respect to A by a Aa b. We omit the superscripts of the signs and 
and the subscript of the sign Va if there is no doubt to which lattice or 
Boolean ring they refer. Under the same condition we write a »b or ab instead 
of a A A &, and a + b instead of a Aa b. We call a subclass 93 of a lattice A 
bounded if there exists at least one couple a, b of elements of A such that 

a < X < b 

for all elements x of 93. The expressions of ‘V-lattice^^ and ‘‘complete lattice*' 
are used in the same sense as in the paper (VIII), (See especially (VIII), p. 
795, 4th passage.) We call a Boolean ring complete if it is a complete lattice, 
and a Boolean cr-ring if it is a <r-lattice. If a subring (an ideal) of a Boolean ring 
is a <r-lattice we call it a <r-subring (a <r-ideal). The expression of “dual ideal** 
is used in the same sense as in (VI). The words “A Boolean ring A is given, 
and the small Latin letters . . . denote elements of A** will be frequently sup- 
pressed. If we consider a sequence of elements an of a lattice we shall mostly 
suppress the supposition that the index n runs through all natural numbers. 
Otherwise we shall use the terminology and denotation of M. H. Stone*s paper 
(V). The results of this paper will be used without any further reference. 

1. Introduction 

A sequential topology of a lattice can be defined in the following way: 

If a sequence of elements an of a 'lattice has the property that all products Jlfc-n dk 
(n = 1, 2, 3, • • •), all joins a* (n = 1, 2, 3, • • •), the join n*_„ o* , 

and the prodvet Iln-i exist, and 

00 00 00 00 

£ n o* = n £ a* = a, 

n*-! ib»n n*-X Jb—n 

1138 
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the sequence Un is said to converge towards a or to have the limit a. (See for instance 
(II), p. 4530 

The lattices considered in L. V. Kantorovitches paper (VII) have even the 
property Jihat 11?-" o* > Z?-» a* (» = 1, 2, 3, •••), E?-i D?-" «*. and 
ri?-i 53*-” n* exist whenever the sequence a„ is bounded. Thus Kantorovitch 
may say a sequence a„ to converge if it is bounded, and 

00 00 oe 00 

13 n a* = n S at . 

n-“l k^n n— 1 A:—n 

In this paper the above convergence-definition will be considerably generalized 
for the case that the given lattice is a Boolean ring. We shall define the con- 
vergence of a sequence of elements an of a Boolean ring without supposing that 
Ilfc-n a* (n = 1, 2, 3, • • •), ^n-i riAi-n Uk , and XIn— i o,k exist) 

we shall not even suppose that the sequence is bounded. 

The formulation of the convergence-definition will be the topic of §2 of this 
paper. In §3 wc shall show that in the case that Ok and ^A-n ua 

(n = 1, 2, 3, • • •) exist, our convergence-definition coin(*ides with the definition 
given in the introduction. In §4 wc shall introduce the important notion of an 
invariant subring a of a given Boolean ring A. Wc shall call a an invariant 
subring of .4, or id an invariant extension of a, if every infinite join of elements 
of a, whenever it exists with respect to a, exists also with respect to A , and has 
the same value. In §5 we shall define the notion of a join-extension A of a 
Boolean ring a. A will be said to be a join-extension of a if every element of A 
is a join of elements of a with respect to A. We shall see that any join-extension 
is an invariant extension. The notions of ^‘invariant extension” and “join- 
extension” will play an important role in the following paragraphs. In §0 we 
shall show that the finite fundamental operations of a Boolean ring are continu- 
ous under the introduced sequential topology; moreover we shall deduce a 
number of other relations. In §7 we shall say a few words about the closure- 
topology determined by the introduced sequential topology. In §8 we shall 
state how far the theorems on simple sequences in a Boolean ring obtained 
hitherto can be extended to double sequences. In §9 we shall, following D. van 
Dantzig^s paper (I), define the notion of a fundamental sequence of elements of 
a Boolean ring, and explore how far D. van Dantzig^s results can be applied to 
our case. In §10 we shall show that the sequential topology determined by the 
closure-topology mentioned in §7 is in general not identical with the original 
sequential topology. I have no further entered into the examination of this 
derivative sequential topology, but leave it to further investigations. 

It is very probable that the theory developed in this paper can be easily ex- 
tended to the lattices which Fritz Klein in his paper (IV) calls “Boole- 
Schrodersche Verbande.” I shall deal with this matter in a later paper. 

The extension of this theory to arbitrary lattices might he more complicated. 
It is for instance not true that the finite fundamental operations of an arbitrary 
lattice are continuous with respect to the sequential topology defined in this 
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introduction. Let a partially ordered set A consist of an enumerated sequence 
of elements a, , of another such sequence 6» , and of a further element e, between 
which there are defined the following ordering relations: 

a„ < a„, b„ < b„ for m < n; 

dm < bn for m ^ n; 

dm ^ bm C. 

(m, n = 1, 2, 3, ... .) 

Then A is obviously a complete distributive lattice. Added in proof: A is iso- 
morphic with Mac Neille^s lattice [4.7, 4.12, 4.7]. See H. M. Mac Neille, Par- 
Hally ordered sets, Trans. Am. Math. Soc., vol. 42 (1937), pp. 416-460, especially 
Theorem 4.15. If m > n, then 

“ Un , 

a>m V • 


Obviously we have, by the convergence-definition given in this introduction 

lim On = e; 

n-*9o 


on the other hand we have for n = 1, 2, 3, • • • 


dnbi — di , 


whence 


while 


lim d„bi = oi, 

n-»oo 


ebi = bi . 

2. The Sequential Topology t(A) 

Definition 1. By a subelement of a sequence of elements o„ of d Booledn ring 
A, we mean an element u of A of the property that, if we suitably choose the natural 
number k, we have for n ^ k 


U ^ ttfj * 

It is clear that the property of an element u of A to be a subelement of the 
sequence o„ is preserved if we replace a finite number of its terms by other 
elements, if we add or omit a finite number of terms, or if we change the succes- 
sion of the terms (not necessarily only of a finite number). The same holds for 
the concepts of superelement, interelement, lower limit, upper limit, and limit, 
which we shall define more fully below. 
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Any sequence of elements of a Boolean ring has at least one subelement, 
namely the zero-element. 

Theorem 1. The subelemcnts of a sequence of elements an of a Boolean ring A 
constitute an ideal in A. 

Theorem 2. If u is a subelement of a sequence an , and- b is an arbitrary ele- 
mentj then ub is a subehment of the sequence ajbj and to every suhelement u* of 
the sequence Onb there exists a subelement u of the sequence a„ such that u* = ub. 

Definition 2. Bij a superelement of a sequence an , we mean an element o of 
the property that, if we suitably choose the natural number k, we have for n '^k 

0 > an. 

It is clear that a sequence of elements of a Boolean ring A is bounded in A if 
and only if it has at least one superelement in A. If A has a unit every sequence 
of elements of A is bounded. 

Theorem 3. The superelements of a bounded sequence of elements of a Boolean 
ring A constitute a dual ideal in A. (This dual ideal is a Boole-Schroder lattice 
in the sense of the paper (IV).) 

Theorem 4. If o is a superelement of a hounded sequence an , and b an arbi- 
trary element, then o \/ b is a superelement of the sequence an V b, and to every 
superelement o* of the sequence an V b there exists a superclement o of the sequence 
On such that o* = o V 6. 

Definition 3. Let an be a bounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
an with respect to A, if 

u < a < o 

whenever u and o are elements of A, and u is a subelement, and o a superelement of 
the sequence an . 

Definition 4. Let an be an unbounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
On with respect to A if ab is, according to Definition 3, an interelement of the bounded 
sequence aj) mth respect to A for every element b of A. 

Instead of saying ^*a is an interelement of the sequence with respect to A^* 
we may say more simply “a is an interelement of the sequence an” if there is 
no doubt to which Boolean ring the term ^^interelement^’ is referred. 

Theorem 5. If an and a are elements of a Boolean ring A, then a is an inter- 
element of the sequence an with respect to A if and only if ab is an interelement of 
the sequence Unb with respect to A for every element b of A. 

Proof. As for the case of an unbounded sequence Theorem 5 is involved by 
Definition 4, we can restrict ourselves to the case that the sequence an is bounded. 

Let us suppose first that a is an interelement of the bounded sequence On , 
and that a further element b is given. Then Theorem 2 involves that 

( 1 ) 


u* < ab 
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whenever w* is a subelement of the sequence anb . If on the other side o* is a 
superelement of the sequence anb , and o a superelement of the given sequence 
Un , we have for n ^ fc, if A is an appropriate natural number, 

0* V (o + ob) > anb V (an + anb) = an , 
hence, according to the supposed property of a, 

0* V (a + ob) > a 
and 

(2) o* > ab. 

(1) and (2) involve that ab is an interelement of the sequence anb . 

Now let us suppose conversely that ab is an interelement of the sequence anb 
for every element 6. From this supposition it yields especially that a(a V c) 
is an interelement of the sequence an(a V c) whenever c is an upper bound of the 
sequence an . Thus we obtain immediately that a is an interelement of the 
sequence an as we want to prove. 

Theorem 6. If an and a are elements of a Boolean ring Ay then a is an inter- 
element of the sequence an with respect to A if and only if a y b is an interekment 
of the sequence an V b with respect to A for every ekment b of A, 

Proof. If a V & is an interelement of the sequence an V b for every element 
b then a is an interelement of the sequence an since we may put especially = 0. 
Now let us suppose conversely that a is an interelement of the sequence a„ , 
and b an arbitrary element. Let us further suppose that the sequence a,* is 
bounded. In this case the sequence an y b is bounded too. Let w* be a sub- 
element, and 0 * a superelement of this sequence. Then u* + u*b is a subelement 
of the sequence an + an6, thus also a subelement of the sequence a„ . According 
to the supposed property of the element a we have 

u* + u*b < ay 


whence 

(3) u* < a y b. 

On the other side Theorem 4 involves the inequality 

(4) 0* > a y b. 

From (3) and (4) it follows that a ’V & is an interelement of the sequence an V b. 
If the sequence an is not bounded we observe that ac is, by Definition 4, an 
interelement of the bounded sequence anC for every element c. Hence, accord- 
ing to what we have just proved, ac y be ^ {a y b)ci& an interelement of the 
sequence anC y be (an V b)c. Thus we obtain again the result that a y bm 

an interelement of the sequence an V b. 

Theorem 7. The interelements of a sequence of elements an of a BooUan ring 
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A constitute a dense sublattice of A . (This sublattice is a Boole-Schroder lattice 
in the sense of the paper (IV).) 

Theorem 8. If u is a subelementy and a an interelement of the same sequence 
an , then u < a. 

Theorem 9. If a is an interelement of a sequence an , and 

u < a* < a 

whenever u is a subelement of the same sequence, then a* is as well an interelement 
of this sequence. 

Theorems 7, 8, and 9 follow easily from Theorem 2 and from Definitions 3 
and 4. (Notice that 0 !"% < a^^^b for every b implies a^^^ < a^^\) 

Definition 5. If an is a sequence of elements of a Boolean ring A, and the 
lattice of the interelements of the sequence an with respect to A has a zero, this zero 
is called the lower limit of the sequence an with respect to A and denoted by ^"^^lim an . 

n-*oo 

The expression ^ ‘lower limit of the sequence an with respect to A” may be 
replaced by the simpler expression “lower limit of the sequence an' if there is 
no doubt to which Boolean ring it refers. In this case the sign ^^^lim On may be 

n-*oo 

replaced by the simpler sign Inn a„ . 

n— 

If Hm o„ exists the lattice of the interelements of the sequence a„ is a Boolean 

n-*« 

ring, and Hm a„ is its zero-element. 

n -♦00 

Lemma 1. If a > u whenever u is a subelement of a given sequence an , and 
Um an exists, then 

n-*oo 

a > lim a». 

n-*oo 

Proof. If m is a subelement of the sequence a„ then from the hypothesis 
and from Theorem 8 follows that 

a lim an > u. 

n-*co 

This inequality implies, by Theorem 9, that a lim a» is an interelement of the 

n-*oo 

sequence a„ . Hence we have, according to Definition 5, 

a lim On > lim o» 

n-»oo n— 

or equivalently 

a > Ijm a„ 

n-*oo 

as we wished to prove. 

Definition 6. If an is a sequence of elements of a Boolean ring A, and the 
lattice of the interelements of the sequence an with respect to A has a unit, this unit 
is called the upper limit of the sequence a« with respect to A , and denoted by ^"^^lim On . 
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The expression “upper limit of the sequence o„ with respect to A" may be 
replaced by the simpler expression “upper limit of the sequence On’ if there is 
no doubt to which Boolean ring it refers. In this case the sign lim a„ may be 

n-*oo 

replaced by the simpler sign lim a„ . 

n-*oo 

Lemma 2. If a < o whenever o is a superckment of a given bounded sequence 
On , and lim an exists^ then 

n->oo 

a < lim a„. 

n-*oo 

Proof. If o is a superelement of the sequence a„ then from the hypothesis 
follows that 

a V lim On < o. 

n-*oo 

Hence a V Hm an is, by Definition 3, an interelemcnt of the sequence an . On 

n”*oo 

the other side we have, by Definition 6, 

a V fim On < lim a„ 

n*-*oo n->oo 

or equivalently 

o < lim On 

n-*flO 

as we wished to prove. 

Theorem 10. If both Hm an and lim an exist then 

n~*90 n-^oo 

lim an < lim an . 

n->oo n-»oo 

Theorem 11. If both Hm an and lim an exist then a is an interekment of the 

n-»oo 

sequence On if and only if 

lim On < o < lim o„ . 

n-»oo n-+oo 

We need now some transfinite extensions of the known rules which the finite 
operations of a Boolean ring obey. 

Theorem 12. Let Sb be a class of elements of a Boolean ring A, and also b an 
element of A. If in this case Ho.® ® exists then IJo.e V b) exists too and is 
equal to (Ho.® V b. 

Proof. It is obviously sufficient to prove that 

(5) c < a \J b 

for every element o of S3 implies 

c < (11 o) V b. 

a « 9 
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From (5) follows that 

c + cb < a 

for every element a of S. Hence 

c + c6 < n a, 

a c 0 

and 

c < (11 a) V i> 

a < 9 

as we wished to prove. 

In the following Theorems 13 till 17 the signs 93 and b shall have the same 
significance as in Theorem 12. In the special case of Boolean (r-rings they were 
proved by J. von Neumann, ^'Lectures on continuous geometries,” Princeton, 
1937, Appendix, p. 7. See also H. M. Mac Neille, l.c., Theorem 7.19. 

Theorem 13. If ^ « a exists then , » ab exists too and is equal to 
(J2at9 

Proof. If c > a6 for every element a of ifi then 

c V [2 ^ + (]C > a6 V E ^ + (S ^)b] > a for a € 93; 

«€0 xcQ 

hence 

c V [2 a: x)6] > 2 a, 

xc9 x<9 a e 9 

and 

c > (21 a) b. 

a €9 

Theorem 14. If Ha*© cl exists then 2o«» {b + ba) exists too and is equal to 

b + b IlaeO a. 

Proof. It is clear that 

for X 1 93. If c > 5 + 6a for every element o of S then 

a > b be 

for o € 93; hence 

n ® > ^ + ^> 

a f Q 

and 

c> 6 + 6 n o- 

tt e 9 
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Theorem 15. If ^a, 9 a exists then n.. 9 (b + ba) exists too and is equal to 
b b 2^0 « « o. 

Proof. If c < 6 + 60 for a « 93 then c < b and co = 0 for a « 93; thus, by 
Theorem 13, c « = 0, and c < b + b 23o*» “• 

Theorem 16. //n«. « a exists then n-. « (a + oh) exists too and is equal to 
rio € » a + (Ho I e a)h* 

Proof. If c < o + 06 for a e 93 then c < o for a e 93, thus c < n- on 
the other side cb = 0; hence 


c < n o + (ii o) 

a t ^ o i 99 

Theorem 17. // 2««» ® exists then J3o€» (o + o6) ea^’sts too and'is equal 
to 2o«C® "f" (2a«»o)5. 

Proof. If c > o + oh for o € 93 then c V 5 > a for a « 93, thus c V 5 > 
2o.ea, and c > X«««« + (So.ea)6. 

Theorem 18. If a is an ideal in a Boolean ring A, then o" is the class of all 
elements b of A such that b = * '« o/®’’ appropriate subclass 93 of a. a" is a 

principal ideal if and only if a exists; in this case a" = a(^a1 « a). Added 
IN proof: Theorem 18 is partly contained in Theorem 2.1 of M. H. Stone’s 
paper on Algebraic characterizalions of special Boolean rings, Fundamenta Math- 
ematicae, vol. 29 (1937), pp. 223-303. 

Proof. From the definition of o" and from Theorem 13 follows that a" con- 
tains the element ® whenever 93 C o, and , « a exists. If b is an 

arbitrary element of a" we put 95 = tt'0(6). Then b > a whenever o is an ele- 
ment of 93. If c is an arbitrary element of A then 

(b + bc)x 1 93 

for all elements x of o. Hence if c e A and c > o for every element o of 95 we 
have, for x t a, 


(6 + bc)x < c, 


thus 


(6 + bc)x = 0 


or 


b + be e a^ 


Since b c a" we have 6 -f 6c = 0, thus b < c. Hence 


6 - a. 

a < 99 


This, proves the first part of the theorem. The second part is now obvious. 
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Theorem 19. Um a« exists if and only if « u U being Die class of the 

n-*oe 

mhelemenls of the sequence a„ , exists; in this case 
(6) lim a„ = u. 

n-*oo tt e U 

Proof. If lira a„ exists, from Lemma 1 and Theorem 8 follows immediately 

n-*oo 

that 52u « u u exists, and the equation (6) holds. If 52» « u u exists then there 
exists also 52“ « u for every element b. (See Theorem 13.) If we notice 
Theorem 2, we conclude easily that 52“ . u is an interelement of the bounded 
sequence a„b. On the other side we have 

52 Mfc = ( 22 “) 

u • U ti ( U 

Hence 52» . u « is an interelement of the sequence a» . If a is an arbitrary inter- 
element of this sequence, we have, by Theorem 8, 

a > u 

for every element u of U, and consequently 

o > 52 

u « U 

Hence lim On exists and is equal to 52“ « u u. 

n-*oo 

Theorem 20. lim an exists if and only if U", U having the same significance as 

n-»oo 

in Theorem 19, is a principal ideal a(a); in this case 

lim On = o. 

n-*oo 

Proof. See Theorems 18 and 19. 

Theorem 21. (Corollary of Theorem 20.) If the ideal of the svhclemenls of a 
sequence o» is a principal ideal a(a), then lim a„ exists and is equal to a. 

n-*co 

Theorem 22. The upper limit of a bounded sequence an exists if and only if 
Ho € o 0, O being the class of the superelements of the sequence an , exists, in this 
case 

lim dn = n 

n-»flO otO 

The proof can be left to the reader. (Notice Lemma 2.) 

Theorem 23. (Corollary of Theorem 22.) If dual ideal of the super- 
elements of a hounded sequence Un has a zero then lim o, exists and is equal to 

n -*90 

this zero. 

In this case the dual ideal of the superelements of the sequence On is a Boolean 
ring, and lim a„ is its zero. 
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Lemma 3. If Um o„ exists, and b is an arbitrary element, then Im Onfc exists too 

n-*90 n->oo 

and is equal to b Urn an . 

n-*oo 

Proof. See Theorems 2, 13, and 19. 

Lemma 4. If lim o„ exists, and b is an arbitrary element, then lim a„b exists 

n-*oo n-»oo 

too and is equal to b lim an . 

n-^oo 

Proof. Let lim an be denoted by a, and let c be an interelement of the se- 

n-*oo 

quence anb. Further let d be an arbitrary element, and o a superelement of the 
sequence and. Thus o is also a superelement of the sequence anbd, and cd < o. 
We have also ad < o because ad is an interelement of the sequence and. Hence 

(a V c)d < 0 . 

If on the other side w is a subelement of the sequence and, then ad > w, whence 

(a V c)d > u. 

We find that a V c is an interelement of the sequence an . This involves, by 
Definition G, a V c < a, or equivalently c < a. Besides we have obviously 
c < b. Hence c < ab or 

c <b lim an. 

«-*oo 

Since b lim an is itself an interelement of the sequence anb, Lemma 4 is proved. 

n-^oo 

Definition 7. If a sequence of elements an of a Boolean ring A has exactly one 
interelement a with respect Ay we say that the sequence an converges towards a with 
respect to Ay or a is its limit with respect to Ay and write 

an = a. 

n-*oo 

The sentences ^^The sequence an converges towards a with respect to A” and 
‘^a is the limit of the sequence an with respect to A” may be replaced respectively 
by the shorter sentences ‘The sequence an converges towards a'^ and “a is the 
limit of the sequence aj^ if there is no doubt to which Boolean ring they refer. 
In this case the sign ^"^^lim an may be replaced by the simpler sign lim an . 

n-*oo n — >00 

Definition 8. The sequential topology in a Boolean ring A, introduced by 
Definition 7, shall be denoted by r(A). 

Theorem 24. A sequence of elements an of a Boolean ring is convergent if and 
only if lim an and lim an exist and are equal to one another. In this case 

n-»oo n~»oo 


lim a„ = lim o. = lim a» . 

n-*oo n-*flO n-*oo 

Lemma 5. If lim o« exists, and b is an arbitrary element, then lim ajb exists 

n-*«o n->oo 

too and is equal to b lim a. . 
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Proof, See Lemmas 3 and 4 and Theorem 24. 

Theorem 25. // On = a for every n then also 

lim Gn = a, 

n-*oo 

Theorem 26. A suhelement (superelement) of a given sequence is also a sub- 
element {superelement) of any partial sequence. 

Theorem 27. Any interelement of a partial sequence of a given sequence is also 
an interelemcnt of the whole sequence. 

Theorem 26 is evident, Theorem 27 can be easily deduced from Theorem 26. 
Theorem 28. If an is an arbitrary sequence of elements of a Boolean ring, and 
Uk (k = 1, 2, 3, • . • ) are natural numbers different from each other, then there 
hold always those of the inclusion-relations 

lim > lim an , 

*“•00 n“*oo 

lim an,, < lim On , 

*“♦00 n“*oo 

lim Gnt > Inn On , 

*—•00 n — •00 

and 

lim ant < O'* > 

*“♦00 n-*oo 

in which both sides exist. 

Proof. See Definitions 5 and 6 and Theorem 27. 

Theorem 29. If lim an exists, and nk {k I, 2, S, • • • ) are natural numbers 

n-^oo 

different from each other, then lim exists too and is equal to lim an . 

*-♦00 n“*oo 

Proof. Let us suppose first that the sequence a„ is bounded. Then, if u 
is a subelement and o a superelement of this sequence, and u* and o* have the 
same meaning for the sequence a„t (fc = 1, 2, 3, • • • ), we have, by Theorem 26, 

u* < 0 


and 


u < 0 *. 

Hence we have, by Lemmas 1 and 2, 

u* < lima» 

n“*oo 


and 


lim On < 0 * , 

n“*oo 


i.e. 


u* < lim On < 0 *. 

n-^oo 


We see that lim On is an interelement of the sequence Gn* (fc = 1, 2, 3, • • • ). 
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The same result is obtained also in the case that the sequence On is not bounded. 
For if 6 is an arbitrary element Lemma 5 yields that lira o„6 exists and k equal 

n--*oo 

to b lim On ; hence b lim a„ is, by what we have just proved, an interelement of 

n-*oo n-«ao 

the sequence o»t6 {k — 1, 2, 3, • • • ). 

lim o„ is also the only interelement of the sequence a«t (fc = 1, 2, 3, • • • )> for 

n-^oo 

if the sequence had an interelement a different from lim a„ then a would be, 

n-*oo 

by Theorem 27, also an interelement of the original sequence an , contrary to 
the hypothesis that this sequence is convergent. By this Theorem 29 Is proved. 
It can occur that both Hm an and lim an exist but that there is neither a 

n-^oo n*^eo • 

partial sequence of the sequence an converging towards Um an nor such a se- 
quence converging towards lim a« . Let a and b be two elements such that 

n-*ao 

neither a < b nor b < a. Now for n = 1, 2, 3, • • • let Os.-i = a, o*. = b. 
Then we have obviously 


lim a» = ab 

n-*oo 


and 


lim On — aVb. 

n-^oo 

Nevertheless there is neither a partial sequence of the given sequence con- 
verging towards ab nor such a sequence converging towards a y b. 

Theorem 30. The union of a finite number of convergent sequences with the 
same limit is again a convergent sequence with the same limit. 

Proof. Suppose that a^n^ and are two convergent sequences, and that 

lim ttn ^ = lim aT == a. 

n-*«o n-*«o 

Suppose moreover that the sequence o„ consists of the terms of the sequences 
oi*’ and in some succession. Then from Theorem 27 follows that a is an 
interelement of the sequence o„ . Now let a* be an arbitrary interelement of 
this sequence, b an arbitrary element, and subelements, and and o® 
superelements of the sequences oi‘^6 and respectively. Then is a 

subelement, and V a superelement of the sequence a„ . Since o*6 is an 
interelement of this sequence we have 

(7) «V<o*6<o<» 

The sequences ai”6 and ai% are convergent, and 

lim o« ^ b =» lim o* ’ b = ab. 

n-♦oo n-^oo 
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(See Lemma 5.) Hence we get from (7) by using twice Theorem 19 together 
with Theorem 13, and Theorem 22 together with Theorem 12 

ab*ab < a*b < ab \/ ab 


i.e. 


a*b = ab. 

Since b is arbitrary we obtain the result a* = a. This proves the theorem. 

3. Connection with the Usual Convergence-Definition 

The following results show that our definition specializes in the case of a-lat- 
tices to the usual definition (cf. for example G. Birkhoff, II, p. 453). 

Theorem 31. If ak > ai whenever k < I, (he sequence an is either convergent 
or has no inter element; it is convergent if and only if Ilfc-i ak exists; in this case 
we have 

00 

(8) n Ok = lira a„ . 

k""l n-*oo 

Proof. If a is an interelement of the sequence an , we have 

a < an 

for every n because all terms of the sequence are superelements of the sequence. 
If u < a„ for every n then u is a subelement of the sequence, and we have’ 

a > u. 

Hence Ok exists and is equal to a. Thus we see that a is the only inter- 
element of our sequence, is to be denoted by lim a„ , and the equation (8) holds. 

n-*op 

If conversely n?-i dk exists then it can be easily concluded that 

<ao 

« < n a* < 0 

k-l 

whenever m is a subelement and o a superelement of the sequence a„ , so that 
U^i is an interelement of this sequence. 

Theohem 32. (Corollary of Theorem 31.) The sequence m-x a* (n = 
1, 2, 3, • • • ) is either convergent or has no interelement; it is convergent if and only 
if n?-! ak exists; in this case we have 

90 tl 

ri Ot = lim n ®* • 

n*-*oo 

Theorem 33. If ak < ai whenever k < I, the sequence an is either convergent 
or has no interelement; it is convergent if and only if dk exists; in this case 
we have 

00 

2 O* = lim On . 

;n-*-oo 
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If the suppositions of Theorem 33 are satisfied, and the sequence On has an 
interelement a, then we have 

a > a„ 

for every n because all terms of the sequence are subelements of the sequence. 
Hence the sequence a„ is certainly bounded. The same is also true if ak 
exists. After this is settled Theorem 33 can be proved in a similar way as 
Theorem 31. 

Theorem 34. (Corollary of Theorem 33.) The sequence o* (n = 
1, 2, 3, • • • ) is either convergent or has no interelement; it is convergent if and only 
if 2^”-! a* exists; in this case 

00 

22 a* = lim 22 o* • 

n-»oo jfc-1 

Theorem 35. Any monotonic sequence of elements of a Boolean cr-ring is con-- 
vergent. 

Theorem 35 follows immediately from Theorems 31 and 33. 

Theorem 36. If for n = 1, 2, 3, • • • XlS-n ctk exists then lim an exists if and 

n-»oo 

only if ri“-n CLk exists; in this case we have 

00 00 00 

lim o„ = 22 n = lim n o* . 

n-*oo n— 1 Jfc—n n-*tc k^n 

Proof. Definition 1 involves that to every subelement u of the sequence an 
there can be stated a natural number m so that 

00 

n > w- 

From this it can be easily concluded that t u w exists if and only if 
Ilfc-n Ok exists, and that in this case both elements are identical. (U is 
the ideal of the subelements of the sequence On .) Now Theorems 19 and 33 
show that Theorem 36 is true. 

Theorem 37. If for n ^ 1, 2, 3, • • • Ok exists then lim an exists if and 

n-+oo 

only ak exists; in this case we have 

00 00 00 
lim On = n E = lim E • 

n-*oo n—1 Aj—n n-^oo 

Theorem 37 can be proved by the aid of Theorems 22 and 31 in a similar way 
as Theorem 36 by the aid of Theorems 19 and 33. 

Theorem 38. If an is a sequence of elements of a Boolean c-ring then there exist 
certainly both lim o„ and lim a„ . 

n-*oo n-*oo 

Proof. See Theorems 36 and 37. 
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Theorem 39. If an is a sequence of elements of a Boolean a-ring then lim a» 
exists if and only if 

00 00 00 00 

z n a* = n • 

n—1 n n— 1 jfe— n 

In this case we have 

OO « 00 00 

lim a„ = Z n at = n Z «* • 

n-*oo n—1 n—1 Jl— n 

Thus our Definition 7 coincides in the case of a Boolean (r-ring with the 
definition of convergence and limit given in the introduction. 

Lemma 6. If an is a sequence of elements of a Boolean a-ring with unit then 

Ihn an = (lim 

n-*oo n-*oo 

lim a'n = (lim a„)'; 

n-*Q0 n-*QO 

if moreover the sequence a„ is convergent, the sequence a'n is convergent too, and 

lim = (lim a„)^ 

n— ►<» n-^oo 

Lemma fi can be easily deduced from Theorems 14, 15, 36, and 37. 

Lemma 7. If «« ctnd a are elements of a Booleaji a-ring with unit, and a is an 
interelement of the sequence a„ , then a' is an interelement of the sequence . 
Proof. See Theorem 11 and Lemma G. 

Theorem 40. If an > c for every n then the equation 

(9) l]m an = c 

n-*90 

holds if and only if for every n 

00 

(10) n o* = c. 

Ar— n 

Proof. If (9) holds, and the element u is of the property that for k n 
u < ak , then u < c because u is a subelement of the wsequence an . This proves 
(10). If (10) holds then (9) follows immediately from Theorem 36. 
l^EOREM 41. If an < cfor every n then the equation 

lim an — c 

n — *00 


2 = 


c. 


holds if and only if for every n 
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Theorem 42. An element a is an irUerelement of a sequence Un if and only if 
for every n 

00 

(11) 2 

jk—n 

and 

00 

(12) • JX (dk V fl) fl- 

Jfc— n 

Proof. If a is an interelement of the sequence o» then it is, by Theorems 5 
and 6, also an interelement of the sequences ana and On V a. On the other 
side it is a superelement of the sequence a„a and a subelement of the sequence 
On V o. Hence we have 

lim OnO = a, 

n-*oo 

lim (a« V o) = «• 

*1*^00 

Now Theorems 41 and 40 involve that the equations (11) and (12) hold. 

Let us suppose conversely that the equations (11) and (12) hold. Let b be 
an arbitrary element, and u a subelement and o a superelement of the sequence 
ajb. Further let m be a natural number of the property that 

« < 0*5 < 0 

for k ^ m. Then we have 

«0 

oft = 53 

whence 


o6 < 0 . 


Similarly we have 

00 

0 « n (o* V o) > M V a, 

whence 


u < a. 

Since also u < 5 we get 

u < db. 

Thus we see that oft is an interelement of the sequence o«6; hence a is an inter- 
element of the sequence a. as we wished to prove. 

Another form of Theorem 42 is 
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Theorem 43. An element a is an interelement of a sequence Un if and only if 


(13) 

lim Una — a, 

n-*ao 

and 


(14) 

lim (on yd) — 


n-^oo 


Proof. See Theorems 40, 41 and 42. 

The following Theorems 44 and 45 will be needed in the next paragraph. 
Theorem 44. The equation 

(15) lim On = o 

n — *00 

is equivalent vxith the couple of the equations 

(16) lim a«o = a 

n-*oo 

and 

(14) Ijra (o« V a) = o. 

n'-^oo 

Proof. That (15) implies (14) and (16) follows from Lemma 3 and Theorem 
43. If (14) and (16) hold then o is, by Theorem 43, an interelement of the 
sequence a„ ; if 5 Is another such interelement then, by Theorem 5 and (16), 
ab — a, i.e. a < b. 

Theorem 45. The equation 

(17) lim On = o 

n-^oo 

is equivalent with the couple of the equations 
(13) fim OnO = a 

n-*oo 

and 

(18) lim (o„ V a) = o. 

n-*oo 

Proof. If (17) holds we have to prove, in face of Theorem 43, the equation 
(18) only. Let b be an arbitrary element, and o a superelement of the sequence 
a»6. Then we have o > ab. If moreover c is an interelement of the sequence 
an V a then fic is an interelement of the sequence o,6 V ab; since o is a super- 
element also of this sequence we have be < o; thus, by Lemmas 2 and 4, be < db. 
Since b is arbitrary we have c < a. On the other side we have certainly c > a. 
Hence c = o. This proves (18). 

If (13) and (18) hold then a is, by Theorem 43, an interelement of the sequence 
a» ; if 6 is another such interelement then, by Theorem 6 and (18), a V b — a, 
thus a > b. This proves (17). 
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4. Invariant subrings 

If a is a subring of a Boolean ring A, the restriction of the sequential topology 
t{A) (Definition 8) to the subring a is not necessarily identical with T(a). 

Let for instance A be the Boolean algebra of all classes of natural numbers, 
a„ the class of all natural nuinbers divisible by n (n = 1, 2, 3, • • • ), and a the 
subring of A generated by the elements o„ (n = 1, 2, 3, • • • ) of .4. a contains 
the unit of ^4. If a is a polynomial in the elements o* (A: = 1, 2, • • • , m), and 
M the least common multiple of the natural numbers 1, 2, 3, • • • , m, then a 
natural number I is an element of a if and only if f + M is an element of a. 
This yields that every element of a is either an infinite class or the void class. 

Now the classes o* = ( o*) S'*"® finite. Hence we have* 

i-n v-n / 

ai = 0 

it-n 

and 

1:“^ a* = e 

if c is the unit of A. From the last equation follows 

^“’lim a„ = e. 


It can also easily be proved that 

**^Um o„ = 0. 

n-voo 

We see that the sequence a„ is not convergent with respect to o. On the other 
hand we have obviously 

^^’lim o„ = 0. 

n-»oo 

Thus T(a) is not identical with the restriction of t{A) to the subring a. 

Theorem 46. If a is a svbring of a Boolean ring A, {n = 1, 2, 3, • • • ) and 
a are elements of a, and a is an interelement of the sequence Ob with respect to A, 
then a is also an interelement of the sequence a„ with respect to a. 

Proof. If h is an element of a then ab is, by Theorem 5, an interelement of 
the sequence ajb with respect to A . From Definition 3 it can be easily concluded 
that ab is also an interelement' of the sequence a^ with respect to a. Since this 
holds for every element 6 of a Theorem 46 is proved. 

Theorem 47. If a is a subring of a Boolean ring yl, iB o subclass of a, and b 
an element of a, then 

Off) 
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implies 


and 


implies 


ri"’ - 1, 

a c 8 

a = b 

a i 8 




= h. 


Definition 9. A subring a of a Boolean ring A is said to be invariant in A 
(A an invariant extension of a, A invariant over a) if the following condition is 
satisfied: if 53 is a subclass of a, and b an element of a, then 

a « 8 

implies 

V^^a^b. 

a c 8 

Let for instance A be the Boolean algebra of all sets of real numbers and a 
the subclass of A defined in the following way: a is an element of a if and only 
if it is either the empty set or the union of a finite number of sets, every one of 
which is either an open real interval or consists of exactly one real number. 
Then it is easily to be seen that a is an invariant subring of A . 

Let, on the other hand, b be the subclass of .4 defined in the following way: 
h is an element of b if and only if it is either the empty set or the union of a 
finite number of right-hand open (and left-hand closed) real intervals. Then b 
is as well a subring of A , but is not invariant in .4 . For if c(m) (m a positive real 
number) is the set of those real numbers v which satisfy the inequality 0 ^ 
V < fx then XIi>o c(/i) is the set consisting only of the number zero while 
IIp>o c(m) is the empty set. (See the following Theorem 48.) 

Theorem 48. If a is an invariant subring of a Boolean ring A, ^ a subclass 
of 0, and b an element of a, then 

n'-'a = b 

a < 8 

implies 

a i 8 

Proof. If oo is a fixed element of 53, we have, by Theorem 14, 

(oo + Ooffl) = 00 + 00 0 = Oo + 6; 

a < 8 « « ® 
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hence, by Definition 9, 

(oo + Ooo) “ Oo + 5 

a«e 

and, by Theorem 15, 

[<*0 + ao(<io + Ooo)] =* Oo + fl#(oo + b) 

a f 9 

i.e. 

a - 6 

a « 9 

as we wished to prove. 

Theorem 49. If a is an invariant svbring of a Boolean ring A, On (n = 
1, 2, 3, • • • ) and a are elements of a, and a is an interelement of the sequence an 
with respect to a, then a is also an interelement of the sequence an with respect to A. 
Proof. See Theorem 42, Definition 9, and Theorem 48. 

Theorem 50. If a is an invariant subring of a Boolean ring and an 
(n = 1, 2, 3, • • • ) and a are elements of a, then the equation 

(19) ^“Him On — a 

n-»oo 

holds if and only if the equation 

(20) *'**lim o„ = o 

n-*oo 

holds. 

In other words: if a is an invariant subring of a Boolean ring A, then the 
sequential topology T(a) is the restriction of the sequential topol(^ t(A) to 
the subring a. 

Proof. From Definition 7 and from Theorems 46 and 49 follows immediately 
that (20) implies (19). Let us suppose now that (19) is satisfied. Let further 
b be an interelement of the sequence o» with respect to A, and U the class of 
those subelements of this sequence which are contained in o. Then, by Theo- 
rem 19, 

u = a; 

u < U 

hence, we have, by Definition 9, also 

u «U 

and, by Theorem 8, 

b> a. 

If the sequence a„ is bounded with respect to a, we can prove in a similar way 
that also 6 < a; thus we know that (19) implies (20) if the sequence o* is bounded 
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with respect to a. If this condition is not satisfied, let c be an arbitrary element 
of a; we have, by Lemma 5, 

‘*'lim a„c = ac 

n-*oo 

and, by what we have just proved, 

^■*^lim o„c = ac. 

n->oo 

Hence we have 


and 


be — ac 


(b + ab)c = 0 

for every element c of a. Thus we have especially 

(b + ab)a„ = 0 

for n = 1, 2, 3, • • • . The last equation involves, by Theorem 5, the equation 

(b + 05)5 = 0 


and consequently 

b < a. 

This proves the theorem also for the case that the sequence o„ is not bounded 
with respect to tt. 

From Theorem 50 follows that in the example given at the beginning of this 
paragraph the subring a is not invariant in A . 

Theorem 51. If a is an invariant sabring of a Boolean ring A, and On 
(n = 1, 2, 3, • • • ) and a are ekmenis of a, then the equation 

o„ 

n-*co 

holds if and only if the equation 

On 

»-*0P 

holds. 

Proof. In face of Theorems 44 and 50 we have only to prove that the 
equation 

(14) Ijm (o« V a) = a 

n-»oo 

holds with respect to o if and only if it holds with respect to A. But this asser- 
tion is equivalent with the assertion that a is an interelement of the sequence 
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o„ V a with respect to o if and only if it is with respect to A ; and that the latter 
assertion is true follows from Theorems 46 and 49. 

Theorem 52. // a is an invariant subring of a Boolean ring A, and On 
(n — 1, 2, 3, • • • ) and o are elements of a, then the equation 

'*^lim an — a 

n-*oo 


holds if and only if the equation 

‘'*^lim a« = a 

n-*oo 

holds. 

Proof. Compare the proof of Theorem 51 and see Theorems 45, 50, 46, 
and 49. 

Theorem 53. If 02 is an invariant snhring of a Boolean ring A, and ai an 
invariant snhring of 02 , then ai is also an invariant subring of A. 

Theorem 54. Let ^ be a chain of subrings of a Boolean ring A such that 
a € SB, b c SB, and a C b imply that a is invariant in b. Then each element a of 3d 
is also invariant in b. (That SB is a chain means that a c SB, be© imply 

aCborbCa. SRis the lattice of all subrings of A.) 

Proof. Let a be an element of SB, (S a subset of a, and b an element of a. 
Suppose that 

!:<•> a = h. 

n < (5 

If c is an element of 1>, and c > a whenever a e Q, then c is contained 

in some element b of and it can be supposed that b 3 a so that a is invariant 
in b. (Notice that » b is the set-theoretical union of the subrings b which 
are elements of SB.) Hence c > 6. This proves the theorem. 

Theorem 55. If ai is an invariant suhring of a Boolean ring A and a 2 a mb- 
ring of A containing Qi , then ai is also invariant in a 2 . 

Proof. If SB is a subclass of ai , 6 an element of Oi , and 


we have 


y^ui) 


a « 


a 






a c Q 


because Oi is invariant in A , ‘and 




a c 9 


b 


by Theorem 47. 

Theorem 56. Every ideal a of a Boolean ring A is invariant in A, 
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Proof. Let S3 be a subclass of a, b an element of a, and 

1 :“’ a = b. 

a c S 

If c is an arbitrary element of A , and c '> a whenever a € S3, we have also 

be > a 

for every element a of S3. Since be is an element of a, we have 

be > b, 

or equivalently 

e > b 

proving the theorem. 

Theorem 57. If a is an invariant subring of a Boolean ring A, and b a normal 
ideal in A^ then ab is a normal ideal in a, and every normal ideal in a ean he ob- 
tained in this way. 

Proof. If b is a normal ideal in A, it is obvious that ab is an ideal in a. 
If a Is an element of the second orthocomplement of ab with respect to a, we 
have, by Theorem 18, 


for an appropriate subclass S3 of ab. Since a is invariant in .4, we have also 

a = X. 

X( 9 

Hence a is, again by Theorem 18, an element of b; since it is also an element 
of a, it is an element of ab. This proves the first part of the theorem. 

If on the other side c is an arbitrary normal ideal in a, we have obviously 

c = ac" 

the dashing referred to A, and c" is a normal ideal in A. 

6. Join-extensions 

The relation between a partially ordered set and its completion by cuts 
(cf. H. MacNeille, “Partially ordered sets,” Trans. Am. Math. Soc. 42 (1937), 
p. 445, line 9 from bottom) Ls a special case of the following definition. 

Definition 10. If A is a subring of a Boolean ring R, then R is said to be a 
joinrextension of A if to every element b of R there exists a subclass ^ of A such that 

b = S'* a. 

a c 0 


If is a join-extension of a Boolean ring A and a subring of a Boolean ring B, 
we shall say that ft is a join-extension of A in B. 
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Theorem 58. If R is a joirirextension of a Boolean ring then every element 
of R is the join of those elements of A which it contains, with respect to R, 

Theorem 59. If A and A* are Boolean rings between which there exists an 
isomorphism A, R a joivrextension of A, and R* a joinrextension of A*, then there 
exists at the utmost one extension of the isomorphism A to an isomorphism Ar 
between R and R*, If Ar exists it can be defined in the following way: let b be an 
element of R, a the class of those elements of A which are contained in b, and a* 
the subclass of A* corresponding to a by virtue of A; then the element 6* of R* corre^- 
sponding tobby virtue of Ar is defined by the equation 

«• « tt* 

The proof of Theorems 58 and 59 can be left to the reader. 

Theorem 60. (Corollary of Theorem 59.) If R is a join-extension of a 
Boolean ring A, the identity is the only automorphism of R which carries every 
element of A into itself. 

Theorem 61. Any join-extension of a Boolean ring A is an invariant ex- 
tension of A, 

Proof. Let /Z be a join-extension of ^1, fe an element of A, and 93 a subclass 
of A such that 

(21) 53'-*’ a = 6. 

a < e 

Further let c be an element of R such that 

c > a 


for a « SB. Then we have also 

(22) (b + bc)a = 0 

for a « SB. On the other side 6 + 6c is itself an element of R. Hence we have, 
by Theorem 58, 

(23) 6 + 6c = 

x^b+be 
X€ A 

From (22) and (23) follows 

(24) xo = 0 

for X < b + be, X tA, a eSd, and from (21) and (24), by Theorem 13, 

x6 = 0 

for X < 6 + 6c, X « .4. Now we get from (23) 

6 + 6c = 0, 


'<*) 


a t 9 


6 . 


thus c > 6. This proves 
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Theorem 62 . If Ri is a joivrextension of A, and R 2 a join-extension of Ri , 
(ken Ri is a join-extension of A. 

Proof. If b is an element of Rt we have, by hypothesis and by Theorem 58, 

a<d 

a « 

and 

a= 

x<a 

X • A 

for a < b, a f Ri . Since Ri is, by Theorem 61, invariant in R» we have also 
o= for a<b,atRi. 

z<a 
X € A 

Hence 

b = X. 

a « X t A 

This proves the theorem, according to Definition 10. 

Theorem 63. (Compare Theorem 54.) Let SS be a chain of subrings of a 
Boolean ring B such that Ri e SB, /?j « 58 and Ri C Rt imply that Rj is a joirv- 
extension of Ri . Then R is a join-extension of each element R of 58, by 

denoted the lattice of all subrings of B. 

Proof. If Ro is an arbitrary element of ©, and b an element of 
then 6 is also contained in at least one subring R of B which is an element of ©, 
and it can be suppo.sed that Ro C R. Hence we have 

6= 

o<6 
a * Rq 

From this equation follows, by Theorem 54, 

6= 

a<6 

a c iSo 

if ^ denoted by L. Hence » i2 is a join-extension of Ro , proving 

the theorem. 

Theorem 64. If Ri is a join-extension of a Boolean ring A, and Ri a subring 
of Ri containing Ay then R\ is a join-extension of A, and Ri is a join-extension of Ri . 

Proof. If b is an element of /2i , it is also an element of Ri . Hence we have, 
by Theorem 58 and by hypothesis, 

6 - E'**' a 

o<b 
a t A 

and, by Theorem 47, 



a § A 


This proves that /?i is a join-extension of A. 
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The second part of Theorem 64 is trivial. 

If A and R are subrings of a Boolean ring By A is invariant in J5, and R a 
join-extension of Ay then R is not necessarily invariant in B, Let B be the 
Boolean ring of all classes of natural numbers, A the subring of B consisting 
of all finite classes of natural numbers different from 1, and R the subring of B 
consisting of the elements of A and their complements with respect to the unit- 
element of B, Then A is invariant in B (it is an ideal of 5), iZ is a join-extension 
of Ay but R is not invariant in B. 

Theorem 65. If Ay Riy and R 2 are subringa of a Boolean ring Rs , A d 
Ri CZ R 2 , and Rs is a join-extension of A, then R 2 is a join-extension of R\ . 
Proof. See Theorem 64. 

Theorem 66. If A is an invariant snbring of a Boolean ring By ar^ N the 
class of all elements h of B such that 

6= 

x« e 

for an appropriate subclass ^ of A (so that especially all elements of A belong to N) 
then N is itself a subring of B; hence N is a join-extension of A in B. 

Proof. It is obvious that bieN and 62 € iV imply 6162 € N and 61 M b 2 eN, 
(See Theorem 13.) 

Next we shall prove that a eA and b eN imply a + ab We put 

a(a)a(b)A ~ a, 

the signs a (a) and a(b) referred to the Boolean ring B. a(a)A is an ideal in A 
and consequently, by Theorem 66, invariant in A. Since A Ls, by hypothesis, 
invariant in B, a(a)A is, by Theorem 53, as well invariant in B. Hence 
a(a)a(b)A is, by Theorem 57, a normal ideal in a(a)A, Now we have 

(a Va a')" = a{a)A 

if the dashes are referred to a(a)Ay and 3 is the distributive lattice of the ideals 
in a(a)A. Consequently we have, by Theorem 18, 

x = a 

X i « V3 «' 

and 

ate 

or X < a ' 

because every element of a Va a' can be decomposed into the join of an element 
of a and an element of a'. Hence we have also 

(25) » = a. 

X « a 
or X c a ' 

Since a5 is an element of N, we have 

ab = S'" » 

X • 9 
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for an appropriate subclass 33 of -A. From this it can be easily concluded that 
also 

ab = x, 

X* A 
X<Jlb 

i.e. 


ab = a:. 

SCO 

If on the other side y e a', then y < a and yx = 0 for x e o, whence yb «» 0, and 

y < a ab. 

If d is an element of B, and d > y whenever yea' then 

d y ab> X 


for X c a as well as for x « a'; hence, according to (25), 


and 


d SJ ab > a. 


This proves 


d > ffl -|" ab. 
y = a + ab. 

yea' 


Since a' is a subclass of ^1, a + aft is an element of N, as we wished to prove. 

If a and h are arbitrary elements of N, then there exists a subclass S of A 
such that 

(26) 2^'* * = a. 

xc S 


From (26) follows, by Theorem 17, 

{x + zb) = a + ab. 


Since x + zb is, according to what we have just proved, an element of AT, when- 
ever a: is an element of A, and b an element of AT, we find that also a + ab is bxi 
element of N. Now it is clear that also a + b = {a + ab) V {ab + b) ism ele- 
ment of Ny and Theorem 66 is proved. 

If A is an arbitrary subring of B then the subclass N of JS, defined in the same 
way as in Theorem 66, is certainly a sublattice of B, but not necessarily a svbring 
of B. If, in the example given at the beginning of §4, we put for instance 


a = <Zi 

i>-S 

then a + a5 is not representable as a join of elements of a with respect to A. 
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If it is known, conversely, that iV is a subring of jB, and B is a complete 
Boolean ring, one can easily conclude that A is invariant in B. But this state- 
ment does not remain true if we omit the supposition regarding the complete- 
ness of B. 

Let A be the Boolean ring whose elements are the finite sets of even positive 
integers and the complements of these sets with respect to the set of all posi- 
tive integers, and let B consist of all finite sets of positive integers and their 
complements with respect to the set of all positive integers; the finite operations 
in A and B are meant set-theoretically. Then A is a subring of B, and N has 
the same property because it is identical with A, but A is not invariant in B. 

Another form of Theorem 66 is 

Theorem 67. Lei A be an invariant subring of a Boolean ring Bf^and 81 a 
subclass of A. If in this case i x exists then there exists also a subclass © 
of A such that « « y exists and is equal to « x; and if « x exists, and 
moreover an element a of A such that x < a for x then there exists a subclass ® 
of A such that ITl « c z exists and is equal to * x. 

Proof. If « x exists, and Xq is an element of 81, then « {x^ + x^fic) 
exists too and is equal to Xq + (Theorem 14.) Consequently we 

have 

a: = aV) + (a:# + a^a:). 

X t % X • a 

Hence Hi" * x is, by Theorem 66, an element of N. 

If there exist element o of A such that x < a for a; « a, then 

there exists, by Theorem 66, a subclass S* of A such that 

«««. <eC« 


hence we have, by Theorem 15, 

(o + 2). 

x«a 

Theorem 68.^ The Boolean ring of the normal ideals of a Boolean ring A 
is a join-extension of the Boolean ring^ of the principal ideals of A. Hence ^ is 
invariant in 

Proof. If 6 is a normal ideal in A, we have obviously 

b = a(a) 

a « b 


or 


b = 

aCb 


a. 


1 Editorial comment. Theorems 68, 69, 80, 81, and some of the other theorems of this 
section are either partly or wholly in H. MacNeille’s “Partially ordered sets,*' Trans. Am. 
Math. Soc. 42(1937), esp. Theorem 11.13 and 11.12. 
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Theorem 69. (Corollary of Theorem 68.) Any Boolean ring can he in- 
variantly extended to a complete Boolean ring. 

Theorem 70. If the signs A, B, and N have the same meaning as in Theorem 
66 then N is invariant in B. 

Proof. Let £ a complete Boolean ring which is an invariant extension 
of B. (That such a Boolean ring E exists follows from Theorem 69.) Then A 
is, by Theorem 53, an invariant subring of E. Further let N be the subring 
of E arising from A and E in the same way as N from A and B in Theorem 66. 
N 18 a subring of If now S3 is a subclass of N, and b an element of N such 
that 

(27) a = b 

a « S 

then we put 

(28) 2® a = c. 

a « 9 

(Dl’e a exists because is a complete Boolean ring.) c satisfies the inequality 

c <b 

and is an element of N. Since 6 is an element of N, the same bolds also for 
b + c. Hence we have 

(29) 6 + c = * 

x.e 

for an appropriate subclass @ of .d. On the other side we get from (28) 

(6 -|“ c)<i — 0 

for o e 33. Consequently we have the more 

xo = 0 

for X c (S, a c 33. Because S is a subclass of N we get from this and from (27) 

x6 = 0 

for X « S. Now from (29) follows 

6 + c = 0 

i.e. c — b. By this is proved that iV is an invariant subring of B. Hence N is, 
by Theorem 55, also invariant in B. 

Theorem 71. If the signs A, B, and N have the same meaning as in Theorem 66, 
and R is a joinrextertsion of A invariant in B (i.e. an invariant subring of B which 
is a join-extension of A), then R is contained in N. 

Definition 11. If the signs A, B, and N have the same meaning as in Theorem 
66, then N, is called the maximal join-extension of A invariant in B. 

Definition 11 is justified by Theorem 71. 

Theorem 72. If A is an invariant subring of a Boolean ring B, the join- 
extensions of A invariant in B form a complete sublattice of the lattice of all sub- 
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rings of B. The zero of this sublattice is Ay and its unit is the maximal 
johv-extension of A invariant in B. 

Theorem 73, Let A be an invariant subring of Boolean ring By R a join-extension 
of A invariant in By N the maximal join~extension of A invariant in By and D an 
invariant subring of B containing N. In this case N is also the maximal join- 
extension of R invariant in D. 

Theorem 74. If a is an ideal of a Boolean ring Ay the maximal join-extension 
of a invariant in A is identical with a". 

Proof. See Theorem 18. 

If a Is an arbitrary invariant subring of Ay the maximal join-extension of a 
invariant in A is certainly a subring of a" (and, by Theorem 55, even invariant 
in a"), but not necessarily identical with a". Let for instance A 'be a finite 
Boolean ring, and a a proper subring of A which contains the unit of A. Then 
a is certainly invariant in A, and a" = A, while the maximal join-extension of a 
invariant in A is a itself. 

Theorem 75. If A is an invariant subring of a complete Boolean ring By the 
maximal join-extension N of A invariant in B is itself a complete Boolean ring, 
and any complete invariant subring of B containing A contains N. 

Proof. If © is a subclass of N then « x exists and is, according to the 
definition of N, contained in N] hence exists and is identical with 

X, (See Theorem 47.) If we put 

X = a 

X c 9 

then exists too. Hence, by Theorem 15, there exists also 

X and is identical with a + (a + x). 

If D is a complete invariant subring of B, and D contains A, then « x 
exists whenever 21 is a subclass of A, and we have 

^(O) ^ ^ ^(B) 
xc X xc X 

ThiLs D contains all elements of N, 

Definition 12. An extension N of a Boolean ring A is said to be a minimal 
complete invariant extension of Ay or shorter: a completion of Ay if N is a complete 
Boolean ring invariant over A, and there is no complete proper subring of N con- 
taining A. 

Theorem 76. If A is an invariant subring of a complete Boolean ring By and 
N the maximal join-extension of A invariant in By then N is a minimal complete 
invariant extension of A. 

Proof. N is, by Theorem 75, a complete Boolean ring and, by Theorems 61 
and 66, invariant over A . If 12 is a complete subring of N containing A then R 
is, by Theorems 53 and 64, invariant in J5; hence we have, by Theorem 75, 

RZ^N 

and consequently 

R^ N. 
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Theorem 77 . A Boolean ring N is a minimal complete invariant extension of a 
Boolean ring A if and only if N is a complete Boolean ring and a join-extension of A . 

Proof. If iV is a minimal complete invariant extension of A , from Theorem 
75 and Definition 12 follows that the maximal join-extension of A invariant 
in N cannot be different from N\ hence iV is a join-ex teasion of A, 

If N is complete and a join-extension of ^4, we see immediately that N is the 
maximal join-extension of A invariant in N\ hence N is, by Theorem 76, a 
minimal complete invariant exteasion of A . 

Theorem 78. If A and N are invariant subrings of a Boolean ring B, and N 
is a minimal complete invariant extension of A , then N is the maximal join-exten- 
sion of A invariant in B. 

The proof follows easily from Theorem 77 and Definition 11. 

Theorem 79. Any Boolean ring has at least one minimal complete invariant 
extension. 

Proof. See Theorems 69 and 76. 

Theorem 80. The Boolean ring 91 of the normal ideals of a Boolean ring A 
is a minimal complete invariant extension of the Boolean ring ^ of the principal 
ideals of A. 

Proof. See Theorems 68 and 77. 

Theorem 81. Any minimal complete invariant extension N of a Boolean ring A 
is isomorphic with the Boolean ring 91 of the normal ideals of A , and there is exactly 
one isomorphism between N and 91 carrying every element a of A into the principal 
ideal a(a) of A, 

Proof. Since iV is a complete Boolean ring, every normal ideal of N is 
principal according to Theorem 18. If a is an element of Nj b{a) the principal 
ideal of N generated by a, and we put 

(31) a = A -Ha) 

then a is a normal ideal of A, and any normal ideal of A can be obtained in 
this way. (Theorem 57.) On the other side N is, by Theorem 77, a join- 
extension of A, Therefore we get from (31) 

(32) a = X. 

X t a 

(See Theorem 58.) We sec that to different elements a of N there correspond 
different normal ideals a of 91. Finally it is obvious that the biunivocal corre- 
spondence between N and 91 defined by (31) or (32) preserves inclusion. Hence 
it is an isomorphism between N and 91. If a c A, then A • b(a) = a(a). That 
there is but one such isomorphism follows from Theorems 59 and 68. 

Theorem 82. If A and A* are Boolean rings between which there exists an 
isomorphism A, N a minimal complete invariant extension of A, and N* a minimal 
complete invariant extension of A*, then there exists exactly one, extension of the 
isomorphism A to an isomorphism An between N and N*, 

In particular we may say that any two minimal complete invariant extensions 
of the same Boolean ring are abstractly identical. 
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The proof of Theorem 82 follows easily from Theorems 69 and 81. 

Now we can state the following generalization of Theorem 69. 

Theorem 83. If A and A* are Boolean rings between which there exists an iso- 
morphism R a join-extension of Aj and R a join-extension of A'^y then there 
exists at the utmost one svbring of R containing ^4* such that the isomorphism A 
can he extended to an isomorphism Ar between R and R*, R* exists if and only if 
«* a* exists whenever b is an element of R, and a* is the subclass of A* assigned 
to the element b of R in the same way as in Theorem 69. In this case R* is the 
class of all such joins a*, the isomorphism Ar is unique, and the element 

b* of R*y assigned to the element b of Rhy virtue of Ar , is given by the equation 

b* = a*. 

a* « a* 

Hence if R is especially a completion of A*, then R* certainly exists. 

Proof. In face of Theorems 69, 61, and 64 we may restrict ourselves to 
prove that the existence of all joins cl* implies that R* exists. Let N 

be a completion of R, and N* a completion of R. (See Theorem 79.) It is 
obvious that N and N* are also completions of A and A* respectively. Hence 
the isomorphism A can be extended to an isomorphism An between N and N* 
in exactly one way. (Theorem 82.) And in face of Theorem 69 it is obvious 
that the existence of all our joins implies that the subring R* of N* 

into which R is carried by A^^ is contained in R. Thus we have proved what we 
had wished to. 

In the rest of this paragraph we shall state some corollaries of Theorems 46, 
49, 60, 61, 62, and 68. Here and in the next paragraph we shall consider a 
fixed Boolean ring A ; the Boolean ring of the principal ideals of A will be denoted 
by and the Boolean ring of the normal ideals of A by 91. Notice Theorem 38. 

Theorem 84. An element a is an interelement of a sequence an if and only if 

(33) C a(a) C ^^^lim a(a„). 

n-*ao n-»oo 

Phoof. See Theorems 11, 46, 49, and 68. 

Theorem 85. lim o„ exists if and only if o(a„) is a principal ideal a(a); 

n-*oo n-*ao 

in this case we have 


lim On = a. 

n-^oo 

Proof. See Theorems 51 and 68. 

Theorem 86. luii a. exists if and only if ^’’’llin a(an) is a principal ideal a(a); 

n“»oo n-*oo 

in this case we have 

llin 0. = a. 

Proof. See Theorems 52 and 68. 

Theorem 87. A sequence of eHements a„ of a Boolean ring A is convergent with 
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respect to A if and only if the sequence of the principal ideals a (an) is convergent 
with respect to and its limit is a principal ideal a (a); in this case we have 

fln = a. 

n-*cc 

Proof. See Theorems 50 and 68. 

At this place we mention a theorem which may be considered as a generaliza- 
tion of Theorem 20: 

Theorem 88. If U is the class of the subelements of a sequence an , we have 
(34) o(an) = U". 

n—*eo 

Proof. It is evident that 

£■'” n* a(a.) - U 

n—1 fc—n 

if 3? is the distributive lattice of the ideals of the given Boolean ring, and from 
this and from Theorem 36 there ensues immediately the asserted Relation (34). 


6. Relations between Interelements, Lower and Upper Limits, and Limits 

Theorem 89. If an < bn for n = 1, 2, 3, • • • , a is an interelement of the se- 
quence an , and lim bn exists^ then 

n— *00 

(35) a < lim 6„ . 

n-*qo 

l^EOREM 90. If On < bn for n = 1, 2, 3, • • • , Ijm an exists, and b is an inter- 

n-*ao 

element of the sequence 6„ , then 

(36) lim a„ < h. 


Proof of Theorems 89 and 90. It is obvious that a„ < b„ torn = 1, 2, 3, • • • 
implies 


'”>lim a(o„) C '”>lim a(b„) 


and 

‘”>lim tt(a„) C '”>lim a(6n). 

n-*oo n~*ao 


After this is settled Theorems 89 and 90 can be easily concluded from Theo- 
rem 84. 

Theorem 91. If an < bn for n = 1, 2, 3, • * • then those of the relations 

lim On < lim bn 

n-*flO n-*oo 

Ijm c„ < lim bn 

n-*oo n-*«o 

lira On < lim bn 

n-*«e n-*oo 


hold in which both sides exist. 
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Proof. See Theorems 89 and 90. 

Theorem 92. If lim 6„ = 0, and a„ < K for n = 1, 2, 3, • • • then also 

n-*oo 


lim a„ = 0. 

n-*ao 

Notice that 0 is the only subelement and the only interelement of the se- 
quence an . 

Lemma 8. If a* < ai and bk < hi for k < Ij k, I = 1, 2, 3, • • • and (in 
and 2n-.i bn exists then ^^bn exists too and is equal to 2n-i &n . 

Proof. We have obviously 

00 00 

dn • bn ^ ak hk 

n— 1 n—1 

for every k. If c > anbn for every n then 

c > ad)i 

for fc, Z = 1, 2, 3, . • . . From this inequality we get by using twice Theorem 13 
the inequality 

00 00 

C > 53 «n-Z) hn 
n—1 n—1 

which proves the a.ssortion. 

Lemma 9. If ak > ai and bk > bifor k <l,k,l = \,2,Z, • • ■ and Hn-i o,„ and 
n*-! bn exist, then Iln-i («>■ V ^n) exists too and is equal to II.-i a„ V Iln-i bn . 

Proof. Hn-i a. V II«-i bn < ak V bk for every k. If c < a„ V bn for 
every n then c < ak y bi for k, I = 1, 2, 3, • • • . Hence we get by using twice 
Theorem 12 


c < n «» V li • 

n-»l n— 1 

This proves the assertion. 

Theorem 93. If Um a„ and lim bn exist then Ijm c„6„ exists too and is equal 

n-*oo n— »oo n-*oo 

to Ijm a„.ljm 6„ . 

n—»oo n-+oo 

Proof. 


(«) 


00 00 


hm a(a„6n) = ‘"’lim a(o„)o(6„) = a(ak)a{bk) 


n-1 fc- 


[n* "(a.)-!! "(wl; 

n-1 L*“» *“» J 


hence, by Lemma 8, 

‘"’ijm a(o„6„) = f}'"’ n‘"’ o(o*).£‘”’ n‘"’ o(5*) = ‘"’ijm a(6„), 


n— 1 ib"n 


»-«l i!«-n 



INTRINSIC TOPOLOGY OP BOOLEAN RINGS 


1173 


and, by Theorem 86, 

‘®’ljm a{a„bn) = a(Um o„)-a(Hm 5„) = a(lim an-ljm 6„); 


n— >00 n-*QO 


n-*oo n- 


from this follows, agaio by Theorem 85, the assertion. 

Theorem 94. If fim an and lim bn exist then lim (a„ V bn) exists too and is 

n- *co n-*oo n-*oo 

equal to lim an V hni bn . 

n-*oo n— *00 

Proof. Compare the proof of Theorem 93 and sec Lemma 9 and Theorem 86. 
Theorem 95. If IJm an and lim bn exist then lim (a„ + anbn) exists too and is 

n— ►« n-*oo n~*QO 

equal to Im On + lim an dim bn . 

n— *00 n-^oo n— *00 

Proof. We have 

a(a„ + a„bn) = a(a„)-o'( 6 „) 

and, by Lemma 6, 

*”* lim a'( 6 n) = [‘*^lim a( 6 n)]'; 
n-*oo n-*oo 

hence we have, by Theorem 93, 

*”^lim a(o„ + ttnbn) = a(lim a„)-a'(lim bn) = a(lim a„ + Ijm a„>lim 6„). 

n-*oo n-*oo n-*oo n-*oe n--*ao n-^« 

Theorem 96. If a is an interelement of the sequence an , and b an interelement 
of the sequence bn , then those of the inequalities 

ab > lim Onfen, 

n-»Q0 

a V h < lim (on V bn), 

n-*oo 

O + oh > lim (o„ + ttnbn) 


and 


hold the right-hand sides of which exist. 

Proof. See Theorems 84, 93, 94, and 95. 

Theorem 97. If a is an interelement of the sequence a» , and }im 6, exists, then 

n-*oo 

a lim bn is an interelement of the sequence ajbn . 

n-*oo 

Proof. We have for 1 = 1, 2, 3, • • • 

‘®>iiEa(o„6„) = [a(on)a(6„)] = a(a*)o(6*) 

n~*Q 0 n-^oo n—l *-“n 

- n® r® «(«.)«(« = Tn® f® .wl-n® »(w 

n—/ ib—n J 

H -*00 m— I 
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hence 

aionbn) ^ tt(o„) • a(6„) = ‘"’lim a(a„)'0(lim 6«) 

n~*oo n~*oo n-»«o n-»oo n-^oo 

3 tt(a).(lim 6„) = a(a lim 6„). 

n-^oo n-»oo 

On the other side it follows from the first relation of Theorem 96 that 
a(o).a(lim 6„) 3 ‘’‘’lim [o(a„)a(6„)], 

n— *00 n-»oo 

or 

a(a ^ b„) 3 ‘’“im a(a«6„). 

n-*oo n-*oo 

This proves the assertion, according to Theorem 84. 

Theorem 98. (Corollary of Theorem 97.) If lim an and lim bn exist then 

n-*oo n-*ao 

lim On ‘lim bn is an interelement of the sequence ajbn . 

n-»oe n-*oo 

Theorem 99. If a is an interelement of the sequence an , and lim bn exists, 

n— >00 

then a V lina bn is an interelement of the sequence UnV bn . 

n-*co 

Theorem 99 can be proved in a way dually corresponding to the proof of 
Theorem 97. 

Theorem 100. (Corollary of Theorem 99.) If lim a„ and liin exist then 

n-»oe n-*e« 

lim an V Rni bn is an interelement of the sequence UnV bn » 

n-*oo n-»oo 

Theorem 101. If a is an interelement of the sequence a„ , and lim bn exists, 

n -*00 

then 0 + 0 lim bn is an interelement of the sequence an + o„i>„ . 

n-*oo 

Proof. We have 

a(o + o lim bn) = a(o).fim a'(&„) 

n-*oo n-*oo 

(see Lemma 6); hence o(o + o lim 6«) is, by Theorem 97, an interelement of the 

n-»oo 

sequence a(o„)a'( 6 „) = a(o„ + ajbn) with respect to 91 . 

Theorem 102. (Corollary of Theorem 101.) If fim o„ and Hm bn exist then 

lim o„ + lim Ondim bn is an interelement of the sequence an + o„b„ . 

n-*oo n-*ao n--»oo 

Theorem 103. If lim o* exists, and b is an interelement of the sequence 6« , 

n-*oo 

then Hm On + 6 ^ an is an interelement of the sequence an + aJbn . 

n-»oo n-*to 

The proof follows from the equation 

ttflim o« + 6 Ijm On) = ‘’“lim a(on)-a'(W 

n-^oo n-^ n-*oo 


and from Theorem 97; for a'(b) is, by Lemma 7, an interelement of the sequence 
a'(6») with respect to 91. 
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Theorem 104. (Corollary of Theorem 103.) If Ijm On ond lim 6» exist then 

n--*oo n-»ao 

lim Qn + lim an •lim hn is an interelement of the sequence an + ajbn . 

n-*oo n-*flo n-*oo 

Theorem 105. If lim a« and lim 6„ exist, and x is an interelement of the 

nj^op n-*oo 

sequence a„bn , then 

X < lima»-lTm 6„. 


n-*oo n-+oo 


Proof. We have, by Theorem 89, 


X < lim a» 


and 

X < lim hn ; 

n-»oo 

hence 

X < lim an* lim bn. 

n-^oo n-+oo 

Theorem 106. If an and hm bn exist, and x is an intereUment of the se- 

n-^oo 

quence anV bn, then 

X > lim a, V luB bn . 

n-»oo n-*oo 

Proof. We have, by Theorem 90, 

X > Im On 
n-♦oo 

and 

X > lim ft. ; 

n-*oe 

hence 

X > lim o, V lina hn . 

n-*co n-*oo 


Theorem 107. If lim an and Im bn exist, and x is an interelement of the se- 

n-*oo n-^oo 

quence a„ + Onhn , then 

X < lim a» + lim On-Um 6n. 

n-*oo n'-»oo n-^oo 

Proof. Since a(x) is an interelement of the sequence o(ob + o„6«) = 
a(an)a'(b») with respect to 9?, we have, by Theorem 105 and Lemma 6, 

a(x) C ‘**^Iimo(o»)*^"^limo'(6B) =* ‘^’liin a(a„)*('"’llm tt(6»))' 

w-^flo n-»flo n~*90 n->ao 

= a(lim o,)-o'(lim b») = o(fim o, + lim o„-lim bn). 

n-*oo n-^op n-^oe n-*ap 
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Theorem 108. Those of the following inclusion-relaliom (37) tiU (53) which 
have a sense are valid: 


(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 
Proof. 


lim o„6n < lim o«»lim 5„ 

n-*oo n“*oo n-*oo 

lim anbn < lim an ‘lim K 

n-*oo n-*oo n-»oo 

lim anbn > lim an 'lim bn 

n-»«o n~»oo n-*oo 

lim Gnbn < lim an ‘lim bn 

n->oo n~»oo n-+oo 

lim (an V bn) > lim an V lim bn 

n— »oo n-*oo n—»oo 

fim (a„ V b„) > lim On V Hm b„ 

n-*oo n-->oo n-*oo 

lim (an V bn) < Um an V lim bn 

n-*0Q n-^oo n*-*oo 

lim (o„ V bn) > Ijin On V lim 6„ 

n-»oo n-*ao n-*oo 

Urn (a„ + a„5„) < lim a„ + lim o„-lim b„ 


n-*oo n-*oo n- 


lim (a„ 4- o„5n) < lim a„ + lim a„*lim 6„ 

n~*oo n-**oo n-^oo n— 


lim (an + anbn) < lim an + Um an-Um bn 

n--*oo n--*oe n->oo n--*oo 

lim (a„ + o„6„) > lim a„ + lim a„-lim 6„ 

w-*oo n-*oo n-^oo n-*oo 

(a„ + On5n) > lim a» + lim o„-lim b„ 


n-»oo n--*oo n-»oo 


lim (ob + Onfen) < lim o„ + lim a„>ljm bn 

n-^oo n-*oo n“»oo n-»oo 

lim (a» + 6 b) < lim o„ + lim 6» 


n-*oo n-*oo 


lim (o„ 4- 6„) > IJm a„ 4* lin? 6„ 

n-*oo n— *00 n-^oo 

fim (o» 4- 6 b) > lim a„ 4- fim 6» 

n-*oo n-*«o n-»oo 


Relation 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(46) 

(46) 

(47) 

(48) 

(49) 

(30) 

Follows from Theorem 

98 

106 

98 

106 

100 

106 

100 

106 

104 

102 

107 

104 

102 

107 
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If lim o„ , lim 6„ , and lira (a„ + 6») exist then lim (a„ + a„6„) exists too and 

n-*oo n-*co n~»oo n-*oo 

is equal to Im a„ + lim a„'Iim 6„ . (Theorem 95.) On the other side we have 

n-»oo n-»oo n-^oo 

On + a„b„ = (a„ + b„)a„ whence 

lim' (a, + a„bn) = lim (a„ + bn)- lim o„. 

n—*ao n— *00 n-*eo 


(Theorem 93.) Thus we have 

(54) lim (a„ + b„) lim a„ = lim a„ + lim a„-lim b„ . 


Further lim (o„ + b„) lim b„ is, by Theorem 98, an interelement of the sequence 

n-*ao n-»oo 

(On + bn)b„ = o„b„ + b„ . Hence we have, by Theorem 107, 

(55) lim (on + bn) lim bn < Hm o„-lim bn + lim bn. 


From (54) and (55) we get 

(56) Ijm (o„ + b„) • ( lim a„ V Hm b„) < Hm a„ + lim bn . 

n— *00 n-*oo n— *00 n-*oo n-*oo 


Since lim an V lini bn is, by Theorem 100, an interelement of the sequence 

n-*oo n*-*oo 

ffln V bn , and o„ -f b„ < On V bn , we have, by Theorem 90, 

Hm (on 4- b„) < lim o„ V Hm b„ . 


Thus (56) involves (51). 

If Ito On , Hm b„ , and Hm (a„ + bn) exist then Hm a„ + Hm o„-Hm bn and 

n— *00 n-*oo n-*oo n-*oo n-*oo n-*oo 

lim On -lim 6n + lim bn are, by Theorem 104, interelements of the sequences 

n~*oo n— *00 n-*oo 

o„ + a„bn and a„bn + b„ respectively. Hence we have, according to the second 
relation of Theorem 96, 


(Hm On + Hm On-Um b„) V (Hm On-Hin b„ + lim b„) 

n-*oo n--*oo n-*oo n-*oo n-*«o n-*oo 


^ lim [(ttn “1“ Un^n) V (^n&n ~1” ^^n)], 

n— *00 


i.e. Relation (52). Relation (53) we can prove in the same way, using Theorem 
102 instead of Theorem 104. 

Theorem 109. If lim an and lim bn exist then lim Unbn exists too and is equal 

n-*oo n-*oo n-*oo 

to lim Undim bn . 

n-*oo n-*oo 

Proof. See Theorems 98 and 105. 

Theorem 110. If Hm On and lim b„ exist then Hm (On V bn) exists too and is 

n-*oo n-*oo n-*oo 

equal to lim On V lim bn . 

n-*oo n-*oo 

Proof. See Theorems 100 and 106. 
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Theorem 111. If Um o« and lim 6 « exist then lim (a„ + o» 6 „) exists too and 

n-*oo n-*oo n-*oo 

is equal to lim a„ + lim On*lim 6 « . 

n--»oo n-*oo n-*oo 

Proof. See Theorems 104 and 107. 

Theorem 112 . If Rm a„ and lim b„ exist then lim (a„ + o« 6 „) exists too and 

n-»oo n“*oo n-^oo 

is equal to lim On + lim an*lim K . 

n-*oo n-*oo n-*oo 

Proof. See Theorems 102 and 107. 

Theorem 113. If lim o„ and lim b„ exists then lim a„ + lim b„ is an inter- 

n-*ao n-*cc n-*oo n-*oo 

element of the sequence On + &n . 

Proof. We have, by Theorem 95, 


(57) 


lim (an + anhn) = lim On + Hm an'lim hn 

n-*oo n-*oo n-^oo n-^oo 


and, by Theorem 111, 

(68) lim (a„6„ + 6„) = lim a„'lim 6. + lim 6„. 

n-*oo n-»oo n-»oo n-»oo 


From (57) and (58) and from Theorem 100 follows Theorem 113. 

Theorem 1 14. If lim a. and lim exist then lim a„ + lim b„ is an inter- 

n-*oo n— »oo n-*ao n-*ao 

element of the sequence o„ + . 

Proof. Compare the proof of Theorem 113 and see Theorems 95, 112, and 

100 . 

Theorem 115. If the sequences an and b„ converge, the sequences o„ 6 „ , On V h. , 
and an + bn converge too, and we have 

(59) lim Onbn = lim o„-lim h„, 


(60) 


lim (a„ V bn) = lim o„ V lim 6 „ , and 

n-*oo n-»oo n-»oo 


(61) 


lim (a„ + bn) = lim o„ + lim . 

n—»oo n-*oo n-^po 


Proof. (59) follows from Theorems 93 and 109, and (60) from Theorems 
94 and 110. Further Theorems 95 and 111 (or 112) involve 

(62) lim (a„ + 0 . 6 .) = lim o„ + lim a„-lim 6 „ 

n~*oo n'^eo n>^ao 

and 


(63) lim (a„6„ +‘bn) = lim a„>lim 6„ + lim 6„. 

n-*oo n'-PQO n-*oo n*-*ao 

From (62) and (63) follows (61), by the aid of (60). 

Theorem 116. If akUi = 0 for k, I = 1, 2, 3, • • • , jfc ^ Z then 

lim an = 0. 

n-*oo 



INTRINSIC TOPOLOGY OF BOOLEAN RINGS 


1179 


Proof. 0 is obviously the only subelement of the sequence ; hence we 
have, by Theorem 21, 

lim o« = 0. 

n-»oo 

If a is an arbitrary interelement of the sequence a„ , then oa* is an interelement 
of the sequence a„at for every k. Hence oa* = 0 for A: = 1, 2, 3, • • • . (See 
Theorem 25.) Since a is also an interelement of the sequence aa„ , we obtain 

0 = 0 . 

This proves the theorem. 


7. The Closure-Topology TCtCA)) 

The sequential topology t{A) in a Boolean ring ^4, defined by Definition 8, 
determines a closure-topology r(T(A)). (Compare (III), Theorem 15.) Our 
Theorem 29 involves that a subclass of A is closed if and only if it contains with 
every convergent sequence also its limit. 

Theorem 117. Any closed subring a of a Boolean a-ring A is itself a Boolean 
c-ring. 

00 oo 

Proof. If a„ (n = 1, 2, 3, • • •) are elements of o then a„ and 2*'*’ 

n-l n-l 

OO 30 

exist and are contained in a. Hence, by Theorem 47, a„ and 23*'’ dn 

n —1 w«rl 

00 00 

exist too. (They are even identical with II''*’ On and On respectively.) 

n—l n«-l 

Theorem 118. If a is an invariant a-subring of a Boolean ring and an 
(n = 1, 2, 3, • • •) are elements of a, then an and an exist and are con- 

n-*oo n-*oo 

tained in a. Hence a is especially a closed subring of A, 

Proof. See Theorems 38, 51, and 52. 

Theorem 119. If an (n = 1, 2, 3, • • •) are elements of a closed ideal a of a 
Boolean ring A^ and a is an interelement of ike sequence Un with respect to A , then a 
is contained in a. 

Proof. We have, by Theorem 42, 

aka = a. 

n-*00 I t-al 

0*0 (A: = 1, 2, 3, • • •) are elements of a because a is an ideal. The same holds 

n 

also for all elements of the sequence 2''*’ 0*0 (n = 1, 2, 3, • • •); thus also for 

k-l 

its limit o because a is closed. 

Theorem 120. Every normod ideal of a Boolean ring is closed. 

Theorem 120 can be easily deduced from the definition of a normal ideal and 
from Lemma 5. 
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Theorem 121. If A is an invariant svbring of a Boolean ring B, N is the maxi- 
mal join-extension of A invariant in 5, o„ (w = 1, 2, 3, • • •) are ele ments of N, a 
is an element of B, and either of the relations a„ = a and a„ — a is 

n-*oo n-*oo 

validj then a is contained in N, N is especially a closed subring of B. 

Proof. Let J5 be a complete invariant extension of B (see Theorem 69) so 
that A is, by Theorem 53, invariant in J5, and the maximal join-extension 
of A invariant in B, (Compare the proof of Theorem 70.) If now an 
(n = 1, 2, 3, • • • ) are elements of N, and an exists, we have, by Theorem 51 , 

n-*oo 

^^^lim an = an ; 

n-^oo n->oo 

% 

on the other side the elements an are also elements of N. Hence ^^^Um an is, 

n— »oo 

by Theorems 70, 75, and 1 18, an element of N. From this and from the defini- 
tions of N and N it can be easily concluded that ‘®*lim On is an element of N. 

n-*QC 

If On (w = 1, 2, 3, • • •) arc elements of iV, and ^^^liin an exists, we can conclude 

n-*oo 

in a similar way. 

Theorem 122. If A is an invariant subring of a Boolean tr-ring B, the maximal 
join’-extension of A invariant in B is itself a Boolean a-ring. 

Proof. See Theorems 117 and 121. 

8. Double Sequences 

Definition 13. Suppose that to every element of some class 0 of ordered couples 
(m, n) of natural numbers there is assigned an element Umn of a given Boolean ring A. 
We say that such a correspondence defines a double sequence in A if to every natural 
number k there exist two natural numbers m and n such that m k, n k, and 
(m, n) € 0. 

Definition 14. Let a^l and a^l be two double sequences in a Boolean ring, and 
0^^^ and the classes of ordered couples of natural numbers for which they are 
defined. In this case we say the double sequence a^ to be a partial sequence of the 
the. double sequence if 0^^^ C 0^^^ and ain = Umi for (m, n) c 
Definition 15. Let amn be a double sequence in a Boolean ring A, @ the class 
of ordered couples of natural numbers belonging to it, and u an element of A. In 
this case we call u a subelement of the double sequence amn if there is a natural 
number k such that 


^ Otmn 

for m ^ k, n ^ k, {m, n) e 0. 

Definition 16. If the signs A, amn , cind © have the same meaning as in Defini'- 
tion 15, we call an element o of A a superelement of the double sequence amn if there 
is a natural number k such that 


for m k, n ^ k, (m, n) t 0. 


0 > amn 
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Now the notions of intereloment, lower limit, upper limit, convergence, and 
limit can be defined for double sequences just so as for simple sequences. If 
Umn is a double sequence in a Boolean ring A, the sign 0 has the same meaning 
as in Definition 13, and the lower limit of the double sequence a^n with respect 
to A exists, we denote this lower limit by ^"*^1101 Umn or more simply by ^"^^lim a^n 

m,n~*oo 
(m,n) c 0 

in case 0 is class of all ordered couples of natural numbers. The signs 
^'*'lim Omn , ''*’lim Omn , ^"*^1^ Umn and *'‘’lim a„„ are to be understood in similar 

m,n~>oo ni,n-*ao m,n~*ao m,n-*oo 

(m,n) c 0 (m,n) c 0 

sense. In all these signs the superscript (A) may be omitted if there is no doubt 
to which Boolean ring they refer. 

All theorems on simple sequences obtained until now, except Theorems 31, 32, 
33, 34, and 35, can be pronounced with little changes of the wording also for 
doubles sequences. For instance Theorems 29 and 30 assume the following 
forms: 

Theorem 29': If a^n is a partial sequence of a double sequence a^l , 0^^^ (I'nd 
0^^^ are the corresponding classes of ordered couples of natural numberSy and lim 

m,n-*oo 
(m,n) e 0^*^ 

existSy then lim ajnn exists too and is equal to lim aifi . 

m,n“*oo m,n-*oe 

(»n,n)«0O) (m,n)<0(2) 

Theorem 30'. Any system of a finite number of convergent double sequences 

with the same limit is again convergent with the. same limity if by a subelement 

{superelement) of a system of double sequences be meant a common subelement 

{superelement) of these double sequenceSy and the notions of an interelementy lower 

limity and limit of a system of double sequences be defined accordingly. 

In Theorems 36 and 37 the signs ri?-n u* and ak are to be replaced by 
00 00 

the signs IJ aui and X) respectively. Also Theorems 39» 40, 41, and 42 

(*,i)f0 (fc,Ot0 

are to be changed in a similar way. 

A special case of Theorem 29' is 

Theorem 123. If a^n (m, n = 1, 2, 3, • • •) are elements of a Boolean ringj 
mk and nk {k = 1, 2, 3, • • •) natural numbers such that mu — > » and iik for 
A; 00 , and lim a^n existSy then lim am*n* exists too and is equal to lim a^„ . 

m,n-*oo A-**oo m,n-*oa 

It is an open question whether Theorem 123 can be inverted, i.e. whether 
lim = a whenever m* — ♦ <» and n* — > « for A: , implies lim am„ — a. 

k-^oa m,n-»oo 

We shall return to this point once more in §10. 

9. Fundamental Sequences 

Definition 17. A sequence of elements o„ of a Boolean ring A is said to be a 
fundamental sequence with respect to A if 

'^’lim (o« + o») = 0. 
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Theorem 124. A sequence Un is a fundamental sequence if and only if the 
sequence ajo is a fundamental sequence for every element b. 

Proof. See Definition 17, Theorem 5, and Lemma 5. 

Theorem 125. A bounded sequence is a fundamental sequence if and only if 
the foUoujing condition is satisfied: if x is an element of the property that 

X < 0 + u 

whenever u is a subelement, and o a superelement of the sequence, then x — Q. 

Proof. If u is a subelement and o a superelement of the sequence o„ then 
0 + w is a superelement of the double sequence Om + a„ . Conversely to every 
superelement o* of the double sequence Om + o» there exist a subelement u and 
a superelement o of the sequence o« such that 

(64) 0* = 0 + M. 

For if 0 * is a superelement of the double sequence Om + On , there exists a natural 
number k such that 

(65) Om + o„ < 0* 
for m ^ k, n ^ k. From (65) follows 

Om + OmO* < 0„ < Om V 0*. 

Hence Om + OmO* is a subelement, and UmV o* a superelement of the sequence 
a„ , provided that m ^ A. On the other side (64) is satisfied if we put 
M = Om + UmO*, 0 = Om V 0*. 

After this is settled Theorem 125 follows easily from Theorem 22. 

It is obvious that the fundamental sequences of a Boolean ring can be defined 
by their properties stated in Theorems 124 and 125. Compare Definitions 3 
and 4. 

Theorem 126. Any fundamental sequence has at the utmost one interelement. 
Proof. If o and o* are interelements of the sequence a„ then o + oo* and 0 
are interelements of the bounded sequence a„(o + aa*). Hence 0 is the only 
subelement of the latter sequence, and if o is a superelement of this sequence, 
then 


a + aa* < o. 

The more we may say that 

o + aa* < 0 + tt 

whenever m is a subelement and o a superelement of the sequence o„(o + oo*). 
If the sequence o„ is a fundamental sequence, the sequence o„(o + aa*) is, by 
Theorem 124, likewise a fundamental sequence, and from Theorem 125 follows 
a + aa* = 0. Just so we can prove that a* + aa* = 0. Hence a* = o. 
Theorem 127. Every convergent sequence is a fundamental sequence. 

Proof. See Definition 17 and Relation (61) of Theorem 115. 



INTRINSIC TOPOLOGY OP BOOLEAN RINGS 


1183 


On the other hand it is not true that every sequence without an interelement 
is a fundamental sequence. Let A be the Boolean ring of all finite classes of 
natural numbers, for w = 1, 2, 3, . • . a 2 n-i = {1, 2, 3, . . . , n} (the class of the 
numbers 1, 2, 3, • • • , n), 02 == 0 (the void class), and (w = 2, 3, - • a 2 n = 
{2, 3, • • • , n}. Then the sequence an (n = 1, 2, 3, • • •) has no interelement 
(there is no clement a satisfying a > a for all subelements u of the sequence), 
and it is not a fundamental sequence either. 

Theorem 128. If a is an invariant subring of a Boolean ring A, and an 
(a = 1, 2, 3, • • •) are elements of a, then the sequence an is a fundamental sequence 
with respect to a if and only if it is a fundamental sequence with respect to A, 

Proof. See Theorem 50 and Definition 17. 

Theorem 129. A sequence of elements an of a Boolean ring A is a fundamental 
sequence with respect to A if and only if the sequence a (an) is convergent with respect 
to 

Proof. See Theorems 38, 68, 126, 127, and 128. 

Theorem 130. Every monotonic sequence of elements of a Boolean ring is a 
fundamental sequence. 

Proof. See Theorems 35 and 129. 

Definition 18. A Boolean ring A is called a-complete if every fundamental 
sequence in A converges with respect to A. 

Theorem 131. .4 Boolean ring A is a-complete if and only if A is a Boolean 
(T-ring, 

Proof. If all fundamental sequences of A converge, and an {n ^ 2, 3, • • •) 

are elements of A, then from Theorems 32, 34, and 130 follows that 
and cin exist. If ^4 is a Boolean a-ring, every fundamental sequence of A 
has, by Theorems 38 and 126, exactly one interelement. 

D. van Dantzig (I) has shown how every topological ring, satisfying the 
neighbourhood-axioms of Fr^chet-Hausdorff and having the property that sum, 
difference, and product of two elements of the ring are continuoas functions of 
these elements, can be extended to a topological ring of the same kind and of 
the property that every fundamental sequence of the extended ring is convergent. 
In this paper we have defined for every Boolean ring A an intrinsic sequential 
topology t(A)j and have not considered any other sequential topology in A until 
now. Therefore if we consider an extension J5 of A we are interested only in 
the case that B is again a Boolean ring, and that the sequential topology r(B) 
is an extension of the sequential topology t(A). We know already that t(B) 
is certainly an extension of t(A) if B is an invariant extension of A, (Theorem 
50.) And Theorems 69 and 131 show that any Boolean ring A can be invariantly 
extended to a Boolean ring B in which every fundamental sequence converges. 
Now we shall try to define the notion of a minimal invariant extension of A of 
this property, analogous to the notion of a minimal complete invariant extension 
of Ay defined by Definition 12. 

Theorem 132. If we mean by the sum of two sequences an and bn in a Boolean 
ring A the sequence an + Kj and by their product the sequence a„5n , the sequences 
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in A form a Boolean ring S; the fundamental sequences in A form a subring F of 
Sf the convergent sequences in A form a subring C of F, and the null sequences 
(sequences converging towards zero) form an ideal n in C. 

Proof. The first proposition is evident. The second proposition follows 
from the equations 

(Ujii *4*" 6m) (Un “4" 6n) ~ (Um “I" ®n) “f* (bm 6n) 


ambfn + anbn = am(6m + 6n) + (Um + an)6n 

and from Theorems 92 and 115, the third from Theorem 115, and the fourth 
from Theorems 92 and 115. 

Now let ^1 be a homomorphic image of F such that there exists a homo- 
morphism 7 from F to Ai determining exactly the ideal n of F. (I.e. n shall 
be the class of the elements of F carried by y into the zero of Ai .) Such a 
homomorphic image of F is for instance the quotient-ring F/n, Two elements 
of C are carried by y into the same element of .4 1 if and only if they are sequences 
convergent with respect to A and having the same limit with respect to A, 
Hence if we denote the image of C in Ai by C* and assign to every element a of 
A that element of C* in which the convergent sequence, having all terms equal 
to a, is carried by 7 , then this correspondence is an isomorphism between A and 
C*. Hence Ai can be chosen in such a way that the image of the sequence 
{a, a, a, • • • } in 4i is identical with a itself. In this case A 1 is an extension of A. 

Definition 19. Let the signs A^ F, C, and n have the same meaning as in 
Theorem 132, and let A i be a homomorphic image of F, and 7 a homomorphism 
F Ai determining exactly the ideal n of F and having the property that if a is an 
element of A^ the element of Ai in which 7 carries the sequence having all terms equal 
to a, is identical with a. In this case we call Ai a first fundamental exteyision of A, 

Two fundamental sequences On and bn have the same image in Ai if and only 
if their difference (this is here the same as Un + bn) is a null sequence. D. van 
Dantzig calls such fundamental sequences concurrent 

Lemma 10. If Ai is a first fundamental extension of a Boolean ring 4., then A 
is invariant in A\ , 

Proof. Let SB be a subclass of 4, and b an element of 4 such that 

O C 8 

Further let / be an element of Ai such that 

/ > o 

for all elements a of 35. If a„ is a fundamental sequence in A, of which the 
image in is/, then the sequence a»o + o must be contained in n, i.e. we must 
have 

‘"‘’lim anOL = a. 
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Hence we have, by Theorem 41, 

2 ^"*^ aka — a 

k^mn 

and 

£“'«.o - b 

a « 9 kmmn 

for n = 1 , 2, 3, • • • . Since the joins Oka exist (see Theorem 13) we can 

a e 9 

easily conclude that also 

kwmn a c 9 

Hence we have 

akb = b 

A;-*n 

and, by Theorem 41, 

^■^’lim Onb = b, 

n~»oo 

whence 

^'*^lim Onb = 5 

n-»oo 

because anb is a fundamental sequence. Thus we have fb = b or f > h. This 
proves that 

a = b. 

a c 9 

Theorem 133. If the signs A, 7 , and Ai have the same meaning as in 
Definition 19 then any fundamental sequence in A converges vrith respect to A i to 
that element of Ai which is its image by virtue of 7 . 

Proof. First we consider a monotonic sequence in A. Let an{n = 
1, 2, 3, • • •) be elements of A, and for instance a* < ai for k < Ij k, I = 
1 , 2, 3, • • • . We have 

^"^Him anUk = ak . {k = 1 , 2, 3, • • • .) 

n-*oo 

Hence we have, if f is the image of the fundamental sequence a„ , for 
/: = 1, 2, 3, . . . 

fak - o* 


or 


f> Ok. 
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If 0 is an element of Ai ,bn& fundamental sequence in A the image of which is g, 
and g > Ok for k — 1, 2, 3, • • • , we have for A; = 1, 2, 3, • • . 

^^^lim (at, + Okbn) = 0, 

n-*oo 

whence 

a(ak) + a(o*) ‘“’lim a(6«) = 0, 

n-*oo 

^*^lim a(a„) + ^®’lim o(o»)/®’lim a(6») = 0, 

n-*oo n-*flo n-*oo 

^^’lim («» + o„6„) * 0, 

n-*oo 

and 

9 >f- 

This proves 

Oi = “*nim a„ = /. 

fc—l n-*oo 


If a* > at {or k < I, k, I — 1, 2, 3, • • • , and / is again the image of the fundar 
mental sequence a„ , we can prove in a similar way that 

n^^‘’ajb = <^‘’lima„ =/. 

fc— 1 n-*oo 


Now let an be an arbitrary fundamental sequence in A, and /its image. From 

00 00 

what we have just proved follows that ak+i-i and J^^**'* ot+i-i exist 

i-i (-1 

and are the images of the fundamental sequences H"-! o*+j-i (n = 1, 2, 3, • • •) 
and ST-iUt+j-i (w = 1( 2, 3, • • •) respectively. But we have 


and 


'^’lim ( n 0>k+l—l +n flife+i-i ) = 0 

n-ooo \ f-1 Z-1 / 

'^>lim (a„ + a„ S 

ot+J-i) = 0* 

n-»oo \ l-l / 


Hence 


at+j_i < / < 22^"*** a*+j-i . 
i-i {-1 

From this relation it can be easily concluded that / is an interelement of the 
sequence a„ with respect to .4i . Since this sequence is, by Theorem 128 and 
Lemma 10, also with respect to Ai a fundamental sequence. Theorem 133 is 
proved. (See Theorem 126.) 
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Lemma 11. If Axis a first fundamental extension of a Boolean ring A, then Ax 
is also a join-extension of A. 

Proof. Ax is, by Lemma 10, an invariant extension of A. Let N be the 
maximal join-extension of A invariant in Ax . Then we have, by Theorem 121, 

NZ>Ax 

because all elements of Ax are, by Theorem 133, limits of elements of A and by 
this limits of elements of N with respect to . Hence N — Ax , 

In the paper (I) the ring which corresponds to the ring denoted here hy Ax , 
has already the property that all its fundamental sequences converge. We 
shall see that in our case this assertion is in general not true though D. van 
Dantzig's ^‘Ringkomplettierungsaxiom^’ (the product of a null sequence and a 
fundamental sequence is a null sequence) is satisfied, according to Theorem 92. 

Lemma 12. If A and A* are Boolean rings between which there exists an iso- 
morphism A, and Ax and At are first fundamental extensions of A and A* respec- 
tively ^ then Ax and At are isomorphic too, and the isomorphism A can he extended 
to an isomorphism Ai between Ax and. At in exactly one way. 

Proof. Ai can be defined in the following way: let / be an element of , 
an a sequence of elements of A converging towards/ with respect to Ai ^ at the 
sequence in .4* corresponding to the sequence an by virtue of A, and 

/* = 

n-»oo 

this correspondence / -^ /* is the desired isomorphism Ai . 

In the following we shall denote by p the smallest ordinal number which is 
the ordinal t 3 "pe of an uncountable set. More precisely" let ^ be the ordinal 
number of some uncountable well-ordered set, and p the smallest ordinal number 
satisfying p ^ ^ which is as well the ordinal type of an uncountable set. 

Definition 20. Let A be an arbitrary Boolean ring, and a an ordinal number 
satisfying a ^ p. Let us assign a Boolean ring A^to any ordinal number p satis- 
fying ti ^ a by the following transfinite induction: 

1. ) Ax is a first fundamental extension of A; 

2. ) if the ordinal number p has a predecessor v {thus p = j' + 1) then A^, is a 
first fundamental extension of A^ ; 

3. ) if the ordinal number p is a limit-number then 

A, « 

•■ejt 

the sign S denoting the set-theoretical union; the ring-operations in are defined 
in the following way: if a and b are elements of A„ , and v an ordinal number such 
that V < li, a t A, , b e A, , then 


oAaJ) == oAx.b, 

« A it, t ® A A,b. 
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In this case we call Aa a fundamental extension of the Boolean ring A of the 
order a. 

If ju is an ordinal number satisfying < a, the Boolean ring A^ appearing in 
Definition 20 is obviously a fundamental extension of A of the order /x. 

Theorem 134. If A is an arbitrary Boolean ring, ot an ordinal number satisfying 
a g p, and A^ a fundamental extension of A of the order a, then Aa is a join-- 
extension of A. 

Proof. See Theorems 62 and 63, Lemma 11, and Definition 20. 

Theorem 135. If A is an arbitrary Boolean ring, a and p are ordinal numbers 
satisfying p < a ^ p, Aa and A^ fundamental extensions of A of the orders a and 
respectively, and A^ d Aa , then Aa is a join-extension of Aff . 

Proof. See Theorems 64 and 134. 

Lemma 13. Let A be a subring of a Boolean ring B, and A^d the class of all 
elements of B which are limits of sequences of elements of A with respect to B. 
Then A^) is a subring of B containing A, If A is especially invariant in B then 
A a) is a join-extension of A invariant in jB. 

Proof. It is evident that 4(i) 3 A, That ^4(1) is a subring of B follows 
from Theorem 115. If ,4 is invariant in B, Theorem 121 involves that A a) 
is contained in the maximal join-extension of A invariant in B. 

Definition 21 . If the signs A , B, and A (d have the same meaning as in Lemma 
13 then A^) is called the first limit-ring of A in B. 

Definition 22. Let A he a subring of a Boolean ring B, and a an ordinal 
number satisfying a ^ p. Let us assign a subring A (^) of B to any ordinal number 
p satisfying p ^ a by the following transfinite induction: 

1. ) 4(1) is the first limit-ring of A in B; 

2. ) if the ordinal number p has a predecessor v {so that p v + 1) then A(^) 
is the first limit-ring of 4(o in B; 

3. ) if the ordinal number p is a limit-number then 

by SW denoted the lattice of all subrings of B, 

In this case we call 4(«) the limit-ring of A in B of the order a. 

Theorem 136. If A is an invariant subring of a Boolean ring B, then any 
limit-ring A («) of A in B is invariant in B and a join-extension of A and of every 
limit-ring of A in B of lower order. 

Proof. From Definition 22 it can be easily concluded that 4(a) is contained 
in the maximal join-extension of 4 invariant in B. For the rest see Theorems 
53, 61, 64, and 70. 

Theorem 137. If A is any Boolean ring, a an ordinal number satisfying 
01 ^ Pf Aa a fundamental extension of A of the order a, and B an invariant extension 
of Aa , then Aa is the limitrring of A in B of the order a. 

Proof. Assign a Boolean ring 4^ to any ordinal number p satisfying p < a 
in such a way that the rings 4^ (p g a) satisfy the conditions stated in Definition 
20. Iwet us suppose that po < a, and that we have already proved that 4^,0 is 
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the limit-ring of A in 5 of the order mo . Then let an be a sequence of elements 
of which has a limit a with respect to B, Since is, by Theorems 53, 61, 
and 135, invariant in 5, the sequence an is a fundamental sequence with respect 
to A^q according to Theorems 127 and 128. Hence this sequence has, by Defini- 
tions 19 and 20 and by Theorem 133, a limit with respect to , and this limit 
is necessarily identical with a, because also is invariant in B. Hence 
a € A^q^i . If we assume conversely that a is an element of A^^^i then a Is, by 
Definitions 19 and 20 and Theorem 133, the limit of some sequence of elements 
of AftQ with respect to i consequently also with respect to B because 
A^q^i is invariant in B. Thus we find that a is an element of the limit-ring of 
^ in B of the order pto + 1. Hence this limit-ring is identical with A^^+i . We 
see that Theorem 137 can be proved by transfinite induction; for the conclusion 
from the predecessors of a limit-number to this limit-number itself is still simpler. 

Theorem 138. If A is any Boolean ring, a and ordinal numbers satisfying 

^ a g p, and Aa a fundamental extension of A of the order a, tJien there exists 
exactly one subring A^ of Aa which is a fundamental extension of A of the order /3. 

Proof. The existence of A^ follows from Definition 20, the uniqueness from 
Theorem 137. (A^ is the limit-ring of A in Aa of the order 0.) 

Theorem 139. If A is an invariant subring of a Boolean a-ring B, a an ordinal 
number satisfying a ^ and A (a) the limit-ring of A in B of the order a, then A (a) 
is a fundamental extension of A of the order a. 

Proof. If an (n = 1 , 2, 3, • • • ) are elements of A , and the sequence consisting 
of these elements is a fundamental sequence with respect to it is, by Theorem 
128, also a fundamental sequence with respect to B; hence it is, by Theorem 131, 
convergent with respect to B; its limit is an element of A a) • Conversely any 
element of A a) can be obtained in this way. If we assign to every fundamental 
sequence in A that element of Ad) which is its limit with respect to B we get 
a homomorphism y from the Boolean ring F of the fundamental sequences in A 
to i4(i) of the sort demanded in Definition 19. This proves the theorem for the 
case a = 1. The general theorem follows now by transfinite induction. 

Theorem 140. Let A and A"^ be Boolean rings between which there exists an 
isomorphism A, a and 0 ordinal numbers satisfying 0 S a ^ pj A^ a fundamental 
extension of A of the order 0, and A* a fundamental extension of A* of the order a. 
Then there exists exactly one subring of A such that the isomorphism A can be 
extended to an isomorphism A/s between A^ and R*, A/j is uniquely determined, and 
R* is a fundamental extension of A* of order 0, If especially 0 a then R* = 
At. 

Proof. Let be a subring of A* which is a fundamental extension of A* 
of the order 0, That A^ exists and is unique follows from Theorem 138. If we 
put R* = A* it ensues from Lemma 12 and by transfinite induction that the 
isomorphism A^ , demanded by Theorem 140, exists and is unique. The unique- 
ness of R* is involved by Theorem 83. 

Theorem 141. If A is a subring of a Boolean ring B the closure of A in B is 
as well a subring of B; it is identical with the limit-ring A (p) of A in B of the order p. 

Proof. Let an be a sequence of elements of A (p) w hich has a limit a with re- 



1190 


HENRY LdWIG 


spect to B. Further, forn = 1, 2, 3, • • • let an be the smallest ordinal number 
which is not larger than p and has the property that On is contained in , by 
iff ^ p) denoted the limit-ring of AinB of the order Since p is a limit- 
number we have certainly 

a, 7^ p 

for n = 1, 2, 3, • • . Further let a be the smallest ordinal number satisfying 
the inequality 

otn ^ a ^ p 

forn = 1, 2, 3, • • • . We have 

a 7^ p; 

for the asumption a = p would imply that p would be the ordinal number of a 
finite or countable set, contrary to the definition of p. Hence we have also 

a + 1 ^ p. 

Now the elements a„ (n = 1, 2, 3, • • •) are all contained in A(«) . Consequently 
the element 

a = ‘“^lim On 

n-*oo 

is contained in i4(a+i) . Thus we have 

a e 

and it is proved that A (,) is a closed subclass of B. On the other side it can be 
shown by transfinite induction that any subclass of B closed under T(t{B)) and 
containing A contains A (a) whenever a ^ p, and by this especially A(p) . Thus 
Theorem 141 is proved. 

If B is especially the Boolean ring of all sets of real numbers, and A the sub- 
class of B defined by the property that o is an element of A if and only if it is 
either the empty set or the union of a finite number of sets, every one of which 
is either an open real interval or consists of exactly one real number (see the 
example stated after Definition 9), then A(,) is the Boolean ring of the Borel 
sets of real numbers. In this case it is known that the rings A(a) (a ^ p) are 
all different. Since B is a complete Boolean ring here, A(a) is, by Theorem 139, 
a fundamental extension of A of the order a. It follows that if A i is a first funda- 
mental extension of A, Ai is not a <r-complete Boolean ring. If we compare 
this result with the results of §7 of the paper (I), we find that the sequential 
topology r(A) of a Boolean ring A defined by Detoition 8, in general cannot be 
derivated from a neighbourhood-topology satisfying the axioms of Fr4chet- 
Haxisdorff. 

Theorem 142. If A„ is a fundamental extension of a Boolean ring A of the 
order p then A„ is a Boolean a-ring. 
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Proof. Let B be a Boolean <r-ring and an invariant extension of Ap . That 
such a Boolean ring B exists follows from Theorem 69. Then Ap is, by Theorem 
137, the limit-ring of A in B of the order p, and it follows from Theorem 141 
that Ap is closed in B. Hence Ap is a Boolean (x-ring, according to Theorem 117. 

Definition 23. An extension A of a Boolean ring A is said to he a minimal 
invariant a-extension of A ^ or shorter: a a-completion of A ^ if A is a Boolean a-ring 
invariant over A, and no proper subring of A containing A is itself a Boolean a-ring. 

Theorem 143. An extension A of a Boolean ring A is a minimal invariant 
<r-extension of A if and only if A is a fundamental extension of A of the order p. 

Proof. If is a minimal invariant <r-extension of A, the limit-ring of A in 
A of the order p is, by Theorem 139, a fundamental extension of A of the order 
p; hence it is, by Theorem 142, a Boolean <r-ring, and Definition 23 involves 
that it cannot be different from A. If J[ is a fundamental extension of A of the 
order p then A is, by Theorem 142, a Boolean cx-ring and, by Theorem 134, a 
join-extension and by this an invariant extension of A. (Theorem 61.) On 
the other side A is, by Theorems 137 and 141, the closure of A in A. If B is a 
<x-subring of A containing A then R is, by Theorems 61 and 64, invariant in A 
and, by Theorem 118, closed in A, Hence B = J[, and it is proved that A is sl 
(x-completion of A. 

Theorem 144. If A is a <r-completion of a Boolean ring A, and B an invariant 
extension of A, then A is the closure of A in B. 

Proof. See Theorems 137, 141, and 143. 

Theorem 145. If A is an invariant subring of a Boolean a-^ring B, the closure 
of A in B is a minimal invariant a-extension of A. 

Proof. See Theorems 139, 141, and 143. 

Theorem 146. If A and A* are minimal invariant cr-extensions of the same 
Boolean ring A then A and A* are isomorphic^ and there is exactly one isomorphism 
between A and A* carrying every element of A into itself. 

Hence we may say that A and A* are abstractly identical. 

Proof. See Theorems 140 and 143. 

10. The Sequential Topology T(r(T(A))) 

If A is any Boolean ring, the closure-topology r(r(A)) in A, considered in §7, 
determines a new sequential topology T(r(T(A))) in A according to (III), Theo- 
rem 15. The closure-topology determined by this sequential topology is iden- 
tical with r(r(A)) or, in other words, the closure-topology r(r(A)) and the 
sequential topology r(r(r(A))) are equivalent. (See (III), Definition 8 and 
Theorem 18.) 

Lemma 14. If a sequence an has a limit a under r(A) it has also under 
r(r(r(A))) the limit a and no other limit 

Proof. It is obvious that the sequence Un has the limit a also under 
T(r(r(A))). If b 7 ^ a, at the utmost a finite number of terms of the sequence 
On is equal to 6, and Theorem 29 involves that the terms of this sequence different 
from b and the element a together constitute a set closed underr(T(A)). The 
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complement of this set is an open set which contains 6, but fails to contain 
infinitely many terms of the sequence an . Hence h is certainly no limit of the 
sequence an under r(r(T(i4.))). This completes the proof of Lemma 14. 

Further it is obvious that our Theorems 25, 29, and 30 hold also for the 
sequential topology r(r(T(il))). (They hold in any derivative sequential 
topology.) 

Theorem 147. (Compare (VII), Satz 29.) If an (n = 1, 2, 3, • • •) and a 
are elements of a Boolean ring A then a is a limit of the sequence an under 
r(r(r(^))) if and only if every partial sequence of the sequence an contains a further 
partial sequence converging towards a under t(A). Hence any sequence of ele- 
ments of A has at the utmost one limit under t{T{t{A))), 

Proof. If a set open under r(r(^)) and containing a fails to contain an 
infinite partial sequence of the given sequence, no partial sequence of the men- 
tioned partial sequence can converge towards a under t{A), Hence if every 
partial sequence of the given sequence contains a further partial sequence con- 
verging towards a under t(A)j the given sequence has certainly the limit a under 
r(r(r(A))). 

Let us suppose conversely that the sequence an has the limit a under 
r(r(r(.4))). If the sequence an had not the property asserted in Theorem 147 
we could state a partial sequence an^ {k = 1, 2, 3, • • • ) ^Ws sequence con- 
taining no further partial sequence converging towards a under t{A), Then 
the generalized Theorem 29 and Lemma 14 involve that the sequence Un* con- 
tains no sequence convergent under t{A) at all. Moreover we may suppose 
that the elements Un* are all different from a. Thus the elements of A which 
are different from all elements an^ form an open set which contains a, but fails 
to contain infinitely many terms of the sequence a,, . This result would contra- 
dict to the supposition that the sequence a„ converges towards a under 
r(r(r(^))). 

Definition 24. If an (n = 1, 2, 3, • • • ) and a are elements of a Boolean 
ring A^ we say that the sequence Un (w = 1, 2, 3, • • • ) converges weakly towards a 
with respect to A, or that a is its weak limit with respect to A, and write 

^"^^Lim an — a 

n-^op 

if the sequence a» converges towards a under T(r(T(4))). 

The words “with respect to A" and the superscript in the sign *'‘'Lim o„ may 

n-*oo 

be omitted if there is no doubt which Boolean ring is meant. 

We have chosen the words “weak convergence” and “weak limit” for con- 
venience although the considered convergence under T(r(r(A))) is no analogue 
of the weak convergence in a linear metric space. 

As far as the sequential topology t(A) is concerned, we shall use the same 
terminology and denotation in this paragraph as in the preceding ones. 

The sequential topology T(r(T(A))) is in general different from the sequential 
topology t{A). Let A be the Boolean ring of those sets of real numbers which 
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are either empty or unioas of finite numbers of right-hand open intervals. 
{A is identical with the Boolean ring b considered after Definition 9.) If m and v 
are real numbers we denote the interval m ^ < p by < /i, r). Now put 

_ n - 2’" n - 2” -h l\ 

^ 2" ’ ’ 2" ~ / 

for 2" ^ n < 2’"'*'*, wi = 0, 1, 2, 3, • • • . a„ (n = 1, 2, 3, • • • ) are elements 
of .4. If m and n are natural numbers, at least one of the equations 

dm ^ dn f 

dm ^ dfi , 

and 


dmdn = 0 

is valid. To a given natural number no there exist at the utmost finitely man}" 
natural numbers n such that 


dn > Gbo . 

Hence any partial sequence b„ of the sequence a„ contains at least either a 
partial sequence c„ satisfying 

(67) c«+i < c„ (n = 1, 2, 3, • • • ) 

or a partial sequence c„ satisfying 

(68) CkCi = 0 (k, I = 1, 2, 3, • • • , k 7^ 1). 

(67) as well as (68) implies 

lim c„ = 0. 

n-*qo 

(See Theorem 116.) Hence we have 

Lim ttn = 0. 

n-*oo 

On the other side we have 

£ a» = ai (wi = 1, 2, 3, • • •), 

n-*" 

thus 

00 

^dk - di (» = 1, 2, 3, • • •) 

k—n 

and 

lim o» = Oi . 

n-*oo 

Since di ^ 0 the equation lim o„ 

n-*oo 


= 0 is not valid. 
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Theorem 148. //Lim o„ exists then it is an interelement of the sequence an and 

n-^oo 

of any ‘partial sequence of this sequence. 

Proof. See Theorems 27 and 147. 

Now it is obvious that our Theorems 50, 87, 92, and 115 are valid also for 
the weak convergence. The same holds for Theorem 91 if it is pronounced only 
for convergent sequences. I.e. we have 
Theorem 149. If o„ < b„ for n — 1, 2, 3, • • • , and Lim o„ and Lim 6„ exist, 

n-*oo n-*oo 

then 


Lim On < Lim 6«. 

n-*oo n-*oo 

Proof. We have for n = 1, 2, 3, • • • 

hence, by the generalized Theorem 115, 

Lim ttn = Lim an • Lim K 

n-^oo n-^oo n-*ao 

proving Theorem 149. 

If Om„ is a double sequence in a Boolean ring A , © the class of ordered couples 
of natural numbers for which the sign am„ is defined, and a an element of A, we 
say that the double sequence a„„ converges weakly towards o, or has the weak 
limit a, and write 

‘'•’Lim Omn = a, 

mfn-*90 
(m,n) c 0 

if to any open set containing a there can be assigned a natural number k such 
that a^n is contained in this open set for m ^ k, n ^ k, (m, n) e 0. If 0 is the 
class of all ordered couples of natural numbers, we write simply ^‘**Lim am„ in- 

m,n-*oo 

stead of ‘'‘^Lim Om. . In both cases the superscript (A) may be omitted if 

m,n-»oo 
(m,n) c 0 

there is no doubt which Boolean ring is meant. 

Theorems 25, 29' (8), and 123 hold also for weakly-convergent double se- 
quences. Moreover Theorem 123 pronounced for weakly-convergent double 
sequences can be inverted. I.e. if m* — ♦ n* — > « for A; — > « implies 
Lim Omi^nt — ®> then Lim Omn = o. (To prove this proposition Is not difficult.) 

In particular if — » <» , n* — > <» for fc — » » implies lim = o, we have 

k“*co 

certainly Lim a„„ = o. On the other hand compare the remark after Theo- 

m,n--»oo 

rem 123. — Any double sequence of a Boolean ring A has at the utmost one weak 
limit with respect to A. 

Now it is clear that also Theorems 50, 87, 92, 115 and 149 hold for weakly- 
convergent double sequences. 
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Definition 25. A sequence of elements a„ of a Boolean ring A is said to be a 
weak fundamental sequence with respect to A if 

(om + a„)3= 0. 

Theorems 127, 128, and 132 continue to be right if we replace the notions of 
‘^fundamental sequence’* and “convergence” wherever they appear, by the 
notions of “weak fundamental sequence” and “weak convergence.” 

Theorem 150. Any two weakly-concurrent fundamental sequences are con- 
current. 


Proof. If a„ and fen are fundamental sequences, and 


Lim (a„ + 5„) = 0, 

n-»oo 

then there exists, by Theorem 147, a sequence n* of natural numbers different 
from each other such that 

(69) 

lim {ant + bnt) = 0. 

^-*oo 

On the other side we have, 

by Theorem 123 and Definition 17, 

(70) 

lim (oi + ant) = 0 

and 


(71) 

lim (5* + bnt) = 0. 


From (69), (70), and (71) we get, according to Theorem 115, 

lim (ot + hk) = 0. 

k-*oo 

Theorem 151. If K is a fundamental sequence, and an a sequence of the prop- 
erty that every partial sequence of the sequence an contains a fundamental sequence 
weakly-concurrent with the fundamental sequence bn j then an is a weak fundamental 
sequervee weakly-concurrent with the fundamental sequence bn . 

Proof. First we observe that any partial sequence of a fundamental se- 
quence is a fundamental sequence concurrent with the whole sequence. This 
can be easily concluded from Definition 17 and from Theorems 29' and 123. 
Now if we notice Theorems 147 and 150, we find that the suppositioas of Theo- 
rem 151 involve 

Lim (an + fen) = 0. 

n -*90 

Since 

Om + On = (Om + 5m) + (On + bn) + (5m + 5»), 


lim (5m + 5n) = 0, 

m.n-^oe 


and 
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we have 


Lim (Om + o«) = 0, 

in,n-*oo 

according to the generalized Theorem 115. 

On the other hand it is an open question whether Theorem 151 can be in- 
verted, i.e. whether every weak fundamental sequence of a Boolean ring con- 
tains a fundamental sequence in the sense of Definition 17. If this inversion 
is true, it follows that every weak fundamental sequence of a Boolean a-ring is 
weakly-convergent. If it were not true then it could occur that a Boolean ring 
(if you want even a complete one) could not be invariantly extended to a 
Boolean ring in which every weak fundamental sequence is weakly-convergent. 

Prague 
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ON INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 

By J. H. C. Whitehead 
(Received January 16, 1940) 

1. The main object of this paper is to establish as close a connection as possible 
between certain purely algebraic processes on the one hand, and the theory of 
nuclei^ and homotopy types^ of complexes on the other. The algebraic processes 
include the transformations, operating on the incidence matrices with elements 
in the group ring of a given complex, by means of which Reidemeistcr’s invariants 
are defined.® But in the main theorems, namely theorems 8 and 9 in §4, the 
incidence matrices r"*, • • • , r' are replaced by what we call a natural system 
for a given complex K". A natural system, (r, /?), consists of the matrices 
r”, • • • , r®, together with a ^^naturaP^ system, 72, of generators and relations, 
for the fundamental group 7ri(K''). Such systems, defined purely algebraically, 
are classified by two kinds of equivalence, called L-equivalence and L’*'-equiva- 
lence, of which the former implies the latter. Theorem 8 asserts two kinds of 
combinatorial invariance. It states that natural systems for two given com- 
plexes K? and Kf are ^^L-equivalent^' if KS and K? have the same nucleus, 
and ^^I/*-equivalent'^ if KJ and K? are of the same homotopy type. Theorem 9 
is complementary to theorem 8, and states that the elementary transformations 
by means of which X-equivalence is defined (X = L or L*), can be ^^copied 
geometrically.” More precisely, if (r, R) is a natural system for K”, then any 
system which is X-equivalent to (r, 72), is a natural system for some complex of 
the same homotopy type as K", and for one which has the same nucleus as K” 
if Z = L. This means that one can carry out certain types of algebraic calcula- 
tion without destroying the geometrical significance of the system on which one 
is operating, and the result Is a step towards translating the theory of nuclei 
and m-groups, likewise homotopy types (of polyhedra), into purely algebraic 
terms. 

As an application of the theorems in §§3 and 4 we prove, in §5, that two lens 

* See J. H. C. Whitehead, Proc. L. M. S., 45 (1939), 243-327, which will be referred to 
as S.S. Throughout this paper wc shall only be interested in the nucleus and homotopy 
type of a complex as principles of classification. 

* Sec pp. 124-5 of W. Hurcwicz, Proc. Kon. Akad. Amsterdam, 39 (1936), 117-*25, or 
note nil in §6 below. Any two complexes with the same nucleus arc of the same homotopy 
type. 

® See, among other papers, K. Rcidemeister, Abh. Hamb. Sem., 10 (1934), 211-15; 11 
(1935), 102-9 and Journal fiir die r. u. a. Math., 173 (1935), 164-73. By the group ring of a 
complex we mean the group ring of its fundamental group, with (rational) integral coeffi- 
cients. We confine ourselves to the incidence matrices which are defined in terms of the 
universal covering complex, leaving aside the concept of “Ucberdcckungen.” 
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spaces of types^ (m, q) and (m, r) are of the same homotopy type if they have 
the same intersection invariant,' that is to say if r ss if'g' (mod m), for some 
value of 1. Thus the “Hauptvermutung” would imply the negative answer to 
the question, proposed by W. Hurewicz,* “are two closed manifolds of the same 
homotopy type necessarily homeomorphic?” In fact two closed simplicial mani- 
folds of the same homotopy type need not even have the same nucleus, which 
adds interest to the question “is the nucleus of a complex a topological in- 
variant?” This theorem on lens spaces, and a simpler example given in §6, 
also imply the negative answer to each of the questions Q. 1, • • • ,4, which were 
left open in S.S., §10. 


2. Let be any ring with a unit element e. We recall that an element a € 9? 
is said to be regular if, and only if, there are elements a' and a", such that 
a'a = aa" = e. In this case a' = a'oa" = a" = a“\ say, and is called the 
inverse of a. The square matrices of a given degree n (i.e. having n rows and 
columns) with elements in % also constitute a ring with a unit element. A 
regular element in this ring of matrices will be called a regular matriXy and we 
shall denote the inverse of a regular matrix a by a“\ Let 


ai 

b, 

0 

b, 


be a regular matrix of degree m + w, where ai is a square matrix of degree m, 
b 2 is a square matrix of degree n and 0 represents a rectangular array of zeros 
(i.e. each of its elements is the zero in 5R). Further let b 2 have a left inverse, 
meaning an n-rowed square matrix c, such that cb 2 = Cn where On denotes the 
unit matrix of degree n. 

Lemma 1, Under these conditions ai and b 2 are regular matrices and 


where a 2 = — ai Vb 2 ^ 
Let 





ai‘ 

a; 

0 

br‘ 


ai 

a; 

bi' 

b; 


* See H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig (1933), p. 216. 

® J. W. Alexander, Proc. Nat. Acad, of Sciences, 10 (1924), 99-101; Seifert and Threlfall, 
loc. cit., p. 279. This contradicts J. H. C. Whitehead, Quarterly Journal of Math. Oxford 
series, 10 (1939), 81-3, which will be referred to as Q. J. In Q. J. I overlooked the importance 
of the additional row, which the incidence matrix of an n-dimensional complex receives 
by reason of an elementary expansion of order n -|- 1 . This error was pointed out to me 
by Shaun Wylie. 

• Loc. cit., p. 126. 
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where al and b 2 are square matrices of degrees m and n respectively. Then the 
relation rr~^ = Cm+n implies aiRi' + hih[ = , aia 2 + bibj = 0, b 2 b( = 0 and 

b 2 bi = Cn . Since cb 2 = b 2 b 2 = , it follows that b 2 is regular, that b 2 = b^^ 

and also that b( = br^b 2 b( = 0. Therefore aia( = Cm , and the relation 
r“"^r = em+n implies a(ai = Cm , whence ai is regular and aj = a^^ Finally 
a 2 = -“ar^bib 2 = —ar^bib^^ and the proof is complete. 

Let ® be a specified sub-group of the multiplicative group of regular elements 
in 9?. By an elementary @~matrix or simply an elementary matrix if no confusion 
is to be feared, we shall mean a square matrix of any degree n, which can be 
transformed into the unit matrix Cn by a finite sequence of elementary trans- 
formations, each of which consists either of 

1. multiplying each element in a roWy from the lefty or a calumny from the righty 
by the same {arbitrary) element of ®, or 

2. adding a left multiple of any row to some other roWy or of 

3. adding a right multiple of any column to some other column y the multiplier 
in each of the last two ccLses being an arbitrary element of 9?. 

The inverse of each of these elementary transformations is clearly a transforma- 
tion of the same type. Therefore the elementary matrices of a given degree 
constitute a sub-group of the multiplicative group of regular matrices of that 
degree. As with unimodular matrices of integers it may be verified that, if a 
is an elementary matrix of degree n and r is any matrix with n rows (columns), 
then r can be transformed into ar(ra) by a sequence of the elementary trans- 
formations 1 and 2 (1 and 3). Notice also that, if |1 m,, || is any square matrix 
of integers, whose determinant is unity, and if g t®y then || mi^g |1 is an ele- 
mentary matrix. If @ contains the regular element — e the same applies to 
II mag || if | m,/ 1 = — 1. In any case 

0 -Cn 
Cn 0 

is an elementary ©-matrix of degree 2n, since, replacing c by 1, its determinant 

is (-1)"’+" = 1. 

Lemma 2. If a is a regular matrix of degree n, theyi 

»• oil 


is an elementary matrix, where b is any square matrix of degree n. 

By reiterating transformations of the form p< — » pi + \p, , where p< and p,- 
(i 7 ^ j) stand for rows and X e 9?, we can transform r into 

a 0 

r' = , 

b + ca a ' 
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where c is any square matrix of degree n. Taking c » (e„ — b)a"“^ we have 


a 0 



and r' is transformable into the elementary matrix 

0 -On 

Cn 0 

by the sequence of transformations 


a 0 


0 

-e« 


0 -e„ 

e» a~‘ 


On 

a-‘ 


e» 0 


in which, first, the bottom rectangle || en , a“^ || is multiplied on the left by —a 
and added to the top, and then || 0, — e„ || is multiplied by a'^ and added to the 
bottom. The lemma now follows from the fact that a matrix which is trans- 
formable by the elementary transformations into an elementary matrix is itself 
elementary. 

Let us introduce the convention that a matrix may have m rows (columns) 
and no columns (rows), for any m = 0, 1, • • • . If a matrix a has m rows and 
p columns, and if b has n rows and q columns, where m, Uy p, q ^ 0, then, as 
usual, the product ab, with m ^ 0 rows and g ^ 0 columns, shall exist if, and 
only if, p = n. If m, g > 0, p = n = 0, then ab shall be the zero matrix with 
m rows and g columns. In formulae which involve Ck , with A: ^ 0, eo is to be 
the empty matrix with no rows or columns, which we include among the ele- 
mentary and regular matrices. With these conventions let r”, • • . , be any set 
of matrices, such that has ap rows and columns (p = 1, • • • , n; ap ^ 0). 
We proceed to define two kinds of equivalence between r", • • • , and a set of 
matrices s”, • • • , s\ which satisfy a similar condition. That is to say, we can 
form the product for each p = 1, • • • , n — 1, though s'" need not have 

the same shape as r^. We first of all allow ourselves to border r*" with a new 
last row and column, which have the common element e in the bottom right 
hand corner, at the same time adding a final row of zeros to if p > 1, or an 
empty row if ap ^2 = 0, and a final column of zeros to if p < n, or an empty 
column if == 0 (if ap = ap-i = 0, then r*" will be transformed into the matrix 
with the single element e). .We shall call this operation an elementary expansion 
of the matrices r”, • • • , We shall also call it a primary expansion of r**, and 
shall describe the corresponding expansions of as secondary expansions. 
In order to avoid the qualifications ‘‘if p > and “if p < n“ we shall assume 
that and r® exist, where has no rows and an columns and r® has oo rows 
and. no columns. A primary expansion shall never be applied to r®, and shall 
only be applied to when special permission is granted. The inverse of an 
elementary expansion will be called an elementary contraction. Two sets of 



INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 


1201 


matrices r", • • • , and s”, • • • , s\ such that the products and 

exist for each p = !,•••, n—1, will be described as L-equivaleni if and only if 

(2.1) r = a,ra7ii (p = 1, ... ,n), 

where f", ... , and s”, * • • , are obtained from r”, . . . , r' and s", . • . , 
by sequences of elementary expansions, and a^ is an elementary matrix of the 
appropriate degree, for each p = 0, . . . , n. Two sets of matrices, r"", . . . , 
and s"", • • • , s\ will be described as L*-equivalent if, and only if, they satisfy 
the same condition, except that a^ may be any regular matrix of the appropriate 
degree. These relations are obviously symmetric between the two sets of ma- 
trices. 

We now assume that the group contains — e, in which case two rows or 
columns of a given matrix may be interchanged by a sequence of elementary 
transformations. This being so, if we apply a sequence of transformations to 
the matrices r’*, . • . , which consist of elementary expansions and contrac- 
tions, and transformations of the form (2.1), a simple indiu^tion shows that all 
the expansions may be applied first,^ then a transformation of the form (2.1) 
and finally the contractions. Hence it follows that the relations of L-equiva- 
lence and L*-equivalence are equivalence relations in the technical sense, mean- 
ing that they are symmetric and transitive. 

Lemma 3. // r'", . . . , and ... , are L*-equivalent, then they can he 
expanded into sets of matrices r'", ... , and s'', • . . , s\ which are related by 
equations of the form (2.1), subject to the condition that ao , • • • , a„-i shall be ele- 
mentary matrices. Thus the sets af”, f ... , and s", • • • , are L-equivalent, 
where a is some regular matrix. 

After initial expansions we assume that r”, . • . , r' and s", . • • , are them- 
selves related by transformations of the form (2.1), in which ao , • • • , ap_i are 
elementary matrices (0 ^ p ^ n), this last condition being vacuous if p = 0. 
If p = n there is nothing to prove. Otherwise we expand r'' into 

1^“^^ 0 

P+2 ^ l,rP+2^011, F = 

0 

and write 

It r’’+^ 0 II ^1=1! 8*’+*, 0 II 

0 apl 

SL^i 0 0 a;‘ 0 _ 8”+* 0 

0 ap 0 6op 0 ap 0 





Op 0 

0 a^* 




The lemma now follows from lemma 2 and induction on p. 


^ Cf. the preliminary argument in theorem 1 below. 
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We now define what we shall temporarily call jEL-equivalence (extended 
2y-equivalence). The conditions for J?L-equivalence are the same as for 
Ir-equivalence except that we add empty matrices • • • to a given set 

r”, • • • , r\ and allow a primary expansion of r^, even if p > n, where initially 
has no rows or columns if p > n + 1, and has no rows and an columns if 
p = n+ l. Ifp>na primary expansion of r'* will be called an extended ex- 
pansion of the set r”, • • . , r\ It is clear that -BL-equivalence, like L-equiva- 
lence and for a similar reason, is an equivalence relation in the technical sense. 

Theorem 1. If the matrices r", • • • , and s'", • • • , are EL-equivalenty 
then they are L-equivalenL 

To say that r**, • • • , and s”, • • • , are J?L-equivalent is to say that ma- 
trices and s"*, • • • , are related by a transformation of the form 

(2.1) , with n replaced by m ^ n, where • • . , and s”*, • • • , are obtained 
from r”, • • . , and s", • • • , by expansions and extended expansions and 
ao , • • • , am are elementary matrices. The theorem will follow from induction 
on m when we have proved that r”, • • • , r' and s", • • • , are ^L-equivalent 
under a transformation in which no primary expansion is applied to if 
p > m -- 1 , unless m = n, in which case there is nothing to prove. I say that, 
in the given sequence of expansions, the primary expansions of r”*, if there are 
any, may be applied last of all. For if p < m — 1 a primary expansion of 

is obviously interchangeable with a primary expansion of r”*. The effect of 
expanding before, instead of after r"*, is to interchange the rows which are 
added by the given secondary and primary expansions of and also the 
corresponding columns of r'”. Therefore we may postpone the primary expan- 
sions of r"* till the final stages of the expansion and, if necessary, include certain 
permutations of the rows of and the columns of r"" in the transformation 

(2.1) . So we have to prove that matrices • • • , and • • • , are 

L-equivalent if r*", f f • • • , and s”*, • • • , are related by a 

transformation of the form (2.1), in which ao , • • • , am are elementary matrices, 
where 


( 2 . 2 ) 


r = i|0,e.ii, = 


r = l|0,e,|l, s--^ = 


/m— 1 


»— 1 


and fc = i, since the matrices r’” and have the same shape. This being so, 
we have 


Pi qi 

= l|0,a|| 

Pi qi 

Pi qi 


pi qi 


= llaPi.aqill 


= 110,6*11, 


a||0, e*|| 
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where a = a» and 


am-l = 


pi qi 

Ps q* 


f 


qa being a square matrix of degree A;. 

Therefore pa = 0 and qa = a \ Since is regular it follows from lemma 1 
that am-i is of the form 


am— 1 


b c 
0 a 


whence 


am— 1 ^m— 1 


br'"”* 

0 


It follows from an argument in the proof of lemma 2 that 


b c — ca ‘a 


b 0 

0 a 


0 a 


is an elementary matrix. Therefore, writing n = m — 1 and omitting the 
primes and dashes, the theorem will follow when we have proved that two sets 
of matrices r"* , • • • , and br" , • • • , r* are L-equivalent if b is a square matrix, 
such that 


b 

0 

0 

a 


is an elementary matrix, where a is some elementary matrix.® To prove this 
we first expand r'*, transforming r** and into 


r" 0 
0 e* 


and 


_n— 1 


0 


y 


where k is the degree of a. Since a is an elementary matrix, so obviously is 


e« 0 

0 a 


(a = an). 


* See note IIi in 56 below. 
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Therefore r”, ‘ , r* are Ir-equivalent to f ”, f” \ , r\ where 


b 

0 

r“ 0 

e. 0 

0 

a 

0 e* 

0 


r”“i 


br" 

0 

e« 

0 

0 

a 


a-' 

br" 

0 



0 

e* 



e„ 

0 

^n— 1 


0 

a 

0 




But f”, contract into br”, and the proof is complete. 

Two sets of matrices, r”, • • • , and s”, • • . , s\ will be described as L^-equiva-- 
lent, for any m ^ Q] if, and only if, they satisfy the conditions for ^^L-equiva- 
lence, except that, in addition to expaasions and extended expansions, w'e may 
add a final row of zeros to and a final column of zeros to for any k > m, 


on the understanding that, if oik-i 


0, then 


ir^ 

I 0 


is an empty matrix having 


Uk + 1 rows and no columns, with a similar convention concerning || 0 || 

if ak^i = 0. Thus, in passing from r”, • • • , to s”, • • • , by a series of ele- 
mentary transformations, one may, at any stage, apply such a transformation 
or its inverse. Notice that L-equivalence implies L '"-equivalence for every 
value of m, and that //'"-equivalence implies L’-equivalence U m > q. Clearly 
L'"-equivalence is also a symmetric and transitive relation. We shall prove 
that, if m ^ n, then L '"-equivalence is the same as L*-equivalence, subject to 
the following condition on the ring 9?. If 


( 2 . 3 ) 


0 

ek 


0 

ei 

0 

0 


0 

0 


where a and b are regular matrices of appropriate degrees, then k = 1. This 
condition is satisfied® if there is a homomorphism, 0(9i) = 9io , of 9i on a com- 
mutative ring 9io , which contains at least two elements. For the determinant 
of any square matrix, whose elements are in 9?o , can be calculated in the ordinary 
way, and hence the rank of any matrix. If s = arb, r = a'sb', where a, b, 
a', b', r and s are matrices with elements in , it follows from the standard 
argument that r and s have the same rank. Since 9?o contains at least two ele- 


• See note IIj in §6 below. 
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ments and since <t)(e)<l>(x) = <l>(ex) = <l>(x) for any <t>(x) € 9fo , it follows that 9fo 
has a unit element, namely 0(e). Therefore 0(e) is not nilpotent, whence a 
determinant with 0(e) down the main diagonal, and zeros everywhere else, is 
not zero. On replacing e, and 6 xm , in (2.3), by 0(e), 0(aiy) and 0(6 xm), where 
n = II ciij IL b = II b\n II, it follows from equality of rank that k = 1. 

Theorem 2. Subject to the above condition on 9t, if two sets of matrices 
r", • • • , and s'", • • • , are L"" -equivalent ^ then they are L*-equivalenL Con- 
versely, L^-cquivalcnce implies L”^-equivalence for every value of m. 

Let r”, • • • , and s”, • • • , be L "-equivalent. Then r", • • • , and 
s", • • • , can be expanded, by elementary" and extended expansions and trans- 

formations of the form II 0 |j, ^ {k > n), into sets r^, • • . , 

and s^, • • • , (q ^ n), such that = a^r^apii (p = 1, • * • , ^), where 
ao , • • • , a^ are elementary matrices. As in the proof of theorem 1 we may 
suppose that the primary expansions of r", • • • , r' and s", • • • , are applied 
first in the expansions f ^ and s'" s^. Without altering the notation, let 

us assume that they have already been applied. Then, after rearranging the 
rows and columns of f ^ and if necessary, we have 


in+l 


n+1 


0 

e* 

, r = 

r" 

0 

0 

1 

0 

0 

eij 

, 8" = 

s” 

0 

o| 


0 


(k, I S 0), 


where the bottom rectangles of zeros in f " and s" contain k and I rows respec- 
tively, and the bottom rectangles of zeros in and may be empty. If 
k := I = 0 the matrices r", • • • , r' and s", • • • , are //-equivalent. Other- 
wise it follows from the relation = s”^^an and the condition (2.3) that 

k = 1, and we have 

bi Cl iO ex 0 ex |pi qi 

b 2 C 2 i !o 0 |0 0 p 2 q 2 

where 

bi Cl I Pi qi 

I ~ ftn-f 1 f ~ an , 

b2 C2 I P2 q2 


(2.4) 


bi and q2 being square matrices of degree k. Also 

s" Pi qi r" Pir"a;;:ii 

= a„_i = , , 

0 Pa qj 0 P2r,a„_i 
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Since A: = iit follows that s" = pir*a«Li, and we have only to show that the 
matrix pi is regular. From (2.4) we have 

0 bi Pj qj 

0 b, ” 0 0 

whence bj = 0, pj = 0, bi = q 2 . Let 

bi Cl _ b; bj 

- ' ' 

Da Ca Cl Ca 

Since ba = 0, we have 

bi ba bi Cl bibi ♦ 

ft* 

Cl Ca Da Ca ♦ ♦ 

for some r > 0. Therefore bi has a left inverse. Since pa = 0, qa = bi , and 
since 

Pi qi 
0 qa 

is a regular matrix, it follows from lemma 1 that pi is a regular matrix, and the 
first part of the theorem is established. 

Conversely, let r”, • • • , and • • • , be L*-equivalent and, given m ^ 0, 
let us introduce empty matrices • • • , and • • • , if m ^ n. 
Then the sets r*, • • • , and s*, • • • , are obviously L*-equivalent, where 
k = max (m, n) + 1, and by lemma 3 there are sets f*, • • . , and s*, • • • , s\ 
which are L-equivalent to • • • , and s*", • • • , respectively, such that 
s*' == af*, = P for p = 1, • • • , A; — 1, where a is a regular matrix. Let 


f* 

. 5 

f 

= 

0 

0 


where the number of zero rows indicated by 0 is the same as the number of rows 
in f* and s*. Then 




and the theorem follows from lemma 2. 

Corollary. // r”, • • • , and s", • • • , are L'^^quivalent, then they are 
L”'-equivalent for every m S 0. 

In the second part of theorem 2 it follows from the argument in theorem 1, 
which is referred to in the first part of theorem 2, that the transformations r*, 

s* P Q may be applied before any primary expansions of r*, . • . , r‘ 

an s*, • • • , s‘. Therefore, taking m ^ n, we have the addendum to theorem 2: 
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Addendum. 7/ r”, • • • , and . • . , are L*-equivalenty then • • • ; 
and • • • , are L-equivalent, for any m ^ n^ where dnd are certain 
empty or zero matrices if m = n, and and 8^ (p = n + 1, •••, m + 1) are 
certain empty matrices if m > n {am^.i ^ 0, am = • • • == an+i = 0). 

We now assume that = 0 for each p = 2, • • . , n, where 0 stands for 

an empty matrix if either a^ = 0 or ap_2 = 0. This condition is obviously 
invariant under all our elementary transformations and under transformations 
of the form (2.1). On this assumption, we shall prove a lemma, which brings 
the elementary transformations by which L-equivalence is defined into closer 
relation with elementary deformations of complexes. Let us extend the terms 
elementary expansion and primary expansion so as to include any transformation 
of the form 


Oil 



r” 0 

! = 

r' 0 

Ca 0 






(2.5) 

a 9 

1 

• 1 

0 e 

a g 1 


^P-I 


^p-1 



e„ 

0 

fP-i 

1 

-fir"‘a 

9~^ 

0 


(a = 


where a stands for any row || Ui , • • • , Ua || (ax c 9?), gf € ® and b stands for the 
row — of which thej*^ element is 


-g-^ Z axrxT* O’ = 1. • • • , «P-2: = il rxT* ID- 

X-1 

The inverse of such a transformation will be called an elementary contraction. 
In this definition it is to be understood that the new rows and columns are indi- 
cated as the last rows and columns in (2.5) merely for convenience of notation. 
Thus the removal of the column and the row of in case c G, rf^ = 0 
if j 9 ^ k, together with the row of and the k^^ column of will be called 

an elementary contraction. Notice that, if ru^ = fif, = 0 (j 5^ A:), where 
(7 € @, or if ^ is any regular element, then the y^^ row of has the form indi- 
cated above in consequence of = 0 and the A:**' column of consists 

entirely of zeros since = 0. 

Let r”, • • • , and • • • , be L-equivalent sets of matrices (r^r^“^ == 0, 
= 0). We add empty matrices and to these sets, on the under- 
standing that a primary expansion of is to be regarded as an elementary 

expansion, not as an extended expansion. 

Lemma 4. The matrices • • • , can he transformed into 8”"^^ • • • , by a 
sequence of elementary expansions and contractions. 

First let for p = 1, • • • , n — 1 and let s’' = ar’', where a is an ele- 

mentary matrix. Then r" can be transformed into s’* by a sequence of ele- 
mentary transformations of the form p,* — > gpi Xp,- {i ^ j), where 9 e G, X € 

and pk denotes the A;‘*^ row of a given matrix. Taking i = 1, j = 2, for sim- 
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plicity of notation, this transformation is the resultant of the elementary ex- 
pansion and contraction 

-g, -X, 0!l-^r»+‘, 



gpi + Xp 2 


gpi + Xp 2 


pi 


P2 

r — > 

P«n 


Pa» 


in which the row gpi + Xp 2 is created and pi is then deleted. Thus the special 
case of the lemma is established. 

In general, we assume, as in lemma 3, that, after certain initial expansions, 
the two sets of matrices are already related by equations of the form (2.1), in 
which ao , • • • , an are elementary matrices. Let ao , • • • , ap.i be unit matrices, 
for some value of p (0 ^ p < n), this condition being vacuous if p = 0. Then 
we expand and s'* into the matrices f’, (r/ = p, p + 1, 

p + 2), where 




= 110, r- 


+2 I 





ap 

, i” = 

apf*" 

1 

s” 

0 

jP+i 

f 

r” 


r" 




|0, 


P +2 I 


®ap 

, s" = 

s” 1 

s" 

8’+* 0 


a^^s” 

r” 


= P. 


If a and b are elementary matrices, so obviously is 
follows from an argument in the proof of lemma 2 that 

ftjH-l = 


Also it may be verified that 




and since = 0 it follows that 


a 0 
0 b 


-a;‘ 

0 

gp+l 


P+I- _ 
*p - 

ap+,r* 

-a;‘ 




0 


~®p 

0 

II 

rP+1 

&P+1 


ap+i 


Therefore it 
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The conditions are now as before, with p replaced by p + 1. Therefore the 
lemma follows from the special case and induction on p. 

We conclude this section by recovering, in a modified form, a result due to 
Reidemeister,^*^ concerning three given matrices a, b and c, which satisfy certain 
special conditions* First, the ring % to which the elements of a, b and c belong 
shall be commutative. Secondly, a, b and c shall be of the form a = || ox ||, 
b = Pill and c = || c? |1 {i = 1, ••• ,n; X = 1, ... ,m: p = 1, ... ,p; 
< = 1, • • • , g), where the superscripts indicate the rows, and finally we assume 
that m — n = p — g = r^0. Then, using a notation which is familiar in 
tensor analysis, “ we define 

^xi...x„ = aj;. 




with the convention that S = «, the unit element in if r = 0. Stated in words, 
Axi...x» and are the determinants | ai, | and | c?* | (ij = 1, • • • , n; s, < = 

1, • • • , q) while zhSx}* • xj is the determinant of the square matrix obtained from 
II bi II by striking out the rows • • • , and the columns bp^ , • • • , , 

unless X»- = Xy or p, = pt for some i j ov s 7 ^ t, in which case 5x1- --xj = 0. 
We assume that 


( 2 . 6 ) 

for some k € 9?, and all values of the indices X, , p, . Then it follows from the 
tensorial character of the components A, B and C that this condition is invariant 
under transformations of the form 

a' = fag“\ b' = gbh"\ c' = hck~\ 

where f, g, h and k are regular matrices of appropriate degrees. Moreover, the 
condition will be satisfied after such a transformation if is replaced by k' = tk, 
where tt is a product of the determinants / = \fi 1^9 = I I, ^ = I bj |, A; = j A:? | 
and their inverses (actually x = Clearly the determinant of a regular 

matrix is a regular element of 9?, and the determinant of an elementary @- 
matrix is an element of ®. Therefore the multiplier x is a regular element, and 
X € @ if f, g, h and k are elementary matrices. Finally it is easy to see that the 
condition (2.6) is invariant under an elementary expansion (not an extended 
expansion) of the matrices a, b and c, the factor k being unaltered. Therefore 
we have the lemma: 

Lemma 5. If the matrices a, b,’c satisfy a condition of the form (2.6), so do any 
matrices a', b', c', which are L*-equivaleni to a, b, c, and vrith k replaced by k' = x/c. 


Journal ftir die Math. r. ii. a. (loc. cit.), §6. See also W. Franz, idem., 176 (1937), 
113-34. 

“ See, for example, O. Veblen, Invariants of quadratic differential forms, Cambridge 
(1933), chap. 1. 
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where riea regular dement of 81. If of, b', c' are L-equivalent to a, b, c, then we 
may take re®. 

Clearly k is uniquely determined by (2.6), unless there is a non-zero X « {R, 
such that XfixJ.'.'.'JJ = 0 for all values of the indices. The condition that there 
shall, or shall not, exist such a X is obviously an invariant of L*-equivalence. 
Therefore, if k is uniquely determined, so is k', and *■ is uniquely determined un- 
less K is a 0-divisor, including 0 itself among the 0-divisors. In particular, k 
is uniquely determined if r *= 0. 

3. In this and the next section we study the relation between the algebra in 
§2 and the topology of finite, connected complexes. We first correct the error 
in Q.J. Let Ki and Ks (n ^ p) be two finite, connected simplicial complexes 
and let r", ... , r* and s", • • ■ , s‘ be incidence matrices for Ki and Ki, which 
are determined by Reidemeister’s process. The elements of r' and s* are in the 
group rings, SRi , and SRj , of Ki and Ki. The (integral) group ring 9?, of any 
group satisfies the condition concerning k and I in (2.3) . For a homomorphism 
of 91 on the coefficient ring of 91, in this case the ilng of integers, is determined by 
writing a: = 1 for each x Returning to K” and Ki, if n > p we add empty 
matrices s", • • • , s’’"'’* to the set s”, . • • , s' and agree that, if p < q ^ n, then 
a primary expansion of s* shall be an elementary expansion, not an extended 
expansion. liCt Ki and Ki be of the same homotopy type. Then iri(2iC") is 
isomorphic to iri(Ki), and by a special isomorphism of 91i on 912 we shall mean 
one which is determined by an isomorphism of irifA^") on iri{Ki). In the defini- 
tion of elementary ©-matrices, and L-equivalcnce of the incidence matrices 
for Ki, we now take © to be the group consisting of all the elements where 
X « r^iKi). 

Let 91i and 9I2 be two isomorphic rings and let ^(91i) = 9I2 be an isomorphism 
of 91i on 9I2 . If r = II r,x ||, where ra « 91i , and if r,-x = ^('(r.x), we shall denote 
the matrix || r,-x || by ^{t). We shall describe two sets of matrices r", ■ • • , r* 
and s", . • • , s', whose elements belong to 91i and 9I2 respectively, as X-equivalent 
under = L or L*) if, and only if, the matrices i^(r"), . • • , ^(r‘) and s" , • . • , s' 
are X-equivalent. The terms XL-equivalent and 7> "-equivalent under f will 
have a similar meaning. What does follow from Q.J., is that the incidence 
matrices of Ki and Ki are XL-equivalent under some special isomorphism 
\^'(91i) = 9I2 if Ki and Ki have the same nucleus. It then follows from S.S., 
theorems 17 and 13 (pp. 277, 269) that the incidence matrices of Xf and Ki 
are I('*-equivalent if Ki and Ki are of the same homotopy type. Hence, theo- 
rems 1 and 2 lead to the following theorem, which is also a corollary of theorems 
6 and 8 in §4 below. 

Theorem 3. If Ki arid Ki have the same nucleus their incidence, matrices are 
L-equivalent under some special isomorphism = 9?2 . If Ki and Ki are 

of the same homotopy type their incidence matrices are L*-equivalent under a special 
isomorphism ^(9ii) * 9?2 • 

. In either case it follows from induction on the number of elementary trans- 
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formations by which one passes from Ki to K 2 that the isomorphism ^ may be 
taken from the class which is determined by some homotopy Lsomorphism^^ 

/(XD c KL 

Theorem 3 states that the geometrical operations described in S.S. can be 
copied algebraically by the operations described in §2 above. We now turn to 
the converse question: ‘'to what extent can the algebraic transformations be 
copied geometrically?’’ In order to study this question we introduce what we 
call membrane complexes, which are, so to speak, more elastic than simplicial 
complexes. Before defining a membrane complex, we modify the definition of a 
simple membrane, given in S.S., p. 263, by including among the simple mem- 
branes, first an n-element tr, and secondly any stellar subdivision <rE", as a 
simple membrane, where E” is any simple membrane. If E” = J?”, an n-element, 
then its boundary^^ F(E"), shall be the identical map of /J” on itself. Let F(E'') 
be a simplicial map C if, where E” is a given membrane, and let (-4, a) 

be an elementary sub-division of E”. If the simplex A is internal to E” then 
F(<rE’') = where <r is the subdivision (.4, a). If yl C F(E'‘), let ai 

be the sub-division of in which all the simplexes in/“^(i4) are starred. Then 
F(<rE”) shall be the simplicial map/'(<ri/S"“*), in which /'(/!>) = a if 6 is one of the 
new vertices introduced by (ti , and /'(6) = f{h) if h is one of the original vertices 
in By reiterating this construction we define F(<rE”), where a Ls any 

stellar sub-division. It is obvious that this extension of the definition does not 
invalidate any of the results in S.S. 

An 7i-dimensional membrane complex K", will be defined by induction on n, 
A 0-dimensional membrane is a 0-simplex and a 0-dimensional membrane com- 
plex is a collection of 0-simplexes. We assume that an (n — 1 )-dimensional 
complex has been defined (n ^ 1), and that it is a simplicial complex of at 
most n — 1 dimensions, whose simplexes are oriented and grouped together to 
form certain oriented simple membranes, which we shall describe as the cells of 
Then an n-^imensional membrane complex is to be a complex of the form^* 

K" = K’’”^ + Er + ••• +e:;„, 

where E? Ls an oriented, simple membrane, whose boundary is a simplicial, 
spherical map F(Er) C K”"'\ Thus K” is a simplicial complex whose 
simplexes are grouped together in a particular way to form the cells of K”. 

See note IIIi . 

As in S.S., F(Ep) will always denote the “spherical” boundary of a simple membrane 
Ep. F(Ei“) is a (simplicial) map, not a complex. We shall use to denote the boundary 
of an n-elcment The cycle in defined below, which is determined by F(E^), 

will be denoted by 9E? . In fact 5E^ will only be used for membranes in a universal cov- 
ering complex of a given complex. 

As a matter of convention we allow this set of membranes to be empty, in which case 
K" « Thus K" stands for a complex of at most n dimensions in the ordinary sense 

of the word, and it is to be assumed throughout this paper that n > 2. As in S.S., it is 
to be assumed that, in the above expression for K", or in any similar expression, none of 
the membranes has in inner point in common with any of the others or with K"~b 
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We shall call TC'", or any stellar sub-division of -K”, a simplicial sulMiwiaion 
of and shall say that K'* covers K'*. * We shall use {0 ^ p ^ n) to stand 
for the membrane complex consisting of the cells in K” whose dimensionalities 
do not exceed p, and will stand for the sub-complex of iC” which covers 
(not for the p-dimensional skeleton of X”). Notice that F(Ef), where 
Ef C though it is a simplicial map in need not cover an exact sum of 
cells in Kr~\ 

It follows from the definition in S.S. that a simple membrane is a combinatorial 
cell/® and from an argument in S.S., lemma 5, that, if is a simplicial sub- 
division of then any p-chain (p ^ q) in can be deformed into K*, 
with the part in K® held fixed. Therefore the p-cells E? C constitute an 
homology basis^® for the p-cycles in any simplicial subdivision of K”. It is to be 
understood that any ‘given complex^ is finite and connected, but we note that 
these definitions apply equally well to infinite complexes. In particular a uni- 
versal covering complex it”, of K”, is obviously a membrane complex, whose 
cells are the oriented membranes which cover the membranes of K”. It Is always 
to be understood that the (oriented) cells of ]|^” cover the cells of K” positively. 

We shall restrict the formal deformations of a membrane complex to deforma- 
tions in which the membranes may be regarded as undivided cells,^^ and the 
following arguments show that the main results in S.S. are applicable to the 
resulting scheme. Let K be a given membrane complex and let E'" be a new 
membrane bounded by a simplicial spherical map F{E^) C K, which is homotopic 
to a point in K. Let f(S^) C K -f- E^ be a simplicial map which Is simple in 
E^, meaning that there is a p-simplex C such that is a single 

simplex. Let E^^^ be a new membrane which is bounded by /(aS^), and let 
Ki = K + E^*^^ Then the transformation K — > Ki will be called an elementary 
expansion of the membrane complex K, and its inverse will be called an elementary 
contraction. By a formal deformation D we shall mean a finite sequence of ele- 
mentary expansions and contractions, whose resultant is a transformation 
K — ♦ i5(K). Two membrane complexes Ko and K will be said to have the same 
nucleus if, and only if, K = I>(Ko), where D is some formal deformation. Simi- 
larly we take over the definition of an m-group from S.S., defining an elementary 
filling of order p as a transformation of the form K K + E'', where E^ is a new 
membrane whose boundary is an arbitrary simplicial map in 

Theorem 5 in S.S. is obviously valid for membrane complexes, on the under- 
standing that crK is the membrane complex which is obtained from K by a sub- 
division aKj where iiC is a simplicial sub-division of K. Theorems 11 and 14 
in S.S. (pp. 264 and 272) are valid for membrane complexes. Indeed the proof 
of theorem 11 can be considerably simplified. For if F(E?) C K (i = 0, 1) and 

See, for example, P. Alexandroff and H. Hopf, Topologie, Berlin (1935), p. 245. 
That is to say, any p-cycle in K" is homologous to a cycle which consists of (integral) 
multiples of these cells, and if such a p-cycle bounds in K** it bounds a chain composed of 
the.(p + l)-dimensional membranes (cf. Alexandroff and Hopf, loc. cit., pp. 246 et seq.). 
Cf. note III, . 
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if F(Eo) is homotopic in K to F(Ei)y then there Ls obviously a spherical map 
f{S^) C K + Eo + El , which Ls simple both in EJ and in Ef. Therefore, assum- 
ing first that E? does not meet K + E"(t, j = 0, 1; j t) except in F(E,"), it 
follows that K + E? expands into K + E""^’, where ^’(E'‘^') = fiS”). Therefore 

K + Er = DiK + E?) (rel. K), 

where ‘rel. K’ means the same as in S.S. If E? and E? have internal intersec- 
tions, we still have 

K -t- E? = DiK + E?) (rel. K), 

where F{Ei) = F(E?) and Ej does not meet K -|- E? -f- E? except in FiE^). 
This establishes the generalization of theorem 11, and the generalization of 
theorem 14 follows from the arguments given in S.S. We shall refer to these 
generalizations simply as S.S., theorems 11 and 14. 

Let K — » Ki = K + E"’*’* be an elementary expansion of K, where the map 
C K E" is simple in the membrane E", which docs not meet K except 
in F(E'‘) C K. Then I say that K expands geometrically into Ki , in the sense 
of S.S., §6 (p. 258), where Ki Is a simplicial sub-divtsion of Ki and K is the sub- 
complex of Kt which covers K. For, first let E" = F”, an n-element, and 
let A" C F" be an n-simplex, which has but a single original in the map 
f (E"'*'*). After a suitable sub-division of E", we may assume that all the vertices 
of A" are internal to E”, and the assertion follows from S.S., theorem 1 (p. 250), 
the corollary to theorem 8 (p. 260) and lemma 6 (p. 265). If E" is of the form 
E" -h C/iil"), as defined in S.S., p. 263, then E" — A" contracts into F{E”), 
where A" Ls any open simplex in E". For E" = EJ -i- N, where E? Ls an n-cle- 
ment which contains’* E” in its interior, and N is the set of closed simplexes in 
E", which meet E(E"). If A" « E" it follows that E" — A" contracts geometri- 
cally into N, and, from an argument similar to the proof of theorem 8 in S.S., 
that N contracts into E(E"). If A" « C/i^”) it follows from an argument .similar 
to one on p. 281 of S.S. that E” — A" contracts into FiE”). Finally, if E" = 
clE" + C/(^")} it follows from what we have ju.st proved and S.S., lemma 7 
(p. 267), that E” — A" contracts geometrically into F(E'*), where A" is any open 
simplex in E". Therefore it follows from S.S., lemma 6, that K expands geo- 
metrically into K, and the assertion is justified in each case. Hence, and from 
S.S., lemma 5 (p. 265), it follows that, if Ko and Ki have the same nucleus or 
m-group, for a given value of m, then so do any simplicial sub-divisions of Ko 
and Ki . The converse, and also the generalization of theorem 17 in S.S. p. 277, 
follows from the theorem: 

Theorem 4. If K is a simplicial svb-division of K, then K = D{K). 

If K == Dn{K*), where K* is any simplicial complex (i.e. a membrane complex 
whose cells are simplexes), we have K = Di(K*), where E is a simplicial sub- 
division of K, whence K = DoDZ^iK). Therefore the theorem wdll follow when 

•rEJ may be regarded as a triangulation of E " + (E" X (0, i)) (Cf. S.S., p. 269). 
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we have proved that K = Dq{K*), where K* is a simplicial complex. This is 
trivial if K consists of a single vertex, and we shall prove it by induction on the 
number of cells in K. Let K = Ko + Ef, where Er is a cell of maximum dimen- 
sionality, and Ko consists of the remaining cells in K. By the hypothesis of the 
induction, there is a simplicial complex Kq , such that Kq = Z)o(Ko), and by S.S., 
theorem 14, Do may be extended to a deformation K — > Di(K) = iCo + E” = Ki , 
say, where E"" = Di(Er), and Ki consists of the simplexes in Ko , together with 
the cell E"". Let E? be a new membrane with the same boundary as E”, which 
does not meet Ki except in F(EJ) C Ko’~^y and let A” e E? be an open n-simplex, 
whose closure Ls internal to EJ. Let K* = Ko + Ef be the simplicial complex, 
whose cells are the simplexes in Ko and in EJ, and let E”"^^ be a new membrane, 
whose boundary is the n-sphere^® E“ — EJ. Then F(E"^^) is simple in A”, 
whence Ki expands first into Ki + E? — A”, and then into Ki + E”'^^ But 
F(E”'^^) is also simple in E”, whence Ki + E"*^^ contracts into K*, and the 
theorem is established. 

We now proceed to the algebraic description gf a (membrane) complex K”. 
Let be a universal covering complex of K”, and w(K”) = K” a locally (1 — 1) 
map of K'' on K”. Let E° = E? , say, be an arbitrary vertex of K” and let € K” 
be an arbitrary vertex in We take E*^ as the base point for ti(K”), 

and identify each element in the covering group^*^ of K” with the element of 
ti(K”) to which it corresponds in the isomorphism determined by E° and E®. 
Then an arbitrary vertex in w”^(E°) will be denoted by a:£°, where x e 7ri(K”). 
Let V be a (connected) tree which contains and is a sub-complex of K\ and 
let xV be the component of u^\V) C which contains xE°. Let E} , • • • , Ei 
be the oriented 1-cells of K\ if there are any, which are not in V, and let arEj be 
the 1-cell of K” which covers Ej positively and whose initial point is on xV, 
In calculating the incidence matrices r^, for K”, we shall treat V as if it were a 
single point, ignoring the 1-cells in V and the vertices other than E®. On this 
understanding, we shall take^^ V = IV and = l£J as basis elements for the 
0-chains and 1-chains in Similarly we shall treat V as if it were a single 
point in setting up a system of generators and relations for 7ri(K"). Thus any 
segment s C K\ which begins and ends on V, is to be automatically transformed 
into the circuit So + « ~ Si , where «o and Si are segments on V which join E® 
to the first and last points of 5, and Si(i = 0, 1) is non-singular unless it degen- 
erates into E^ Such a circuit is determined, up to homotopic deformation 
over by an expression of the form 

(3.1) 5 = €iEii + (ex = =tl), 

in which the summation is non-commutative and the last vertex of exE]^ is joined 
to the first vertex of by a segment on V. The corresponding segment 

Cf. S.S., p. 264. 

I.e. the group of homeomorphisms (covering transformations) t{^^) « such that 
ut »■ u. 

We now denote the unit element in any group, and in its group ring, by 1. 
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in K”, which starts at V, is given by an expression of the form 
(3*2) S = 4- • • • + 

where x\ € iri(K^). The circuit (3.1) and the segment (3.2) are also represented 
by the product 

(3.3) a; = a-; . . . ajj , 

where a* is the (free) generator of the free group 5* = 7 ri(K^), which corresponds 
to the ‘circuit^ Ej . Let be the group ring of K"", and let 

(3.4) = riEl + • • • + rjfcEjfc (r^ e 9?) 

be the chain which is obtained by simplifying (3.2), with commutative addition . 
Since s is an unbroken segment we have 

(3.5) dC' = (x - 1)V, 

where dC denotes the boundary of a given chain C. In particular dfij = 
(a,- — 1)V, whence is the matrix w'ith a single column and a* — 1 in the 
row, if A: > 0. If A: = 0, then has one column and no rows. 

We now calculate the coefficients x\ in (3.2) in terms of the product (3.3). 
Let §x be the part of S which is given by j/x = aJJ ... all > = E®, yo = 1. 

Then the last vertex of 5x~i , and hence the first vertex of €\X\E\ , are on ,Vx-iV. 
Therefore, if €x = +1, the first vertex of xxEjj^ is on ^/x-iV, whence xx = i/x-i . 
If cx = —1 the first vertex of xxEl^ is on t/x_ia7x^V, in which case Xx == yx^iaj^ • 
Therefore*^ 


(3.6) 


= all 


^»X-l 


if = +1 

if 6X = -1. 


Notice that, in either case, 

= yx-i(fl<x — 1)V 
= (2/x - yx-i)V. 

Therefore, if d is an abstract operator such that = (oj — 1)V and 
d(riCi + Tid) = ndCi + ridC \ , for any pair of chains C\ , C\, and elements 
ri , r* C 9?, then (3.5) follows by a purely formal calculation from (3.2) and 


” In formal calculations which involve (3.6) one must remember the ambiguity in the 
notation, which is referred to in note HI. . Thus (3.3), as an alternative expression for 
(3.1) or (3.2), is simply a product of the generators. On the other hand the coefficients 
in (3.2) are elements of iri(K"), and xx may be replaced by any product of the generators 
which represents the same element. For example, it may be verified formally that C' — 0 
if X « 1 in g» , where x and C* are given by (3.3) and (3.4), and hence that, if Xi = yxiy"‘, 
where Xi “ 1 in iri(K“), and if C| is the chain which corresponds to Xi (t « 1, 2), then 
C{ - yCl (cf. (4.2), below). 
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(3.3). Notice also that 

(3.7) ri(ai —!)+•••+ rk(at — 1) = * — 1 

in consequence of (3.4) and (3.5). 

Let EJ , • . . , El, be the 2-cells of K", if there are any, and let f\(S\) C K’ 
be a map which is equivalent to the spherical boundary F(E*). If /\(Si) C 
K‘ — K” for some value of X, then /x(<Sx) is internal to .some 1-cell in K‘, .since 
it is connected, and is therefore homotopic, in to a point. If not, we choose 
a base point px « Sj , such that /x(px) = Ej « V, where E® is any vertex of K®. 
In either case F(Ex), with the base point /x(px) if F(Ex) cj: K‘ — K®, determines 
an element f?x « S* , where /Bx is the element 1 « F* if F(Ex) C — K®. Then 
iri(K") is generated by Oi , • • • , a* , subject to the relations iBi = • • • c= Ra, = 1 . 
We shall denote this system of generators and relations by R, and shall call it 
a natural system^ of generators and relations for jri(K"). It is uniquely de- 
termined by the choice of V, the choice of orientations for E} and Ej and of the 
base points px e Sx . If F(Ex) K* — K® let j4x be a closed simplex in E* , 
which meets ^'(Ex) in the base point /x(px) and nowhere else. Let Al C 
be the simplex in «“‘(.4x) which meets and let £* C be the cell in m“'(Ex) 
which contains .^x , or any cell in u"‘(EJ) if F(E!) C K' - K®. Then the chain 
boundary dfi* is given by (3.4) when R\ is given by (3.3). Therefore the in- 
cidence matrix rj can be calculated algebraically from the system R. 

Let be an arbitrary cell in u ^(E?) for each g = 3, • • • , n and 

f = 1, • • • , a, . Since the cells fix (X = 1, • • • , ; P > 2) constitute an 

homology basis, with coefficients in % for the {p — l)-cycles in and since 
homology implies equality in the top dimension, it follows that the chain bound- 
aries d£f are given by equations of the form 

a£f = “£‘ rfx£x'’“‘ (rfx*9i). 

X-1 

We shall describe the matrices = II II (p = 3, • • • , n), together with the 
matrices r^, which are determined by /?, as natural incidence matrices for K”. 
Since and r' are determined by 72, the system (r, R), which consists of the 
incidence matrices r”, • • . , r*, together with 72, provides at least as precise, 
and possibly^^ a more precise description of K” than that given by the natural 
incidence matrices. We shall call (r, 72) a natural system for K”. 

We now investigate the conditions under which two complexes may be de- 
scribed by the same natural system. The following arguments lead up to the 
statement that a natural system for a given complex K? , is unaltered by a 

** Any system of generators and relations is a natural system for some complex K* 
(cf. O. Veblen, Analysis Situs, New York (1931), chap. V, §24). Thus the system R may 
be arbitrary except that, for the purposes of this paper, it shall be finite. In particular 
there may be no generators and aj ^ 0 vacuous relations. Or we may have a* » 0, A; > 0. 

The question implied is: ‘To what extent is K* determined by an abstract knowledge 
of ri(K*), together with given expressions for r*, r*, in terms of an arbitrary representa- 
tion of Ti(K*)?'» 
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‘trivial deformation’ defined below of K? . Let K? be a given complex (n > 0) 
and let 

K? Kf = D^{KS) (0 < p < n) 

be any formal deformation of Ko into another p-dimensional complex Kf . It 
follows from induction on 5 (p < g ^ n) and S.S., theorem 14, that the deforma- 
tion Dp can be extended to a deformation 

= D,(K?) 

= K? * -h Ell + • • • + Eia, , 

where 

Ko = Ko * 4- Eoi -)-••• 4- Eoo, 

and El), = DqCEox). Thus Dp(KS) can finally be extended to a deformation 
Z)„(Ei?), which is also an extension of Z),(Eio) for each g = p4 -l, — 1. 
By S.S., theorem 5, there is a complex K* , which contracts both into Ko and 
into some subdivision of Kf , which, for the purpose of this argument, we may 
take to be Ki itself. On comparing the proof of S.S., theorem 11, which is 
given above, with the proof of theorem 14 in S.S., we .see that there are com- 
plexes K*+i , • • • , KJ , such that 

K: = Kti 4- cr 4- ••• 4- (g = P 4- 1, n), 

where Cx'*’* is a ‘deformation cell’ for the formal deformation Eox —* Eu = I>,(Eox). 
The spherical boundary f (Cx^‘) consists of Eox , EJx and a deformation cylinder 
for the homotopic deformation F(Eox) — » in K^i . Then K* contracts 

into 

K,*_i 4- K? = K^i 4- E?i 4- • • • + E?„, {i = 0, 1), 

and so, by induction on g, into K? . Therefore there is a projection 
/o_i(Ka_i) = Ki~‘ and a projection g(K*) = K*_i 4- K? , for a given value of 
g > p, where a projection means a transformation /, such that /" = /. Let 
fq-i be extended throughout K*_i 4- K? by writing /,-i(p) = p for each point 
p e Ki . Then /, = fq-ig is a projection of K* on K? , such that fq(Kq-i) = 
/,_i(K*_i) = Kf*, and it follows from induction on g that there is a projection 
/(KJ) = Ki , such that /(K*) = K? for each g = p, • • • , n. After a suitable 
deformation of the map fp we assume that /(Ej) is a vertex E? e Kj , where Ej 
is a given vertex of Kj . Let be the universal covering complex of K! , in 
which a point is defined as a class of curves joining Ej to a given point 

p = u{p) e KJ . Since KJ contracts into K? (t = 0, 1), whence the latter is 
a retract by deformation of KJ , it follows that is a universal 

covering complex of K" . Let be the projection of on grin 

which a given point pe^Lt, represented by a segment s, joining Ej to u{p) e KU , 
is transformed into the point which is represented by the segment /(s). If 
g = 0, then K, consists of isolated simply connected complexes, each of which 
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contracts into a vertex of K? (i = 0, 1). Similar remarks apply to 
&* = and it is clear that jt(^) = &i . In any case the cells in , 

but not in K* , are at least (q + l)-dimensional, and hence at least 2-dimen8ional 
if ? > 0. Therefore, if g > 0, we may take s C K* , whence f(s) C K? and 
again /(£*) = , where &.* — Therefore, J'(&q) = for each 

q = p, . . . , n and p ^ 0. Since Kjf contracts into Kf it follows that any 
circuit in K* , which begins and ends at Ej , can be deformed into K" , with 
El held fixed.*' Therefore Jt = tj, where t is any covering transformation of iK* . 

Since = gj {r = q — q-,q > p), and since homology implies equality 
between relative g-cycles in , mod. S?”’, the projection J determines a homo- 
morphism ipf , of the group of g-cycles in , mod. K*_i , on the group of g-cycle.s 
in ^1 , mod. £r', and ^(C*) = C* if C* C ]^i . A relative g-cyele in K? , 
mod. is simply a 5-chain which is composed of the cells in w~'(Ejx). There- 
fore the transformation given by C* — > where C is an arbitrary 5-chain 

in , is a homomorphism of the group of 5-chains in ]So in the group of 5-chains 
in 

Let R and R' be natural systems of generators and relations for iri(Ko) and 
jri(Kr), with E? and E? = /(E?) taken as base points. Let iri(K“) (i = 0, 1) 
be identified with the covering group of , by taking £? as a base point in 
S-i , where £? corresponds to a segment s, , joining E® to E? , such that/(5,) C K" 
is homotopic to a point.*® Then the map /(KJ) = Kj* determines a natural 
isomorphism ^{iri(KJ)l = iri(Kr), in which corresponding elements, regarded as 
covering transformations of and S? , are the transformations induced by 
the same covering transformation of . Let a: — > J = il>(x) be the isomorphism 
of the s5Tnbolic group** Oha on the .symbolic group {x t&a , x t ©«<), by 
means of which ^ is expressed algebraically, and let r — > f = <f>{r) be the cor- 
responding isomorphism of 5R on 5R', where 5R and 31' are the group rings of 
and . Since Jt — tJ, it follows that , whence 

(3.8) rx£?x} = L »\l^g(£ox), (« = P + 1, • • • , n), 

where the coefficients r\ and h = ^(rx) are expressed algebraically as elements 
of 91 and 91'. 

Let £ox be the cell in u~*(Eox), which is chosen as a basis element in defining 
a set of natural incidence matrices for KJ . If 5 > p we have 

f^x - t?x = dCt^ (mod. ILti), 

2* See also S.S., theorem 15, This fact has been referred to, by implication, in the 
statement that iKj is a (single) universal covering complex of KJ . 

We may take so to be of the form — /(s) + s, where s is any segment which joins 
E? to EJ . 

Cf. note Illi . 0 stands for the group defined by a given set of generators and 
relations R, 
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where and £ix are certain cells in u *(Cx^*) and u ’(Eix). Since homology 
implies equality in the top dimensions, and since = C* if C* C K? , we 

have the equality, 



= i?x 

(mod. Sr*), 

between relative ^-cycles. 

which may be interpreted 

as the absolute equality 

(3.9) 

= EJx 

11 

+ 

between chains. If g > p + 1 it follows from the relation dj — Jd, or 
and from (3.9) and (3.8), that 


— ^5_i(5£ox) 


(3.10) 

= 1^,-1 (grx’aloV^) 

(a = o:,_i) 


= Zfx’-EL"* 

(7 = p + 2, . . . , n). 


n—l 


We express by saying that, \f q > p I, then the deformation Dn transforms 
the incidence matrix r'', for into the incidence matrix 0(r^) = |i fxa i|, for 

Kr. 

We now state three conditions under which Ls to be identified with , 
and in sucli a way that is the identical automorphism. Under these conditions 
we shall say that is unaltered by a deformation i)(K?) = K? . First 
let D(Kq) be relative to Kj , as the term is defined in S.S., p. 255. Then the 
generators in the system R may be taken as the generators in R\ and the two sets 
of relations will be equivalent (i.e. each set will imply the other). Therefore 
Wa = . Also both KJ = K} , and Ej == Ej , whence corresponding 

elements in the isomorphism \I/{ti{KS)\ = 7ri(Kr) may be represented by the 
same product of generators of . Therefore <t> Ls the identical automorphism. 
Secondly let”^ Z) = <r, where <t is a stellar sub-division of some simplicial sub- 
division of K*. Then, not only shall and be identified, but also any 
natural system (r, R) for K" shall be identified with a natural system for JD(K”). 
Finally let (r, R) be a natural system for K”, and let V C be the tree used 
in defining R. After a suitable sulxiivision of somt; simplicial sub-division of K” 
(e.g. .5v, using the notation explained in S.S., p. 251) let D(K”) consist of 
shrinking an edge in V into a point.^® Then D may be copied by a similar de- 
formation of and (r, R) obviously determines a natural system for DCK*'), 
which we identify with (r, R). Thus, by reiterating transformations of this 
form, V may be shrunk into a point without altering (r, /?). 

Let F(Eox) F(Eu) (X = 1, • • • , ap ; 2 ^ p ^ n) be a homotopic deforma- 


** Cf. S.S., theorem 1. 
Cf. S.S., theorem 3. 
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tion over K© “S where Eoi , • • • , Eo«p are the p-ceUs of a membrane complex 
ZJ . Let Kf = 2)p(Ko)(rel. be a ‘formal extension’ of the homotopic 

deformation F(Eox) — ♦ i^(Eix). That is to say 

Kf = DpCK?) (rel. Kf'*) 

= + Efi + . . . + Ei% , 

and Dp is given by the construction used in proving S.S., theorem 11 , 
applied to each cell Efx . We shall call Dp(Ko), or any extension Dt(Ko) 
(g = p + 1 , • • • , n), of Dp(Ko), a trivial deformation. If Zip is a trivial deforma- 
tion the arguments which lead up to (3.9) remain valid when q = p. Also 
@R = ®s’ and 0(x) = X. Therefore (3.10), with fx<. = r;u , is .valid for 
g = p -f 1 , • • • , n. Since f^(Efx) is homotopic to F(Eox) it follows that 

d£ix = d£ox , 

where £fx {i = 0, 1 ) are the cells which appear in (3.9), with q = p. Therefore, 
with the natural choice of basis cells in Kf , the matrix r" is unaltered by the 
deformation. Also r* is unaltered if g < p, since Dp Ls relative to Ko”-*. The 
system R may obviously be taken as a natural system of generators and rela- 
tions for iri{Z)(B[J)}, provided we choose a suitable base point on F(El\) if 
p = 2 . Therefore any natural system, (r, R), for , determines a natural 
system for Z)„(Ko), which we identify with (r, R). We express this by saying 
that a natural system, (r, R), for , is unaltered by a trivial deformation. 

We conclude this section with a theorem which, together with theorems 8 
and 9 below, is a measure of the effectiveness of the theory developed here. 
The theorem may be compared with note Ills , in §6 below. 

Theorem 5. If n = 3, or if n > 3 and ir,(K’') = 0 for s — 2, •••, n — 2, 
then the nucleus of membrane complex K" is completely determined by one of its 
natural systems. 

Let (r, R) be a natural system both for BL© and for K" , and if »> 3 let 
ir,(K") = 0 for p = 0, 1 ; « = 2, . • • , n — 2. After shrinking a tree in Kj 
into a point, we assume that Kj is a single vertex E® , and Kj a set of circuits 
which begin and end at Ej . Since the system R is the same for both complexes 
it determines a (1 — 1 ) correspondence between the circuits in E© and in Ki . 
We identify each circuit in with its image in this correspondence. Since the 
relations / 2 x = 1 are the same for both complexes we have K* = ^(K©), where 
A is a trivial deformation, which we extend throughout K? . Therefore we 
assume that K© = Ki . Let K© = Kf = K”, say, where 2 ^ p < n. Since 
the matrix is the same for K® and for it follows that 

difl'^ in 

where (f = 1, • • • , 0 ^ 4 - 1 ) are the (p -|- l)-cells of K, ■’'* and Sp/"* C S, 

(p = 0, 1 ) is the chosen basis element which covers Ep^'*’’. Since ir,(K’’) = 
x,(Kp ) = 0 for s = 2 , • • • , p — 1 , and since TifK') ai- *■#(&’’) if s > 1 , where 
denotes isomorphism, we have «•,(£’’) = 0 for« = l,...,p — 1 . Therefore 
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two maps /oCSO; C S’* are homotopic to each other if“/o(S'’) ~/i(S’’). 
Therefore is homotopic in to for each i = 1, . • • , a^+i . 

Therefore is homotopic in K" to FCEfi"*"'), whence = Z)p+i(K«'’+‘), 

where -Dp+i is a trivial deformation. The deformation Dp+i may be extended 
throughout K? , and the theorem follows from induction on p. 

Notice that, if K* = or if is a single circuit, then theorem 5 remains 
valid if (r, R) is replaced by a set of natural incidence matrices. For in this 
case R is determined by and and even bj'' the first and second integral 
incidence matrices. 

4. We now consider a system (r, R) from a purely algebraic point of view. 
We take K to be a particular (finite) system of generators and relations for a 
symbolic group , and r = (r”, • • • , r®) to be a set of matrices whose elements 
are in the group ring 9{, of . The matrix Ls to have ap+i rows and 
columns (p = 2, • • . , n — 1; ap ^ 0), where a 2 if? the number of relations in 
the system Ry which may be empty in the sense that it has relations and no 
generators. Let and be the matrices which are calculated from R by the 
methods explained in §3. Then it follows from (3.7) that = 0, and we 
require that = 0 for p = 3, • • • , n. We shall call r”, • . • , r' the incidence 
matrices associated with the system (r, R). We classify such systems by defini- 
tions of L- and L*-equivalence. These are stated in terms of certain elementary 
transformations of /2, together with transformations of the kind considered in 
§2, which are applicable to the matrices r. These two sets of transformations 
are not independent, since the transformations of r® from the right are governed 
by the transformations of ft, and conversely. This interlocking between the 
two sets of transformations enables us to avoid a familiar difficulty, which 
arises in dealing with deformations in a 2-dimensional complex and is absent 
in the higher dimensionalities.^^ 

The elementary transformations of R shall consist of the following trans- 
formations: 

Ti . adding a new generator Oo , and a new relation of the form xaly = 1 (« = ±1), 
where x and y are products of the original generators'^ 

Tz . the inverse of T\ ; 

. adding a new relation which is a consequence of the original relations; 

Ta . the inverse of Tz . 

It is to be understood any generator a,- , together with a relation of the form 
xaly = 1, may be discarded by a transformation Tz , provided does not occur 
in Xy y or in any of the other relations. If J?' = Ti{R) the symbolic group 
is to be regarded as distinct from , and we associate w’ith Ti the isomorphism 
0(®ii) == ®R ' , such that 0(a») = , where ai , • • • , a* are the generators of R. 

W. Hurewicz, Proc. Kon. Akad. Amsterdam, 38 (1936), 621-8, theorem 1, p. 622. 

« See, for example, theorem VII in H. Hopf and E. Pannwitz, Math. Annalen, 108 
(1933), 433-66. 

»* By a product of the generators we mean a product of the generators and their inverses. 
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With the transformation R' = Tt{R) we associate the isomorphism <t>iGs) = Gr> , 
such that 0(oi) = Oi , ^(ao) = (yx)~*, where Oo is the generator and xaiy = 1 is 
the relation to be discarded. If R' = Ti(R), where t = 3 or 4, then ©* = @s- 
and it> shall be the identical automorphism of ®s . Thus there is, in each case, 
a definite isomorphism ^(®«) = ©*/ associated with the transformation Ti . 
Therefore a given transformation T{R) = R', where T is the resultant of trans- 
formations of the form Ti , ■ • • , T4 , determines a unique isomorphism 
^(®«) = . It follows from the standard proof of a familiar theorem” that 

any isomorphism of @b on an isomorphic group, which is given by a finite system 
of generators and relations, can be expressed as a product of the transformations 
Ti , • ■ • , Ti . But, as we shall see, a system R, as part of a system (r, R), 
cannot necessarily be transformed into an equivalent system R' C (r', R'), 
since Ti is to be forbidden except when it is consistent with a corresponding 
transformation of the matrix r^ 

We now consider the transformations in relation to the matrices !",•••, r*. 
Let R' = Ti{R) and let ^(9i) = 91' be the isomorphism between the group 
rings of and ®«/ , which is determined by the corresponding isomorphism 
0(®«) = ®«' • We first of all replace t’’ by the matrix” ^(r’’) (p = 3, • • • , n). 
Then 1\ shall be accompanied by the addition of a 0*'' column of zeros to 0(r’). 
If Ti is applicable to R, then the t*’’ column of r* has dba: in the X“* row, for 
some a; « ®« , and zeros everywhere else, where a, is the generator and = 1 
the relation to be discarded. It follows from the relation r’r* = 0 that the 
X*** column of 0(r®) consists entirely of zeros, and Ti is to be accompanied by the 
removal of this column from ^(r*). Let /2o = 1 be the relation added by Tt , 
where 

(4.1) Ro = • • • x^RllXg^ (xi « ®J8). 

Then 

(4.2) dfi? = eiXidfix, + • • • + , 

or, after simplification, 

(4.3) d£o = Cidfii , 

for certain values of c, e 9?, where dMt (I = 0, •••, Oi) is the linear form (3.4) 
when Rt is the x in (3.3), and £< are now to be regarded as undefined basis 
elements for a modulus with coefficients in 9?. The addition of i?o = 1 to the 

“ K. Reidemeister, Einftthruhg in die kombinatorische Topologie, Brunswick (1932), 48. 
If r «» Ti the same formal expressions may be used to represent as 4>(rxa)) 
rf:a and ^(rJo) must be interpreted as elements of different rings. If T T 2 we first of 
all substitute yx for Oo *, whenever the latter appears in given formal expressions for 
This does not alter the element rj® t only its formal expression as a polynomial in the 
generators. The transformation i^ay then be defined as when T ^ T\ , If 

T «* T* or Ti we have ■» 
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where «= ±l,a:e®sLs arbitrary and —exc stands for the row || —exci , • • • , 
— exCa, II together with the corresponding secondary expansion of r*. Con- 
versely, let (4.4) be a given expansion, in which x and c< , and hence — exci , are 
arbitrary, and let (4.3) be expressed in the form (4.2). Then we accompany 
the expansion (4.4) by adding the new relation i?o = 1, where Ro is of the form 
(4.1), with the factors a:,i2x|a:7* arranged in an arbitrary order. A transformation 
of the form , in which / 2 x = 1 is the relation to be discarded, shall only be 
applied if the X“* column of has ±x (x e Cfi*) in the row, for an arbitrary 
f = 1, • • • , as , and zeros everywhere else. In this case it is to imply the con- 
traction of r’, in which the t**' row and the X‘** column are discarded, and the 
corresponding contraction of r*. Conversely, such a contraction of r* is only 
to be applied when i2x = 1 is a consequence of the other relations. In this case 
it is to be accompanied by the transformation T 4 , in which the relation fix = 1 
is discarded. It is now to be understood that a transformation 2 ’<(r, fi) con- 
sists of the transformation R — > T,{R), together with the transformation 
r** — ♦ T,(r'’), where 2 ’i(r‘), 2 ’,(r’) are the matrices into which r*, r* arc trans- 
formed by the above rules, and 7’,(r'’) = 4>{r^) if p > 4, or if p = 4 and f = 1 or 2. 

In addition to the transformations we allow the matrices r" , • • • , to be 
transformed as in §2. That is to say, we allow arbitrary expansions and con- 
tractions of r'’ (p = 4, • • • , n), which must be accompanied by the appropriate 
secondary expansions and contractions of r’ if p = 4, and transformations of 
the form 




(P = 3, 


where a.p is any regular, or elementary, matrix of degree ap , according to the 
kind of equivalence considered. Two systems (r, R) and (r', R'), will be de- 
scribed as X-equivalenl {X = L or L*) if, and only if, they are equivalent 
under the combined set of transformations, in which ap may be any 
regular matrix, of the appropriate degree, if X = L*, and is to be an elemen- 
tary matrix if X = L. More precisely, we shall describe (r, R) and (r', R') as 
X-equivalent under the isomorphism <!>, where 4>{®h) — is the isomorphism 
induced by the transformation T{R) = R'. It is important to notice that 0 
depends on the actual sequence of the transformations T, which appear in the 
transformation T, not only on the final result. For example, ^ need not be the 
identical automorphism if ®b = , w even if R' - R. Clearly theorems 1 

and 2 are valid when restated in terms of equivalence between systems (r, R) 
and (r', R'). Let us describe as an elementary expansion of (r, R) either a trans- 
formation of the form Ti , or Tj , or an expansion of the form (2.5). where 
p > 3, and let us describe the inverse of an elementary expansion as an ekmeniary 
contraction. It follows from the proof of lemma 4 that (r, R) can be transformed 
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into any L-equivalent system by a series of elementary expansions and contrac- 
tions, provided we allow primary expansions of the empty matrix 
Let Ky denote the* column of r®, let x be a given element of ®r , and let 
X, M (X A*) be particular values of p = 1, • • • , ^2 . I say that the 
transformation 

(4.6) xRtx-% (e = ±1), 

accompanied by kx €kxx''\ is the resultant of a transforma- 

tion Tz , followed by elementary transformations of r®, whose resultant leaves 
unaltered, followed by T 4 . For we first add the relation Rx = l(i?x = Ro) 
to R and the row rj,* (f = 0, • • • , ^2) to r®, where 

rlo = 1, rlx = -€X, rl^ = -1, rj, = 0 (v 9 ^ X, /i), 

and the columns r«o = 5ao , = 0 (a = 0, • • • , as ; A; = 1, • • • , 04) to r® and 

r^. We then clear away the elements of r®, which stand under rox , by the trans- 
formations pt — ^ P< + €rfx^~'^po (/ = 1, • • • , as), where p< stands for the row 
of r^ As in lemma 4, it follows from the relation rV = 0 that the corresponding 
transformation of || 0, || leaves the latter unchanged. We now discard the 

relation TZx = 1, and the appropriate rows and columns of the expanded matrices 
r*, r®, and rearrange the notation so that RH = 1 appears as the X*** relation. 
The final result is the transformation (4.5). Notice that the transformation 
Rx xRxx^^ is the resultant of transformations of the form (4.5), namely 

Rx xRx*x'‘^R^ R^{xRx*x''^R^y^R^^Rf, = xRlx~’^. 

Let (r, R) and (r', i2') be two given systems, and let r^, r' and r'^, r'^ be the 
second and first two incidence matrices determined by R and R\ 

Theorem 6. If the systems (r, R) and (r', i?') are X-equivalent {X = L or L*) 
under a given isomorphism 0, then the sets of incidence matrices r"* , • • • , and 
r'”, • • . , r'^ are X-equivalent under 0. 

This relation between r"*, • • • , and r'”, • • • , r'^ is obviously transitive, and 
ii R' R and R is left unaltered throughout the passage from (r, R) to (r', /2') 
there is nothing to prove. Therefore the theorem will follow' from an inductive 
argument when w^e have proved it in case T is a single transformation Ti . If 
i = 3 or 4 the theorem is implicit in the definition of ^^(r, R), On replacing 
0 by 0”^ the equivalence relation betw'een • • • , and r'”, • • • , r'^ is seen 
to be symmetric. Therefore it is sufficient to consider the case w^here f = 1. 
If a relation iZo = xaiy = 1 is replaced by zRt^z"^ == 1 (z e ©«), the row of 
0(r®) is multiplied by ±iZ. Therefore we may assume that /Zo = Oox, for some 
X which is a product of the existing generators. Then the 0^** row of 
is II 1, ooTi , • • • , odTk II, where r*- means the same as it does in (3.4) when x is 
given by (3.3). The i^^ row of r'^ is a< — 1 (f = 0, • • • , k), and since x = 
in consequence of /Zo = 1, it follows from (3.7) that 

oo — 1 *» ao(l — x) 

k 

» ->23 ooniot - 1 ), 

i-1 
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whence r' , r'^ are obtained from 0(r^), 0(r^) by an expansion of the form (2.5). 
The appropriate column of zeros is added to 0(r^), and the theorem is established. 

We now prove a theorem which shows how the generators of R can be manipu- 
lated by what may be called the *free group calculus.^ Let the transformation 

) * * • , • * • > 

determine an isomorphism of 55 jb on the free group 5* > which is freely generated 
by ai , • • • , a* . Some or all of the generators , . . . , al- may coincide with 
some of , af \ so that the possibility = 55^ not excluded. Let 

= ftxf/iCa'), ... ,/.(a')} (X = 1, ... ,a2), 

where R\(ai , . . . , a*) = 1 are the relations of the system /?, and let ft' be the 
system which consists of the generators fli , • * • , a* , subject to the relations 
iix = 1. Since the transformation given by a» — > /»(a') is an isomorphism of 
55* on 55* , the group is also generated by /i(a'), . . • , /*(o'), and o, — >/<(a') 
determines an isomorphism , in which 0(ai) = /t(a'). Let r" = 

0(r*) (5 = 3, • • • , n), where r", • • • , are the matrices of a given system (r, R), 
Then we have the theorem: 

Theorem 7. The system (r, 72) is L-equivalent under the isomorphism 4> to 
the system (r', 72'). 

First assume that ai ^ af^ for any values of t, j and that either 

1. /p(«') = 1 /.(«') = «<(€ = ±1, i 3^ P), or 

2. /p(a') = , /.(a') = a- {q, i p). 

Let a,- — ^ gi{a) be the inverse of the isomorphism so that gp(a) = aj, , 

gi{a) = a,- , in the first case, and gp{a) = gt{a) = a,- in the second. Let 
T{R) = 72 be the expansion of 72 in which a( , • • • , al are added as new genera- 
tors, together with the relations a^^gxia) = 1, let <^i(@r) = @5 , given by 
01 (a*) = , be the corresponding isomorphism of ©« , and let r® = r{0i(r®)}. 

Then f* = || 0i(r^), 0 ||, where 0 indicates the columns which correspond to the 
new relations. The latter can obviously be transformed into the relations 
= 1 by transformations of the form (4.5), and these transformations 
leave f® unaltered, since the new columns consist entirely of zeros. We now 
transform 72x(ai , • • • , a*) = 1 into 72x {a[ , • • • , a*) = 1. for each X = I, • • • , 0^2 , 
by substituting /»(o') for a,- throughout the products 72x . This operation is 
the resultant of transformations of the form 

xoiy^ — > xaiyY^^^T^fiV' ^ xfT^aiX ^xaT^y', 

where /< = /t(o'), xiiiy = 72x , for some X = 1, . • • , a2 , and 2/' is the result of 
substituting /<(a') for a, throughout the product y. Therefore it follows without 
difficulty that the transformation 72x 72x is the resultant of transformations 

of the form (4.5). Moreover the columns of r®, which correspond to the original 
relations 72x = 1, are unaltered by these transformations.*® Finally we discard 

As explained above, in the definition of ^2(1’), it follows from the condition r»r* « 0, 
and the form of the relations ** 1, that the remaining (zero) columns also are 

ultimately left unaltered. 
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the generators Ui, at and the relations aT%(a') = 1 by transformations 
of the* form Tt . Then 01 ( 1 ^) (p = 4, • • • , n) is transformed into •feCf”) = 
where ^(o.') = a,' , (#> 2 (a<) = Ma'), and<M>i = 4>, since ^j(a<) = ^(o<) = 
fi{a'). Similarly r* contracts into ^(r’) = r'* on discarding the (zero) columns, 
which correspond to the relations aT^fi{a') = 1. Therefore (r, R) is Z/-equivalent 
to (r', R') under the isomorphism <l>. 

What we have already proved, with fi(a') = a'i , allows us to ‘re-write’ o,- as 
a'i if a'i af\ for any i, j and even if the sets a,- and o?‘ overlap. For we can 
first rewrite a< as 6,- and then re-write 6,- as a,- , where ‘ ^ oy or a,- . Therefore, 
in completing the proof, we may as.sume that oy = a,- , in which case «< —* fi{a) 
is an automorphism of g* . Moreover we may re-write o,- as o,- in whaj we have 
already proved. Therefore the theorem follows from the fact that the auto- 
morphisms of 5* are generated by automorphisms of the form a,- — »/<(a), where*® 
fp{a) = or apffl, , /,(a) = a< {q, i 9 ^ p). 

Theorem 8. If KI* and K? have the same nwleus, then any natural systems 
for K" and Kj are L-equivalent. If K” and K? are of the same Iwmotopy type, 
then their natural systems are L*-equivaleni. 

This will obviously follow from the theorems 1 and 2, the arguments in Q.J., 
and S.S., theorem 13, when we have shown that two natural systems for the 
same comple.x K", are L-cquivalent. Let R and R' be two natural sy.stems of 
generators and relations for ttiCK"), and let = ©s' be the isomorphism 

such that a given element in xi(K'‘) is represented by x e and 
After a change of basis, if necessary, we may obviously a.ssume that r'" = 
(hit”) (p = 3, • • • , n), where r", • • • , r* and r'", •••,!'* are the matrices in 
natural systems, (r, R) and (r', R'), for K". Let V, V' C K‘ be the trees in 
terms of which R and R' are defined. Then we may also assume that V' = 
V — El -i- EJ , where E} C V, Ej C K* — V, and E} separates the extremities 
of Ei . For one can interchange any two trees, which are sub-complexes of K‘ 
and contain K®, by reiterating transformations of the form V — > V', where V and 
V' are thus related.” 

On these assumptions let us, without altering the notation, shrink into a point 
each of the two trees into which V is separated by Ei . Then will consist of 
two vertices E? , ^ , which are joined by certain 1-cells E} , Ej , • • • , Ep , and 
of circuits Eii , • • • , Ejm* (A = 1,2) beginning and ending at E® . By theorem 7 
we may orient E} as we please, and we take Ej to be its first point. Let us 
denote Ej bj'^ Si (i = 1, ■ • - , p) and Ei, by <rh „ . Then, as in (3.3), any segment 
on K' may be represented by a word 

(4.G) ■ . . . t\\ 

where t\ = , or write aif = o-p . I say that, if (4.6) 

represents a circuit which begins and ends at Ei , then, regarded as an element 

*• J. Nielsen, Math. Annalcn, 79 (1919), 269-72. 

Cf. p. 105 of K. Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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in the free group, which is freely generated by Si , o-p , (tu , it is unaltered when 
we replace sj by sjsT^ and <rp by Sia^sT^, for each j = 1, . . . , p, p = 1, . . . , , 
and any specified value of i. For each letter of the form Sj or represents a 
segment which terminates at ES . Since the segment (4.6) terminates at E? 
such a letter is followed by sj^ or by for some value of I or p. Similarly 
8j ^ or is preceded by si or since (4.6) begins at Ej . Therefore, taking Ej 
as base point, we have F(El) = Rx(sj , cTp , aia), where 

, (Tp , (Tiol) — R\(^SjSi , SiffpSi , (Tja), 

in which the equality refers to the free group generated by Si , oTp , aia . Taking 
i = 1 we ha\'e 

(4.7) F(El) = /fx(l, a; , bp , <r^a) (i = 2, • • . , p\ 

where ay = sysr\ bp = SicrpST^ and the system /i, associated with V, consists 
of the generators 02 , • • • , a j, , bp , au . subject to the relations R\ = \. Simi- 
larly the system 7?', associated with V', is generated by a( , a^ , ... ^ (ip ,bp ^ au , 
subject to the relations R\ — 1, where at = StS 2 ^ (< = 1, 3, • • • , p), 6p = S 2 <TpS 2 ^ 
and 

(4.8) RL = 7i!x(a( , 1, a^ , , aio) (^ = 3, • • • , p). 

On writing 52 = 1 in the equation 

R\(h S^^sZ\ Si(rpSi \ (Tia) = R\(si y S 2 y Sii , ap , CTia), 

we have 

(4.9) /fx(l, sT\ .S3sr\ SicrpST\ (Tu) = R\{si , 1, 8^ , cTp , (Ji„). 

On comparing (4.7) with (4.8), it follows from (4.9) that /?' is the image of R 
in the transformation given by 

(4.10) a^ — > ai , Qfi a^ai , bp aibpQi , <ti« (J ia . 

The product (4.6) is transformed into an element x e if we write Sj = a;Si , 
CTp = si'bpSi and cancel all the factors sf \ and into <l)i{x) e if we write 
Sj = QjSz , (Tp = S 2 ^bls 2 and cancel where 0i(®«) = is the isomorphism 
given by (4.10). Therefore <l>i is the isomorphism <;(>, and since = <^>(^0 the 
theorem follows from theorem 7. 

As in theorem 3 it is clear that the isomorphism ^{iri(Kr)) = '7ri(K?), which 
is expressed algebraically by the isomorphism <t>{&R) = , may be taken from 

the class which is determined b}*^ some homotopy isomorphism f(Ki) C K? . 
The distinction between 0 and ^ is analogous to one which is familiar in coordi- 
nate geometry, where an algebraic transformation may represent either a trans- 
formation of coordinates or a point transformation, according to the context. 

We now prove an analogous theorem to theorem 8, in which the parts played 
by the algebraic and the geometric equivalence are interchanged. In general 
the analogy is not complete. For two complexes with the same natural system 
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need not even be of the same homotopy type.** Moreover, there is no reason 
to suppose that every system (r, R) can be realized geometrically as a natural 
system of a complex. The theorem is 

Theorem 9. Any system (r', jB')» vMch is X-equivalent (X ^ L or L*) to a 
naiural system, (r, R), for a given complex K", is a natural system for some com- 
plex of the same homotopy type as K“, and for some complex with the same nucleus 
of X = L. 

First let X = L. Then (r, R) can be transformed into (r', R') by a sequence 
of elementary expansions and contractions, according to lemma 4. Therefore 
the theorem will follow inductively, for X = L, when we have proved it in case 
(r', R') is obtained from (r, R) by a single elementary expansion or contraction. 

Let (r', R') be obtained from (r, R) by an elementary expansion. First let 
(r', R') — Ti(r, R), and let Oo be the new generator and xaty = 1 the new rela- 
tion. Let s, < C K* be oriented circuits, beginning and ending at the base 
point E® 6 K®, which are represented by x and y respectively. Let Ej be a new 
1-cell, beginning and ending at E® which shall corrfepond to the new generator Oo . 
Let Eo be a new 2-cell such that F(E?) C K* -|- Ej is given by xaly, with a suitable 
base point. Then (r', ft') is a natural system for K" = K" -|- Eo , and assuming 
that F(El) is simple in Ej , as we obviously may, K" expands into K? . Secondly 
let (r', ft') = Tt{i, ft) and let fto = 1 be the new relation, where fto is given 
by (4.1). With the same notation as in §3, there is obviously a singular 2-cell 
6* C S®, whose boundary, F{&) C !&*, is represented by the product fto , such 
that the relative 2-cycle, mod. determined by 6® is 

+ • • • -f- = Ci£® -f- • • • -|- Ca,£i, (c, e 91). 

Let EJ be a new membrane whose boundary is given by F(Eo) = u\F {&) } C K\ 
let Q* = u{&) C K® and let Ej be a new membrane bounded by the spherical 
map — G®) (e = ±1). Then F(Eo) is simple in E® , whence K" expands 
into K" = K" -h EJ . Assuming that is imbedded in , let £2 « w~*(E2) C 
g? , and £J « m"‘(E2) C gj be chosen so that F(£2) = F(S*) and F(£o*) = 
ea:(£o — 6®), where 


tx 

— ea:c 

0 

r» 


as in (4.4). Then 

d£o = «x£o — ea:(ci£i •+-•••-!- Ca,£i,), 

whence (r', ft') is a natural system for Ki . An elementary expansion of the 
form (2.6) with p > 3, can be copied in the same way. 

Let (r', ft') = Tt{t, ft), and let oo be the generator and xa^y = 1 the relation 
to be removed. Since o** does not appear in any other relation we may assume, 


»» Cf. note nil . 
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after a trivial deformation of if necessary, that F(E-) C Kj (t = 1, . . . , a*), 
where Ej , . . . , E^^ are the 1-cells of K”, and 

= K® + El + • • • + Eaj . 

We also assume that /’(Eo) Is simple in El , where Ej and Eq are the cells corre- 
sponding to Oo and xaly = 1. Then contracts into K? , where 

K? = K} + EJ + • • • + Eaj . 

It follows from an obvious induction that K” may be transformed by a series of 
trivial deformations into a complex of the form K? + Eo , where neither Eq 
nor EJ has an inner point in common with K? . In other words we push the 
remaining cells in K” off the interiors of Ej and Eo . Then K? + E^ contracts 
into Ki , and (r', /2') is a natural system for Ki . 

Let (r, R) (r', R') be due to a contraction of r^, for some p > 3, in which 
the 0*^ row and column are removed. Then £o appears in d£o with the 
coefficient itx, for some and with the coefficient zero in dMr 

(i = 1, • • • , ttp). Let ^ e Eo~^ be an open simplex, whose closure is internal 
to Eo and let be its image in y^o~\ for each y e(^R . Then it follows 
from a standard theorem that F{Ei) (i = 1, . • • , ap) is homotopic in 
to a map in which yA^^ is uncovered for each y e&R , Also F{ES) is homotopic 
to a map which is simple in xA^~^ and in which y^^~^ Is uncovered if y 9 ^ x. 
It follows that F{Eq) is homotopic in to a map which is simple in Ef'^ 
and that /'XEf) {i = 1, • • • , ap) is homotopic to a map in which Ls un- 
covered, and hence to a map in 

Kr' = + Ef-' + . . . + E2;i, . 

The same is true if p = 3 and (r', R') = Ta{Tj R), For since the relation /Jo = 1, 
which is to be discarded, is redundant, it follows that — u~\A^) is simply 
connected, where A^ € EJ . Therefore the above argument, which fails, in 
general, unless p — 1 > 2, is valid here if p — 1 = 2. In either case it now 
follows from the argument used where (r', /J') == /J), that (r', /J') is a 

natural system for a complex Kr , which Ls obtained from K” by a series of 
trivial deformations, followed by a contraction. Therefore the theorem is es- 
tablished in case X = L. 

In proving theorem 17 in S.S. it was shown that two n-dimensional complexes 
are of the same homotopy type if they have the same (n + l)-group. There- 
fore the theorem will follow, in case X = L*, when we have shown that {x', R') 
is a natural system for an (n-dimensional) complex with the same (n + l)-group 
as K”. Let empty matrices r*", r"" (p = n + 1, n + 2), with ap , a'p , rows 
and ap-i , ap-i columns (««+* = otn +2 ^ 0, an^i = otn+i = 0, , an = number of 

” Cf. P. Alexandroff and H. Hopf, (loc. cit.), p. 603, or pp. 99-100 or S. Lefschetz, Fund. 
Math., 27 (1936), 94-116. 
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rows in r”, r'"), be included in the systems (r, R) and (r', R'). The augmented 
S3^tem (r, R) is a natural system for any complex of the form 
g«+2 = jr" = Ef +* + • • • + , 

where F(Ex''’*) C K". Since the original systems (r, R) and (r', R') are 
I<*-equivalent, it follows from the addendum to theorem 2 that the augmented 
systems are L-equivalent, provided an+j is suitably chosen, which we assume 
to be the case. Therefore, by what we have already proved, the augmented 
system (r', R') is a natural system for a complex K?’*'*, which has the same 
nucleus, and hence the same (n + l)-group as It follows from the 

definition in §3 above that and hence K”''’* has the same (n + l)-group 
as K”. In general, if (r, R) is a natural sj^stem for a complex K”, then 
(r’’, •••, r\ R) (3 ^ p ^ n) is a natural system for K’’. Therefore the original 
system (r', R') is a natural system for KJ* . Since a'n+i = 0 the complex KJ* 
is obtained from K"'*’* by removing the interiors of the (n + 2)-cells, and hence 
has the same (n + l)-group as Kr^^. Therefore Ki has the same (n + l)-group 
as K", and the proof is complete. 

If X = L the order^® of the deformation Z)(K'‘) = K" , in theorem 9, need 
not exceed n + 1. Also the formal deformations involved in theorem 5 arc of 
order n + 1 at most. Therefore we have the corollary to theorems 5, 8 and 9: 

Corollary. If two complexes Ko and K" have the same nucleus and either 
n = 3, or n > 3 and irr(K") = 0 /or r = 2, • • • , n — 2, then K" = D(KS ), 
where the order of D does not exceed n + 1. 

For let (r, R) and (r', R') be natural systems for K? and K" respectively. 
By theorem 8, (r', R') and (r, R) are L-equivalent. It follows from theorem 9 
that (r', R') is a natural system for a complex K? = Z)i(K?), and from theorem 5, 
that K" = jDi(KJ‘), where Di and Di are of order n + 1 at most. 

In satisfies the condition explained in S.S., §11, it follows from S.S., 

theorem 21, that the corollary remains valid with “have the same nucleus” 
replaced by “are of the same homotopy type.” For example, an n-dimensional 
simplicial complex, which is an absolute retract, expands into a collapsible 
complex of at most n + 1 dimensions. 

5. In this section we prove the theorem on lens spaces, which was announced 
in §1. We first prove a lemma concerning the ring of a cyclic group. Let (S 
be a cyclic group of order m, let SR be its group ring, and let <r = 1 + • • • + a;””*, 
where x generates @. We shall describe an element a e SR as regular mod. <r 
if, and only if, there is an element |8 e SR, such that 

(5.1) 0/8=1 + ka, 

for some value of k. Since xV = o it follows that X«r = S(\)<r, for any X e SR, 

. By the order of a formal deformation is meant the maximum dimensionality of the 
cells introduced or removed. 
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where S(X) denotes the algebraic sum of the coefficients in X. Therefore we 
assume that A, in (5.1), is an integer. The lemma is: 

Lemma 6. If a is regular mod. <r, and if S{a) — ±1, then a is regular. 
Writing S{a) = e we have a(/3 — eka) = I + ka - ka = 1. 

We also recall that, if X(a:* — 1) = 0, where q is prime to m, then X s 0 
(mod. <r), meaning that X = ka, for some value of fc. If X(a;* - 1)" = 0, where 
n > 1, we have X(a:* — 1)"“* = ka, whence km<r = k<r^ - X(a:* - 1)"“V = 0. 
It follows from induction on n that, if Xix" — 1)" = 0, for any n > 0, then 
X s 0 (mod. a). 

Theorem 10. Two lens spaces of types {m, q) and {m, r) are of the same 
homotopy type if, and only if,*^ r = ztfq (mod. m), for some value of 1. 

Let Ml be a lens space of type (m, q), which we assume to be represented by a 
lens model of this type. Then (r, iZ) is a natural system for Ml, where r con- 
sists of the matrix r* = H a:* — 1 |1, and R consists of a single generator x, and 
the relation a:" = 1. The corre.sponding incidence matrices are 

Ik* -111, IMl, 11a: -111. 

If Afi is of the same homotopy type as a lens space of type (m, r) it follows 
from theorem 8 and 6, and lemma 5, that 

(5.2) (a:*' - l)(a:' - 1) = a(a:' - l)(x - 1), 

for some I which is prime to m, and some regular clement a « 91. Let = 

1 + • • • + (1 ^ n ^ m). Then x" — 1 = (x — l)ff„ , and it follows 

from (5.2) and a previous observation that 

ffqiai = aor (mod. a). 

On writing x = 1 we have qf ^ ±r (mod. m), since S(a) = ±1, the element a 
being regular. 

Conversely, let 

(5.3) r s ^fq (mod. m). 

If a and b are given integers and if | a, m j = 1, where 1 c, d 1 denotes the positive 
H.C.F. of c and d, there is an element { e 91 such that” {(x“ — 1) = x‘ — 1. If 
also 1 5, m 1 = 1 there is an y such that ij(x* — 1) = x“ — 1. Then 

x‘ - 1 = {(x* - 1) 

= {’/(a:*’ - 1), 

whence {i; s 1 (mod. <r). Therefore | 5, m j = 1 implies that { Is regular mod. <r. 
Since | r, m 1 = 1 there is a { « 91, such that 

(5.4) {(x - 1) = X*' - 1. 

Of course the necessity of this condition follows from the standard theorems on the 
Kronecker index and the fact that, if two manifolds are of the same homotopy type, then 
each is the image of the other in a map of degree 1. 

See p. 107 of Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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Also it follows from (5.3) that | gZ, m | » 1 1, m | =» 1. Therefore f is regular 
mod. a, and so is viix — 1) = a:' — 1. Therefore = {o-j is regular mod. a. It 
follows from (6.4) that 

Iffr — (mod. <r), 

whence rS{^) ss ql (mod. m). Since | gZ, m | = 1 it follows from (6.3) that 
Z/S(f) s ±1 (mod. m), whence 5(/3) = Z/S({) = ±1 + tm, for some integral 
value of t. Therefore S{a) = ±1, where a = — ta. Since /3 is regular mod. a, 

so is a, and it follows from lemma 6 that a is regular. Since (j3 — a)(x' — 1) = 
— 1) = 0, it follows from (5.4) that 

a(x' — 1) = fi(x'' — 1) 

(5.5) = f(x' - l)a, 

= (x** — l)<rj . 

Since a is regular the natural system (|| x' — 1 [[, fl), for a lens space Mj of 
type {m, r), is ^‘-equivalent to the system {|| a{x'' — 1) |1, ZZ). By theorem 9 
there is therefore a membrane complex Kj , of the same homotopy type as Af| , 
for which {|| a{x^ — 1) ||, ZZ| is a natural system. Therefore the theorem will 
follow from (5.5) and theorem 5 when we have shown that there is a membrane 
complex Ki , of the same homotopy type as Ml , for which 1 1| (x®* — l)(rj ||, /Z} 
is a natural system. It will therefore follow from theorem 9 when we have 
shown that the system (|| x® — 1 ||, R) is ^/‘-equivalent to {|| (x®‘ — l)a-j 1|, iZ} 
under some automorphism of . Actually we shall show that the two systems 
are //-equivalent under the automorphism in which x corresponds to x*. 

Starting with (|| x® — 1 ||, /Z) we extend /Z to a system R' by the addition of a 
new generator y and the new relation yx~’ = 1, where IV s= l (mod. m). Such 
an V exists since | Z, m | = 1. At the same time we transform || x® — 1 || into 
the matrix |1 x® — 1, 0 ||. Let Xj = yx\ yi = x. Since x = yi , y — XiyZ\ 
it follows that Xi , yi also generate the free group 5s > which is freely generated 
X, y, whence the transformation x — > yx‘, y — > x determines an automorphism 
of 5* • By theorem 7, the sy.stcm (|| x® — 1, 0 ||, R') is L-equivalent to 
{ II iyx^y — 1,0 II, R"} under the isomorphism given by x yx‘, y—*x, where 
R" is generated by x, y, subject to the relations 

(5.6) (yx')" = 1, x(yx')-'' = 1. 

I say that the relations (5.6) can be reduced to x" = 1 by transformations of 
the form (4.5), followed by one of the form Tj . For, since a relation of the 
form x“xi may be replaced by XiX*, we may, for the purposes of the reduction, 
allow x“ to commute with xl . Let us write 

A — mxi , B — X — Vxi , 

where Xi « yx' and the addition is commutative. Then . 

VA -)- mB — mx, M -t- ZB = Zx — xi , 
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where ktn — IV 1. Since IV — km = 1 the transformation given by 
A' = VA + mB, B' == kA + IB 

is the resultant of a sequence of elementary transformations of the form 
{A, B) {A dz By B) or (^*1, B dz A). Therefore a similar sequence of the 
transformations (4.5), punctuated with suitable transformations of the form 
x‘xi will transform the relations (5.6) into the relations x" = 1, 

= j/"* = 1. On discarding the generator y and the relation y~^ = 1, it 
follows that the system (1| x® - 1 H, ft) is L-equivalent to { || x*' - 1)X ||, ft}, 
under the automorphism given by x ^ x', where X is the factor due to the 
transformation of the relations (5.6) into x” = 1, = 1. It follows from 

theorem 6 that the sets of matrices 

II**' -111. Ik II, II*' -111 

and 

II (X®' - 1)X 11, II HI, II* -HI 

are L-equivalent, and from lemma 5 that 

(x®‘ - l)(x - 1)X = ix^fx*' - l)(x‘ - 1) 

= ix^fx®* — l)(x — l)(rj , 

for some value of p. Therefore 

(x®' — 1)X = ix'fx** — l)(ri . 

On multiplying (x®* — 1)X by ix”" it follows that (|| x® — 1 ||, ft) is L-equiva- 
lent under the automorphism x — » x* to || (x®* — l)ffi , ft ||, and the proof is 
complete. 


6. We conclude with some notes. The sections to which they primarily 
refer are indicated by Roman numerals. 

Ill . Let ®o be the free product of an infinite cyclic group, generated by x, 
and a cyclic group of order two, generated by y. Let 91 be the group ring of ®o , 
and let the group ®, in terms of which elementary matrices are defined, consist 
of the elements ±x, where x « @o . Finally let X = xil + y), p = 1 — y, 
where 1 stands for the unit element in 91. Then Xp = 0, pX 0, and it may 
be verified that 


1 -pX 
0 


= aba”‘b~\ 


where 


1 Oi 


1 
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Therefore an expansion of a matrix may be elementary, although the original 
matrix is not. 

II* . Concerning the condition (2.3). First notice that this is a consequence 

of the, apparently, less restrictive condition in whicl 

X, .. . . JO 

mentary matrices. For if the matrices 


0 0 


and 


ti a and b are to be ele- 
0 e<| 

0 0 


have p rows and 

q columns, we can border them with p final rows, and q initial columns of zeros, 
at the same time replacing given regular matrices, a and b, by the elementary 


matrices 


0 


and 


0 


This condition is also satisfied if is a ring in which ab = e, implies that a 
is regular, where a is a square matrix of degree r. The following cxaidple shows 
that it is not always satisfied. Let be the free ring, freely generated by 
a, b, p, q, whose elements are finite sums of words in a, b, p, q. Let be the 
ring which is obtained from Sfo by adding a unit element e, and the relations 


ex = xe = X 


{x = o, V, p, q or e) 


ap + bq = pa = qb = e, pb = qa = 0. 

The ring 5R does not reduce to the zero clement alone. For any formal poly- 
nomial in e, a, b, p, q can be reduced by means of these relations, together with 
the simplifications mx nx = (wt + n)x (m, n = 0, ±1, ±2, • • • ), x + Oy = x 
and xzy 4- xz'y = x(z + z')y, to a unique normal form, in which the letters 
e, a, b, p, q occur a minimum number of times.“ This can be proved bj"^ enu- 
merating a set of “elementary reductions,” which, with their inverses, generate 
the transformations by which any two expre.s.sions for a given element of can 
be interchanged. One can then show that the condition for “random reduction” 
is satisfied. That is to say, if two reductions ri and r* are applicable to a poly- 
nomial P, then <iri(P) = hr^iP), where <,• either reduces r,(P) or leaves it un- 
altered. The expression e cannot be reduced, whence e 0 in 9?. 

Let 



p 

0 

0 


a 

b 

0 

c = 

Q 

0 

0 

, c' = 

0 

0 

P 


0 

a 

b 


0 

0 

Q 


Then it follows by direct calculation that cc' = c'c = e* and that 



0 

0 

e 


0 

0 

p 


0 

e 

0 

C 

0 

0 

0 


0 

0 

9 


0 

0 

e 


0 

0 

0 


0 

0 

0 


0 

0 

0 


E.g. a is to be counted once, not six timee, in Ga. 
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Notice that c is even an elementary ©-matrix, where @ consists of the single 
element e. For it is transformed into the elementary matrix 


0 

— e 

0 

0 

0 

—e 

1 e 

0 

0 


as follows 

Ps —* Pz -{• api + ftps ; Kt , Ki—* K 2 — Kia, K) — Kib; 

Pi, Pi ^ Pi — PP3, Pi — qpt, 

where p,- and denote the row and the f*** column of a given matrix. 

nil . Two spaces X and Y are of the same homotopy type if, and only if, 
there are maps/(X) C Y and g(Y) C X such that gfiX) C X and/iy(y) C Y 
are each homotopic to the identity. We shall de.scribe / as a homotopy iso- 
morphism. Assuming that X and Y are arcwise connected, a homotopy iso- 
morphism /(X) C y determines a unique class of Isomorphisms i^j7ri(X)) = 
iri(y), any one of which is given by if/ = 4'oh, where is a particular isomorphism 
in the class, and h is an inner automorphism of 7ri(X). 

III 2 . The theory of nuclei and wi-groups can also be developed as follows. 
Let E" now stand for a non-singular cell, bounded by a given map C X, 

where X is any topological .space. We recall the definition of X -|- E", given 
in a paper entitled “On adding relations to homotopy groups” which has been 
submitted to the Annals of Mathematics, and which will be referred to as R.H. 
Let (S"~’ = where E” is an n-element which does not meet X, and let E" 
be the interior of E". Then A'" E" consists of and E", each with their own 
topology, fastened together by the condition that an infinite .sequence of points 
P\, Pi, • • • Cl E" C X -HE” shall converge to q if, and only if, the 

limit points of pi , p 2 , • • • C E" are all contained in f^{q) C In other 
words we identify each point p « E" with /(p) « X, without identifying any two 
points in E". A map /(/S") C X -f E" may be described as simple in E” if, 
and only if, it is a homeomorphism throughout where U is some relatively 
open set in E". Then a membrane complex K", and the nucleus and m-group 
of K", may be defined as in §3 above. Many of the theorems in S.S., notably 
theorems 11, 14 and 17, remain valid when reinterpreted in terms of the.se 
definitions. Theorem 11, for example, may be proved as in §3 above. In 
theorem 17 one may take the analogue of a simplicial map to be a map 
/(Ko) C Ki , such that/(K^') C Ki” , for each p = 0, 1, • • • . 

Let E" be a non-singular cell, which is bounded by a simplicial map /(/S*~*) 
in a simplicial complex K. Then it is to be expected that E“, the closure of E" 
in X -H E", can be triangulated.^^ Let us assume that E" can be triangulated 
to form a simplicial complex C”, such that C" — A" contracts into the sub- 

It seems probable that S” is homcomorphic to a simple membrane, as defined in S.S. 
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complex covering F(E") =» where A" is some open simplex of C", whose 

closure is in the (open) cell E". Then it is easily shown that any membrane 
complex can be transformed into a polyhedron by a series of trivial deforma- 
tions, as defined in §3 above; also that two simplicial complexes have the same 
nucleus, or m-group, in the sense of S.S., if they have the same nucleus, or 
m-group, when treated as membrane complexes. If the above assumption is 
correct it follows that the introduction of membrane complexes does not involve 
anything essentially new. But, in some problems, the freedom from the com- 
binatorial limitations of S.S. is likely to be an advantage. 

Ills . In this note we indicate how the incidence matrices for a membrane 
complex can be defined in terms of R.H. Let E< (g = 0, • • • , ra; t = 1, • • • , m,) 
be the cells of a membrane complex K”, which may be defined either ns in §3 
or as in Ills above. Let F(Ef) be joined to E® by a segment in K*"”' (p > 2), 
so as to determine an element af ' * c Tp_i(K'^’). Then r" is the matrix of the 
coefficients in 

(6.1) Han = ”£‘ 

t-1 

where is the basis element of the modulus M, in R.H., which corresponds 
to Ef"'. Theorem 5 above, and lemma 3 in R.H., enable us to describe the 
indeterminacy in the description of K" by means of a natural system (r, R). 
The nucleus of K® is uniquely determined by R and r*. When is given, 
for p > 3, the elements • • • , amj' determine K” up to a trivial deformation 
rel. and r’’ is given by (6.1). In passing from the description of 

El , • • • , E^y by means of ai~\ • • • , OmJ*, to their description by means of r'’, 
we throw away the sub-group ?rp_i C fl-p.i(K’’’''), whose elements have repre- 
sentative maps /(Sn C 

For example, let Kj = E? + Ej (i = 0, 1), where F(E?) = E? = K? , and Ej 
is bounded by a map F(Ej) C E? , whose Hopf invariant®® is yi . Then E^ 
and Ki have the same natural system, namely the empty system in which R 
has no generators and a single vacuous relation, and nis = 0, mi = 1. It follows 
from what is known concerning®' and S.S., theorem 18, that ir8(K<) is 

cyclic of order 1 yi |. Therefore Ej and Ei are not of the same homotopy type 
if 7i ±70 . If 7o = 1, 7i = 0 we may take Eo to be the complex projective 
plane and E® to consist of a 4-sphere, E® , and a 2-sphere, E® , with a single 
common point Ej . In this case their homotopy types are also distinguished by 
the fact that the product®^ of a basic 2-dimen8ional co-cycle, or surface integral, 
with itself is co-homologous to zero in the case of E® , and not in the case of 
Ej. Can Eo and E® be distinguished from each other in this way for arbitrary 
values of 70 and 71 ^ ±70 ? 

« See H. Hopf, Math. Annalen, 104 (1931), 637-65. 

" See H. Freudenthal, Compositio Math., 5 (1938), 209-314. 

■*> See Hassler Whitney, Proc. Nat. Academy of Sciences, 28 (1937), 285-91, and papers 
by E. Czech and J. W. Alexander, which are referred to there. 
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III4 . Note on the calculation of VriK) (r > 1). We shall say that a group 
with a countable set of elements, has been calculated when it is given in 
terms of generators and relations, which may be infinite in number, but which 
must be enumerated. That is to say, a process must be described by which all 
the generators and relations, may be successively constructed.^ We shall say 
that ® has been calculated effectively when it has been calculated, and when a 
finite algorithm has been provided by which one can tell whether or no two 
products of the generators represent the same element of @. 

We now show how irr{K) may be calculated for any r ^ 1, where X is a 
simplicial complex, which may be infinite but locally finite. The group iriiK) 
can be calculated in various ways, as in §3 for example, and we therefore take 
r > 1 . Let ai , 02 , • * • be a given, enumerable sequence of vertices and let us 
define the weight of a given symbolic r-simplex A'" = • • • (K 2, • • • ) 

as wiA"") = io + • • • + fr . We order all the r-simplexes by placing A\ before 
A% if w(A[) < w(Al) and ordering the r-simplexes with a given weight lexico- 
graphically. Similarly, we order the purely r-dimensional complexes, = 

+ • • • + , in terms of the r-simplexes. By a special r-element we shall 

mean one which is derived from an r-simplex by reiterating the two operations 
of stellar sub-division, and addition E[ + El ^ where El and El are special 
r-elements which meet in an (r — l)-simplex on the boundary of both. One 
can find out, by a finite process of trial and error, whether or no a given complex 
P** is a special r-element. Therefore the special r-elements are enumerated in 
the form of a sub-sequence of the purely r-dimensional complexes. Assuming, 
as we shall do, that the vertices of K are in a given order, one can enumerate 
the simplicial maps C if, where E'" is a given r-element, and hence the 
aggregate of simplicial maps/x, = f\i(El) C if (\ = 1, . . . , w, ; i = 1, 2, • • • )> 
such that /x»(i&<) is a given vertex where E[ y El ^ • are the special 

r-elements. Any element of 7rr(if) is represented by such a map, and indeed 
by one in w’hich El is a stellar sub-divLsion of an /-simplex. Therefore the set 
of maps fxi may be taken as the generators of a symbolic group,^^ which, with 
suitable relations, represents Vr{K), For relations we take, first all relations of 
the form /xi/^y ^ fpk - - Jh, which are defined by adding the special 

r-elements El and E ) , in all possible ways, to form the special r-elements 
Ek y • • • j El , By means of these relations, which wc shall call the relations R, 
any product of the generators can be transformed into a single generator. 
Therefore, in addition to the relations R, we only need a set by means of which 
any representative map, f,i, of the element 1 e Vr{K), can be transformed for- 
mally into the constant map /i,- , say, together with the relations /u = 1 (i = 1, 
2, • • •)• I-'Ct A be any internal simplex in Ei , let B = f\{A), for a given value 
of X, and let bB be a simplex in K such that, if a/A C E'i , then/x(o,i4) C bB 
(the vertex b may belong to B, in which case bB = B). Let <r be the elementary 

E.g. a process for calculating the n*** prime number. 

Cf. III» below. Here we write v,(K) with multiplication, even though r > 1. 
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subdivision (A, o*), where o* is the first of the vertices Oj , a* , • • • which is not 
in ETi , let Ej = <rEi , and let CZ K he the (simplicial) map which is given 

by == /x(aj)) where at is any vertex in Ei . Then ^ is a s jcial 

r-element, and f^,' is one of the maps defined above. Let R' be the set of all 
relations fu = I, f\i = f^j , where /x,- and f^i are related in this way. Thv i, 
using S.S., Lemma 2 and Theorem 6, it is not difficult to prove that the sym- 
bolic group defined by the generators /x< (X, t = 1, 2, • • •) and the relations R, 
R' represents TriK). The relations R, R' can obviously be enumerated, whence 
TriK) can be calculated for any value of r = 1, 2, • • • . In general it cannot 
be calculated effectively, even when r = 1 and K is finite. Thus if iC is infinite 
TriK) is on the same logical footing whether r = 1 or r > 1. If /C is finite there 
is the distinction that vi(K), unlike Tr{K) (r > 1), can always be represented by 
a finite system of generators and relations. 

Ills . By a symbolic group we mean a group which is originally defined in 
terms of given generators and relations. An element in such a group is a clav"® 
of products of the generators and their inverses, and is to be distinguished frura 
an individual product. However we .shall use the same symbol to denote a 
product of generators and the element which it repre.sents. If Wi and 1^2 are 
two products, then Wi == 1^2 Is to bo interpreted as an equation between ele- 
ments of a group, unleas the contrary is obviously implied by the context, as it 
is in (4.1), for example. 

V. This note contains a simpler example than the one in §5 above, showing 
that two complexes of the same homotopy type need not have the same nucleus. 
Let K'' (p = 0, 1, 2) consist of a p-cell E”, such that F(E*) = 5E'. Thus the 
single generator x, and the relation a:® = 1, form a natural system R, for iri(K®), 
and consists of five 2-cells x”'W {m = 0, • • ■ , 4), each bounded by 

(<r = 1 -f- a: -+- • • • + a:^), where £' C It* covers E* C K*. A chain x£* (X c 91) 
Is a cycle if, and only if X<r = 0, and by Hurewicz’s theorem any 2-cycle in 
is realized by some simplicial map/(/S®) C Therefore {1| (a: — 1)® ||, /?} 
is a natural system for a complex K* = K® -f- E®, such that = (x — 1)®£®. 

It may be verified that a;® = 1 implies (x^ + x^ — l)(a:® a: — 1) = 1, 

whence a = x* -(- a:® — 1 is a regular element of 91. Therefore the system 
III a(x — 1)® II, R] is L*-equivalent to {|1 (x — 1)® ||, R}, and by theorem 9 there 
is a complex K? , of the same homotopy type as K*, for which { || a(x — 1)* ||, R} 
is a natural system. Let us assume that K* and K® have the same nucleus. 
Then it follows from theorems 8 and 6 that the sets of incidence matrices 

||(x'-l)®||, Ikll, l|x'-l|| 

II «(*-!)* II, Ik II, Ik -111 

•• Cf. K. Reidemcister, EinfUhrutig in die kombinatorische Topologie, Brunswick (1932), 
chap. 2. 
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are L-equivalent for some i = 1, . • . , 4, and from lemma 6 that 

- 1)^ = - l)^ 

for some value of p. Since 

x^(x‘ -If = -x’’^^‘{x-‘ - If, 

we may assume that Z = 1 or 2. As explained in §5 above, \(x — 1)* = 0 
implies X = 0 (mod. <t). Clearly a ^ (mod. o-), whence I = 2. Therefore 
a s :^x^{x + 1)'^ (mod. <r), whence, writing x = 1, we have 1 = dbS (mod. 5), 
which is absurd. Therefore K‘^ and K? do not have the same nucleus. 

Balliol College, 

Oxford. 
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